Article

Mean Hitting Time for Random Walks on a Class of
Sparse Networks

Jing Su >*, Xiaomin Wang

check for
updates

Citation: Su, J.; Wang, X.; Yao, B.
Mean Hitting Time for Random
Walks on a Class of Sparse Networks.
Entropy 2022, 24, 34. https://doi.org/
10.3390/e24010034

Academic Editors: Miquel Montero

and Antonio Maria Scarfone

Received: 2 October 2021
Accepted: 21 December 2021
Published: 24 December 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1,2,1,%

and Bing Yao 3*

1 School of Electronics Engineering and Computer Science, Peking University, NO. 5 Yiheyuan Road,
Haidian District, Beijing 100871, China; jingsu@pku.edu.cn

Key Laboratory of High Confidence Software Technologies, Peking University, Beijing 100871, China
College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China;
yybb918@163.com

*  Correspondence: wmxwm0616@163.com; Tel.: +86-1381-173-3603

t These authors contributed equally to this work.

Abstract: For random walks on a complex network, the configuration of a network that provides
optimal or suboptimal navigation efficiency is meaningful research. It has been proven that a
complete graph has the exact minimal mean hitting time, which grows linearly with the network
order. In this paper, we present a class of sparse networks G(¢) in view of a graphic operation, which
have a similar dynamic process with the complete graph; however, their topological properties are
different. We capture that G(t) has a remarkable scale-free nature that exists in most real networks
and give the recursive relations of several related matrices for the studied network. According to
the connections between random walks and electrical networks, three types of graph invariants
are calculated, including regular Kirchhoff index, M-Kirchhoff index and A-Kirchhoff index. We
derive the closed-form solutions for the mean hitting time of G(#), and our results show that the
dominant scaling of which exhibits the same behavior as that of a complete graph. The result could
be considered when designing networks with high navigation efficiency.

Keywords: complex network; graphic operation; random walk; mean hitting time; Kirchhoff index

1. Introduction

A complex network is recognized as a powerful tool for revealing the mysteries of
complex systems [1]. It is widely used in metabolic networks [2], software engineering [3],
ecosystems [4] and so on. In addition to some topological parameters, such as power-law
degree distribution, average path length and clustering coefficient of complex network, the
random walks also received widespread attention because the research of random walk
theory can disclose dynamic processes on complex networks. As a key quantity of random
walks, the hitting time is related to the mixing rate of an irreducible Markov chain, and
it is also considered when calculating the expected time of mixing the Markov chain [5].
The hitting time can be used to measure the navigation efficiency of the network [6,7], and
it has a core position in different disciplines, including mathematics, computer, biology,
physics, control science and engineering [8-12].

Most of the previous research on random walks about complex networks focuses
on two aspects: one is that the nodes of the studied network have identical walking
rules [13,14], and the other is to study random walks on heterogeneous networks that
set a trap on the node with the largest degree and have scale-free characteristics [15-17].
Since many real networks have a scale-free nature, every node in the network can be a
trap. Thus, we construct a deterministic network that satisfies the above restrictions to
approximate the real network, and it is more beneficial for us to evaluate the dynamic
process of the network.

It has been proven that the complete graph has the minimum mean hitting time among
all undirected networks, which shows that its propagation is quite efficient [18]. For the
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purpose of constructing a highly efficient network and controlling its trapping process, it is
necessary to explore and design some networks with a small mean hitting time. Since most
real networks are sparse networks, the average degree of these networks is much less than
that of a complete graph. In this paper, we design and analyze a class of sparse networks
with scale-free properties; their topological properties are different from the complete graph.
We prove that the dominant scaling of the mean hitting time exhibits the same behavior as
that of a complete graph, and they can also have high navigation efficiency.

The main contents in the other sections of this paper are as follows. In Section 2, we
propose a graphic operation and design a class of sparse networks, show their differences
in several topological parameters, including average degree, degree distribution, clustering
coefficient and diameter. In Section 3, we present some lemmas about electrical networks
and random walks. In Section 4, we analytically obtain the closed-form solution of the
mean hitting time according to the connections between the Kirchhoff index and the mean
hitting time. In Section 5, we conclude our work with a concise narrative.

