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Abstract

:

Recent years have seen the flourishing of research devoted to quantum effects on mesoscopic and macroscopic scales. In this context, in Entropy 2019, 21, 705, a formalism aiming at describing macroscopic quantum fields, dubbed Reduced State of the Field (RSF), was envisaged. While, in the original work, a proper notion of entropy for macroscopic fields, together with their dynamical equations, was derived, here, we expand thermodynamic analysis of the RSF, discussing the notion of heat, solving dynamical equations in various regimes of interest, and showing the thermodynamic implications of these solutions.
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1. Introduction


In recent years, a considerable attention has been given to the study of quantum phenomena on mesoscopic scale, as many physical systems that are nowadays fundamental for physical applications fall into this regime [1,2]. The main characteristic of mesoscopic systems is that, while they are still large enough not to be considered purely quantum, they are neither small enough to ignore quantum effects.



Furthermore, while the behavior of macroscopic fields is well described by classical wave equations with coherent sources, incorporation of thermal and random sources into the field equations still represents an open problem [3]. As a matter of fact, the most common description of such a situation relies on the introduction of phenomenological terms, for example, terms describing the damping. This solution is not fully satisfactory from a theoretical point of view, as these extra terms do not give a correct thermodynamic description of such systems. On this basis, and on drawing from the fact that the ultimate description of any physical system should be given by quantum mechanics, the Reduced State of the Field (RSF) formalism was conceived [4].



Since a completely quantum picture is generally too complex and, consequently, not convenient to treat macroscopic fields, the RSF aims at describing macroscopic waves using a coarse-grained version of the quantum formalism. Such a description allows one to retain the most important quantum features that would even emanate at macroscopic scale [4], while, at the same time, mitigating the complexity that would have no effect beyond the microscopic realm. Interestingly, in the same spirit, one can answer the question being a sort of opposite to the former one, namely which features of the quantum evolution can be classified as classical [5].



On the other hand, recent years have seen the flourishing of quantum thermodynamics [6], namely the study of thermodynamic phenomena on the quantum scale. This interest has been fostered by progressive miniaturization of electronic and optical devices, at the level where quantum phenomena cannot be ignored [7]. We, therefore, observe a huge development of the field of quantum thermodynamics, where a wide range of topics is being covered, e.g., thermalization and heat transfer [8,9,10,11], quantum heat engines and refrigerators [12,13,14,15,16,17,18], and quantum batteries [19,20,21].



The biggest advantage of the RSF formalism is that it provides both a suitable definition of entropy for radiation fields and dynamical equations describing the field which are in a closed form (do not depend on other degrees of freedom). It is, thus, of interest to see how thermodynamics intersects with the description of mesoscopic and macroscopic fields since, especially on the mesoscopic scale, one typically does not have full control over the system, yet quantum effects need to be taken into account in order to describe the system appropriately [22].



In this paper, we want to explore how thermodynamic phenomena, such as heat exchange, fit the RSF formalism. Moreover, we want to analyze the behavior of the entropy of RSF [4], as its definition differs from the one usually found in the classical or quantum realms. The paper is organized as follows. In Section 2, we briefly review the RSF formalism, pointing out its main features. In Section 3, starting from the evolution equations of RSF, we consistently define the main thermodynamic quantities, such as internal energy, heat, and work. Then, in Section 4, we solve the equations of motion in some simple but relevant situations, highlighting the thermodynamic meaning of the different terms present therein. Finally, in Section 5, we give our conclusions and some outlooks for future works.




2. The RSF Formalism


This section mostly follows Reference [4], since we summarize here the most important background and ingredients of the RSF formalism. In particular, all formulas appearing in this section are taken from Reference [4].



We start with classical electromagnetic field which, in a finite volume, is described by a set of modes    f k   ( x ; t )  =  e  − i  ω k  t    f k   ( x )   , where x is the position, k is a discrete index, and   ω k   is the frequency at which the mode oscillates. In the first quantization picture, these modes represent eigenstates of the single-particle Hamiltonian of quasi-particles associated with the field. Under a proper normalization, these modes form an orthonormal basis of the single-particle Hilbert space, where the energy of each mode is equal to   ℏ  ω k   .



In the second quantization picture, a pair of operators     a ^  k  ,   a ^  k †    is associated to each mode   f k  . Standard bosonic commutation relations hold:


      [   a ^  k  ,   a ^    k ′   †  ]  =  δ  k  k ′      [   a ^  k  ,   a ^   k ′   ]  =  [   a ^  k †  ,   a ^    k ′   †  ]  = 0 ,     



(1)




so that the action of the annihilation and creation operators, on the vectors in the corresponding Fock space spanned by the orthonormal set   { | n  〉 k  }  , is


       a ^  k   |   n k  〉 =   n k    |    n k  − 1  〉    a ^  k †   |  n k  〉 =    n k  + 1   |    n k  + 1  〉 .     



