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Abstract: Canonical quantization has created many valid quantizations that require infinite-line
coordinate variables. However, the half-harmonic oscillator, which is limited to the positive coordinate
half, cannot receive a valid canonical quantization because of the reduced coordinate space. Instead,
affine quantization, which is a new quantization procedure, has been deliberately designed to handle
the quantization of problems with reduced coordinate spaces. Following examples of what affine
quantization is, and what it can offer, a remarkably straightforward quantization of Einstein’s gravity
is attained, in which a proper treatment of the positive definite metric field of gravity has been secured.
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1. The Special Rules for a Valid Canonical Quantization

In our search for the proper classical variables, p & q, and thus the proper variables
to promote to quantum operators, P & Q, we introduce suitable coherent states. They are
defined as

|p, q〉 ≡ e−iq P/h̄ eip Q/h̄ |ω〉 , (1)

where we choose the normalized fiducial vector, |ω〉, so that [Q + iP/ω] |ω〉 = 0.
We first examine two important Hamiltonian functions given by

H(p, q) = 〈p, q|H(P, Q))|p, q〉 = 〈ω|H(P + p, Q + q)|ω〉
= H(p, q) +O(h̄; p, q) . (2)

Although p× q has the dimensions of h̄ it follows that |QP− PQ| = h̄ as well, and we may
assume that Q & P can each be proportional to

√
h̄. Adopting a general polynomial style,

with |H(p, q)| < ∞, then the termH(p, q has no h̄, while the last term in (2) contains all the
factors with h̄. We now let h̄→ 0, and it follows that H(p, q) = H(p, q)⇒ H(P, Q), where
we add what becomes the proper quantum Hamiltonian. That completes rule number one
for CQ (In what follows, we often use CQ for canonical quantization, and we often use AQ
for the second procedure, called affine quantization).

Rule number two, following Dirac [1], will fix what kind of classical variables to
choose for CQ. For that purpose, we again use the coherent states, as shown by

dσ2
CQ = 2h̄[ || d|p, q〉||2 − |〈p, q| d|p, q〉|2 ] = ω−1 dp2 + ω dq2 , (3)

which requires a flat, Cartesian phase space of these two different variables, which may
also be called a constant zero curvature. Observe, that this relation relies on h̄ > 0, and is
therefore a semi-classical relation. The second factor of the coherent states is included to
ensure that phase factors, such as |p, q : f 〉 = ei f (p,q) |p, q〉, do not appear in the final metric.
This safety precaution is known as the Fubini-Study metric, which was introduced in the
early 19 hudreds [2].
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Clearly, using coherent states, can help provide some tools to create a valid quan-
tization while using a canonical quantization. In using CQ, it is important to remem-
ber that −∞ < P = P† & Q = Q† < ∞, which ensures that the classical variables,
−∞ < p & q < ∞, are also respected.

Finding the Primitive Ground State

Solving a simple ground state is elementary for canonical quantization, and we include
this because our next quantization procedures will require a new formulation.

Let us choose at first an elementary Hilbert space that only involves a finite coordinate
space which is that of a circle of radius R. Net we introduce the operator P and seek a
wave function for which P |α〉 = 0. Choosing Schrödinger’s representation, the solution
is 〈x|α〉 = c, which is simply a constant. Now, for a Hamiltonian that is simply P2 ≥ 0, it
follows that P2 c = 0, and since 〈α|P2|α〉 ≥ 0, the ‘ground state’ for this tiny problem is the
constant c. We can also choose c = 1, in which case 1 = Πy 1. Briefly stated, the ground
state for the kinetic operator, P2, is simply 1.

Of course, this state will change when we introduce a potential, V(Q), and perhaps
we can even expand the radius R→ ∞ to become the usual coordinate space.

Next, we introduce a newer quantization procedure, namely AQ, that is a very useful
tool for many different problems. The next formulation of a ‘simple ground state’ will then
be something, very likely, quite new.

