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Abstract: We study the increase in per-sample differential entropy rate of random sequences and
processes after being passed through a non minimum-phase (NMP) discrete-time, linear time-
invariant (LTI) filter G. For LTI discrete-time filters and random processes, it has long been established
by Theorem 14 in Shannon’s seminal paper that this entropy gain, G(G), equals the integral of
log |G(e/“)|. In this note, we first show that Shannon’s Theorem 14 does not hold in general. Then,
we prove that, when comparing the input differential entropy to that of the entire (longer) output
of G, the entropy gain equals G(G). We show that the entropy gain between equal-length input
and output sequences is upper bounded by G(G) and arises if and only if there exists an output
additive disturbance with finite differential entropy (no matter how small) or a random initial state.
Unlike what happens with linear maps, the entropy gain in this case depends on the distribution
of all the signals involved. We illustrate some of the consequences of these results by presenting
their implications in three different problems. Specifically: conditions for equality in an information
inequality of importance in networked control problems; extending to a much broader class of
sources the existing results on the rate-distortion function for non-stationary Gaussian sources, and
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We study the difference between the differential entropy rate of a random process
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iations. Figure 1. A causal, stable, linear and time-invariant system G with input and output processes, initial

state, and output disturbance.

Recall that the differential entropy rate of a random process x° is given by h(xy) =

limy,—eo n’lh(xl,xz, ..., Xn), provided the limit exists, where hi(xy, . .., x,) = E[—1log f(xq,...,Xx)]
is the differential entropy of the ensemble xq, . .., x; with probability density function (PDF)
f [1]. The system G is supposed to satisfy the following:
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Assumption 1. The LTI system G in Figure 1 is causal and stable and such that

conditions of the Creative Commons
Attribution (CC BY) license (https:// 1. G has a rational p-th order transfer function G(z) with m zeros {p;}" | outside the unit

creativecommons.org/ licenses /by / circle, i.e., non-minimum-phase (NMP) zeros, where m € {0,1,...,p}, indexed in non-
40/). increasing magnitude order, i.e., |p1]| > |p2| > -+ > |pm| > 1.
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2. The unit-impulse response of G, say, §o, g1, - - - satisfies |go| = 1.

In this general setup, G may have a random initial state vector xo € R?, p € N, and a
real-valued random output disturbance z{°. Our main purpose is to characterize the limit

G(G, 0,0, 2) 2 lim - (h(y]) — h(uf)), )
evaluating the possible effect produced by xq and z{°. This difference can be interpreted as
the entropy gain (entropy amplification or entropy boost) introduced by the filter G and (as
apparent from the other variables in the argument of G) the statistics of xp, uj’, z{°. We shall
refer to the special case in which xq and z{* are both zero (or deterministic) as the noise-less
case, and write G(G,0,uf®,0) accordingly.

The earliest reference related to this problem corresponds to a noise-less continuous-
time counterpart considered by Shannon. In his seminal 1948 paper [2], Shannon gave a
formula for the change in differential entropy per degree of freedom that a continuous-time
random process u., band-limited to a frequency range [0, B) (in Hz), experiences after
passing through an LTI continuous-time filter G, (without considering a random initial
state or an output disturbance). Such entropy per degree of freedom is defined in terms of
uniformly taken samples as

.1
h(u,) = nh_r)rgo ;h(uC(T),uc(ZT), .., uc(nT)), )
with T £ 1/(2B). In this formula, if the LTI filter has frequency response G.(&) (with &
in Hz), then the resulting differential entropy rate of the output process y, is given by the
following theorem:

Theorem 1 (Reference [2], Theorem 14). If an ensemble having an entropy h(u.) per degree
of freedom in band B is passed through a filter with characteristic G.(§) the output ensemble has
an entropy

B
h(y,) = ftue) + 5 [ 10g1Ge(€)dc. ©
0

Shannon arrived at (3) by arguing that an LTI filter can be seen as a linear operator
that selectively scales its input signal along infinitely many frequencies, each of them
representing an orthogonal component of the source. He then obtained the result by
writing down the determinant of the Jacobian of this operator as the product of the squared
frequency response magnitude of the filter over n frequency bands, applying logarithm,
dividing by 7, and then taking the limit as n tends to infinity.

Remark 1. There is a factor of two in excess in the integral on the right-hand side (RHS) of (3).
To see this, consider a filter with a constant gain a over [0, B) (i.e., a simple multiplicative factor).
In such case, the entropy rate of y,. should exceed that of u. by log|a| [1]. However, (3) yields
an entropy gain equal to 21og|a|. This error arises because the determinant of the Jacobian of the
transformation is actually the product of |G| over the n frequency bands considered in Shannon’s
argument. Such excess factor of two is also present in the entropy losses appearing in Reference [2],
Table 1.

Theorem 14 in Reference [2] has found application in works ranging from traditional
themes, such as linear prediction [3] and source coding [4], to molecular communication
systems [5,6].

The available literature treating the phenomenon itself of the entropy gain (loss, boost,
or amplification) induced by LTI systems seems to be rather scarce. This is not surprising



Entropy 2021, 23, 947

3 of 46

given that (3) was published in Reference [2], Theorem 14, the work which gave birth to
Information Theory.

The following publication concerned with this problem is Reference [7], following a
time-domain analysis for the corresponding discrete-time problem. In this approach, one
can obtainy? £ {y(1),y(2),...,y(n)} as a function of u}, for every n € N, and evaluate the
difference between the limits /(y{®) and /(uf°®), obtained by letting n — co. More precisely,
for an LTI discrete-time filter G with impulse response ¢5° = {go, g1, - -}, We can write

gl go N 0
=1 " A R 4)
Sn—-1 8n-2 -+ 80
GH

where we adopt the notation y), for column vectors to avoid the abuse of notation incurred
by treating the sequence y/ as a vector, and because, by writing y., it is easier to remember
that its samples are ordered from top to bottom. y. = [y(1) y(2) --- y(n)]T and the
random vector u}, is defined likewise. From this, it is clear (see, e.g., the corollary after

Theorem 8.6.4 in Reference [1]) that
h(yn) = h(uy) +log | det(Gy), ()

where det(Gy,) (or simply det G,) stands for the determinant of G,,. This result is utilized
in Reference [7] to show that no entropy gain is produced by a stable minimum phase LTI
system G if and only if the first sample in its impulse response has unit magnitude.