(2)







The RSF formalism relies on a correspondence between operators acting on the single-particle Hilbert space and additive operators acting on the Fock space. The former can be written as:


      b ^  =  ∑  k ,  k ′     b  k  k ′     | k 〉 〈   k ′   | ,      



(3)




where    | k 〉 ≡ |   f k  〉  , while the corresponding additive observable in the Fock space is (We follow the convention introduced in Reference [4], according to which operators in the Fock space are denoted by capital letters (with the density operator   ρ ^   being an exception), while operators acting on a single-particle Hilbert space are denoted by small letters.):


      B ^  =  ∑  k ,  k ′     b  k  k ′      a ^  k †    a ^   k ′   .     



(4)




Consequently, unitary operators   u ^   acting on the single-particle Hilbert space are in correspondence with multiplicative operators on the Fock space via:


      u ^  =  e  i  b ^    →  U ^  =  e  i  B ^    .     



(5)




From now on, we also use “Tr” for trace operations in the Fock space and “tr” for traces applied to the level of the RSF, i.e., on a single-particle Hilbert space.



The RSF description of the state of a macroscopic field is based on the couple   (  r ^  , | α 〉 )  , defined from the full quantum state of the field   ρ ^   in the Fock space as:


        r ^  =  ∑  k ,  k ′    Tr   ρ ^     a ^   k ′  †    a ^  k    | k 〉 〈   k ′   | : =   ∑  k ,  k ′     r  k  k ′     | k 〉 〈   k ′   | ,      



(6a)






        | α 〉 =   ∑ k  Tr   ρ ^     a ^  k    | k 〉 : =  ∑ k   α k  |  k 〉 .     



(6b)




The matrix   r ^   is a single-particle density operator, while the vector   | α 〉   contains the information about the phase of the macroscopic field.



It is important to observe that the single-particle density operator is not normalized to unity but, rather, to the total number of particles in the state, i.e.,


     tr {  r ^  } = N = Tr {   ρ ^   N ^   } ,   N ^  =  ∑ k    a ^  k †    a ^  k  .     



(7)




In fact, the same expectation-value identification holds for any additive observable


     tr {   r ^   b ^   } = Tr {   ρ ^   B ^   } .     



(8)







Furthermore, it turned out beneficial to define an another object, the correlation matrix


       r ^  α  =  r ^  −  | α 〉 〈 α | ,  where  | α 〉 〈 α |  =  ∑  k ,  k ′     α k   α   k ′   *   | k 〉 〈   k ′   | ,      



(9)




which is a positive semi-definite operator being zero if and only if the state is coherent. Using this operator, it is then possible to give a suitable definition of entropy for macroscopic fields, which is


     S  [   r ^  α  ]  =  k B  tr   (   r ^  α  + 1 )  ln  (   r ^  α  + 1 )  −   r ^  α  ln   r ^  α   .     



(10)




This definition of entropy has an appealing feature of being always greater than or equal to zero, and being zero only when the RSF is coherent. This also highlights the fact that the coherent states are the only pure states in this formalism.



To shortly summarize the above, the RSF formalism is particularly suited to deal with situation where one does not have full quantum control of the system (we just control first and second moments, so to speak), as is in the case of macroscopic fields, but quantum effects are still visible. Having revised the RSF formalism and its main features, we are now ready to start thermodynamic considerations.




3. Thermodynamics of the RSF


In a usual scenario described by thermodynamics, one deals with a system S, often called the working fluid, interacting with one or more thermal baths, i.e., much larger systems with infinite heat capacity that are typically assumed to have a well-defined temperature. By changing the Hamiltonian, i.e., the energy, of the working fluid S and letting it interact appropriately with the thermal baths, it is possible to extract work from the system (i.e., we have a heat engine) or to use work to transfer heat from a cold to a hot bath (i.e., we implement a refrigerator).



As in what follows, we will not be interested in a description of the thermal baths but, rather, in their action on the working fluid S. Therefore, we want to define heat and work only in terms of the state S, in the current context sufficiently well described by the couple   (  r ^  , | α 〉 )  . In order to study the thermodynamics of a macroscopic field described under the RSF formalism, we first need to recall the dynamical equations describing the behavior of the field when it interacts with an external bath. This was already done in Reference [4], where the system of equation for the RSF was derived from the standard expression for a map belonging to a so-called quasi-free dynamical semigroup [23,24], thus extending this concept to RSF formalism. The set of equations [4] describing the dynamics of the couple   (  r ^  , | α 〉 )   can be derived from the equations describing the temporal evolution of the full state in Fock space   ρ ^   through:


      d  d t    r  k  k ′    = Tr {    a ^    k ′   †    a ^  k    d  ρ ^    d t    } ,   d  d t    α k  = Tr {    a ^  k    d  ρ ^    d t    } .     