2. Topological Characteristics of the Network

Before proceeding, we propose a graphic operation called the rhombus operation
and construct a network G(t) by iterating the rhombus operation. Then, we compare the
topological features of G(t) and the complete graph Ky, with the same network order.

Rhombus operation: For a given edge ij with two endnodes i and j, add two new
nodes to both sides of this edge, denoted by u and v, and then connect edge ui, uj, vi, vj,
respectively. Figure 1a shows the operation process of a rhombus operation.

With the preparation of a graphic operation, we show the construction rule of networks
G(t) as follows. Initial state, t = 0, G(0) is only an edge. For t > 1, G(t) can be born
from G(t — 1) by performing a rhombus operation on every edge in G(t — 1). Figure 1b,c
illustrate the topological structure of G(2) and G(3).

rhombus
operation

|:">

(b)

Figure 1. (a) The illustration of rhombus operation; (b) the network G(t) at time step t = 2; (c) the
network G(t) at time step t = 3.

The iterative construction allows us to precisely analyze relevant topological properties
of the network. Let V(t) and E(t) be the node set and edge set of G(t); in more detail, the
new node set and new edge set at time step t are denoted as V() and E(t), which means
V(t) = V(t—1) UV(t), and the node belonging to V(¢ — 1) is called the old node. Then,
the number of nodes and edges of the network are denoted as N; and E;, respectively. The
recursive relation E; = 5E;_; is obviously established according to the rhombus operation,
and we can obtain E; = 5! due to Eg = 1. Additionally, we have Ny = N;_1 +2E; 1, so it

is easy to verify that Ny = Ny + 2 Z;:é E; = (5" +3)/2. Let k" be the degree of node i in

i
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G(t) that was generated at iteration t;, which satisfies that the degree of node i at time step
(t) (t=1)
=3k .

t is 3 times the degree of the previous time step t — 1; that is, k; ;

2.1. Average Degree

Theorem 1. For the network G(t) with N; nodes and E; edges, the solution of the average degree
of network G(t) is
_2E;  4x5

<k>—ﬁ—m~4- M

When t — oo, the condition E; < w is clearly established, so our network

model is a sparse network according to literature [19]. However, the complete graph is not
sparse. For a complete graph Ky, with the same number of nodes, the average degree of
Ky, is Ny — 1 due to the degree of each node is Ny — 1.

2.2. Cumulative Degree Distribution

In real life, there are few fully connected networks like a complete graph. Most real
networks exhibit scale-free nature, and their nodes with a large degree are fewer, but nodes
with a small degree are the majority of the network. A network is said to be scale-free
when its cumulative degree distribution obeys Peyy (k) ~ k=7, where 2 < v < 3, and the
cumulative degree distribution Py, (k) = Y7, P(k’) represents the probability that the
degree of a node is equal to or greater than k, where P(k) is a probability of a randomly
selected node with k neighbors in the network G(t).

Theorem 2. The cumulative degree distribution of the sparse network G(t) obeys the following
power law distribution,

Peum(k) =k~ 13, 4 =1+1n5/In3. @)

Proof. The degree of node i will increase by a factor 3, that is, kgtﬂ) = BkEt), which shows
that the degree spectrum of G(t) is discrete. In Table 1, we enumerate the degree k and the
number n(k) of nodes with degree k, then the cumulative degree distribution of G(t) is
calculated by

n(k') 5743 . _ms

N, T 543 ok ©)

Pcum(k) = Z
kK'=k

where t; =t — % has been substituted into the above formula, and for large t, the

cumulative degree distribution follows a power law k'~7 with exponent v = 1+ ﬁ:—g

Therefore, we have proven that the network G(t) is a scale-free network. On the other
hand, the degree of all nodes in the complete graph Ky, is the same, so Ky, is not a scale-
free network. It can be seen that our network is more suitable for simulating scale-free
real networks. [

Table 1. The degree and clustering coefficient of node in G(t).

t k n(k) c(k)
0 3t 2 2/3t
1 2 x 3t-1 2 x 50 1/3t1
2 2 x 3t—2 2 x 51 1/3t-2
t; 2 x 3t 2 x 5ti~1 1/3t
t—1 2 x 31 2 x5t72 1/31

t 2 x 30 2 x 5t-1 1/30
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2.3. Clustering Coefficient

