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1. Introduction

Shannon entropy, in the form we know it, was introduced by Boltzmann and used by
Shannon in the context of Information Theory. This entropy has applications in Statistical
Thermodynamics, Combinatorics and Machine Learning. In Machine Learning, Shannon
entropy represents the basis for building decision trees and fitting classification models.

In the last couple of years, many generalizations of Shannon entropy appeared: Tsallis
entropy, Kaniadakis entropy, Rényi entropy, Varma entropy, weighted entropy, relative
entropy, cumulative entropy, etc. These entropies have applications in areas such as Physics,
Information Theory, Probabilities, Communication Theory, and Statistics.

Tsallis entropy was introduced by C. Tsallis in [1] and is applied to: Income distribution
(see [2,3]), Internet (see [4]), Non-coding human DNA (see [5]), Plasma (see [6]), and Stock
exchanges (see [7,8]).

Kaniadakis entropy was introduced by G. Kaniadakis in [9] and is useful in many areas
like: Finance (see [10-12]), Astrophysics (see [13,14]), Networks (see [15,16]), Economics
(see [17,18]), and Statistical Mechanics (see [19-21]).

S. Kullback and R.A. Leibler were concerned “to measure” “the distance” or “the
divergence” between statistical populations and they generalized Shannon entropy by
defining, in [22], a nonsymmetric measure, called Kullback-Leibler divergence. This
divergence between two probability measures y; and yp on a measurable non-negligible
1 (A)
2(A)

logarithm function. Divergences are a key tool in Information Geometry (see [23]).

The goodness of fit test is based on the Corrected Weighted Kullback-Leibler diver-
gence (see [24]) and, as a consequence, it inherits all special characteristics of this divergence
measure. Narowcki and Harding proposed the use of weighted entropy as a measure of
investment risk (see [25]). Afterwards, Guiasu used the weighted entropy to group data
with respect to the importance of specific regions of the domain (see [26]), Di Crescenzo
and Longobardi propose the weighted residual and past entropies (see [27]) and Suhov and

i

set A is additive, non-negative and greater than log< ), where log is the classical
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Zohren proposed the quantum version of weighted entropy and its properties in Quantum
Statistical Mechanics (see [28]).

Working with the Kullback-Leibler divergence formula and using the same technique
like in the cases of Tsallis and Kaniadakis entropies (i.e., classical logarithm is replaced
by Tsallis logarithm, respectively, by Kaniadakis logarithm), Tsallis and Kaniadakis diver-
gences were introduced in some papers (see [29-32]).

Motivated by the aforementioned facts and by the papers [33-35], we deal with the
weighted Tsallis and Kaniadakis divergences in this article.

In the following, we briefly describe the structure of the paper. Section 2 is dedicated
to preliminaries. In Section 3, using some inequalities concerning the Tsallis logarithm,
we obtain inequalities between the weighted Tsallis and Kaniadakis divergences on a
non-negligible measurable arbitrary set and Tsallis logarithm, respectively, Kaniadakis
logarithm (see Theorem 1). Finally, we prove that the weighted Tsallis and Kaniadakis
divergences are limited by bounds that are similar to those that limit Kullback-Leibler
divergence (see Theorem 2). In Section 4, we define the weighted Tsallis and Kaniadakis
divergences for product measure spaces and prove some pseudo-additivity properties for
them (see Theorem 3).

Other interesting results related to the present topics can be found in: [36—40].

2. Preliminary Facts

Definition 1. Let k € R*. We consider the Tsallis logarithm given by

k

-1 .
logTx={ % ifx >0
0 ifx=0
and the Kaniadakis logarithm given via
xk—x=k
IOgKX _ T zfx >0
0 ifx =0.

Remark 1. It is easy to see that log,{< X = % (loglz x+ logzk x) forany x > 0.
We have Il(irré log{ X = %iné log,{< x = logx for any x > 0 (“log” is the classical logarithm
— —

function).

Definition 2. Let (Q), 7)) be a measurable space and y,v : T — Ry = [0,00) U {c0} two
measures. We say that u is absolutely continuous with respect to v if, for any A € T such that
v(A) =0, one has j(A) = 0.

Notation 1. If u and v are absolutely continuous with respect to each other, we denote this fact by
U~

In the absence of other mentions, we work in the following scenario: Let (Q, T, u;),
i = 1,2 be two measure spaces and A a measure on (2, 7) such that y; ~ A forany i = 1,2.
With the help of Radon-Nikodym Theorem we find two non-negative measurable functions

f1 and f, defined on Q) such that ;(A) = /A fidA forany A € T and any i = 1,2. Consider

w: ) — (0,00) a weight function (i.e., w is a non-negative measurable function).
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Definition 3. Let A € T. The weighted Tsallis divergence on A between py and yy is defined via

1 T fi ,
wlogy | 7 | if 1(A) #0
D (|2, A) = /Awdyl/A k(fZ)

0 ifur1(A) =0

and the weighted Kaniadakis divergence on A between 1 and py is given by

1 x( f1 ,
wlog ( = Jdur if pi(A) #0
DX (1|2, A) = /AWdMl/A k(fz)

0 ifur(A) = 0.
Remark 2. We assume that all divergences and integrals which appear in this paper are finite.