2. The Special Rules for a Valid Affine Quantization

The fundamental difference between AQ and CQ is that, while −∞ < p < ∞ remains,
we remove a coordinate point, say q = 0, which then leaves q < 0 and q > 0. We discard
q < 0 and keep only q > 0. That implies that Q = Q† > 0, but that P† 6= P, which
can lead to complications. We can fix that by introducing the classical ‘dilation variable’,
d = pq⇒ D = [P† Q + Q P]/2 = D†. Note that where Q is sitting it forces wave functions
to vanish at the point removed; this property also permits P† Q = P Q, which can be very
useful for any calculations.

In addition, we choose to treat q & Q as dimensionless to simplify some equations.
That means that both p & P and d & D have the dimensions of h̄.

Comparing AQ and CQ, we find that CQ has [Q, P] = ih̄11, while AQ has [Q, D] =
ih̄ Q. This latter equation resembles the Lie algebra for the affine group, from which our
procedures have adopted ‘affine’ for its name. We are now prepared to introduce an AQ
paragraph to exhibit the differences from those of CQ.

In our search for the proper classical variables, d & q, which lead to the proper
quantum variables, D & Q, we introduce suitable coherent states. They are defined as
(Note: p, q→ p; g in |p : q〉)

|p; q〉 ≡ eip Q/h̄ e−i ln(q) D/h̄ |β〉 , (4)

where we choose the normalized fiducial vector, |β〉, so that [(Q− 11) + iD/βh̄] |β〉 = 0,
while β > 1/2. Note that −∞ < ln(q) < ∞, which involves the natural logarithm so that
eln(q) = q > 0.

We first examine two Hamiltonian-like expressions, denoted by a prime, e.g., H′ & H′,
given by

H′(pq, q) = 〈p; q|H′(D, Q)|p; q〉 = 〈β|H′(D + pqQ, qQ)|β〉
= H′(pq, q) +O′(h̄; pq, q) . (5)

In addition, we observe that any wave function that is even, i.e., ψ(−x) = ψ(x), it follows
that

∫ ∞
−∞(1− x)p |ψ(x)|2 dx = 1 + Op(h̄), while the result is only 1 after h̄ → 0 for a

conventual classical Hamiltonian is H = 1
2 p2 + V(|q|).
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Adopting a general polynomial style, with |H(pq, q)| < ∞, and the final term
O′(h̄; pq, q) → 0 when h̄ → 0, it follows that H′(pq, q) = H′(pq, q) ⇒ H′(D, Q), where
again, the quantum Hamiltonian is the correct choice. That is rule number one for AQ.

Rule number two will fix what kind of classical variables to choose to promote to the
valid AQ operators. For that purpose, we again use the coherent states, as shown here

dσ2
AQ = 2h̄[ || d|p; q〉 ||2 − |〈p; q| d|p; q〉|2 ] = (βh̄)−1 q2 dp2 + (βh̄) q−2 dq2 , (6)

which has led us to a constant negative curvature surface [3], a very special phase space
of two variables (the surface of a simple round ball acts as a constant positive curvature,
which is related to spin operators, such as SO(3). With that, we have fulfilled the three
surfaces—positive, zero, and negative—while the negative curvature cannot be seen like
the other two. The spin coherent state stony is covered in [4]). Observe, this metric relation
also relies on h̄ > 0, and is not a purely classical result. The second coherent state factor
is included to ensure that no phase factor, such as |p; q : g〉 = eig(p,q) |p; q〉, appear in the
metric. As stated before, this safety precaution is known as the Fubini-Study metric; see [2].

Finding the New Primitive Ground State

For a system for which q > 0 we have adopted affine variables for which the kinetic
term becomes p2 = d2/q2 ⇒ D(Q−2)D. Now we seek the ground state for this operator.
While P 1 = 0, we find that D x−1/2 = 0, again using Schrödinger’s representation. It
follows that an acceptable wave function, near x = 0, is like γ(x) = x3/2 (remainder) so
that it is continuous and remains so after the first derivative. This particular expression
will be explained further toward the end of the next section.

