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Abstract: If a is a quantum effect and p is a state, we define the p-entropy S,(p) which gives the
amount of uncertainty that a measurement of 4 provides about p. The smaller S,(p) is, the more
information a measurement of 4 gives about p. In Entropy for Effects, we provide bounds on 5,(p)
and show that if 2 + b is an effect, then S, ,(p) > Sa(p) + Sy(p). We then prove a result concerning
convex mixtures of effects. We also consider sequential products of effects and their p-entropies.
In Entropy of Observables and Instruments, we employ S, (p) to define the p-entropy S 4 (p) for an
observable A. We show that S4(p) directly provides the p-entropy Sz (p) for an instrument Z. We
establish bounds for S 4 (p) and prove characterizations for when these bounds are obtained. These
give simplified proofs of results given in the literature. We also consider p-entropies for measurement
models, sequential products of observables and coarse-graining of observables. Various examples
that illustrate the theory are provided.
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1. Introduction

In an interesting article, D. Safranek and J. Thingna introduce the concept of entropy
for quantum instruments [1]. Various important theorems are proved and applications
are given. In quantum computation and information theory one of the most important
problems is to determine an unknown state by applying measurements on the system [2-5].
Entropy provides a quantification for the amount of information given to solve this so-
called state discrimination problem [6-8]. In this article, we first define the entropy for the
most basic measurement, namely a quantum effect a [2,3,9,10]. If p is a state, we define the p-
entropy S, (p) which gives the amount of uncertainty (or randomness) that a measurement
of a provides about p. The smaller S,(p) is, the more information a measurement of a
provides about p. In Section 2, we give bounds on S,(p) and show that if a + b is an effect
then S, ,(p) < Sa(p) + Sp(p). We then prove a result concerning convex mixtures of effects.
We also consider sequential products of effects and their p-entropies.

In Section 3, we employ S,(p) to define the entropy S4 (p) for an observable A. Then
Sa(p) gives the uncertainty that a measurement of A provides about p. We show that S 4(p)
directly gives the p-entropy Sz (p) for an instrument Z. We establish bounds for S 4 (p) and
characterize when these bounds are obtained. These give simplified proofs of results given
in [1,5,11]. We also consider p-entropies for measurement models, sequential products
of observables and coarse-graining of observables. Various examples that illustrate the
theory are provided. In this work, all Hilbert spaces are assumed to be finite dimensional.
Although this is a restriction, the work applies for quantum computation and information
theory [2,3,9,10].

2. Entropy for Effects

Let H be a finite dimensional complex Hilbert space with dimension n. We denote the
set of linear operators on H by £L(H) and the set of states on H by S(H). If p € S(H) with
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nonzero eigenvalues A1, A, ..., Ay including multiplicities, the von Neumann entropy of p
is [4,6-8].

™=

S(p) = — )_Ailn(A;) = —tr[pIn(p)]

1

We consider S(p) as a measure of the randomness or uncertainty of p and smaller values
of S(p) indicate more information content. For example, p is the completely random state
I/n, where I is the identity operator, if and only if S(p) = In(n) and p is a pure state if
and only if S(p) = 0. Moreover, it is well-known that 0 < S(p) < In(n) for all p € S(H).
The following properties of S are well-known [4,6,8]:

S(UpU*) = §
S(p1 ®p2) = S(p1) + S(p2)
Y uiS(pi) < S(Y_mipi) <Y miS(pi) — Y piln(p;)

where 0 < y; =1with) y; = 1.

An operator a € L(H) that satisfies 0 < a < I is called an effect [2,3,9,10]. We think of
an effect a as a two-outcome yes-no measurement. If a measurement of a results in outcome
yes we say that a occurs and if it results in outcome no then a does not occur. The effect
a' = I — a is the complement of a and a’ occurs if and only if a does not occur. We denote
the set of effects by E(H). If a € £(H) and p € S(H) then 0 < tr (pa) < 1 and we interpret
tr (pa) as the probability that a occurs when the system is in state p. If 2 # 0 we define the
p-entropy of a to be

(p) when U is unitary

Sa(p) = —tr (pa) In | T8 )

We interpret S;(p) as the amount of uncertainty that the system is in state p resulting from
a measurement of a. The smaller S,(p) is, the more information a measurement of a gives
about p. Such information is useful for state discrimination problems [2-5].