In Reference [8], p. 568, the entropy gain of a discrete-time LTI system G (the noise-less
version of the setup depicted in Figure 1) is found to be

) = hu) + - [ 1og|Gle)fde, ©

where y{° is the filter’s discrete-time output process (without the effect of random initial
state or an output disturbance) and

B(yR) £ lim Ch(y}). )

This result was obtained starting from the fact that, for a Gaussian stationary process
uy® with power spectral density (PSD) Sy(e/?), h(uf®) = 5= 7 Su(el)dw. If u$® enters a
discrete-time LTI system with frequency response G(e/*), then the PSD of its output y$°
is Sy (e/“) = Sy(e/)|G(el) %, thus, it is argued that (6) follows for Gaussian stationary
inputs. Then, Reference [8] extends the result for non-Gaussian inputs with a proof sketch
which uses a time-domain relation, like (4), to point out that the filter is a linear operator
and, as such, the differential entropy of its output exceeds that of its input by a quantity
that is independent of the input distribution. (It is worth noting that (6) is the discrete-
time equivalent of (3) (without its wrong factor of 2), which follows directly from the
correspondence between sampled band-limited continuous-time systems and discrete-
time systems.)

It is in Reference [9], Section II-C, where, for the first time, it is shown that, for a
stationary Gaussian input uj’, the full entropy gain predicted by (6) takes place if the
system output yj° is contaminated by an additive output disturbance of length p and
positive definite covariance matrix, where p is the order of G(z).
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The integral % / fn log’G(e]"") |dw can be related to the structure of the filter G. It
is well known (from Jensen’s formula) that if G has a causal and stable rational transfer
function G(z) and an impulse response with its first sample gp = lim,_,co G(z), then

m .
o [ tog|Glei)|deo = log lgol + T togloil ®
o i:|pi|>1
where {p;} are the zeros of G(z) (see, e.g., Reference [10,11]). This provides a straightfor-
ward formula to evaluate % S _”n log| G(elv) |dw of a given LTI filter with rational transfer
function G(z). When combined with (6), this equation also reveals that if the entropy gain
G(uf,y?) is negative (i.e., if it corresponds to an entropy loss), then |go| < 1 (with the
corresponding change of variables, this is the case in all the examples given by Shannon
in Reference [2], Table 1). More importantly, (8) allows us to concentrate, without loss of
generality, on LTI systems G(z), whose first impulse-response sample has unit magnitude,
as required by Assumption 1. Under the latter condition, (8) shows that the entropy gain is
greater than zero if and only if G(z) has zeros outside the unit disk D £ {p € C : |o| < 1}.
A system with the latter property is said to be non-minimum phase (NMP); conversely,
a system with all its zeros inside D is said to be minimum phase (MP) [11].

1.1. Main Contributions of this Paper
The main contributions of this paper can be summarized as follows:

1. Our first main result is showing that (6) and (3) do not hold for a large class of
continuous-time filters and inputs. To see this, notice that

Igo] =1 = |det(G,)| =1, Vn €N, 9

which, in view of (5), is equivalent to k(yL) = h(u},), ¥n € N. In turn, this implies that
h(y$®) — h(u$®) = 0, regardless of whether G(z) (i.e., the polynomial gg + g1z > +- - +)
has zeros with magnitude greater than one (choose, for example, g0 = 1, g1 = 2,
and g = 0 for k > 2). This reveals that (4) holds if and only G(z) is MP. But (6) and (3)
are equivalent (correcting for the in excess factor of 2 discussed in Remark 1); thus,
Theorem 14 in Reference [2] also does not hold for a class of continuous-time filters.
However, the transfer function G.(s) of a band-limited continuous-time filter G, is
defined only for imaginary values of s (because the bilateral Laplace transform of
sin(t)/t converges only on the imaginary axis), so one cannot classify such filters
as MP or NMP. Instead, we consider a class of continuous-time filters limited to
the frequencies in the band [0, B), where B > 0 is in [Hz], defined by having a
unit-impulse response of the form

i

g(t) £ Y gipr(t), (10)

k=0

for some absolutely summable sequence of real-valued coefficients { gi}?zo, n =
1,2, ..., where the sinc functions
(1) 2 sin(27tB[t — k/(2B)))
Pl = K/ (2B)]

(11)

Since every such g satisfies g(k/(2B)) = 0 for k < 0, it makes sense to refer to such
filters as “sample-wise causal”. For this class of band-limited filters, we show that
Theorem 14 holds if and only if the z-transform of { gi}?:o is MP:
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Theorem 2. Suppose G, is a low-pass continuous-time filter with unit-impulse response as
in (10). Let the continuous-time random input of G, be

1 [e9)
= 55 L u(¥ 12)

for some random sequence {u(k)}3>,, with ¢y as in (11), and denote its output as'y,. Then,

B (a) B
5 ) RGN < g [Coglceoles,  3)

h(y,) — h(uc) = log|go| = log| =

with equality in (a) if and only if the polynomial go + g1z~ 1 + goz~2 - - - has no roots outside
the unit circle.

We show that % [ fn log| G(elv) |dw actually corresponds to the entropy gain intro-
duced by G but considering the new notion of effective differential entropy rate of y°
proposed in this paper, defined next.

Definition 1 (The Effective Differential Entropy). Let y € R’ be a random vector. If y
can be written as a linear transformation 'y = Su, for some u € R" (n < £) with bounded
differential entropy, S € R, then the effective differential entropy of y is defined as

h(y) = h(Ay), (14)
where S = ATTC is an SVD for S, with T € R"™".
We can now state our second main result, the proof of which is in Appendix A:

Theorem 3. Let u{® be the input of an LTI system G with transfer function G(z) without

zeros on the unit circle and with an absolutely summable unit impulse response { gi}yz_ol,
with 7 = oo if G has an infinite impulse response. Denote the output of G as y3°. Suppose
|h(u])| < oo for every finite n. Then,

tim (7)) — ) ) = o[ tog|Glel®) |, (15)

where ygzﬂ (u}) denotes the entire response of G to the input u.

Theorem 3 states that, when considering the full-length output of a system, the effec-
tive entropy gain is introduced by the system itself.

Section 4 provides a geometrical description of the phenomenon behind Definition 1
and Theorem 3.