The clustering coefficient is used to describe the tightness of clumps between nodes in
the graph. Specifically, it is a measure of the dense or sparse connection between neighbors
of each node. The clustering coefficient c; of each node i is the ratio between the number
e; of edges that actually exist in all k; nearest neighbors and the number k;(k; — 1) /2 of
all possible edges between them, and it is expressed as c¢; = 2¢;/k;(k; — 1). The whole
clustering coefficient C of the network is the average value of ¢; over all nodes in the
network, which can be written as C = Yicv(c) Ci/ Nt

Theorem 3. For the network G(t) with Ny nodes, the solution of whole clustering coefficient of
network G(t) is
2 x 5" —10 x 312

C= 3 2(51 1 3) — 0, when t — oo. 4)

Proof. Since the clustering coefficient of each node with the same degree in G() is also
the same, let n(k) be the number of nodes with degree k, and c(k) represents the clustering
coefficient of each node with degree k. For each degree k, we can calculate the clustering
coefficient ¢(k) and the corresponding number n(k) of nodes with degree k, as shown in
Table 1, so the whole clustering coefficient C of network G(t) can be calculated as follows:

— wolk)yxnk) 2 4 4 o5t
C=LTN Ty XseslEia i

k
_ 2x5'—10 x 372
o 3U2(5t43)

Q)

we have C — 0 when t — oo, and G(#) is not a highly clustered network. However, the
clustering coefficient of the complete graph Ky, is equal to 1, and there is a significant
difference between G(t) and Ky, on this topological parameter. []

2.4. Diameter

The diameter is defined as the maximum of the shortest distances between all pairs of
nodes in network G(t), denoted as D(G(t)), and it is often used to characterize the longest
communication delay in complex network.

Theorem 4. Fort > 0, the diameter of the sparse network G(t) is D(G(t)) = t + 1.

Proof. When G(t) is a small network, we can easily enumerate its diameter, such as t = 0,
D(G(0)) = 1. At time step t = 1, the distance between two new nodes is the longest, and
the path through them must contain an old node, so D(G(1)) = 2. For t > 1, we can find
that the diameter refers to the distance between a pair of new nodes. For simplicity of
description, we denote the newly generated node at time ¢; as t;; therefore, we only need to
consider the maximum value of the shortest distance between two nodes ¢. According to
the structure of G(t), when t = 2, the shortest path between new nodes must be the path
P, =2 — 1 — 0 — 2, which contains nodes generated at time step 0,1,2. For t > 3, the
shortest path between two new nodes mustbeapathP; =t -t—-1—+t-2—..- -3 —
1— 0 — 2 — t. Hence, D(G(t)) = t + 11is true for t > 0, which shows that the diameter
scales logarithmically with the network order. For a complete graph Ky, with the same
number of nodes, it is well known that its diameter is equal to 1, which means that the
diameter of G(t) is larger than that of Ky,. O

3. Random Walks and Electrical Networks

In this section, we aim to show the closed-form solution for the mean hitting time of
our networks. Firstly, we introduce several notions and lemmas about electrical networks
and random walks, then we provide the relationships between the mean hitting time and
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Kirchhoff index. The electrical network corresponding to a graph G(t) can be constructed
by replacing each edge in G(t) with a unit resistor, but we still denote the resulting electrical
network as G(t). The effective resistance ();; between any two distinct nodes i,j € V(t) is
defined as the potential difference between them when a unit current from i to j is kept;
wheni = j, we set (3;; = 0.