If p is the completely random state I /7 then (1) becomes

Sa(I/n) = —tr(Ia/n)ln[tr(I”/”)} e 1 10) ln(%) = 1@ 1n(n)

tr(a) n

Since tr (a) < n we conclude that S,(I/n) < S(I/n) for alla € £(H). Another extreme
case is when a = Al for 0 < A < 1. We then have for any p € S(H) that

T (oAl
Sar(p) = —tr (pAI) In{ttr((p/u))} = —/\hq[%(l)} = Aln(n)
Thus, as A gets smaller, the more information we gain.
A real-valued function with domain D(f), an interval in R, is strictly convex if for any
x1, X3 € D(f) with x; # xp and 0 < A < 1 we have

flAxy + (1= A)xp] < Af(x1)+(1—A)f(x2)

If the opposite inequality holds, then f is strictly concave. It is clear that f is strictly convex if
and only if — f is strictly concave. Of special importance in this work are the strictly convex

functions — In x and x In x. We shall frequently employ Jensen’s theorem which says: if f is
m

strictly convex and 0 < y; < 1with ) y; =1, then
i=1

f(iﬂm) < iyiﬂxo

Moreover, we have equality if and only if x; = Xj foralli,j=1,2,...,m[1].
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Theorem 1. If p € S(H) with nonzero eigenvalues A;, i = 1,2,...,m, and a € E(H) with
tr (pa) # O, then

_Ztr (Pia)AiIn(A;) < Sa(p) < h{ tr(a)}

where p = Y_; A;P; is the spectral decomposition of p. Moreover, S,(p) = In[tr (a)/tr (pa)] if and
only if tr (pa) = 1 in which case S,(p) = In[tr (a)] and if

Sa(p) = — Ztr (Pia)AiIn(A;) 2

then tr (Pa) = tr (P;a) foralli,j =1,2,...,mand S,(p) = (tr (a)/m)S(p) while if tr (Pia) =
tr (Pja) foralli,j=1,2,...m then Su(p) = ( (a)/m)In(m).

Proof. Letting y; = tr (Pja)/tr(a),j =1,2,...,m,wehave that 0 < y; < land }ju; = 1.
Since —x In(x) is strictly concave we obtain

] = —tr (ZAZ«Piu> 1n[W}
= — Y Mitr (Pa) 1n< Ajp ) [ ZMlz(EMV])]

2 —tr(a) Dpdiln(d) = ~tr(a) ] tiﬁf;‘;) Ain(A;)

Sa(p) = —tr(pa ln{

= —Ztr PZ'{II /\iln( i)
i

Since
tr (pa) = tr (a'/?pa/?) < tr (p) =1

we have that

Sa(p) = tr (pa) In| 7 | <7335
If tr (pa) = 1, then

Sa(p) = —tr (pa) ln{gézg} = —ln{ﬁ} = In[tr (a)]

Conversely, if S;(p) = In[tr (a) /tr (pa)], then clearly tr (pa) = 1. If (2) holds, then we have
equality for Jensen’s inequality. Hence, tr (P;a) = tr (Pja) foralli,j =1,2,...,m. Since

tr(a) = Ztr (P:a) = mtr (Pia)

we conclude that

Sa(p) = —tr (Pia) Y_A;In(A;) = @) g (p)
i
Finally, suppose tr (P;a) = tr (Pja) foralli,j =1,2,...,m. Then
tr(a) = Ztr (P;a) = mtr (Pya)
i

We conclude that

Sa(p) = —tr(Pla)ZA,-l [Z j tr o) ] = —tr (Pla)ZAiln<Z)\j7}1>

i j

)
= —tr (Pia) )_ A ln(%) = 2 1n(m)e
i
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O

Fora,b € E(H) wewritea L bifa+b € E(H).

Theorem 2. Ifa L b, then S, ,(p) > Sa(p) + Sp(p) for all p € S(H). Moreover, S, (p) =
Sa(p) + Sp(p) if and only if tr (b)tr (pa) = tr (a)tr (pb).