We show that - | _”n log|G(e7“’) |dw is a tight upper bound to the entropy gain of
G (as defined in (1)), when the output is contaminated by some additional additive
signal, such as a random initial state (represented by x¢ in Figure 1) or an output
disturbance (such as z{* in Figure 1), with sufficiently many degrees of freedom
(a condition formally stated in Assumption 2 below). Moreover, we show that an
entropy gain equal to the latter upper bound can appear even when these distur-
bances or random initial state have infinitesimally small variances. To the best of
our knowledge, the latter phenomenon has been discussed in the literature first (and
only) in Reference [9], Section II-C, for Gaussian stationary inputs and an LTI filter.
We go beyond the latter result by explicitly and fully characterizing the entropy gain
of LTI systems for a large class of not necessarily Gaussian nor stationary random
input. We refer to this class as entropy-balanced processes, formally specified in the
following definition:
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Definition 2. A random process {v(k)}° ; is said to be entropy balanced if the following
two conditions are satisfied:

(i) Its sample variances ‘73(;1) are finite for finite n and
1 2
nlgrc}o p log(av(n)) =0. (16)

(ii)  For every v € N and for every sequence of matrices {®, } ®, € Rir-v)xn

with orthonormal rows,

[e9)
n=v+1/

Tim % (h(<1>nv;) - h(v;)) =0 (17)
The second condition guarantees that projecting an entropy-balanced process onto any
subspace having finitely fewer dimensions yields a process with the same differential
entropy rate.
The entropy gain induced by finite-length output disturbances is characterized by our
next theorem.

Theorem 4. In the system of Figure 1, let G satisfy Assumption 1 and suppose that uj’ is
entropy balanced. Suppose the random output disturbance z3° is such that z(i) = 0, Vi > «,
and that |h(z¥)| < co. Let & = min{x, m}, where m is the number of NMP zeros of
G(z). Then,

m R (a) T .
Y loglp;| <limsup, ., 5 (h(yy) —h(u;)) < ,2110g|Pi| < 7 [ log|G(e)|dw  (18)
i= -7

i=m—&k+1
with equality in (a) if and only if k > m.

The proof is presented in Section 6.4, and we provide geometrical insight explaining
the phenomenon underlying Definition 2 and Theorem 4 in Section 5.1.

We illustrate the relevance of the results summarized above by applying them to three
problems in three areas, namely:

(@)  Networked Control: We show that equality holds in the inequality stated in Ref-
erence [12], Lemma 3.2 (a fundamental piece for the performance limitation
results further developed in Reference [13]), under very general conditions. In
addition, we extend the validity of a related equality for the perfect-feedback
case, given by Reference [14], Theorem 14, for Gaussian signals, to the much
larger class of entropy-balanced processes.

(b) The rate-distortion function for non-stationary Gaussian sources: This problem
has been previously solved in References [15-17]. We provide a simpler proof
based upon the results described above. This proof extends the result stated in
References [16,17] to a broader class of non-stationary sources.

(c) Gaussian channel capacity with feedback: We show that capacity results based on
using a short random sequence as channel input and relying on a feedback
filter which boosts the entropy rate of the end-to-end channel noise (such as the
one proposed in Reference [9]), crucially depend upon the complete absence of
any additional disturbance anywhere in the system. Specifically, we show that
the information rate of such capacity-achieving schemes drops to zero in the
presence of any such additional disturbance. As a consequence, the relevance
of characterizing the robust (i.e., in the presence of disturbances) feedback ca-
pacity of Gaussian channels, which appears to be a fairly unexplored problem,
becomes evident.
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1.2. Paper Outline

The remainder of this paper begins with some necessary definitions and preliminary
results in Section 2. It continues with our detailed exposition in Section 3 of why Shannon'’s
reasoning fails to yield the right expression for the entropy gain. We present an intuitive
discussion leading to the definition of effective differential entropy in Section 4, which is
ended by the proof of Theorem 3. Section 5 gives a geometric interpretation of how an
arbitrarily small additive perturbation is able to boost the differential entropy rate of the
process coming out of an NMP LTI filter. This exposition helps understanding and justifies
the introduction of entropy-balanced random processes, which are also characterized there.
Sections 6 and 7 contain our results for the entropy gain produced by an output disturbance
and a random initial state, respectively. Our illustrative application results are presented in
Section 8, followed by our conclusions in Section 9. Except when presented right after a
statement or in its own section, all proofs are given in Appendix B.

2. Preliminaries
2.1. Notation

The sets of natural, real and complex numbers are denoted N, R, and C, respectively.
For a complex x, R{x} is the real part of x. For a set S, the indicator function 15(x)
equals 1 if x € S and 0 otherwise. For any LTI system G, the transfer function G(z)
corresponds to the z-transform of the impulse response gy, g1, - - ., i.e, G(z) = ¥, giz .
For a transfer function G(z), we denote by G, € R"*" the lower triangular Toeplitz matrix
having [go -+ gn—1]T as its first column. We write x as a shorthand for the sequence
{x1,...,x4}, and, when convenient, we write x} in vector form as xh 2 xpx x0T,
where ()T denotes transposition. Random scalars (vectors) are denoted using non-italic
characters, such as x (non-italic and boldface characters, such as x). The notation x L y
means x and y are independent. If x and z are conditionally independent given y, we write
X «— y <— z. For matrices, we use upper-case boldface symbols, such as A. We write
Ai(A) to denote the i-th eigenvalue of A sorted in increasing magnitude. If A € C"*", AH
is its conjugate transpose, and 0;(A) = \/A;(AHA) ,if m > n,and 0;(A) = \/A;(AAH),
if m < n. We define opin(A) £ 01(A) and omax(A) £ min{m,n} (A). The term A; ; denotes
the entry in the intersection between the i-th row and the j-th column. If A € C"*", then
AT and A* denote the transpose and conjugate transpose of A, respectively. We write
[A]g, with 1 <i; <ip < m, to refer to the matrix formed by selecting the rows i; to i; of

Ju

A. Likewise, for 1 < j; < j, < n, A is the matrix built with columns j; to j, of A. The
expression "™[A],,, corresponds to the square sub-matrix along the main diagonal of A,
with its top-left and bottom-right corners on Ay, ;, and A, ,, respectively. A diagonal
matrix whose entries are the elements in a set D (wherein elements may be repeated) is
denoted as diag D. If A € R"*"™ and B € R"*™2, we write [A|B] € R"*("1+2) to denote
the augmented matrix built by placing the columns of A followed by those of B.