(11)







Considering a generic model of dynamics for   ρ ^  , given by the evolution equation [4]


         d  d t    ρ ^  =     −  i ℏ    H ^  ,  ρ ^   +  ∑  k = 1  N    ζ k    a ^  k †  −  ζ k *    a ^  k  ,  ρ ^   +  ∑  k ,  k ′  = 1  N   Γ ↓   k ′  k      a ^  k   ρ ^     a ^    k ′   †  −  1 2     a ^    k ′   †    a ^  k  ,  ρ ^             +  ∑  k ,  k ′  = 1  N   Γ ↑   k ′  k      a ^    k ′   †   ρ ^     a ^  k  −  1 2     a ^  k    a ^    k ′   †  ,  ρ ^    + ∫ μ  ( d u )    U ^   ρ ^     U ^  †  −  ρ ^   ,        



(12)




which includes the presence of a coherent source, a thermal bath, and random scattering, one can write the following equations for the couple   (  r ^  , | α 〉 )   (Note that the anticommutator terms, in comparison with Reference [4], have been divided by 2. See Reference [5] for details.):


      d  d t    r ^      = −  i ℏ   [  h ^  ,  r ^  ]  +  ( | ζ 〉   〈 α |  +  | α 〉   〈 ζ | )  +  1 2    (   γ ^  ↑  −   γ ^  ↓  )  ,  r ^   +   γ ^  ↑         + ∫ μ  ( d u )   (  u ^   r ^    u ^  †  −  r ^  )  ,     



(13a)






      d  d t    | α 〉 = −   i ℏ   h ^   | α 〉 + | ζ 〉 +   1 2   (   γ ^  ↑  −   γ ^  ↓  )   | α 〉 + ∫ μ  ( d u )   (  u ^  − 1 )  |  α 〉 .     



(13b)




Let us start by explaining the meaning of each term in (12) viz. Equations (13a) and (13b). In the dynamical equation for   r ^  , we first find the commutator of   r ^   with the single-particle Hamiltonian    h ^  = ℏ  ∑ k   ω k   | k 〉 〈 k |    stemming from    H ^  = ℏ  ∑ k   ω k    a ^  k †    a ^  k   , and this term describes nothing but the standard unitary dynamics induced by the free Hamiltonian. Next, we find the term   | ζ 〉 〈 α |  , which describes the effect of a coherent source, and, thus, also depends on the phase of the system   | α 〉  . Then, we can see the anticommutator term with the operators


       γ ^  ↕  =  ∑  k ,  k ′     Γ ↕  k  k ′     | k 〉 〈   k ′   | ,      



(14)




describing stimulated absorption and emission processes, while the isolated term    γ ^  ↑   describes spontaneous emission processes. The coefficients   Γ  ↕   k  k ′     encode the information about the state of the thermal bath and its interaction with the system. Finally, the integral term describes the effect of random scattering phenomena, where the operators   u ^   are unitary. Similar considerations apply to the dynamical equation for   | α 〉  . Note also that, although the usual single particle approach is one where recursive systems of equations are truncated through appropriate approximations or boundary conditions, in the RSF approach, one deals with a closed system of equation, a feature that greatly simplifies the study of the dynamics of a macroscopic field.



As the entropy is defined in terms of the correlation matrix    r ^   ( α )   , it is also useful to derive the dynamical equation for this quantity. Since     r ^   ( α )   =  r ^  −  | α 〉 〈 α |   , we only need to compute the time derivative of   | α 〉 〈 α |   using Equation (13b):


      d  d t    | α 〉 〈 α |  =       d  d t    | α 〉    〈 α | + | α 〉    d  d t    〈 α |        =    −  i ℏ   [  h ^   ,  | α 〉 〈 α |  ] +  ( | α 〉   〈 ζ |  +  | ζ 〉   〈 α | )  +  1 2  {   (   γ ^  ↑  −   γ ^  ↓  )    | α 〉 〈 α |  }      +    ∫ μ  ( d u )   (  u ^  | α 〉   〈 α |  +  | α 〉   〈 α |   u ^  †  )  − 2  | α 〉   〈 α | )  ,     



(15)




from which we can write the dynamical evolution for the correlation matrix    r ^   ( α )    as


          d  d t     r ^   ( α )   = −  i ℏ   [  h ^  ,   r ^   ( α )   ]  +  1 2    (   γ ^  ↑  −   γ ^  ↓  )  ,   r ^   ( α )    +   γ ^  ↑              + ∫ μ  ( d u )    u ^    r ^   ( α )     u ^  †  −   r ^   ( α )    + ∫ μ  ( d u )   (  u ^  − 1 )   | α 〉 〈 α |   (   u ^  †  − 1 )  .     



(16)




From this equation, we can see that the dynamics of the correlation matrix are not influenced by the presence of coherent sources. Consequently, the entropy   S [   r ^   ( α )   ]   is also invariant with respect to coherent evolution. This feature of the theory is associated with the fact that we are dealing with a mesoscopic or macroscopic system, where, in fact, we do not have access to all degrees of freedom [4]. In particular, the single-particle Hamiltonian   h ^   does not carry the whole content of the Hamiltonian in the Fock space which also contains contributions due to the displacement. In view of this, we define the internal energy as


     U = tr  [  h ^    r ^   ( α )   ]  ≡ tr  [  h ^   r ^  ]  −  〈 α |   h ^   | α 〉 .      



(17)




This definition is motivated by the form of the entropy in Equation (10) and from the related discussion in Reference [4]: as the definition of entropy relies on the effective degree of control that one has over the physical system under examination, the same should apply to other quantities of interest. Since, in the RSF formalism, the entropy is invariant under the application of the Weyl displacement operator, one could expect the internal energy to follow the same behavior. In particular, if, for instance, we were to define the internal energy in the “intuitive” way as   tr [  h ^   r ^  ]  , then displacement would be a process implying heat absorption from the system, with no change of entropy. In Section 4, we are going to show that this issue is resolved by Equation (17), and that, thanks to this definition, we are able to define properly the free energy of the system. Last but not least, let us emphasize that the internal energy of the system is a notion which depends on an arbitrary choice in which degrees of freedom describe the system and which belong to its environment.