Proof. Since —x In x is concave, letting Ay = tr (a) /[tr (a) + tr (b)], Ax = tr (b)/[tr (a) + tr ()],
x1 = tr(pa)/tr (a), xo = tr (pb) /tr (b) we obtain

Suss(p) = —tr[o(a+ b)) In{ ElelebY
tr (pa)+tr (ob) tr +tr (ob
—tria+ b){ (‘lt)r (a+b) i } ln[ (prazu+b§p )}
)(A1x1 + Az2x2) In(A1x1 + Aaxz)
)[A1x1In(x1) + Azxz In(x2)]

[
)In [ttf } tr (ob) 1n[”<fb))} = Sa(p) + Su(p)

—tr
—tr

| \/

(
(a+b
(a+0b
(pa

—tr

We have equality if and only if x; = x;, which is equivalent to tr (b)tr (pa) = tr (a)tr (pb). O

Cor(olle)lry 1. Sa(p) + Sa(p) < In(n) and S,(p) + Sy (p) = In(n) if and only if tr (a) =
ntr (pa).

Proof. Applying Theorem 2 we obtain

Sa(p) +Su(p) < Saya(p) = S1(p) = In(n)

We have equality < tr (a')tr (pa) = tr (a)tr (oa’)

& [n—tr(a)ltr (pa) = tr(a)[1 — tr (pa)]
& tr(a) = ntr (pa)e

O
Corollary 2. S,14(p) = Sa(p), Sp(p)-
Corollary 3. Ifa < b, then S,(p) < Sy(p) forall p € S(H).
Proof. Ifa < b,thenb=a+cforc =b—a € £(H). Hence,
Sb(0) = Sa+c(p) = Sa(p) + Sc(p) = Salp)

foreveryp € S(H). O

Applying Theorem 2 and induction we obtain the following.

Corollary 4. Ifay +az + - - +am < I, then Sy, (p) > XS4, (p). Moreover, we have equality if
and only if tr (a;)tr (pa;) = tr (a;)tr (pa;) foralli,j =1,2,...,m

Notice that £(H) is a convex set in the sense thatif a; € £(H) and 0 < A; < 1 with
szzl A =1,then ) Aja; € S(H)

Corollary 5. (i) If0 < A <1 anda € E(H), then Sy,(p) = ASa(p) forall p € S(H). (ii) If
0< A <1,a; € E(H), with Z Aj =1, then Sy 4. (p) < X AiSa;(p) forall p € S(H). We
have equality if and only if tr (a])tr (pa;) = tr (a;)tr (oa;) foralli,j =1,2,...,m
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Proof. (i) We have that

T (oA Atr
Sxa(p) = —tr(pAa) In {ttr((p/\;))] —tr (pa) In { ! ((ﬂ))} = ASa(p)
(ii) Applying (i) and Corollary 4 gives
SZ?\M,‘ (P) Z ZS)\iﬂi (P) = Z)\isﬂi (P)
together with the equality condition. [

As with £(H), S(H) is a convex set and we have the following.

m
Theorem 3. If0 < A; <1p;, € S(H),i=1,2,...,m with Y A; =1, then
i=1

a(Q_2iei) =) AiSa(p:)

forall a € E(H). We have equality if and only if tr (0;a) = tr (pja) foralli,j =1,2,...,m

Proof. Letting x; = tr (p;a)/tr (a), since —x In x is concave, we obtain

Sa(Y_Aipi) = —tr (}_Aipia) In[ Zf"f’)}
o) DA n[F e
)

(a)

=tr(a)[= Y AixiIn(} Ajx;)] > —tr(a) ) ApxiIn(x;)
(g Z)\ltrtrpz P(,& } — Y Atr (i )m[ (( ))}

= Z)\isa 0i)

We have equality if and only if x; = x; which is equivalent to tr (p;a) = tr (p;a) for all
ij=12,...,m O

Theorem 4. Ifa; € £(H;), p; € S(H;), i = 1,2, then

Say0a, (P1 @ p2) = tr (0202)Sa, (1) + tr (0141)Sa, (p2) < Say (1) + Say (02)-
Proof. This follows from