2.2. Mutual Information and Differential Entropy
Let x, y, and z be random variables with joint PDF fxy ,, and marginal PDFs fy,

fy, and f, respectively. The mutual information between x and y is defined as I(x;y) £

[ fry(x,y)log (%) dxdy. The conditional mutual information between x and y given

fx\z(x‘z)fy|z(y‘z)
joint PDF of x and y given z, and f, |2 fy | are defined likewise. The conditional differential
A

entropy of x given y is defined as h(x | y) £ — [ fiy(x,y) log(fx|y(xly))dxdy.
From these definitions, it is easy to verify the following properties Reference [1],

Sections 2.4-2.6 and 8.4-8.6:

zis defined as I(x;y |z) £ [ fyy,.(x,y,2)log (fxyz(xy|2)> dxdydz, where f, .|, is the
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e  Shift invariance: for every deterministic function f,
h(x+f(y)ly) = h(x]y). (19)
*  Non-negativity:
I(x;y) >0, (20)

with equality if and only if x and y are independent.
e Chain Rule:

Iy z) = 1(xy) + 1(x;z|y). (21)

0 Relationship with entropy:

I(x;y) = h(x) —h(x|y) = h(y) — h(y [x). (22)

2.3. System Model and Assumptions

Consider the discrete-time system depicted in Figure 1. In this setup, the block G
satisfies Assumption 1.

It is worth noting that there is no loss of generality in considering gop = 1, since one
can otherwise write G(z) as G'(z) = go - (G(z)/go); thus, the entropy gain introduced
by G'(z) would be log |go| plus the entropy gain due to G(z)/go (in agreement with (6)),
which has an impulse response with its first sample equal to 1.

The following assumption is made about the output disturbance z{>:

Assumption 2. The disturbance z{° is independent of uf® and belongs to a x-dimensional linear
subspace, for some finite xk € N. This subspace is spanned by the x orthonormal columns of a matrix
® c RN (where |N| stands for the countably infinite size of N), such that |[h(®Tzk,)| < oo.
Moreover, zl, = ®s., where the random vector sk = ®7zL, has finite differential entropy, its

. . . . o . . l
covariance matrix Kg satisfies Apax (KS% ) < oo, and it is independent of ug,.

3. Revisiting Theorem 14 in Reference Shannon et al.

In this section, after presenting the proof of Theorem 2, we develop Shannon’s ap-
proach into a more detailed and formal exposition. This allows us to explain why, for part
of the continuous-time filters considered in Theorem 2, the approach chosen by Shannon to
prove Theorem 14 in Reference [2] is unable to predict the correct value for the entropy gain.

3.1. Proof of Theorem 2
To begin with, the Fourier transform of ¢y, is

Qu(E) 2 [ gty e T dt = Uy () e D), 23)

It is easy to verify that the functions ¢ satisfy the following orthogonality property:

i 2B k=i
| atauttrae = {0 e @)
and
Be(—t) = p-il1). 25)

Notice that u(k) = uc(%), k e N.
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The output of G, sampled at time t = ¢/(2B), { € N, is

y(0) 2 y.(5) = /_ 8@ el — 26)
23 ST Tosiu® [ gingddy - e @7

= op T losiu) [ g0 x(x)de 28)

=Ygl —i), (29)

with u(k) = 0 for k < 0. This means that the output samples y$° are the discrete-time
convolution between u$°® and the filter coefficients { gi}?zo. Therefore, the matrix relation (4)
holds. We then obtain that i(y,) = h(uc) + log |go|-

The frequency response of G, is given by

© i .
Ge(2) = / g(t)e 27 gt = ngfbk =) gre /KB, (30)
k=0

where ¢ is in [Hz]. This means that

B B
20 = % /_B Ge(E)dE = %/0 R{G(8)}d¢, (31)

where the last equality holds because G, (&) is conjugate symmetric. Thus, the entropy gain
introduced by G, is the right-hand side of (13), concluding the proof. O

3.2. Formalizing Shannon’s Argument

In the approach followed by Shannon, it is argued that the entropy gain is the limit as
n — oo of n=1 Y."" 1 og |G¢(&)| over uniformly spaced frequencies &, ..., &,_1. Here, we
show that this summatlon corresponds to log | det(G,)|, where G, is an n-by-n Toeplitz cir-
culant matrix. Moreover, the sequences of Hermitian matrices { G, G, }9"_; and {Gn (N}Z }ee
are asymptotically equivalent (as defined in Reference [18], Section 2.3), which would yield
lim, oo ' log| det(G,)| = limy, 0o 2~ log | det(G)| if the eigenvalues of G, G}, were
bounded between constants 0 < ,, < {y < oo for all n € N. However, if G(z) (the
z-transform of {g}> ;) has NMP zeros, then G, G}, has eigenvalues tending to zero expo-
nentially as n — oo, which precludes these two limits to coincide.

To prove the above claims, we first apply the change of variable w £ ¢/ B, with which
(30) becomes

Ge(Bw/ ) = G(e¥) Z gre 1wk, (32)

where G(e/“ ) is the frequency response of the discrete-time filter G with unit-impulse
response { gl _, and w is in radians per second. Now, following Shannon’s approach, we
uniformly sample G(e/“) at n frequencies

2n <
A{r" L N (33)

2 2, r/n>05

which, from (32), yields the spectral samples

e Z gre Ik, (34)
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We will cast the reason why (3) fails to coincide with the correct expression for the
entropy gain provided by (5) as a disagreement between the asymptotic behavior of the log-
arithm of the determinant of two sequences of asymptotically equivalent matrices. For that
purpose, since (34) coincides with Reference [18], Equation 4.34, we have that the spectral

samples {G (e /«r) } b 01 are the eigenvalues of the Toeplitz circulant matrix (Reference [18],
Chapter 3)

gn,O gn,nfl T gn,l
- ,1 . . M ) .
gn 3 = LIZ diag{ G(efjwo), e, G(ei]wnfl ) } u,, (35)
gn,nfl
gn,nfl gn,O

where U, € C"*" is the n-point discrete Fourier transform (DFT) matrix, defined as
AP a b i k01, n-1 (36)
nik,r — 7 = Yy dye ey .
r \/—‘

From Reference [18], Lemma 4.5, §, x = Y.ieNg:k+ni<y Sk+in, corresponding to the (possibly)
aliased impulse response g, g1, - - -, &y as a result of sampling in frequency.