Now, still using Schrödinger’s representation, it follows that our ground state for
this kinetic operator is Πy y−1/2, and D Πy y−1/2 = 0, with an eigenvalue of 0, as before.
As standard (positive) potential terms are now added, other eigenfunctions will emerge,
and all others have larger eigenvalues. Now, a general wave function may be written as
γ(x) = w(x) x−1/2, where w(x) = x2 (remaider). Normalization leads to

1 =
∫
|γ(x)|2 dx =

∫
|w(x)|2 dx/|x| . (7)

The main reason for finding the primary ground state is to form a suitable normal-
ization procedure. This feature puts the primary ground state in an important role in
normalization. This process is a prime ingredient in [5], and where it is available.

Clearly, relying on coherent states, has provided fine tools to create valid quantizations
when using CQ or AQ.

3. Two Toy Models: One for CQ, One for AQ

The two toy models are first a full-harmonic oscillator with classical Hamiltonian
H = (p2 + q2)/2, while −∞ < p & q < ∞. The second toy model is the half-harmonic
oscillator with the same Hamiltonian, but while −∞ < p < ∞, now 0 < q. Physically, in
the second case, the particles bounce back off the ‘wall’ at q = 0 and immediately changes
direction, meaning that p(t) changes sign immediately. That behavior is similar to someone
throwing a tennis ball at a brick wall.

An important item of the harmonic oscillator quantum Hamiltonian,H = (P2 +Q2)/2,
which, using CQ, is the eigenvalues , En = h̄(n + 1/2), where n = 0, 1, 2, 3, . . .. Note that
the eigenvalues are equally spaced by h̄!

The second model, using AQ and q > 0, first replaces the classical Hamiltonian with
H′ = (d2/q2 + q2)/2 which then points to

H′ = [D(Q−2)D + Q2]/2

= [P2 + (3/4)h̄2/Q2 + Q2]/2 , (8)
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for which the eigenvalues now have the form E′n = 2h̄(n + 1), with n just as before. This
implies that it is still equally spaced, now by 2h̄, with a ground state value of 2h̄ [6]. Clearly,
both of these two different quantizations are valid.

Although the operators P† 6= P, because Q > 0, the h̄-term in (8) renders both
P† and (P†)2 to act like P and P2. Now every eigenfunction is of the form ψn(x) =

x3/2(polynomialn)e−x2/2h̄, as they were fully displayed in [6]. To see what the second
derivative does, take a break and ‘solve’ [−h̄2 (d2/dx2) + (3/4)h̄2/x2] x3/2 = ?, for the
interval 0 < x < ∞.

Each toy model fully followed the rules for their quantization procedures to achieve
valid results. Interested readers might try to solve the half-harmonic oscillator using
CQ, and try to prove that it followed the rules; one example of that effort is presented
in [7]. Otherwise, these particular results are most surely invalid, and will offer only
incorrect physics.

This concludes our simple examples with the fact that CQ can truly solve certain
problems, while AQ can truly solve other problems. Difficult problems in one procedure
may find success in the other process. To build many valid examples just trade the potential
q2/2 for a general potential V(q)⇒ V(Q), providing that it obeys |V(q)| < ∞.

By just adding a different potential, you are certain to have valid results. The focus
on getting things right is on the kinetic factor, i.e., p2 ⇒?, and much less on the potential,
V(q). The closeness-sense of CQ and AQ can be seen in [8].

4. The Benefits of an Affine Quantization for Field Theories

Next, we study some common classical Hamiltonians, such as

H(π, ϕ) =
∫
{ 1

2 [π(x)2 + (
−→∇ ϕ(x))2 + m2 ϕ(x)2] + g ϕ(x)p} dsx. (9)

In a path integration of these models, there are cases where |π(x)| and/or |ϕ(x)| reach ∞,
while still having H(π, ϕ) < ∞.