Say0m, (01 ® p2) = —tr (01 ® 21y ® ay) m[%]

= —tr (p1a1)tr (0242) In [%}
= (e e n [ ] | P}

= tr (02a2)Sa, (1) + tr (0141)Sa, (02) < Say (01) + Say(p2)e

O

An operation on H is a completely positive linear map Z: L(H) — L(H) such that
tr[Z(A)] < tr(A)forall A € L(H) [2,3,6,9,10]. If Z is an operation we define the dual of
7 to be the unique linear map Z*: L(H) — L(H) that satisfies tr [Z(A)B| = tr [AZ*(B)]
forall A,B € L(H). If a € £(H) then for any p € S(H) we have 0 < tr[Z(p)a] < 1
and it follows that Z*(a) € £(H). We say that Z measures a € E(H) if tr [Z(p)] = tr (pa)
for all p € S(H). If Z measures a we define the Z-sequential product a ob = Z*(b) for all
b € £(H) [12,13]. Although a o b depends on the operation used to measure 2 we do not
include 7 in the notation for simplicity. We interpret a o b as the effect that results from first
measuring a using 7 and then measuring b.
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Theorem 5. (i) Ifb L ¢, thenao (b+c) =aob+aoc. (ii) aol = a. (iii) aob < a forall
be E(H). (iv) Suop(p) < Salp) forall p € S(H).

Proof. (i) For every p € S(H) we obtain

trjpao(b+c)] =tr[pZ*(b+c)] =tr[Z(p)(b+c)] = tr[Z(p)b] + tr [Z(p)c]
=tr[pZ*(b)] +tr [pZ*(c)] = tr[paob] + tr[paoc]
=tr[p(acb+aoc)]

Hence, a0 (b+c) =aob+aoc. (ii) Forall p € S(H) we have

tr(pacl) =tr[pZ*(I)] = tr [Z(0)I] = tr [Z(p)] = tr (pa)
Hence, a o I = a. (iii) By (i) and (ii) we have
aob+aob =ao(b+b)=aol=a
It follows thata o b < a. (iv) Since a o b < a, by Corollary 3 we obtain S,.,(p) < Sa(p) for
allp e S(H). O

Theorem 5(iv) shows that a o b gives more information than a about p. We can continue
this process and make more measurements as follows. If 7' measures a',i = 1,2,...,m,

we have
atoa?o- - oa™ = (ZH(Z?)* - ("N (a™)

and it follows from Theorem 5(iv) that

Saloa2o...oam (P) < Splog2o...oqn-1 (P)

2

Notice that the probability of occurrence of the effect a! o0 a? o - 0 a™ in state p is

tr(paloa?o - -oa™) = tr [p(T")* (%) - (T"71)"(a")]
— tr {Im—lzm—z . Il (p)am}

1 2

Thus, we begin with the input state p, then measure a! using Z!, then measure a

72,...and finally measuring a™.

using

Example 1. 1 For a € £(H) we define the Liiders operation L*(A) = a'/? Aa'/? [14]. Since
tr[A(L%)*(B)] = [L(A)B] = tr [al/ZAal/zB] = tr (Aa'/2Bal/?)
we have (L*)*(B) = a'/?Ba'/? so (L*)* = L. We have that L® measures a because
b [£7(0)] = tr (a"/%0a"/2) = tr (pa)
for every p € S(H). We conclude that the L sequential product is
aob=(L)*(b) = a'/?ba'’?