Using the notion of internal energy in Equation (17), one has a natural decomposition


     d U = tr  [   d  h ^    d t     r ^   ( α )   ]  d t + tr  [  h ^    d   r ^   ( α )     d t   ]  d t = d W + δ Q .     



(18)




Two observations are in place here. First of all, the single particle Hamiltonian is time independent by construction. This is because the frequencies, as well as the eigenmode basis, of the Hamiltonian, are not under control and do not vary over time due to the dynamics of the sole field. Therefore, for generic macroscopic fields, there is no work, just the heat. Work would require an engineered variant of time evolution, i.e., one can perform (extract) work on (from) the system only by changing the frequencies   ω k  .



Second of all, only the scattering term couples    r ^   ( α )    with   | α 〉   in Equation (16). This feature in a salient way distinguishes the scattering processes from the other processes subsumed in the dynamical equations. Within a thermodynamic description, which is solely based here on the correlation matrix, the scattering belongs to a different (more complex) class of (likely non-equilibrium) processes. The latter property, however, would strongly depend on the measure   μ ( d u )   chosen. Perhaps, for the invariant Haar measure, the situation would simplify, still, the aforementioned coupling will be there.



Therefore, we believe that the scattering processes deserve a separate and detailed treatment. Consequently, here, we shall neglect random scattering terms, with the goal of delineating the heat exchange and entropy production due to other processes. Under this simplifying assumption, the heat exchanged is equal to


         δ Q = tr  [  h ^    d   r ^   ( α )     d t   ]  d t =  1 2  tr  [   r ^   ( α )    {    γ ^  ↑  −   γ ^  ↓   ,  h ^  }  ]  d t + tr  [  h ^    γ ^  ↑  ]  d t            = ℏ  ∑  k ,  k ′       ω k  +  ω  k ′    2   r  k  k ′    ( α )     Γ ↑   k ′  k   −  Γ ↓   k ′  k    d t + ℏ  ω k   Γ ↑  k k   d t ,     



(19)




that is, it only depends on interactions with the thermal bath. In particular, the second term on the right-hand side of Equation (19) is responsible for the equilibration process towards the equilibrium populations dictated by the bath structure, while the first term describes heat exchanges due to changes in the modes’ occupations happening because of the interaction with the bath.



The variation of the entropy in time is also found to be


      d  d t   S  [   r ^   ( α )   ]  =  k B  tr  [   d   r ^   ( α )     d t   ln  (     r ^   ( α )   + 1    r ^   ( α )    )  ]  .     



(20)




We use the notation in which the fraction of non-negative operators needs to be understood in terms of their eigenvalues. This is possible because, whenever some eigenvalue approaches 0, the time derivative also vanishes, killing the potential singularities [25].



Note that the trace of    r ^   ( α )    does not need to be constant in time. For a quasi-static process, in which the state   ρ ^   is always in thermal equilibrium, the correlation matrix is always of the form


       r ^   ( α )   =  1   e  β  h ^    − 1   .     



(21)




Since, in this case,


     ln  (     r ^   ( α )   + 1    r ^   ( α )    )  = β  h ^  ,     



(22)




we recover the equality from standard thermodynamics


     d S =  k B  β δ Q .     



(23)




This observation further strengthens our definition of work and heat. Moreover, for a non-quasi-static process, one has that    r ^   ( α )    is not of the form in Equation (22); thus, one has also entropy production.




4. Some Examples of RSF Thermodynamics


In the following subsections, we want to solve the dynamical Equations (13a) and (13b) under various circumstances where some of the terms are absent or can be simplified, thus highlighting their thermodynamic meaning.



4.1. Free Dynamics of the RSF


The simplest, and almost trivial, case that one can analyze is the one where no interaction with either a coherent source or a thermal bath is present, so that the dynamics of the RSF is fully described by the Hamiltonian term alone. Assuming the Hamiltonian in the Fock space to be:


      H ^  =  ∑ k  ℏ  ω k    a ^  k †    a ^  k  →  h ^  =  ∑ k  ℏ  ω k   | k 〉 〈 k | ,      



(24)




we can explicitly write down the equations governing the matrix elements    r  k  k ′     ( t )    and the vector components    α k   ( t )    as:


      d  d t    r  k  k ′     ( t )  = − i  (  ω k  −  ω  k ′   )   r  k  k ′     ( t )  ,   d  d t    α k   ( t )  = − i  ω k   α k   ( t )  .     



(25)




The solutions to these equations are easily found:


      r  k k    ( t )  =  r  k k    ( 0 )  ;   r  k  k ′    =  e  − i (  ω k  −  ω  k ′   ) t    r  k  k ′     ( 0 )  ;   α k   ( t )  =  e  − i  ω k  t    α k   ( 0 )  .     