We can now see that the discrepancy between the entropy gain predicted by (3) and (5)
is the disagreement between the following limits:

w1y B 1 (B
,}gg@logm(cnc ) log| 5 [ R{Ge(E) (37a)
1 B
lim - log(det(G,G})) = | toglGe(@)1dz, (37b)

where, due to (8), the expressions on both right-hand sides differ if and only if G(z) has
NMP zeros. According to Reference [18], Lemma 4.6, the sequences {G, }>_; and {G,}5 4
are asymptotically equivalent, which is written as G, ~ G,. Then, from Reference [18], The-
orem 2.1, the Hermitian matrices G, G}, ~ Gu é:, which, from Reference [18], Theorem 2.4,
implies that

lim = Zf = lim = Zf (38)

n—co 1 4 n—o00 11
for any function f continuous over a finite interval [{;, {a] such that
On < Ai(GuG), Ai(GuGo) < Tm, i=1,2,...,m, n=12,.... (39)

However, when G(z) has m NMP zeros, Lemma 7 (in Section 6.3) establishes that
there are exactly m eigenvalues of G, that tend to zero exponentially as n — oo. Crucially,
log(-) is discontinuous at 0, which precludes the limits in (37) from coinciding.

4. The Effective Differential Entropy

Theorem 3 establishes that the effective differential entropy rate of the entire or
complete output of an LTI system exceeds that of the (shorter) input sequence by the RHS
of (15). This section provides a geometrical interpretation of this problem and intuition
about the effective differential entropy already introduced in Definition 1.
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Consider the random vectors u = [u; w]” and 'y £ [y; y, y;]7 related via

y 10

[y;} = (z 1) [Ej (40)
0 2

Y3

£G,

Suppose u is uniformly distributed over [0,1] x [0,1]. Applying the conventional
definition of differential entropy of a random sequence, we would have that

h(y1, Y2, ¥3) = h(y1, y,) + h(ys 1y y,) = —o0 (41)

because y, is a deterministic function of y; and y,:

=0 2w w =0 2(3 9 [1]

In other words, the problem lies in that, although the output is a three-dimensional
vector, it only has two degrees of freedom, i.e., it is restricted to a 2-dimensional subspace
of R3. This is illustrated in Figure 2, where the set [0,1] x [0, 1] is shown (coinciding with
the u-v plane), together with its image through G», (as defined in (40)).

Figure 2. Support of u (laying in the u-v plane) compared to that of y = Gu (the rhombus in R3).

As can be seen in this figure, the image of the square [0,1]? through G, is a 2-
dimensional rhombus over which {y,,y,,y;} distributes uniformly. Since the intuitive
notion of differential entropy of an ensemble of random variables relates to the size of
the region spanned by the associated random vector (and determines how difficult it is to
compress it in a lossy fashion with a given precision), one could argue that the differential
entropy of {y;,y,, 3}, far from being —co, should be somewhat larger than that of {u;, u}
(since the rhombus G[0, 1]? has a larger area than [0, 1]2). So, what does it mean that (and
why should) h(y;,y,,y3) = —o0? Simply put, the differential entropy relates to the volume
spanned by the support of the probability density function. For y in our example, the latter
(three-dimensional) volume is clearly zero.
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lim

A—0

From the above discussion, the comparison between the differential entries of y € R3
and u € R? of our previous example should take into account that y actually lives in a
two-dimensional subspace of R>. Indeed, since the multiplication by a unitary matrix does
not alter differential entries, we could consider the differential entropy of

()

where QT is the 3 x 2 matrix with orthonormal rows in the SVD of G,

9

G, =Q'DR, (43)

and 7 is a unit-norm vector orthogonal to the rows of Q (and thus orthogonal to y, as
well). We are now able to compute the differential entropy in R? for ¥, corresponding to
the rotated version of y such that its support is now aligned with R?.

The preceding discussion motivates the use of a modified version of the notion of
differential entropy for a random vector y € R" which considers the number of dimensions
actually spanned by y instead of its length.

It is worth mentioning that Shannon’s differential entropy of a vector y € RY, whose
support’s f-volume is greater than zero, arises from considering it as the difference between
its (absolute) entropy and that of a random variable uniformly distributed over an ¢-
dimensional, unit-volume region of R’. More precisely, if in this case the probability density
function (PDF) of y = [y; y, -+ y,|! is Riemann integrable, then [1], Thm. 9.3.1,

h(y) = lim [H(yA) +llog A] , (44)

where y* is the discrete-valued random vector resulting when y is quantized using an
{-dimensional uniform quantizer with ¢-cubic quantization cells with volume AL. However,
if we consider a variable y whose support belongs to an n-dimensional subspace of Rf,
n < £ (ie,y = Su= ATTCu, as in Definition 1), then the entropy of its quantized version
in R, say Hy(y?), is distinct from H,((Ay)?), the entropy of Ay in R". Moreover, it turns
out that, in general,

lim (H(y*) — Ha((4y)")) #0, (45)
—0

despite the fact that A has orthonormal rows. Thus, the definition given by (44) does not
yield consistent results for the case wherein a random vector has a support’s dimension
(i.e., its number of degrees of freedom) smaller that its length (The mentioned inconsistency
refers to (45).), which reveals that the asymptotic behavior H,(y?) changes if y is rotated.
(If this were not the case, then we could redefine (44) replacing ¢ by n, in a spirit similar
to the one behind Renyi’s d-dimensional entropy [19].) To see this, consider the case in
which u € R distributes uniformly over [0,1] and y = [1 1]Tu/+/2" Clearly, y distributes
uniformly over the unit-length segment connecting the origin with the point (1,1)/+/2". Then,

5| av2iog(av2) - (1= | 15 | v2a ) 10g(1- | 125 | V24). (46)
On the other hand, since, in this case, Ay = u, we have that
Hi((Ay)®) = Hi(u) = — | 4 |AlogA — (1= | k| a)log(1 = [ £]4).  @7)

Thus, the d-dimensional entropy would not generally be equal to the effective differ-
ential entropy, that is:

(Hi((ay)®) = Ha(y")) = lim (| 115 | Av2'log(8v2) — | ;| AlogA) = log v2. (48)

A—0



Entropy 2021, 23, 947

13 of 46

The latter example further illustrates why the notion of effective entropy is appropriate
in the setup considered in this section, where the effective dimension of the random
sequences does not coincide with their length (it is easy to verify that the effective entropy
of y does not change if one rotates y in R’).