We also have that

wn
=2
o
<
—~
=)
~
|
-
-
—
=
EN
o
Sy
~
—_—
=]
—
=
=y
=
=2
[}
=

I/Zb 1/2
} = —tr (0a'/?ba'/?) 1“{;2((1’1/42;,;/27)}
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Example 2. 2 Fora € £(H), a € S(H) we define the Holevo operation [15] H (%) (A) = tr (Aa)a.
Since

tr[A (H@/“))*(B)} = tr [H®*)(4)B] = tr [tr (Aa)aB] = tr (Aa)tr (aB)
= tr [Atr (aB)a]

we have (’H(“"")) ’ (B) = tr («B)a. We have 1) measures a because
tr (1009 (p)] = tr (pa)

for every p € S(H). We conclude that the H(“*) sequential product is
aob= (’H(“'“))*(b) = tr(ab)a

We also have that

Saon(p) = —tr (ab)tr (pa) In[ L] = tr (ab)S4 p)
Ifa; € E(H),i=1,2,...,m, and we measure a; with operations H i) § =12, ..., m—1,then

410020+ 0dy =a70 (ago---o0ay) =tr(ajapo---oay)a;
= tr [aytr (apaz o -+ - o ay)ag|a;
= tr(apaz o - oay)tr (agaz)a;

=t (W 1am )t (W —pam,_1) - - - tr (ayap)aq

Moreouver, it follows from Corollary 5(i) that

Sayo--oam (0) = tr (@p—18m)tr (0y—2ap—1) - - - tr (k1a2)S4, ()
forall p € S(H).

3. Entropy of Observables and Instruments

We now extend our work on entropy of effects to entropy of observables and instru-
ments. An observable on H is a finite collection of effects A = {Ay: x € Qu}, Ay # 0,

where Y. Ay =1][2,3,9]. The set ()4 is called the outcome space of A. The effect Ay occurs
XGQA

when a measurement of A results in the outcome x. If p € S(H), then tr (pAy) is the
probability that outcome x results from a measurement of A when the system is in state p.
If A C Qy, then

D) (A) = ) tr(pAy)

xeA
is the probability that A has an outcome in A when the system is in state p and CID;;‘ is
called the distribution of A. We also use the notation A(A) = Y {Ax: x € A} so @ﬁ(A) =
tr[pA(A)] for all A C Q4. In this way, an observable is a positive operation-valued measure
(POVM). We say that an observable A is sharp if Ay is a projection on H for all x € ()4 and
A is atomic if Ay is a one-dimensional projection for all x € Q4.

If A is an observable and p € S(H) the p-entropy of Ais Sa(p) = ¥.Sa, (p) where the
sum is over the x € Q4 such that tr (0 Ay) # 0. Then S4(p) is a measure of the information
that a measurement of A gives about p. The smaller S4(p) is, the more information given.
Notice that if A is sharp, then tr (Ay) = dim(Ay) and if A is atomic, then

Sa(p) = =) tr (0Ax) Inftr (0Ay)]
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m
There are two interesting extremes for S 4 (p). If p has spectral decomposition p = Y A;P;

i=1
and A is the observable A = {P;: i =1,2,...,m}, then

Salp Ztr pP;) Inftr (0P;)] = —Y_A;In(A;) = S(p)

As we shall see, this gives the minimum entropy (most information). For the completely
random state I /n and any observable A we obtain

Sa(l/n) = _Etr(Ax) ln{trtrAx /"} = Ztr ln(%>

X

Zt — ") 4 (1) = In(n) ®)

We shall also see that this gives the maximum entropy (least information).

Theorem 6. For any observable A and p € S(H) we have

S(p) < Salp) <In(n)

Proof. Applying Theorem 1 we obtain
Salp) = ) Salp) == )} Y tr(PA)AIn(A;)

xeQy xeQy i

_—Ztr< Y A )/\iln(}\i)

xeQy

= —Ztr P)A;In(A Z)\ In(A S(p)

Since In(x) is concave and tr (0Ay) > 0, Y, tr (0Ax) = 1 we have by Jensen’s inequality

Sa Ztr pAy) ln{ttrr(;’: ))} <In

T (A
;tr (PAx) ttr ((pr)) ‘|

Inftr (I)] = In(n)e

=In [Z tr (

O
An observable A is trivial if Ay = AL, 0 < Ay <1, Y Ay =1

Corollary 6. (i) Sa(p) = In(n) if and only if tr (Ay)tr (0Ay) = tr (Ay)tr (0Ay) forall x,y €
Qy. (i) A is trivial if and only if Sa(p) = In(n) forall p € S(H). (iii) p = I/n if and only if
Sa(p) = In(n) for all observables A. (iv) S(p) = In(n) if and only if p = 1/n.