(26)







These solutions imply that, under purely free dynamics, the populations stay constant, while the coherences among them rotate at a frequency equal to the detuning between the modes. Finally, the components of the phase vector   | α 〉   rotate at the corresponding frequency. In accordance with Equation (19), there is no heat exchange, as there is no thermal bath. An important fact to be noted is that, as in Equation (16), the correlation matrix depends on the Hamiltonian   h ^   only through the commutator term, and the entropy is unchanged under purely Hamiltonian dynamics, since the eigenvalues of    r ^   ( α )    are left unchanged.




4.2. RSF Dynamics in Presence of a Coherent Source


We now want to solve Equations (13a) and (13b) subject to a coherent source, but still without a thermal bath, so that we get:


        d  d t    r ^  = −  i ℏ   [  h ^  ,  r ^  ]  +  ( | α 〉   〈 ζ |  +  | ζ 〉   〈 α | )  ,     



(27)






        d  d t    | α 〉 = −   i ℏ   h ^   | α 〉 + |  ζ 〉 ,     



(28)




where    | ζ 〉 =   ∑ k   ζ k   | k 〉   . We can easily get the dynamical equations for the matrix elements:


          d  d t    r  k  k ′    = − i  (  ω k  −  ω  k ′   )   r  k  k ′    + (  α k   ζ   k ′   *  +  α   k ′   *   ζ k  ) ,     



(29)






          d  d t    α k  = − i  ω k   α k  +  ζ k  .     



(30)




Solving the second equation first, we get


      α k   ( t )  =  e  − i  ω k  t    α k   ( 0 )  − i   ζ k   ω k    ( 1 −  e  − i  ω k  t   )  ,     



(31)




so that the   r ^   matrix elements are


      r  k  k ′     ( t )  =  e  − i (  ω k  −  ω  k ′   ) t     r  k  k ′     ( 0 )  +  ∫ 0 t  d s   e  i (  ω k  −  ω  k ′   ) s   (  α k   ( s )   ζ   k ′   *  +  α   k ′   *   ( s )   ζ k  )  .     



(32)




After we perform the integral, we get


      r  k  k ′     ( t )     =     e  − i (  ω k  −  ω  k ′   ) t     r  k  k ′     ( 0 )  +    ζ k   ζ  k ′      ω k   ω  k ′      +    ζ k   ζ   k ′   *     ω k   ω  k ′      1 −  e  − i  ω k  t   −  e  i  ω  k ′   t          +    i     α k   ( 0 )   ζ   k ′   *    ω  k ′     e  − i  ω k  t   −    α   k ′   *   ( 0 )   ζ k    ω k    e  i  ω  k ′   t    .     



(33)







Let us consider the case where the initial phase vector   | α 〉   is null, i.e.,    α k   ( 0 )  = 0  , for all k. In this case, the solution for the phase and the matrix elements of   r ^   reads:


        α k   ( t )  = − i   ζ k   ω k    ( 1 −  e  − i  ω k  t   )  ,     



(34)






      r  k  k ′     ( t )  =  e  − i (  ω k  −  ω  k ′   ) t     r  k  k ′     ( 0 )  +    ζ k   ζ   k ′   *     ω k   ω  k ′      +    ζ k   ζ   k ′   *     ω k   ω  k ′      1 −  e  − i  ω k  t   −  e  i  ω  k ′   t    .     



(35)




The latter result, for the diagonal elements    r  k k    ( t )   , reduces to


      r  k k    ( t )  =  r  k k    ( 0 )  + 2    |   ζ k    |  2    ω k 2    1 − cos   ω k  t   .     



(36)




This implies that the populations oscillate around the average values    r  k k    ( 0 )  +   |  ζ k  |  2  /  ω k 2   . Of course, the correlation matrix remains constant (also if initial   | α 〉   is not null), so does the entropy.




4.3. Dynamics of the RSF in Presence of a Coherent Source and a Thermal Bath


Let us now consider the case where also a dissipation term is present, i.e., we want to analyze the case where the system interacts with both a coherent source and a heat bath. In this case, the dynamical equations for   r ^   and   | α 〉   are:


         d  r ^    d t   = −  i ℏ   [  h ^  ,  r ^  ]  +  ( | α 〉   〈 ζ |  +  | ζ 〉   〈 α | )  +  1 2   {  (   γ ^  ↑  −   γ ^  ↓  )  ,  r ^  }  +   γ ^  ↑  ,     



(37)






        d  d t    | α 〉 = −   i ℏ   h ^   | α 〉 + | ζ 〉 +   1 2   (   γ ^  ↑  −   γ ^  ↓  )   | α 〉 ,      



(38)




where the operators    γ ^  ↕   have already been defined as


       γ ^  ↕  =  ∑  k ,  k ′     Γ ↕  k  k ′     | k 〉 〈   k ′   | .      



(39)




Let us remind that the matrix elements   Γ  ↕   k  k ′     are the particle creation and decay rates that can be derived using the Fermi golden rule. Under the typical Born, Markov, and secular approximations, the operators    γ ^  ↕   become diagonal


       γ ^  ↕  =  ∑ k   Γ  ↕  k   | k 〉 〈 k | ,      



(40)




where the rates   Γ  ↕  k  , due to the thermal character of the bath, are related via


       Γ  ↑  k   Γ  ↓  k   =  e  −   ℏ  ω k     k B  T     ,     



(41)




with   k B   being the Boltzmann constant, and T being the temperature of the heat bath.