We finish this section with an example to illustrate the usefulness of the notion of
effective differential entropy beyond the context of entropy gain.

Application Example: Shannon Lower Bound

The rate-distortion function (RDF) R(D) is the infimum, among all codes, of the
expected number of bits per sample necessary to reconstruct a given random source with
distortion not greater than D [1]. Let the source and reconstruction be the vectors x}
and x} + v}, respectively, and suppose the distortion is assessed using the mean-squared
error (MSE) d(v}) £ E[||v}||?]. Then, restricting our attention to uniquely-decodable
codes Reference [1], p. 105), the Shannon Lower Bound (SLB) [20] establishes that

(R(D) > h(xp) — d{v“‘;"i‘oh(v”) (49)

provided h(x}) is bounded. Therefore, if x} is the entire forced response of an FIR filter G
of order p to an input uf, then ¢ = n + p and h(x}) is minus infinity, which precludes one
from using (49). We will show next that, in this case, the SLB can still be stated by using the
effective differential entropy h(x}) instead of h(x}). Following Definition 1, we can write
the source vector as xg ATTCu),, where A € R"*! has orthonormal rows, T € R"*" is

diagonal with non-negative entries, and C € R"*" is unitary. Let H = [AT | A ] € R4
be a unitary matrix, which means that AAT = 0, ¢- Then,

—
2
N

(R(D) = I(xz;x; + V), (50)
= I(Hx}; Hx} + Hv}), (51)
= I(Ax}; Ax} + Hv}), (52)

= I(Axj; Ax; + Av}, Avy), (53)
= [(Ax}; Ax} + Av}), +1(Ax}; Av | Ax) + Av}), (54)
(20)
> I(Ax}; Ax} + Av}), (55)
(22)
= h(Ax}) — h(Ax}|Ax} + Av}), (56)
19)
= h(Ax}) — h(AV}|Ax} + Av}), (57)
Q
> h(Ax}) — h(Av}), (58)
> h(Ax}) — max  h(w}), (59)

) wh:d(wh)<D
© h(x}) — max h(w;), (60)

wh:d(wh)<D

where (a) stems from Reference [1], Theorems 5.4.1 and 5.5.1 and Equations (10).58-10.61,
(b) holds because conditioning does not increase entropy and (c) is from the definition of
effective differential entropy.

5. Entropy-Balanced Processes: Geometric Interpretation and Properties

In the first part of this section, we provide a geometric interpretation of the effect
that a non-minimum phase LTI system has on its input random process. This will give
an intuitive meaning to the notion of an entropy-balanced random process (introduced
in Definition 2 above) and provide insights into why and how the entropy gain defined
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in (1) arises as a consequence of an output random disturbance or a random initial state
(the themes of Sections 6 and 7, respectively).

The second part of this section identifies several entropy-balanced processes and
establishes two properties satisfied by this class of processes.

5.1. Geometric Interpretation

We begin our discussion with a simple example.

Example 1. Suppose that G in Figure 1 is a finite impulse response (FIR) filter with impulse
response go =1, g1 = 2, g; = 0, Vi > 2. Notice that this choice yields G(z) = (z — 2)/z; thus,
G(z) has one non-minimum phase zero, at z = 2. The associated matrix G, for n = 3 is

100
Gs=1[2 1 0},
02 1

whose determinant is clearly one (indeed, all its eigenvalues are 1). Hence, as discussed in the
introduction, h(Ggué) = h(u%); thus, G3 (and Gy, in general) does not introduce an entropy
gain by itself. However, an interesting phenomenon becomes evident by looking at the SVD of G3,
given by Gz = Q§D3R3, where Q5 and R3 are unitary matrices, and D3 = diag{dy, dy,d3}. In
this case, D3 = diag{0.19394, 1.90321, 2.70928}; thus, one of the singular values of G3 is much
smaller than the others (although the product of all singular values yields 1, as expected). As will be
shown in Section 6, for a stable G(z), such uneven distribution of singular values arises only when
G(z) has non-minimum phase zeros. The effect of this can be visualized by looking at the image of
the cube [0,1]3 through Gs, shown in Figure 3.

B

Figure 3. Image of the cube [0, 1]* through the square matrix with columns [120]7, [0 1 2]7, and [00 1]T.

If the input u} were uniformly distributed over this cube (of unit volume), then Gzu}
would distribute uniformly over the unit-volume parallelepiped depicted in Figure 3; hence,
h(Gsul) = h(ud).

Now, if we add to Gzu} a disturbance z} = ® s, with scalar s uniformly distributed over
[—0.5, 0.5] independent of u}, and with ® € R3>*1, the effect would be to “thicken” the support
over which the resulting random vector y} = Gau} + z} is distributed, along the direction pointed
by ®. If ® is aligned with the direction along which the support of Gz} is thinnest (given by q31/
the first row of Qs), then the resulting support would have its volume significantly increased, which
can be associated with a large increase in the differential entropy of y} with respect to u}. Indeed,
a relatively small variance of s and an approximately aligned ® would still produce a significant
entropy gain.
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The above example suggests that the entropy gain from u), to y, appears as a com-
bination of two factors. The first of these is the uneven way in which the random vector
Gnu}, is distributed over R". The second factor is the alignment of the disturbance vector
z}, with respect to the span of the subset {4, }ieq, of columns of Q,, associated with the
smallest singular values of G;, indexed by the elements in the set (3,,. As we shall discuss
in the next section, if G has m non-minimum phase zeros, then, as n increases, there will
be m singular values of G, going to zero exponentially. Since the product of the singular
values of G, equals 1 for all n, it follows that [ ];zy, d,,; must grow exponentially with 7,
where d,, ; is the i-th diagonal entry of D,,. This implies that G,u}, expands with 7 along the
span of {q, ;}i¢q,, compensating its shrinkage along the span of {q,, ;}icq,, thus keeping
h(Gpul) = h(ul) for all n. Thus, as n grows, any small disturbance distributed over the
span of {q,, ;}icq,, added to Gnu}, will keep the support of the resulting distribution from
shrinking along this subspace. Consequently, the expansion of G,u}, with n along the
span of {g, ;}i¢zq, is no longer compensated, yielding an entropy increase proportional to
log(I iz, dn,i)-

The above analysis allows one to anticipate a situation in which no entropy gain would
take place even when some singular values of G, tend to zero as n — 0. Since the increase
in entropy is made possible by the fact that, as n grows, the support of the distribution of
G u}, shrinks along the span of {4, }ieq,, no such entropy gain should arise if the support
of the distribution of the input u}, expands accordingly along the directions pointed by the
rows {ry i }icq, of Ry.