Remark 3. We can see that the values of DZ"’T(W |y, A) and D;{“'K(m |p2, A) do not depend on
A dm/dA dw

the choice of reference measure A (because — = = .
f f f2 d]lz /d/\ d“uz

3. Bounds of the Weighted Tsallis and Kaniadakis Divergences
The proof of the following lemma is elementary and is omitted.
Lemma 1. Forany x € (0,00) \ {1}, let ¢ : R\ {0} — R,

xt—1
Px(t) = P

The function @y is strictly increasing.
The next two corollaries are very useful in this article.

Corollary 1. Let x > 0and k € (—1,00) \ {0}. Then,
xlong x>x—1

and the equality is valid if and only if x = 1.
Corollary 2. Let x > Oand k € (;,1) \ {0}. Then,

2(vx—1)
Jx

We have equality in these inequalities if and only if x = 1.

glog;xgx—l.

Theorem 1. Let A € T such that u;(A) # 0 foranyi=1,2.
(a) Assume that k € (—1,00) \ {0}. Then,
/A wdpy

/A wdyy

K f i

DY (|2, A) > logye | “——
/wdyz
A

DY (|2, A) = logg

(b) Assume that k € (—1,1) \ {0}. Then,
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(w) / de

(w) / wdyz

/A wdyq
d
NG

In both cases, the equality holds if and only zf —a.e. forw € A.

Proof. (a) We will make the proof in two steps.

Step 1. Assume that / wdpy = / wdyy. Because log{ = 0, we have to
A A

show that D" (y1|pa, A) > 0.
According to Corollary 1, we have

LB L o ()

JA
h(f f
/Wm/ (1) /m%/ w142 Ja =
e
ZU]/ll

/ wdjpy
. . . filw) . fi(w)
The equality holds if and only if =1 uy —a.e, ie., if and only if =1
R q y y f2 (w) M1 y f2 (w)
—a.e.

Step 2. Let A € T with p;(A) # 0 for any i = 1,2. We define the measures ji; and ji,

/ wdm

We remark that/ wdjy = / wdjiy = 1.
A A

D" (wa|pa, A) =
wdyl

via

forany B € T and anyi = 1,2.

Hence the weighted Tsallis divergence between 7i; and iy on A is

fi

/ wdpy
D (nlfias ) = - tog] | 4 |dr =
A / Wd]/l1 2

A

/Awdyz

fl/ wdpy

S T st |
/wdyl /wdyl

We deduce from Step 1 that DkT(yl [ip, A) > 0.
So,

dA.
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fl/ wdy
A ~1
. f1/ wdyz fz/ wdyl
0</w f log; 4 d/\—/w 4 r A =
/4 /wdyl fz/Awdyl /wdyl
/Wd}lz (fl)k
= 1
f /de f2
w- ! . dA
/AWdIH )
/wdyz k
/A l(?) —1+1) -1
wdpy 2
/w- h 4 k dA =
4 d
J o
/wdyz
e (A A -1
oy (1)1 (Lo
[ A | [0} AR) T AL,
4 /wdyl /wdyl
A
L / ) L _
w }12
f e i)
wdpiy /wdyl
a DY (a2, A) + —A—
/wdyl
k
. /Awdyz
/wdyl /wdyl wdpq
Hence, D7 (1|2, A) : .Ak =logf | 24
/wdyz /AZUd,Hz

i S1(w)

/ wdy / wdyz

A —a.e. forw € A.

The equality holds if and only i —ae forw € A, ie., if and

L f
only if
a:

1
(b) Because logk x = 5 (log{ x+1log", x) , we obtain

K(uali) = 5 (DP Gulpa) + DVF (i a)) >

Dy
1 . /Aw’iﬂl /AWdlil /A@Wllil

5 | losi = logy
d / d / d
/Aw ,V2 Aw ]12 Aw ]12

We have equality in the preceding inequality if and only if

+1log”, (see (a)).
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d wd
1 1 wapy / M1
§<D1?’T(ﬂ1|V2/A) +sz}<T(ﬂ1|M2rA)) =3 logy | & +loghy [ “A——1 |,
wd 2 wd 2
JA M A #