In this case, the dynamical equations for the RSF become:


         d  r  k  k ′      d t   = − i  (  ω κ  −  ω  k ′   )   r  k  k ′    −  1 2     Γ ↓ k   Z k   +   Γ ↓  k ′    Z  k ′      r  k  k ′    +  δ  k  k ′     Γ  ↑  k  + (  α k   ζ   k ′   *  +  α   k ′   *   ζ k  ) ,     



(42)






          d  α k    d t   = − i  ω k   α k  −   Γ ↓ k   2  Z k     α k  +  ζ k  ,     



(43)




where we have defined    Z k  =   1 −  e  − β ℏ  ω k      − 1    . These equations are of the same form as Equations (29) and (30). This can be noted by defining complex frequencies     ω ˜  k  =  ω k  − i  Γ ↓ k  / 2  Z k   . In this notation, we get:


         d  r  k  k ′      d t   = − i  (   ω ˜  k  −   ω ˜    k ′   *  )   r  k  k ′    +  δ  k  k ′     Γ ↑ k  +  (  α k   ζ   k ′   *  +  α   k ′   *   ζ k  )  ,     



(44)






          d  α k    d t   = − i   ω ˜  k   α k  +  ζ k  ,     



(45)




so that one can immediately write down the solution to the second equation as:


      α k   ( t )  =  e  − i   ω ˜  k  t    α k   ( 0 )  − i   ζ k    ω ˜  k    1 −  e  − i   ω ˜  k  t    ,     



(46)




which implies that the phases   α k   are driven towards their steady-state values


      α  k   steady   = − i   ζ k    ω ˜  k   .     



(47)




As for the matrix elements   r  k  k ′    , one finds:


      r  k  k ′     ( t )  =  e  − i (   ω ˜  k  −   ω ˜    k ′   *  ) t     r  k  k ′     ( 0 )  +  ∫ 0 t  d s   e  i (   ω ˜  k  −   ω ˜    k ′   *  ) s     α k   ( s )   ζ   k ′   *  +  α   k ′   *   ( s )   ζ k  +  δ  k  k ′     Γ ↑ k    ,     








and, consequently,


      r  k  k ′     ( t )     =     e  − i (   ω ˜  k  −   ω ˜    k ′   *  ) t     r  k  k ′     ( 0 )  +    ζ k   ζ  k ′       ω ˜  k    ω ˜    k ′   *     +    ζ k   ζ   k ′   *      ω ˜  k    ω ˜    k ′   *     1 −  e  − i   ω ˜  k  t   −  e  i   ω ˜    k ′   *  t          +    i     α k   ( 0 )   ζ   k ′   *     ω ˜    k ′   *    e  − i   ω ˜  k  t   −    α   k ′   *   ( 0 )   ζ k     ω ˜  k    e  i   ω ˜    k ′   *  t    +  δ  k  k ′     e  − β ℏ  ω k     Z k   1 −  e  −   Γ ↓ k   Z k   t    .     



(48)







It is of particular interest to see the steady values of the matrix elements   r  k  k ′    ,


      r  k  k ′    steady   =    ζ k   ζ   k ′   *      ω ˜  k    ω ˜    k ′   *    +  δ  k  k ′     e  − β ℏ  ω k     Z k  .     



(49)




From this steady-state solution, together with Equation (47), we can compute the associated correlation matrix    r ^   ( α )   , for which one simply obtains:


      r  k  k ′    ( α ) steady   =  r  k  k ′    steady    − |   α  steady    〉 〈  α  steady    |  k  k ′     =  δ  k  k ′     e  − β ℏ  ω k     Z k  =  1   e  β  h ^    − 1   .     



(50)




From this result, one can see clearly what was already noted in Reference [4], namely that, in presence of random scattering (which is absent in this case) or a thermal environment with temperature different from zero, it is impossible to obtain a coherent state, and that only an initial pure state remains pure when the above conditions are met.



Next, we express the entropy of the steady state as a function of  β  (we set    k B  = 1  ):


     S  [   r ^   ( α ) steady   ]   ( β )     =    tr [  (   r ^   ( α ) steady   + 1 )  ln  (   r ^   ( α ) steady   + 1 )  −   r ^   ( α ) steady   ln   r ^   ( α ) steady   ]         =    tr  [ β  h ^    r ^   ( α ) steady   ]  + tr  [ ln  (   r ^   ( α ) steady   + 1 )  ]          =    β U + tr [ ln  (   r ^   ( α ) steady   + 1 )  ] ,     



(51)




as it can be found using Equation (50) and going through some algebra. One can immediately see that the entropy depends on the temperature, both through the partition functions and the occupation numbers of the modes. We plot in Figure 1 the entropy as a function of the temperature  β  for different values of the frequency. From the plot, it can be seen that lower frequency modes have a greater entropy than the modes with higher frequency.



The Equation (51) can also be rearranged as:


     U −  β  − 1   S = −  1 β  tr  [ ln  (   r ^   ( α ) steady   + 1 )  ]  ,     



(52)




so that, in this way, we are driven to define the equilibrium-free energy   F  e q   


      F  e q   = −  1 β  tr  [ ln  (   r ^   ( α ) steady   + 1 )  ]  = −  1 β   ∑ k  ln  Z k  .     