4.1. A Brief Overview of Quantum Field Theory

To begin with, we focus on a feature of mathematics that impacts physics. As one
example, consider the function f (x) = 1/|x|1/3 in the interval −1 < x < 1, where
f (0) = ∞. It follows that

∫ 1
−1 f (x)2 dx < ∞, while

∫ 1
−1 f (x)4 dx = ∞. Later, we will refer

to this situation as an ‘f-issue’ which involves a field that reaches infinity, and also is part of
an integration that is finite.

Physics is frequently engaged in studying nature, and then having any field with
an f-issue, as in the last paragraph, seems impossible. Stated bluntly, the strength of any
field of nature can not reach infinity. The author accepts that no field of nature reaches
infinity, and we now endeavor to make that happen in our analysis. For example, a classical
Hamiltonian density, H(x), that describes a part of nature, should not reach infinity for any
x, and that fact needs to be part of the mathematics involved.

Presently, the mathematical focus only requires that
∫

H(x) dsx < ∞, and this ap-
proach can lead to a nonrenormalizable behavior if the interaction power of terms, such as
for ϕ

p
n in (9), when p ≥ 2n/(n− 2). Let us examine a procedure in which we can actually

favor nature.

4.2. A Typical Model of a Covariant Scalar Field

Our models of interest have the classical Hamiltonians, already introduced above, and
once again is

H(π, ϕ) =
∫
{ 1

2 [π(x)2 + (
−→∇ ϕ(x))2 + m2 ϕ(x)2] + g ϕ(x)p} dsx . (10)

When such a model is quantized, say by a path integration procedure, the classical Hamilto-
nian is evaluated by a vast number of functions for both π(x) and ϕ(x). In so doing, fields
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that can diverge but still offer finite integrations—like the example of an f-issue in a previous
paragraph—are conventionally introduced along with fields without any divergencies.

How can we limit the classical fields so that f-issues do not arise? The answer to that
question appears in the next section, and it is much easier than could have been expected.

Following the simple rules of Section 2, we introduce the dilation field κ(x) =
π(x) ϕ(x), along with ϕ(x) = 0, because if ϕ(x) = 0, then κ(x) = 0 and π(x) cannot
help. But is it acceptable to remove ϕ(x) = 0?

Comment: Consider, a rain storm that has a rain quantity=(qu-r) per hour that is
0 < (qu− r) < ∞. If (qu− r) = 0, there simply is no rain. If instead, it was a snow storm, a
similar story could be a snow quantity=(qu-s), where 0 < (qu− s) < ∞. In fact, the physics
of both is identical when (qu− r) = (qu− s) = 0. So we ignore rain and snow when they
are absent.

If ϕ(x) represents a physical particle, say an electron, the field can remove ϕ(x) =
0 if the particle is not present. Maybe math may be concerned, but physics can cer-
tainly accept removing any portion of a field representation when that field represents
absolutely nothing.

When using these new classical variables, the classical Hamiltonian, from (10), becomes

H′(κ, ϕ) =
∫
{ 1

2 [κ(x)2/ϕ(x)2 + (
−→∇ ϕ(x))2 + m2 ϕ(x)2] + g ϕ(x)p} dsx . (11)

Already we see that 0 < |ϕ(x)| < ∞ for if ϕ(x)2 = 0 or ϕ(x)−2 = 0, it means that κ(x)
fails to offer any value for π(x). It already follows that |κ(x)| < ∞ and 0 < |ϕ(x)|p < ∞,
and therefore, nonrenormalizability vanishes! Such field models clearly keeps both sides of
ϕ(x) 6= 0, i.e., both ϕ(x) > 0 and ϕ(x) < 0. Since there is the gradient term, the field will
appear to be continuous and integrations should not be affected.