An example of such situation can be easily constructed as follows: Let G(z) in Figure 1
have non-minimum phase zeros and suppose that u° is generated as G~ i{°, where &° is
an iid. random process with bounded entropy rate. Since the determinant of G, * equals 1
for all 11, we have that h(u},) = h(iil), for all #. On the other hand, y} = G,G; 'al, + z} =
@i} + z). Since z}, = [®]}s} for some finite x (recall Assumption 2), it is easy to show that
limy o0 2h(yh) = limy 0 2(@}) = limy—e0 1/ (u}); thus, no entropy gain appears.

The preceding discussion reveals that the entropy gain produced by G in the situation
shown in Figure 1 depends on the distribution of the input and on the support and
distribution of the disturbance. This stands in stark contrast with the well known fact
that the increase in differential entropy produced by an invertible linear operator depends
only on its Jacobian, and not on the statistics of the input [2]. We have also seen that the
distribution of a random process along the different directions within the Euclidean space
which contains it plays a key role, as well. This motivates the need to specify a class of
random processes which distribute more or less evenly over all directions. This is precisely
the intuitive meaning of an entropy-balanced process.

The following section identifies a large family of processes belonging to this class,
as well as two properties which greatly expands this family.

5.2. Characterization of Entropy-Balanced Processes

We have defined the notion of an “entropy-balanced” process in Section 1.1. In words,
the first condition in this definition allows one to guarantee that the orthogonal projection
of an entropy-balanced process onto any v-dimensional linear subspace has a differential
entropy whose magnitude remains bounded or grows at most sub-linearly with n. The
second condition states that the projection of an entropy-balanced process v{* onto any
linear subspaces having v fewer dimensions has the same differential entropy rate as the
original process. This condition is equivalent to requiring that every unitary transformation
on v/ yields a random sequence y” such that lim, 0 2/ (y"_, 41 1y1™") = 0. This property
of the resulting random sequence y| means that one cannot predict its last v samples with
arbitrary accuracy by using its previous n — v samples, even if n goes to infinity.

We now characterize a large family of entropy-balanced random processes and estab-
lish some of their properties. Although intuition may suggest that most random processes
(such as i.i.d. or stationary processes) should be entropy balanced, that statement seems
rather difficult to prove. In the following, we show that the entropy-balanced condi-
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tion is met by i.i.d. processes with per-sample probability density function (PDF) being
uniform, piece-wise constant or Gaussian. It is also shown that adding to an entropy-
balanced process an independent random processes independent of the former yields
another entropy-balanced process, and that filtering an entropy-balanced process by a
stable and minimum phase filter yields an entropy-balanced process, as well. The proofs
can be found in Appendix B.

Lemma 1. Let u{® be a Gaussian random process with independent elements having positive and
bounded variance, i.e., there exist 0 < 2 < 2 < oo such that 72 < aﬁ(n) < 62, n € N. Then,

ui® is entropy balanced.

Lemma 2. Let uf® be a random process with independent elements satisfying Condition i) in
Definition 2, in which each u; is distributed according to a (possibly different) piece-wise constant
PDF such that each interval where this PDF is constant has measure less than 6 and greater than e,
for some constants 0 < € < 8 < co. Then, uy® is entropy balanced.

Lemma 3. Let u{® and v{> be mutually independent random processes. If ui’ is entropy balanced,
and w$® £ u + v° satisfies a&v(n) < oo for finite n and limy, _eo 1! log(agv(n)) = 0, then w{®
is also entropy balanced.

The proof of Lemma 3 is on page 33. The working behind this lemma can be interpreted
intuitively by noting that adding to a random process another independent random process
can only increase the “spread” of the distribution of the former, which tends to balance
the entropy of the resulting process along all dimensions in Euclidean space. In addition,
it follows from Lemma 3 that all i.i.d. processes having a per-sample PDF which can be
constructed by convolving uniform, piece-wise constant or Gaussian PDFs as many times
as required are entropy balanced. It also implies that one can have non-stationary processes
which are entropy balanced, since Lemma 3 imposes no requirements for the process vi°.

The next lemma related to the properties of entropy-balanced processes shows that
filtering by a stable and minimum phase LTI filter preserves the entropy balanced condition
of its input.

Lemma 4. Let u® be an entropy-balanced process and G an LTI stable and minimum-phase filter.
Then, the output w$® £ G uS® is also an entropy-balanced process.

This result implies that any stable moving-average auto-regressive process constructed
from entropy-balanced innovations is also entropy balanced, provided the coefficients of
the averaging and regression correspond to a stable MP filter.

The last lemma of this section states a crucial property of entropy-balanced processes
(the proof is in Appendix B, page 34).

Lemma 5. Let u(® be an entropy balanced process. Consider a disturbance z{° satisfying Assump-
tion 2 and define y3° = u$® + 25°. Then, limy o n = (h(y?) — h(u})) = 0.

We finish this section by pointing out two examples of processes which are non-
entropy-balanced, namely the output of a NMP-filter to an entropy-balanced input and the
output of an unstable filter to an entropy-balanced input. The first of these cases plays a
central role in the next section.

6. Entropy Gain Due to External Disturbances

In this section, we formalize the ideas which were qualitatively outlined in the previ-
ous section. Specifically, for the system shown in Figure 1 we will characterize the entropy
gain G(G,xp,uf®,z°) defined in (1) for the case in which the initial state xq is zero (or
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deterministic) and there exists a random disturbance of (possibly infinite length) z{* which
satisfies Assumption 2.

6.1. Input Disturbances Do Not Produce Entropy Gain

In this section, we show that random disturbances satisfying Assumption 2, when
added to the input ui® (i.e., before G), do not introduce entropy gain. This result can be
obtained from Lemma 6, as stated in the following theorem:

Theorem 5 (Input Disturbances do not Introduce Entropy Gain). Let G and z3* satisfy
Assumptions 1 and 2, respectively. Suppose that u(® is entropy balanced and consider the output

vy =G (uf’ +2z7°). (61)
Then,
: 1 n n —
Jim = (h(y1) —h(uy)) =0 (62)

Proof. From Lemma 5, the differential entropy rate of uj® equals that of uj® +z{°. The
proof is completed by recalling that G yields no entropy gain for its input uj® + zJ> because
it corresponds to the noise-less scenario. [

6.2. The Entropy Gain Introduced by Output Disturbances when G is MP is Zero

The results from the previous section yield the following corollary, which states that
an LTI system with transfer function G(z) without zeros outside the unit circle (i.e., an MP
transfer function) cannot introduce entropy gain.