(53)




This is exactly the sum of the equilibrium-free energies of each mode. We can then define the free energy as:


    F   =    U −  β  − 1   S = tr  [   r ^   ( α )    h ^  ]  −  1 β  tr  [  (   r ^   ( α   + 1 )  ln  (   r ^   ( α   + 1 )  −   r ^   ( α )   ln   r ^   ( α )   ]      










     =    tr  [   r ^   ( α )     h ^  −  1 β  ln      r ^   ( α )   + 1    r ^  α     ]  −  1 β  tr  [ ln  (   r ^   ( α )   + 1 )  ]      



(54)






     =     F  n e q   +  F  e q   ,     



(55)




where we have introduced the non-equilibrium-free energy


      F  n e q   = tr  [   r ^   ( α )     h ^  −  1 β  ln      r ^   ( α )   + 1    r ^  α     ]  .     



(56)




Thus, we see how, in the presence of a thermal bath, and using the definition of internal energy of Equation (17), we are able to define in a reasonable way the free energy, both “in and out” of equilibrium. Clearly, the proposed notion of free energy is somehow attached to the specific case of macroscopic fields. This is to be expected since, in the RSF formalism, one assumes the lack of control over certain (actually, many) degrees of freedom. Therefore, in its spirit, our approach does not differ from descriptions of other physical situations, such as the modeling of magnetic [26,27] and molecular [28,29] systems, where adjustments are necessary in order to account for the specific properties of the system under examination.





5. Conclusions


In this paper, we explored how to define thermodynamic quantities in the RSF formalism, given its definition of entropy. We also showed some examples of dynamical regimes that allowed us to explicitly compute the quantities of our interest, such as energy, heat, work, and other thermodynamic functionals.



Starting from the definition of entropy given in Reference [4], we gave a reasonable definition of internal energy, heat, and work. We were able to show that, in a quasi-static equilibrium process, our definition of heat gave the proper increase of entropy, and then we defined the equilibrium and non-equilibrium-free energy.



It would be interesting in the future to further explore how to describe other thermodynamic phenomena under this formalism, such as work extraction from heat engines and work storage in batteries. This would surely help to further clarify how thermodynamics should be described at mesoscopic scales, as well as to individuate possible issues to be solved in this regime. Last but not least, scattering terms deserve a careful, separate consideration.







Author Contributions


Conceptualization, S.C.; Formal analysis, S.C.; Methodology, Ł.R.; Supervision, Ł.R.; Validation, Ł.R.; Writing—original draft, S.C.; Writing—review & editing, Ł.R. All authors have read and agreed to the published version of the manuscript.




Funding


The authors acknowledge support by the Foundation for Polish Science (IRAP project, ICTQT, Contract No. 2018/MAB/5, co-financed by the EU within the Smart Growth Operational Program).




Data Availability Statement


No new data were created or analyzed in this study. Data sharing is not applicable to this article.




Acknowledgments


We thank Tomasz Linowski for fruitful discussions.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Datta, S. Electronic Transport in Mesoscopic Systems; Cambridge Studies in Semiconductor Physics and Microelectronic Engineering; Cambridge University Press: Cambridge, UK, 1995. [Google Scholar] [CrossRef]

	



Yamamoto, Y.; Imamoglu, A. Mesoscopic Quantum Optics; Wiley-Interscience: New York, NY, USA, 1999; Available online: https://www.wiley.com/en-us/Mesoscopic+Quantum+Optics-p-9780471148746 (accessed on 15 May 2021).

	



Thorne, K.S.; Blandford, R.D. Modern Classical Physics; Princeton University Press: Oxford, UK, 2017. [Google Scholar]

	



Alicki, R. Quantum Features of Macroscopic Fields: Entropy and Dynamics. Entropy 2019, 21, 705. Available online: https://www.mdpi.com/1099-4300/21/7/705 (accessed on 9 September 2020). [CrossRef]

	



Linowski, T.; Rudnicki, Ł. Classical description of bosonic quantum fields in terms of the reduced-state-of-the-field framework. arXiv 2021, arXiv:2107.03196. [Google Scholar]

	



Vinjanampathy, S.; Anders, J. Quantum thermodynamics. Contemp. Phys. 2016, 57, 545. [Google Scholar] [CrossRef]

	



Pekola, J.P. Towards quantum thermodynamics in electronic circuits. Nat. Phys. 2015, 11, 118–123. [Google Scholar] [CrossRef]

	



Reichental, I.; Klempner, A.; Kafri, Y.; Podolsky, D. Thermalization in open quantum systems. Phys. Rev. B 2018, 97, 134301. [Google Scholar] [CrossRef]

	



Cusumano, S.; Cavina, V.; Keck, M.; De Pasquale, A.; Giovannetti, V. Entropy production and asymptotic factorization via thermalization: A collisional model approach. Phys. Rev. A 2018, 98, 032119. [Google Scholar] [CrossRef]

	



Xu, S.-Z.; Zhao, T.; Chen, Q.; Liang, X.-G.; Guo, Z.-Y. State functions/quantities in thermodynamics and heat transfer. Fundam. Res. 2021. [Google Scholar] [CrossRef]

	