Lemma 1 ([20]). For an electrical network G(t) with N; nodes, the sum of effective resistances
between all pairs of adjacent nodes can be written as

Y, Qi=N-1 (6)
i<j(i,j)€E(t)

Lemma 2 ([21]). For any pair of distinct node i and j in an electrical network G(t), k; and N (i)
represent the degree of node i and its neighbors set, then the degree and effective resistance satisfy
the following relationship:
ki + ) (Qis—Qj) =2. @)
seN(i)

According to [22], the regular Kirchhoff index K(G(t)) of a network G(t) is defined as
the sum of the effective resistances of all pairs of disordered nodes in G(t):

K(G(t)) = Z Q. 8

Taking into account the influence of degree on the Kirchhoff index, the M-Kirchhoff
index K*(G(t)) and the A-Kirchhoff index K™ (G(t)) have been proposed in [23,24], respec-
tively, and they are interpreted by the formula as

K (G(t) = ) (didj)Qy, ©)
ijeV(t)
and
K (G(t) = ). (di+dj)Qy. (10)
ijev(t)

The unbiased discrete time random walks means that the particle starting from the
current location jumps to each of its neighboring nodes with equal probability at every
time step [25]. The hitting time Tj; of network G(t) is a key quantity pertaining to random
walk, and it is defined as the expected time taken by a particle jumping to the ending node
j from the starting node i for the first time. The mean hitting time T(G(t)) is the average of
hitting times over all node pairs [26], and it can be solved by the K(G(t)) and the network
order and size of G(t).

Lemma 3. For a network G(t) with N; nodes and E; edges, K(G(t)) represents its regular
Kirchhoff index, then the mean hitting time T(G(t)) can be expressed as

_ E-K(G(t))

T(G(t)) - Nt(Nt _ 1) .

(11)
Proof. The Kirchhoff index K(G(t)) can be represented in terms of the N; — 1 non-zero
eigenvalues of the Laplacian matrix L for network G(t) as K(G(t)) = 2N; ZzN:tz /\% [24].
The mean hitting time T(G(t)) of network G(t) is the average of hitting times over all
N¢(N; — 1) node pairs, and it is expressed as T(G(t)) = leﬁl,i#j Z]N:fl H;j, where
Hj; is the hitting time from node i to another node j. In addition, T(G(t)) can be expressed
in terms of the non-zero eigenvalues of the Laplacian matrix L; [18], that is T(G(t)) =
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ﬁ ZzN:tz ?\%’ then we can obtain the equation T(G(t)) =

bining the above equations. []

mEt - K(G(t)) by com-

3.1. Related Matrices

All the nodes of a given network G(t) are marked as 1,2,3, - - - , N, respectively, and
the adjacency relations between all nodes and edges are implicit in an adjacency matrix
Ay = (aij) Ny xN;, Where a;; = 1 if node i and j are connected by an edge in the network, and
a;; = 0 if there is no edge between i and j. Let D; be the diagonal degree matrix of G(f).
(t)

Its i-th diagonal entry is the degree k; ’ of node i, and the remaining entries are zero. The
Laplacian matrix of G(t) is defined as Ly = Dy — A;.

Usea = V(t — 1) and B = V(t) to abbreviate the old node set and the new node set
in network G(t + 1), and the number of new nodes is |V (t + 1)| = 2 x 5'. The network
G(t+ 1) is generated iteratively by G(t), then we show the recursive relationship between
two consecutive time steps of these matrices. The adjacency matrix A;; can be written in
block form as

. @B B
At+1 = < Ag—izl A%—«—ﬂl ) = ( 12; At+1 >, (12)
AtJ’rl Atjrl Atji’l 0

where AP = (A'X’ﬁ

t+1 t+1
Af fl is the zero matrix with order |V (t +1)| x [V (¢ + 1)|. On the other hand, the diagonal

matrix D;q satisfies
DM DM 3D; 0
— t+1 t+1 | — t
Dty = ( o pbfF |~ ( 0 21 ), (13)
t+1

where the symbol I represents the identity matrix with order |V (t + 1)| x [V (¢t + 1)].
Equation (13) is based on the fact that the nodes contained in set  are 2 degree nodes, the
degree of every node in set « increases by a factor 3. Thus, the Laplacian matrix L1 of
network G(t + 1) can be expressed as

)T is obvious according to the definition of adjacency matrix, and

3D, — A, —AYP
| B 14
t+1 < —Atﬁfl 27 ( )

Theorem 5. For the sparse network G(t + 1) after t 4 1 time steps, we have AfflAf fl

2A;.