/AZUd}H

logfk p = A—ae forw € A.
w
i
O

wdpq
which is equivalent to DY (ui|pp, A) = log,{< 4 and D! (u1|p2, A) =
)
)

and these are equivalent to

Theorem 2. Let A € T such that yu;(A) # 0 forany i = 1,2 and /A wdyy = / wdyy.
A

(a) Assume that k € (—;, 1) \ {0}. Then,

2
1 ld 1 d 2
/w< dil* )dVZSDZ}’T(Vlﬂz)S /w(dm )dﬂz'
/AWdP‘l 4 K2 /AWIM A\

(b) Assume that k € (—;, ;) \ {0}. Then,

2
1 1 d 2
- /w( dm—1> dpy < D (i |p2) < /w<dﬂl_ > dyiz.
/wdyl 4 H2 /wd]/tl 2
Ja
Proof. (a) We have (see Corollary 2)

DwT | 2 / -lo ( )d 2 =
‘111 M / wdyl f2 Bk f H

On the other hand (see again Corollary 2),

DWT(y1|pl2 /de/w logk (;1)11;423 / :]dyl/f‘w.ﬁ.(g_ )d}iz_
A

2
/w.dV1.<dyl_1)dV2_ 1 /w (dW) _% dup =
/wdyl A duay \dup /wdyl A dyy dyy
A A
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! / (ZV ) dpr — /w 7 ““Ldy; + /Wdﬂz—
/wdyl /wdy H2 /wdptl
A

d]il — 1) d}lz

/ wdyl/ (duz

(b) Using (a) we obtain

2
L ! /w( Zﬂ >d]/l2—|—2 / ( fﬁ—l) dup <
2 /wdm A H2 /wdy H2
4 1
ED;?'T(mle) ED Hlun) <
1 1 d 2 1 1 d 2
2 /w<dﬂl_ )”’”2+z' /“’(fl‘ )dm-
A \du /wdm A \du
A

Hence,

2
2
/ ( Tm ) duy < DX (w1 |p2) < / (dﬂl >dﬂz-
/Wd]ll H2 /wd‘ul H2

4. Pseudo-Additivity of the Weighted Tsallis and Kaniadakis Divergences
Let (0, T, pi), i = 1,2 be two measure spaces and A; a measure on (), 7') such that
i ~ /\1 for anyi = 1,2. We consider Radon-Nikodym derivatives fl(l) and fz(l) on (),

ie, f for any i = 1,2. Letalso (S,S,vj), j = 1,2 be two measure spaces and

Ay a measure on (S,8) such that v; ~ A, for any j = 1,2. We apply Radon-Nikodym

Theorem and find the non-negative measurable functions fl(z) and fz(z) defined on S such

thatf d)t . for any j = 1,2. We take w; : O — (0,00) and w;, : S — (0,0) two

weight functlons

We consider the measure A on (2 x S, 7 x §) induced by A1 and A;. Because y; X v;
is absolutely continuous with respect to A, we apply Radon-Nikodym Theorem and find
d(pi X vi) o

two non-negative measurable functions f; and f, on (2 x S such that f; = i

anyi=1,2.

The uniqueness from Radon-Nikodym Theorem assures us that fi(w,s) =
fi(l)(w)fi(z) (s)foranyw € Q),s € Sand any i =1,2.

Let AcTandB € S.

We define the weighted Tsallis divergence for product measures via

DZ’””Z’T(M X Vq|po X 12, A X B) =

JI ld(y xv)//Axswl(w)wZ(s)long(ﬁgzg)d(mle)(w's)_
1w2 1 1
AXB

fi(w,s) .
/Awld}lll/B wodvq //A><B wy (w)wa(s) fi(w,s) logg <f1(w’s)>d?\(w,s) if

(41 xv1)(AXB) #0

and
Dw1w2 (“I/ll X 1/1|}l2 X 1/2,A X B) =0if (]41 X 1/1)(A X B) =0.

The weighted Kaniadakis divergence for product measures is given by
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leZUz,K(

k
: /l
//AXBwlwzd(yl x vp) 7/ AXB

/w1d1/111/ wodvy //AxBwl(w)wz(s)fl(w's)logk <;1Ew, ;)dA(w s) if
A B

(m1 xv1)(AxB) #0

U1 X 1/1|]42 X 1/2,A X B) =

n()wa(s) logt (2 Yy x ) o) =

and

lewZK(yl X Vq|pp X v2, A X B) = 0if (43 x v1)(A x B) = 0.

Lemma 2 (see [41]). We have the following pseudo-additivity property for Tsallis logarithm (valid
forany x,y > 0):

logy{ (xy) = log{ x +log] y + k(log} x)(logy{ ).