Proof. (i) This follows from the proof of Theorem 6 because this is the condition for
equality in Jensen’s inequality. (ii) Suppose A is trivial with Ay = A,I. Then for every
p € S(H) we have

Salp Ztr PAxI )ln{

} Z)\xln( ) = ln(n);/\x =In(n

Conversely, suppose S (p) = In(n) for all p € S(H). By (i) we have that tr (Ay)tr (0A,) =
tr (Ay)tr (0Ay) for all p € S(H). It follows that

tr (Ay)

(¢, Ayp) = (¢ Axp) g
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for every ¢ € H, ¢ # 0. Hence, A, = (tr (Ay))/(tr (Ax))Ax so that

tr (Ay) o
I= ZAy = tr(Ay) Ax = 5lay Ax

We conclude that Ay = (tr (Ax))/nl forall x € Qy so A is trivial. (iii) If p = I/n, we
have shown in (3) that S4(p) = In(n) for all observables A. Conversely, if S4(p) = In(n)
for every observable A, as before, we have tr (Ay)tr (0Ay) = tr (Ay)tr (0Ay) for every
observable A. Letting Ay be the observable given by the spectral decomposition p =
Y. AxAx where A is atomic, we conclude that A, = A, forall x,y € Q4. Hence, Ay =1/n
and p = Y (1/n)Ay = I/n. (iv) If S(p) = In(n), by Theorem 6, S4(p) = In(n) for every
observable A. Applying (iii), p = I/n. Conversely, if p = I/n, then

i% In ( ) = —ln<%) =1In(n)e

i=1

O

We now extend Corollary 5(ii) and Theorem 3 to observables. If Al = {Ai: X € Q}
are observables with the same outcome space (), i = 1,2,...,m,and 0 < A; < 1 with

m m .

Y. A; = 1, then the observable A = {A,: x € Q} where Ay = Y A;AL is called a convex
i=1 i=1

combination of the A’ [12].

Theorem 7. (i) If A is a convex combination of A',i = 1,2,...,m, then forall p € S(H) we have

Sa() > Y AiS (o)

i=1

m
(i) IfO< A; <1lwith Y Aj=1,p0;, € S(H),i=1,2,...,m,and A is an observable, then
i=1

Sa (ZMP:‘) > ) AiSa(pi)
1 1
Proof. (i) Applying Corollary 5(ii) gives
Sa(p) =) _Sa.(p) ZSZAA’ o) ZZZMSA;(P)
=) M) S, ZA S pi (

(if) Applying Theorem 3 gives

Sa (Z AiPi) =Y 54, (Zx\,»pi> > AiSa(pi)
=2 i} Sa.(pi) =) AiSalpi)e
O]

We say that an observable B is a coarse-graining of an observable A if there exists a
surjection f: Q4 — Qp such that

By = Y {Ax: f(x) =y} = Alf )]

for every y € Qp [2,12,16].
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Theorem 8. If B is a coarse-graining of A, then Sg(p) > Sa(p) forall p € S(H).

Proof. Let B, = A[f !(y)] forally € Qp and let p, = tr(pB,), p; = tr(pAy) for all
ye xey. Then

py =tr (P ). AX) = ), tr(pAy) = ) P
fx)=y fx)=y fx)=y
Let V, = tr (By), Vy = tr (Ay) so that
V, =tr Z( Y Ax) =) tw(A)= ) %
flx)=y flx)=y flx)=y

Since —x In(x) is concave, we conclude that

y fx)=y fx)=y
2-pw B HEn(E)] -3 T ()

O

The equality condition for Jensen’s inequality gives the following.