=2D; +

w,B A[S,zx

v11A; 1 = 2Dt + 2A; are denoted by M;

Proof. The left side and right side of equation A
and My, respectively; thus, the entries of M; are

Mi(i,j) = 2, i=j
st 2A4(i,f), i#].

O

Our main task is to verify that the entries M;(i, j) of M; are equivalent to those of M;.
Matrix Af J’fl can be partitioned into N} column vectors x; = (X N,+1, Xi,N,+2, " " * » Xi,N, +1)T
fori=1,2,---,N;, thatis Aff1 = (x1,x2,- -+, xn,), and we have A‘tx’fl = (x1,%p," ,th)T
due to Affl = (Atﬂ fl )T, and we can calculate the product of the two matrices as A'fflA’t5 fl =

(xiTx]')NtXNt'
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The entries M; (i, j) of M; can be determined by distinguishing two cases. (a) When
i = j, the diagonal entry is M;(i,i) = x] x;, and we can obtain M;(i,i) = ZkEt) = M;(i,1).
(b) When i # j, the non-diagonal entry of matrix M; is equal to

Mi(i,j) =xjxj=Y (xisxjs) = Y. Ai))
€p Apiq(is)=1
s A (15)

=2A4(i,7) = M:(i, ).

Before going on, we introduce a concept about {1 }-inverse of a matrix [27]. Matrix M
is called a {1}-inverse of X if XMX = X holds, let X" be one of the {1}-inverses of X. A
lemma about the {1}-inverse of a block matrix is shown below.

Lemma 4 ([18]). Let matrix P = (;(T ;) be a block matrix, and Z is nonsingular if there
exists a {1}-inverse D' for D = X — YZ7YT, then the {1}-inverse of matrix P is a matrix

pt— Dt -Dtyz-1
“\—zWTIpt z-YWIptyz-l14z-1)"

3.2. Effective Resistances

®
ol
can be obtained from the elements of any {1}-inverse of its Laplacian matrix, and we can
refer to the following lemma.

For a connected network G(t), the effective resistance ();.’ between any pair of nodes

Lemma 5 ([28]). For a given G(t), let L:-r]- be the (i, j)-th element of any {1}-inverse L} of its

(t)

Laplacian matrix Ly. For any two nodes i,j € V (t), the effective resistance C); j

terms of the elements of L} as ngt) =L+ L}Lj - L:fj - L}Ll

can be expressed in

Next, we show that the effective resistance between any two nodes in G(t + 1) can
be represented in terms of effective resistances of node pairs in G(t). In the following
calculation process, we divide the nodes into the old node and the new node to investigate
the effective resistance between them. To achieve this goal, we introduce some variables

and define Qgé?y = Yiex,jey Ql(jt) for any two subsets X and Y of set V(t) on G(t). Then,
foranodei € V(t+1) in G(t + 1), we define Q(Ati) = QL(IZH), where A; = {a,b} is the
neighbors set of node i and a,b € V (t).

Lemma 6. For the effective resistance between the node pairs in the network G(t + 1), the following
propositions are established for t > 0,

(1) Let i,j € V(t) be a pair of old nodes in G(t + 1), then 05]&1) obeys the relation
ol = 1o 16
i Tt (16)

(2) Let i € V(t + 1) be a new node in network G(t), then

(t+1) _ 1 +1)
afy) =14 ;05". (17)
(3) Leti € V(t+1)and j € V(t) be a new node and an old node in network G(t + 1),
respectively, then the following equation holds
1

t+1) 1 1
ot = 51— EQ(Atf Pl (18)



Entropy 2022, 24, 34 8 of 14

(4) Let i,j € V(t + 1) be a pair of distinct new nodes in network G(t + 1), then Qgﬂ) obeys

1 1
Ql(jt+1) 1 Z(Q(Atfﬂ) n Q(At;rl)) + 30, (19)

The detailed proof of Lemma 6 is given in Appendix A.

4. Mean Hitting Time

Based on the above preparations, we determine the mean hitting time for network G(¢)
using the connection between the mean hitting time and the Kirchhoff index. Firstly, we

calculate the exact solutions of three auxiliary variables, including Kx y (f) = Liex jey QS;),
" 1 (t) At t Dyt

Ky y(t) = Liex jey klg )k](. )Qi(j)’ and K;Y(t) = Eiex,jey(kg ) 4 k]<. ))ng) for two subsets X

and Y of set V(t) in network G(t), and give the relationships between them. The following

lemmas can support our main result.