To ensure our quantization follows the rules, we introduce suitable coherent states

|π; ϕ〉 = ei
∫

π(x) ϕ̂(x) dsx/h̄ e−i
∫

ln(|ϕ(x)|) κ̂(x) dsx/h̄ |β〉 , (12)

while the new fiducial vector obeys [(|ϕ̂(x)| − 11) + i κ̂(x)/β] |β〉 = 0, and the same label
now refers to a new fiducial vector.

It follows that

H′(κ, ϕ) = 〈π; ϕ|H′(κ̂, ϕ̂)|π; ϕ〉
= 〈β|H′(κ̂ + π|ϕ| ϕ̂, |ϕ| ϕ̂)|β〉
= 〈β|H′(κ̂ + π ϕ |ϕ̂|, ϕ |ϕ̂|)|β〉
= H′(κ, ϕ) +O(h̄; κ, ϕ) , (13)

which, as was like the case for particles, we find, if h̄ → 0, then H′′(κ, ϕ) = H′′(κ, ϕ) ⇒
H′′(κ̂, ĝ).

To offer an affine quantization for this example, we first introduce the dilation op-
erator κ̂(x) = [π̂(x)† ϕ̂(x) + ϕ̂(x)κ̂(x)]/2 and ϕ̂(x) 6= 0. Next, adopting a Schrödinger
representation for the quantum Hamiltonian, we are led to

H′(κ̂, ϕ) =
∫
{ 1

2 [κ̂(x) (ϕ(x)−2) κ̂(x) + (
−→∇ ϕ(x))2 + m2 ϕ(x)2]

+g ϕ(x)p} dsx , (14)

where it is evident that ϕ(x)2 > 0 and 1/ϕ(x)2 > 0, and therefore 0 < |ϕ(x)|p < ∞, which
eliminates nonrenormalizability, as desired. Finally, we offer Schrödinger’s equation as

ih̄ ∂ Ψ(ϕ, t)/∂t = H′(κ̂, ϕ)Ψ(ϕ, t) . (15)
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As usual, it may be necessary to introduce some version of a regularization for these
equations, but these same equations should point the way to proceed. To offer some support,
we note that although π̂(x)† 6= π̂(x) it can be helpful to know that π̂(x)† ϕ(x) = π̂(x)ϕ(x).

If the reader has already accepted the expressions for the half-harmonic oscillator
in (8), they may be willing to accept (14) and (15) for this quantized covariant scalar model
as well (We note that Monte Carlo studies of the scalar fields ϕ4

4 and ϕ12
3 using canonical

quantization have led to “free-results”, as if the interaction term was absent when it was
not. However, using affine quantization has led to “non-free-results”, when the interaction
term makes different results when the coupling constant changes; see [9–13]).

5. Applying Affine Quantization to Einstein’s Gravity

In order to quantize gravity it is important to render a valid quantization of the ADM
classical Hamiltonian [14]. We first choose our new classical variables that includes what
we will call the dilation field πa

b(x) ≡ πac(x) gbc(x) (summed by c) along with the metric
field gab(x). We don’t need to impose any restriction on the metric field because physics
already requires that ds(x)2 = gab(x) dxa dxb > 0 provided that {dxa} 6= 0; we choose
that gab(x) is dimensionless because that will simplify further equations. The metric field
can also be diagonalized by non-physical, orthogonal matrices, and then it includes only
g11(x), g22(x), & g33(x), or what we will call g[ab](x) ≡ gab (diagonal)(x) each element of
which must be strictly positive as required by physics (The reader should compare the
three diagonalized positive metric variables with q > 0 in the half-harmonic oscillator story,
which then required an affine quantization). Now we introduce two diagonal matrices,
A ≡ g[ab](x) and B ≡ η

[c]
[d](x). Next we let A = eB, and use O and OT , one field element

from SO(3) and its transpose, and where OT(x)O(x) = O(x)OT(x) = I. Now, we are
led to

Ā ≡ OT A O = OTeB O = eOT B O ≡ eB̄ , (16)

where we now let B̄(x) = [η(x)] and [e[η(x)]]ab = [g(x)]ab ≡ gab(x) > 0.
Moreover, we now have