Ma, Y.-H.; Dong, H.; Quan, H.-T.; Sun, C.-P. The uniqueness of the integration factor associated with the exchanged heat in thermodynamics. Fundam. Res. 2021, 1, 6–9. [Google Scholar] [CrossRef]

	



Linden, N.; Popescu, S.; Skrzypczyk, P. How Small Can Thermal Machines Be? The Smallest Possible Refrigerator. Phys. Rev. Lett. 2010, 105, 130401. [Google Scholar] [CrossRef] [PubMed]

	



Ono, K.; Shevchenko, S.N.; Mori, T.; Moriyama, S.; Nori, F. Analog of a Quantum Heat Engine Using a Single-Spin Qubit. Phys. Rev. Lett. 2020, 125, 166802. [Google Scholar] [CrossRef]

	



Kosloff, R.; Levy, A. Quantum Heat Engines and Refrigerators: Continuous Devices. Annu. Rev. Phys. Chem. 2014, 65, 365–393. [Google Scholar] [CrossRef] [PubMed]

	



Peterson, J.P.S.; Batalhão, T.B.; Herrera, M.; Souza, A.M.; Sarthour, R.S.; Oliveira, I.S.; Serra, R.M. Experimental Characterization of a Spin Quantum Heat Engine. Phys. Rev. Lett. 2019, 123, 240601. [Google Scholar] [CrossRef] [PubMed]

	



Watanabe, G. Heat Engines Using Small Quantum Systems. AAPPS Bull. 2019, 29, 30. Available online: https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=02182203&AN=142282653&h=ud6Hgx8ol0tq3ntRCMTeewKM4Gh5IV0WRSIgskHgDu4xz%2b2u7ggyrrTRsdefYRSuhsLrQUXwnDOI4yS9EVwEag%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d02182203%26AN%3d142282653 (accessed on 3 August 2021).

	



Lu, Y.; Long, G.L. Parity effect and phase transitions in quantum Szilard engines. Phys. Rev. E 2012, 85, 011125. [Google Scholar] [CrossRef]

	



Xiao, K.-W.; Xiong, A.; Zhao, N.; Yin, Z.-Q. Quantum ground state cooling of translational and librational modes of an optically trapped nanoparticle coupling cavity. Quantum Eng. 2021, 3, 62. [Google Scholar] [CrossRef]

	



Binder, F.C.; Vinjanampathy, S.; Modi, K.; Goold, J. Quantacell: Powerful charging of quantum batteries. New J. Phys. 2015, 17, 075015. [Google Scholar] [CrossRef]

	



Campaioli, F.; Pollock, F.A.; Binder, F.C.; Céleri, L.; Goold, J.; Vinjanampathy, S.; Modi, K. Enhancing the Charging Power of Quantum Batteries. Phys. Rev. Lett. 2017, 118, 150601. [Google Scholar] [CrossRef]

	



Andolina, G.M.; Keck, M.; Mari, A.; Giovannetti, V.; Polini, M. Quantum versus classical many-body batteries. Phys. Rev. B 2019, 99, 205437. [Google Scholar] [CrossRef]

	



Céleri, L.C.; Rudnicki, Ł. Gauge invariant quantum thermodynamics: Consequences for the first law. arXiv 2021, arXiv:2104.10153. [Google Scholar]

	



Alicki, R.; Lendi, K. Quantum Dynamical Semigroups and Applications, 2nd ed.; LNP 717; Springer: Berlin, Germany, 2007. [Google Scholar]

	



Alicki, R. The Theory of Open Systems in Application to Unstable Particles. Rep. Math. Phys. 1978, 14, 27–42. [Google Scholar] [CrossRef]

	



Das, S.; Khatri, S.; Siopsis, G.; Wilde, M.M. Fundamental limits on quantum dynamics based on entropy change. J. Math. Phys. 2017, 59, 012205. [Google Scholar] [CrossRef]

	



Zhang, Z.; Scully, M.O.; Agarwal, G.S. Quantum entanglement between two magnon modes via Kerr nonlinearity driven far from equilibrium. Phys. Rev. Res. 2019, 1, 023021. [Google Scholar] [CrossRef]

	



Li, J.; Zhu, S.; Agarwal, G.S. Magnon-Photon-Phonon Entanglement in Cavity Magnomechanics. Phys. Rev. Lett. 2018, 121, 203601. [Google Scholar] [CrossRef] [PubMed]

	



Zhang, Z.D.; Wang, J. Curl flux, coherence, and population landscape of molecular systems: Nonequilibrium quantum steady state, energy (charge) transport, and thermodynamics. J. Chem. Phys. 2014, 140, 245101. [Google Scholar] [CrossRef] [PubMed]

	



Zhang, Z.; Agarwal, G.S.; Scully, M.O. Quantum Fluctuations in the Fröhlich Condensate of Molecular Vibrations Driven Far From Equilibrium. Phys. Rev. Lett. 2019, 122, 158101. [Google Scholar] [CrossRef] [PubMed]








[image: Entropy 23 01198 g001 550] 





Figure 1. In this plot, the entropy as a function of temperature  β  is shown. The various lines are plotted using different frequency, so that one can see that the low frequency modes contribute more to the entropy, especially at low temperatures. 
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