Lemma 7. For network G(t+1),i € V(t+ 1) is a new node and j € V(t) is an old node,
Y C V(t), A; is the set of all neighbors of node i, then the following two summation formulas hold:

(a) ZIEV (t41) Q(Atﬂ) Ny —1.
(b) ZieV(tH) Q(H_l) 2k(t Z]EV(t Q;,t;_l)'

Proof. (a) Since each edge of network G(t) can generate two new nodes of network G(t+1),
then we have

Y of=2 ¥ affV=2 ¥ ol
i€V (t+1) (s,t)EE(t) (s,t)€E(}) (20)
=N;—1.
(b) For any old node j € V(t), there are k](t+1) k(t) k]( ) new nodes in V(t+1) thatare

adjacent to j, so Q](t; Y is summed 2k](.t) times. [J

Lemma 8. The M-Kirchhoff index and the A-Kirchhoff index of our network G(t) are equal to

38,25, 14 26

* 1) = 2t t 21
nu(t) =~ (F) + 5 x5 + £ x5, (21)

d 19 /5 19 25, 161 13 1
Kiut) =53 = 5(5) + 55 x5+ £ x5 + 5. 22)

The proof of Lemma 8 is given in Appendix B.

Theorem 6. The solution of reqular Kirchhoff index of our network G(t) is

9% 1y 195, 1925, 49 o 13 . 1 (23)

K ()= 25"+ 363 ~ 132607 * 180 45 4
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Proof. Through the two types of Kirchhoff indexes obtained by Lemma 8, we deduce the
relationship between the regular Kirchhoff index and them. Divide all the nodes in the
network G(t + 1) into new node and old node, then Ky,, , v, ., (t 4 1) is equal to

Kaa(t+1) + 2K, p(t+1) + Kgg(t +1)

1 1_.

1 1 1, 35 _ 3 (24)
:EKVt,Vt(>+2KVtVt()+§KVfo<)+7X5t 3
1 195, 1925, 2401 o 13 1
_2KVf'Vf(>+18(2) 10(2) 360 < T10%° T g

O

Considering Ky, v, (0) = 2, plugging Equations (21) and (22) into Equation (24) yields
the solution of Kirchhoff index of network G(t), as shown in Equation (23). Figure 2 shows
a schematic diagram of the three types of Kirchhoff indexes of network G(t). We are ready
to show the result for the mean hitting time T(G(t)) of G(t).

7
3x10 ,

251

N
T

Kirchhoff index

o
o

0 0.5 1 15 2 25 3
Time step

Figure 2. The schematic diagram of the three types of Kirchhoff indexes.

Theorem 7. Fort > 0, the closed-form solution for the mean hitting time of network G(t) is

— B 1 95 5, 19,25, 19,6125,
T(G(H) = 52f+4x5f+3[ﬁ(§) ?(7) 30( 2 ) 25)
49 53t 5252t _ 5t]
45 ’

then T(G;) ~ N for t — oo.

Proof. Since Lemma 3 and the total number of edges of whole network is E; = 5/ = 2N; — 3,

we have ONs — 3
[(G(t) = —L—2_ Ky, v,. 2
(G(®)) Ni(Ny—1) """ (26)

It is easy to obtain the result in Equation (25) by substituting Equation (23) into
Equation (26). We continue to express T(G(t)) as a function of the network order N, it
can be observed that t = ln(zlertS—3) from the exact value of N;; hence, the mean hitting time

T(G(t)) of G(t) can be expressed in terms of network order as

= -3 9% _m2 19 In5-In2
T t - 2 n 2 n
19 In25-In2 49 13 1
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Therefore, when t — oo, for a large network, we have
= 98
T(G(t)) =~ =N, 2
(G(1) ~ 5N, 28)

which shows T(G(t)) increases linearly with the total number of nodes in our network; the
mean hitting time of the random walks shown is similar to that of the complete graph; and
they all have high transmission efficiency. O