Corollary 7. An observable A possesses a coarse-graining By = A[f~1(y)] with Sg(p) = Sa(p)
forall p € S(H) if and only if for every x1,x» € Q4 with f(x1) = f(x2) we have

tr (sz)tr (pAX1) =tr (AX1)tr (prz)

A trace preserving operation is called a channel. An instrument on H is a finite collection
of operations Z = {Zy: x € O} such that }_.c, Zy is a channel [2,3,9]. We call Q7 the
outcome space for Z. If 7 is an instrument, there exists a unique observable A such that
tr (pAx) = tr[Zx(p)] for all x € Q4 = Qf, p € S(H) and we say that Z measures A.
Although an instrument measures a unique observable, an observable is measured by many
instruments For example, if A is an observable, the corresponding Liiders instrument [14] is
defined by

£2(B) = AL/2BAL/?

forall B € £(H). Then £4 is an instrument because

X

tr [Z EXA(B)] = Ltr [£4(B)] = Ltr (AV2BAY?) = ¥ tr (A.B)

=tr (ZAXB> =tr (IB) = tr (B)
X
for all B € L(H). Moreover, L4 measures A because

tr[£2(0)] = tr (AY20AY/2) = tr ()
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forall p € S(H). Of course, this is related to Example 1. Corresponding to Example 2, we
have a Holevo instrument H(4*) where ay € S(H), x € Q4 and

H (B = tr (BAy)ax

for all B € L£(H) [15]. To show that #(4*) is an instrument we have
tr lE?—L A%) (B ] — Yt [H,(CA'”(B)} — Y tr[tr (BAy)a]
X X
=) tr(BAy) =tr (B ZAX> = tr (B)
X X

Moreover, H(4#) measures A because

tr [H(0)] = tr[(pAx)as] = tr (pAL)tr (wx) = tr (pAs)

Let A, B be observables and let Z be an instrument that measures A. We define the
Z-sequential product A o B [12,13] by Q405 = Q4 x Qp and

Ao B(x,y) = I;(By) = Ay 0By,

Defining f: Qa0 — Q4 by f(x,y) = x,we obtain

AoB[ffl(x)] = (Z) AcoBy= Y Ti(B,) = Ti(I) = Ay
flxy)=x

yeQp
We conclude that A is a coarse-graining of A o B. Applying Theorem 8 we obtain the following.

Corollary 8. If A, B are observables, the Spop(p) < Sa(p) for all p € S(H). Equality
Saog(p) = Sal(p) holds if and only if for every x € Qa, y1,y2 € Qp we have

tr (0AxoBy, ) In tr (0AxoBy, ) _ tr (pAxoBy,) n tr (pAxoBy,)
tr (AxoBy,) tr (AxoBy,) tr (AxoBy,) tr (AxoBy,)

Extending this work to more than two observables, let 71,72, ..., 7" 1 be instruments
that measure the observables A, A2, ..., A"~ respectively. If A™ is another observable,
we have that

(AloA%o. 0 A™) = (L))" (Z)" - (T ) (AL

X1,%2,00%Xm) Xm—1

The next result follows from Corollary 8.
Corollary 9. If Al A2 ..., A™ are observables, then

SAloAzo---oAm (P) < SAloAZo---oA”’*1 (P)
forall p € S(H).
If 7 is an instrument, let A be the unique observable that Z measures so tr [Z,(p)] =
tr (pAy) forall x € Q7 and p € S(H). We define the p-entropy of Z as Sz(p) = Sa(p). Since

Ay =T (I) we have
tr (Ax) = te [Z3(D)] = tr [Z(D)]

Hence,

Sz(p) = Salp Ztr pAyx) ln[

5] = - EeEem{TEt )
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Now let Z1,72,...,T™ be instruments and let A, AZ,..., A" be the unique observables
they measure, respectively. Denoting the composition of two instruments Z, 7 by Z o J
we have

Xm Xm—1

tr [T o Tyt o0 T ()| = tr [p(Zh )7 (Zh)" -+ (T (D)]
—tr(pAl 0 AL 0.0 AT

Hence, the observable measured by 7" o T m=1o...07vis Alo A20---0 A™. It follows that

SI”’OZ”’*lomoIl (P) = SAloAzo---oA’” (P)

We conclude that Theorems 1, 2 and 3 [1] follow from our results. Moreover, our proofs are
simpler since they come from the more basic concept of p-entropy for effects.