Theorem 3. Let A € T and B € S such that (u1 x v1)(A X B) # 0. The weighted Tsallis and
Kaniadakis divergences for product measures satisfy the following pseudo-additivity properties:

(7{1) D (juy T>< nlp x v, A x B) = D (g, A) + DT (n|vy, B) +
kD (palp2, YD (vi[va, B).
(b) DP (1 x wlpz x vg, A x B) = D" (i, A) + DN (u|va, B) +

k wo w
5 (D (2, AT (12, B) = Zi’};T(mlﬂz,A) T (v, B) ).

@ )\
(c) D;("lwz,K(y1 X V1|pa X 12, A X B) / i (/ (s)fl(z)( ) <flz> Ei;) dA (s)) .

(1) k
V1|V2f / P (/ (w)fl(l)(w) <f1(1)Ew;> d)‘l(w)) DIY:JZ’K(V1|V2rB)'
wydpy PG

Proof. (a) According to Lemma 2, we have

lew2 (1 X vi|pp X vp, A X B) =

flw, ))dA(w 5) =

/wldﬂl/wzdvl // wi(@)wa(s)fylw,s) logy (f( )

] w@mwa)A" @) (1( “”)m W)Ara(s) +
/Awldyl /szdl/l AxB 2( a;)
1 1 £2(s)

: V) dA (@)dAs(s) +k -
/wldﬂl /W2dv1 //AXBwl(w)wz(S)fl w )f () (f (S)> pitale)
A B

1
/Awldyl(l)/B wodiq .
/], @A @) (logZ @fj;)) (log,? (fm Ez;»ww)ws) =

(1)
1 (1) r(fi (w) 1
_ wy(w)f; (w)l ( )d/\ (w)) .
/Awld;ll </A ' ! ng fz(l)(w) ' ZUZdl/l
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) ! 2y £ <s>> )
w1 (w) F (w)dA; (w) ( w(s) F? (s) log ( dAa(s) | +
/A wydp </A e l ) /szdvl B(l)z 1 ‘ fz(z)(s) ’
1 (1) T f (w)) ) 1
ke —— wi(w)f; (w)log ( dA (w) :
</A ' ! ¢ fz(l)(w) : /szdvl

@)
( w275 1og] (fl (SD"MS)) -

77
Y| pa, A) + DT (vi]va, B) + kDT (a |, A) DY (v1]v2, B).

(b) Because logk x = 5 (logg x+1log’, x) , we have

lesz(yl X V1 |po X 12, A X B) =

[, widu /wdy // 1 (w)wa(s fl(ws)logk(;lg i)d (w,s) =
1 1 20V1

], w@reae) A" @2 6) -

wldyl / wodiq

i (w >ff><s>> . (ff”(@ff%)))
11 = 2 |l +log’, | YTt A (w)d)\ (s):
i<0g (fz (@fP6)) T )@ ) )
5 (lewz T(yl X V1 |po X 12, A X B) + lewz T(yl X 1|y X Vo, A X B))

Using (a), we get
D;{Ulwz'K(‘ul X U1|]/l2 X vy, A X B) =
D,?Z’T(V1|V2,B)) +

(DZ}LT(M |2, A) + D> (v1]vz, B) + kDT (a2, A)
D% (11|, B)) =

NI =) —

(DT (ualiz, A) + D3 (a2, B) = kDY (ua i, A)

D (2, A) + D (v |v2, B) +

S (DTl 4 >Dz“2 "(n1|v2, B) = Dy (1|2, A)DYT (1], B) ).
(c) It is easy to prove that

k_ ok k_ o,k
logf (xy) = y*- o 2kx +x kY Zky = yFlogf x + x Flogf y for any x,y € (0, 00).

Hence,

DWlWZK(Vl X 1/1|"l/tz X 1/2,A X B)

k
/wldyl/wzdvl //
L] el ) <>[<? 8) log£<<gl)ig>+

W) (2)
(;1(1)(60;> logf <f1 (@)}d)\l(w)d)\z(s) =
w

w1 (w)wa(s) f1(w, 5)108k <;1E %)d)\(w,s) =

( £2(s) .
1 ) (w)
S ( /A wy (w) f" (w) logk (le)(w) > M (w)) :
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£
1 w 1 (8 s
/wzdvl/BZ <<> U
B
1
o (b
1 ' ) 0 _
S A (s)fi”(s)lo ( )d/\ (s )) =
/szdvl </B G 2(2 (s) 2

S
>_-
/\
AHA
/I\\)A/—\
EE
/\\_/\_/
v
[
>
—_
/—\
\/

O

5. Conclusions

With the help of some inequalities concerning Tsallis logarithm, we obtained inequali-
ties between the weighted Tsallis and Kaniadakis divergences on an arbitrary measurable
non-negligible set and Tsallis logarithm, respectively, Kaniadakis logarithm (Theorem 1).
We showed that the aforementioned divergences are limited by similar bounds with those
that limit Kullback-Leibler divergence (Theorem 2) and proved that are pseudo-additive
(Theorem 3).
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