5. Conclusions

In this paper, we have presented a class of a sparse network G(t) and have pointed out
the differences between G(t) and the complete graph Ky, with the same order in several
topological characteristics. The main differences are G(t) has a scale-free property, while
Ky, does not. The scale-free feature is a shock discovery in real complex systems. Ky,
is not sparse, but G(t) is sparse; it is rare to achieve a tight connections like a complete
graph in a real network. It has been proven that the mean hitting time of the complete
graph is minimal and increases linearly with the network order. Based on the relationship
between the mean hitting time and the Kirchhoff index, we have calculated a closed-form
solution to the mean hitting time of our network, and the result shows that the dominant
scaling of which exhibits the same behavior as that of a complete graph. We hope that
our work will be instructive for the design and construction of complex networks with
efficient navigation.
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Appendix A. The Proof of Lemma 6

In Appendix A, we give the proofs of the four propositions in Lemma 6.

(1) The nodes are divided into two parts; the new node set is abbreviated as , and
the old node set is denoted as «, then any {1}-inverse L} 1 of Laplacian matrix L1 can be
written as the form of the block matrix

oLt
Lh—( A ) (A1)
Lee Lpp

By Equation (14) and Lemma 4, applying the conditions in Theorem 5, we can clearly obtain
the relationship between block L} , of matrix L] 41 and matrix Lf,

LE, = (3D — A — (—AYE) 2D) 1 (= AP2))T
1 (A2)

1
= (3D — A1 — 5 (2D +2A))" = ELI.
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According to Lemma 5 and Equation (A2), for i, j € V(t), we reveal the relationship between
the effective resistance at two consecutive iterations for any pair of old nodes in network
G(t+1),

QU = L (1,i) + LE o () — LE 2 (i) — LE o ()

ij
= 5 (Li (i) + L{ (i) — LE (i, ) = L{ (1) (A3)
_ 1w
-0,

(2) For i € V(t+ 1) and its neighboring node set A; = {a,b}, we can obtain the
following two equations 2Q(t+l) + Q(Hl) Q(tzl) 2 and 2Q(t+l) + Q(Hl) Q[(]tAH) 2
by applying Lemma 2 to the two old nelghbormg nodes of node i. Then, we add the results
of these two equations together to give

(t+1) (t+1) (t+1)
205205, = O =4, (A4)
the final result of the above equation simplification is shown as
ol —q 4 10““) 1+ 10(”1) (A5)

(3) For a given new node i € V(t+ 1) and an old node j € V(t), we also have
dl(tH)Q(tH) + Q(tﬂ) ](,Zl) = 2 with the help of Lemma 2, and considering kl(tﬂ) =2

and proposition (2), we have
Ql(jtﬂ) _ %(1 ;Q(H'l) +Q(t+1))' (A6)

(t+1)Q(t+1)+Q(t+l)
(t+1)

(4) For two new nodes i,j € V(t+1),i # j, we can write d

Q(tAJr U = 2 with the support of the Lemma 2, combining condition k; = 2 and Proposi-
tions (2) and (3), we obtain the following derivation process,
1
o SEA;
1 1
. fn(f“ + Z QX.*” + Qy;”)] (A7)
2 =y S 277Y B
1, (41 t+1 1 (41
=1- (O +al) + an;}.

As shown above, the four propositions in the Lemma 6 have been proved.

Appendix B. The Proof of Lemma 8
As defined above, « and § are the old node set and new node set in network G(t + 1),
the M-Kirchhoff index can be calculated by K3, Vz+1( +1) =K, (t+1)+ K ﬁ(t +1)+
K o (t+1) + Kg gt +1). Because K 5(t+1) and K5 (¢ +1) are equal to each other, we
only evaluate the three terms other than KE . (t+1) on the right side of above equation.
According to Lemma 6 (1), we can write the first term as

NI
i€V (t),jeV(t)
2, L (O (DA 9 (A8)
=3“ X E Z ki k] Qi,j = EKVt,Vf(t)

ieV(t),jeV(t)
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Refer to the expression of the effective resistance between the new node and old node
given in Lemma 6 (3), and the second term can be investigated by a similar derivation method,