Let A, B be observables on H and let Z be an instrument that measures A. The corre-
sponding sequential product becomes

(A o B)(x,y) = I;ck (Blj) = Axo By
The p-entropy of A o B has the form
B tr [p(A0B) ()] }
S vy AoB Ind SR )y ]
AoB(P) ny: r [P( ° )(W)] n{ tr[(A0B) ()]
N tr |pZ7 (By)
= —) tr [pZ; (By)] ln{tr[[Ij;(Byy)}]}
Xy

- %tr [Z:(p)By] ln{%}

If £4 is the Liiders instrument Z4 (p) = AY2pAY/2 we have (Ao B)(xy) = A,l/szA}/z and
tr (AY?pAY/*By)
] _ AV2,A1/2B 1 x x By
SA B(p) %tr( x PAy By) n 'L‘I‘(AxBy)

If #(A%) is the Holevo instrument (p) = tr (pAx)ay, &y € S(H) we obtain

1 (0Ax)tr (ay B,
Sac(p) = — ) _tr(pAy)tr (ayBy) ln{%}
X,y

= ny:tr (pAx)tr (axBy) In {ttrr((pi"))}

= = Lt (pAn) In[ SR | = Sa(p)

This also follows from Corollary 8 because

tr (pAxoBy) _ b (axBy)tr (0Ayx) _ (pAx)
tr (AxoBy) tr (ax By )tr (Ay) tr (Ayx)

If A is an observable on H and B is an observable on K we form the tensor product

observable A ® Bon H® K given by (A ® B)(x,y) = Ay ® By where Qqp = Q4 x Qp [12].

Lemma 1. If p; € S(H), p2 € S(K), then

Sa0B(p1 ® p2) = Sa(p1) + Sp(p2)
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Proof. From the definition of A ® B we obtain

Ax®B

Xy
= - Ztr (p1Ax)tr (02By) In

tr (p1 Ax)tr (02By)
i <PZBy>1n[£tTwém

Xy
=—) tr(p1A;y)In [trtr(lzj‘é’)()

= Sa(p1) + Sp(p2)e

_Ztr 01Ax)tr (szy)ln{trt((&fg>}

O

We conclude that A gives more information about p; than A and B give about p; ® p>
and similarly for B.

A measurement model [2,3,9] is a 5-tuple M = (H,K,v,0, P) where H is the system
Hilbert space, K is the probe Hilbert space, v is the interaction channel, o € S(K) is the
initial probe state and P is the probe observable on K. We interpret M as an apparatus that
is employed to measure an instrument and hence an observable. In fact, M measures the
unique instrument Z on H given by

Zx(p) = tr[v(p @ o) (I @ Px)]

In this way, a state p € S(H) is input into the apparatus and combined with the initial
state o of the probe system. The channel v interacts the two states and a measurement
of the probe P is performed resulting in outcome x. The outcome state is reduced to H
by applying the partial trace over K. Now Z measures an unique observable A on H
that satisfies

tr(pAx) = tr[Zx(p)] = tr [v(p @ 0) (I ® Px)] )
The p-entropy of Z becomes

Sz(p) = Salp Ztr pAx ln{tr((pA"))}

where tr (pAy) is given by (4). Of course, S7(p) = Sa(p) gives the amount of information
that a measurement by M provides about p. A closely related concept is the observable
I ® P and Sigp[v(p ® 0)] also provides the amount of information that a measurement
M provides about p. It follows from (4) that the distribution of A in the state p equals
the distribution of I ® P in the state v(p ® ). We now compare S4(p) and Sigzp[v(p ® 0)].

Applying (4) gives
Sipp[v(o®0)]

:_Ztr (p®0) I®Px)]l{ t!;@;f@gc@g }

— —Ztr pAy) In [t;trp& } Ztr pAx ln[ Axx) e }
=Lt (pAy In[ 525 | — Lt (oA In| 555

=Sa(p) = ) _tr(pAy) n[zr(a))}
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It follows that S 4 (p) < Sjep[v(p ® 0)] if and only if

;tr (pAx) ln[zr(é;;))} <0 (5)

Now (5) may or may not hold depending on A, p and P. In many cases, P is atomic [2,9]

and then
SCTIENET

s0Sa(p) < Sigp[v(p®0)] forall p € S(H). Also, (5) holds if P is sharp.
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