H′′(π, g) = 〈π; g|H′′(κ̂, ĝ)|π; g〉
= 〈α|H′′(κ̂a

b + πacgbc ĝbc, gmn ĝmn)|α〉
= H′′(π, g) +O(h̄; π, g) , (17)

where here π stands for {πa
b(·)} and g stands for {gcd(·)}, and use the facts that 〈α|ĝde(x)|α〉 =

δde and 〈α|π̂c
d(x)|α〉 = 0. Since π̂a

b ∝ h̄, it follows that if h̄→ 0, then H′′(π, g) = H′′(π, q)⇒
H′′(π̂, ĝ), pointing the way to a valid quantization of gravity.

Next we present the ADM classical Hamiltonian in our chosen affine variables, which,
now introducing g(x) ≡ det[gab(x)] > 0, leads to

H′′(π, g) =
∫
{g(x)−1/2[πa

b(x)πb
a(x)− 1

2 πa
a(x)πb

b(x)]

+g(x)1/2 (3)R(x)} d3x , (18)

where (3)R(x) is the Ricci scalar for three spatial coordinates, and which contains all of the
spatial derivatives of the metric field. Already this version of the classical Hamiltonian
contains reasons that restrict g(x) to 0 < g(x) < ∞, plus |πa

b(x)| < ∞, and |(3)R(x)| < ∞.
Just like the field theory example using affine variables, our gravity fields have no f-issues
for the gravity story.

We next introduce the coherent states for gravity. For that we use the dilation gravity
operator π̂a

b(x) = [π̂ac(x)† ĝbc(x) + ĝbc(x) π̂ac(x)]/2 along with ĝab(x) > 0. Our gravity
coherent states are

|π; g〉 = ei
∫

πab ĝab(x) dsx/h̄ e−i
∫

ηa
b (x) π̂b

a(x) dsx/h̄ |α〉 , (19)
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where we choose |α〉 by [(ĝab(x)− δab11) + i(π̂c
a(x) + π̂c

b(x))/2α(x)h̄] |α〉 = 0.
Using Schrödinger‘s representation, we are led to

H′(π̂, g) =
∫
{ [ π̂a

b(x) g(x)−1/2 π̂b
a(x)− 1

2 π̂a
a(x) g(x)−1/2 π̂b

b(x) ]

+ g(x)1/2 (3)R(x) } d3x . (20)

Finally, we close with Schrödinger’s equation

ih̄ ∂ Ψ(g, t)/∂t = H′(π̂, g) Ψ(g, t) , (21)

which offers the necessary ingredients for the foundation of a valid quantization of the
classical Hamiltonian, and is an important part of the full story. An unexpected property is
that π̂a

b(x) g(x)−1/2 = 0, which would simplify matters considerably!
As before, it may be necessary to introduce some version of regularization for these

equations, but these same equations point the way to proceed. In that effort, note that
although π̂ac(x)† 6= π̂ac(x) it can be helpful to know that π̂ac(x)† ĝbc(x) = π̂ac(x) ĝbc(x).

A full quantization of gravity must deal with first and likely second order constraints,
which are designed to reduce the overall Hilbert space to secure a final quantization. This
paper is not the proper place to finalize a quantization of gravity.

For those who like path integration, a recent paper has found that affine quantization
provides a royal path to a valid path integration of Einstein’s gravity [15], in which dealing
with constraints is included, along with additional references therein.

6. Summary

We have stressed the definition, procedures, and advantages of affine quantization in
offering to secure valid quantizations of several different examples. We first used simple
models with different coordinate spaces to quantize models that fit their coordinate space
in order to insure a valid result. Following that path, we examined field models by letting
affine variables remove all f-issues as unphysical for any of nature’s fields. Finally, we were
able to put affine procedures to work on an f-issue-free version of an affine quantization of
gravity, a contribution that has been needed for a long time. It is hoped that readers can
use affine quantization procedures to help solve some of their problems.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.
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