W= 3 KUl
i€V(t+1),jeV(t)
1 1

_ 2 2(3k](t))§(1 _ ZQ(Atl+1) + Q(tj]l))

i€V (t+1),jEV(H) (A9)
_ Z (1_§Qt+1 Z 3kt)

i€V (t+1) JEV(H)
G E el

i€V (t+1),jeV(H)

foranodei € V(t+ 1), we note that kEtH) = 2 and the transformation equation given by

Lemma 7, and Equation (A9) is reformulated as
1
ap(t+1) =3x2xE([V(t+1)| - 2(Nt -1))
(8) 1. (£) ~ (1)
+3-2 Z kl. k]. Qi’j (A10)
ijevi(t )

3
=3I<;;hvf()+— 5% - = .5

2 2

Considering the effective resistance between the new node, we need to calculate the
last term K 4(t 4 1) by Lemma 6 (4), then K 5(t +1) is equal to

Z d§t+l)d;t+1)05,;+1)
ijEV(t+1),i#]

1
=4 ¥ -0 ol
i,jEV(t+1),i#] !

1
ZQ(A )]
— _ _ ) (A11)
=4[V(E+D|([V(E+D)| -1 =2(V(E+1)[=1) ), Q,
ieV(t+1)
+( Y QXTAl.)_ y Q(t+1)).
ijeV(t+1) i€V (t+1)

(t)

At the same time, according to the definition of equation Qy'y = Yicxjey Ql(]-t),

the equation EieV(t +1) Q(AtJrAl ) — 2216‘, (t+1) Q( U can be easily obtained. Refer to the

Lemma 7, we obtain
Kgp(t+1) = 4VE+D|(V(E+1)]—1) =2(Ne = D)|V(t+1)|

+4 Y aPaDalth

XYEV; (A12)
= 2Ky, v () +4|V(E+ 1) [(|[V(E+1)[ - 1)

=2|V(t+1)|(N; —1).
Taking Equation (A12) into consideration and inserting the results of the three equa-
tions Equations (A8), (A10) and (A12) into Ky, 1, (E+1) = K3, (t+1) + KJ g(t+1) +

Ko (t+1) + Kj g(t +1) yields

25
K v (1) = Ky (£) +35 % 52 13 x 5, (A13)
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the above calculation process shows a recursive formula about K’{,HLVHl (t+1). By adding

a simple condition K7, |, (0) = 2, we obtain the desired result about Ky, 1, (t), as shown in
Equation (21).
On the other hand, we consider the A-Kirchhoff index of network, and we also

have the following recursive relation governing I(:}t Vi, (EF1)and K?}t v, (t). Obviously,

K‘J;HrerHl (t4+1) =K (F+1) + ZKZIS(t +1)+ K/;/S(t +1), so we can deduce the following

relations for the three terms of this equation,

3

Ki (t+1) = EK‘;"‘U)’ Kgg(t+1) =Kg(t+1)
K+ =2 Y @+kTHal (A14)
i€V (t+1),jeV ()

= 4K, p(t+1) + K 5(t+1).

We have calculated the precise values of Kj 5(t +1) and K7 4(t 4 1) above, so the focus
of the following calculation is to calculate K, g (t+1). By using Lemma 6 (3), we have

1 1
Kept+1) = ¥ s1-300"M+alil)
i€V (t+1),jeV(t)
- v lalgemyl v Kool (A15)
V(D) jev(t) 2 2 o 2,600 ’

1 1 — 1
= 2K (0 + NP+ 1] = 3 (N = 1),

where equation }; jcy(y) kl(t)()g,) =1 Yijev() (kgt) + k](‘t))Qz(,? = %K%Vt(t) is used in the
above equation, and combining the three obtained term expressions leads to

5 105

) 3
Ky, (£) = 5K, v, (8) + 5Ky, y, (1) + - x 5% =

13 ;
x5 Al
> x5 1 (A16)

Vt+1th+l

Equation (21) gives the exact value of K7, |, (t). Considering a initial value K‘ﬁo Vo (0) =4,
we can obtain the solution of Ka v, (t) shown in Equation (22).
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