Corollary 1 (Minimum Phase Filters do not Introduce Entropy Gain). Consider the system
shown in Figure 1 wherein the input ui® is an entropy-balanced random process and the output
disturbance z° satisfies Assumption 2. Besides Assumption 1, suppose that G(z) is minimum
phase. Then,

lim - (h(y}) ~ h(u)) =0, (6

Proof. Since G(z) is minimum phase and stable, the result follows directly from Lemmas 4
and 5. O

6.3. The Entropy Gain Introduced by Output Disturbances when G(z) is NMP

We show here that the entropy gain of an LTI system with transfer function G(z) and
an output disturbance is at most the sum of the logarithm of the magnitude of the zeros of
G(z) outside the unit circle.

The following lemma will be instrumental for that purpose.

Lemma 6. Consider the system in Figure 1, and suppose z{° satisfies Assumption 2, and that
the input process u$® is entropy balanced. Let G, = QI DR, be the SVD of G, where Dy, =
diag{dy1,...,dnn} are the singular values of Gy, with dy,, < dyo < --- < dyy, such that
| det G,,| = 1Vn. Let m be the number of these singular values which tend to zero exponentially as
n — oo. Then,

lim  ((y?) - h(u})) = lim -

m
n—oo 1 n—oo 1 -

log i + (D]} R} + [Qn}znzi)) (64)
i=1

The proof of this lemma can be found on page 34, in Appendix B.
Lemma 6 leaves the need to characterize the asymptotic behavior of the singular
values of G;,. This is accomplished in the following lemma, which relates these singular
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values to the zeros of G(z). It is a generalization of the unnumbered lemma in the proof
of Reference [16], Theorem 1 (restated in Appendix C as Lemma A3), which holds for
FIR transfer functions, to the case of infinite-impulse response (IIR) transfer functions (i.e.,
transfer functions having poles).

Lemma 7. For a transfer function G(z) satisfying Assumption 1, where its zeros {p;}!_, satisfy
o1l = -+ = lom| > 1= |omsa| = -+ = [pp]. Then,

a, lot =il <m,
2

14

M(GnGT) = { (65)

o , otherwise ,
where the elements in the sequence {a,, } are positive and increase or decrease at most polynomially

with n.

(The proof of this lemma can be found in Appendix B, page 36).
Lemma 6 also precisely formulates the geometric idea outlined in Section 5.1. To
see this, notice that no entropy gain is obtained if the output disturbance vector z},

becomes orthogonal (with probability 1) to the space spanned by the first m columns of Q,,
sufficiently fast as n — oo . Recalling from Assumption 2 that

z, = [®]sy, (66)

where the matrix ® has x orthonormal columns of infinite length, such orthogonality
condition can be formally stated by defining

xn & rank([Q, ] [®]) (67)

oo 2 lim sup «y (68)
n—oo

Koo = liminfx, (69)
n—,oo

ask = 0.

If this were the case, then the disturbance would not be able fill the subspace along
which G,u), is shrinking exponentially. Indeed, if x, = 0 for all n, then h([D,]} Ryu), +
[Q,)4hzh) = h(Dylm[Ry]}ul) = Y logd, ; + h([Ry]}u}), and the latter sum cancels
out the one on the RHS of (64), while limy_,0 +1([Ry]Lul) = 0 since uf is entropy
balanced. On the contrary (and loosely speaking), if the projection of the support of z} onto
the subspace spanned by the first m rows of Q,, is of dimension m (i.e., if x, = m) for all
n, then h([D,]},R,ul + [Q,]},z}) remains bounded for all 1, and the entropy limit of the
sum limy, o0 +(— Y1 log d,, ;) on the RHS of (64) yields the largest possible entropy gain.
Notice that — Y ; logd,,; = ¥/, | logd, ; (because det(G,) = 1); thus, this entropy gain
stems from the uncompensated expansion of G, u}, along the space spanned by the rows
of [Q,]"+1. Beyond these extreme cases (i.e., for general values of ¥ and &), the following
theorem provides tight bounds on the entropy gain.

Theorem 6. In the system of Figure 1, suppose that u$® is entropy balanced, and that G(z) and
Z° satisfy Assumptions 1 and 2, respectively, where the zeros {p;}!_, of G(z) satisfy |o1| > -+ >
lom| > 1> |pmi1| >+ > |pp|. Foreach n € N, let QI € R"™*" be the unitary matrix holding
the left singular vectors of G, € R™*" (as in Lemma 6), where G, is as defined in (4) .

1. Then,

Roo ®) i )
0 < liminf - (h(y") — h(u})) < nmsup%(h(y?) “ () < Yo log il < %/ log| G(e")|dw.  (70)
i=1

n—oo
—7T
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The bounds on both extremes are tight. Moreover, the lower bound is reached if koo = 0.
2. Ifliminfyco 2 10g(0min ([Q,]L [®@]4) = 0, then
m . . 1 " .
Y loglpi| <liminf— (h(y}) — h(uf)). (71)

i=m—FKeo+1

Thus, the rightmost upper bound in (70) is achieved if Koo = m.

Proof. See Appendix B, page 37. O

The next technical result is very useful for finding conditions under which the require-
ments of point 2 in Theorem 6 are satisfied (the proof is in Appendix B, page 39).

Lemma 8. Let F be an FIR LTI causal system of order m such that the m zeros of F(z) are NMP,
and F,, = Q,{Dan be an SVD for F, for everyn € {m,m+1,...}. Foreachx € {1,...,n}, define

1 K
%y 2 rank < [Qn]}n ) , (72)
and & & min{m, x}. Then,
1 K
. 1
71h—r>r<>10 Tmin < [Qn]m ) > Or (73)

and lim,, 0 K, = K.
Now, we can prove Theorem 4.

6.4. Proof of Theorem 4

Factorize G(z) as G(z) = F(z)G(z), where G(z) is stable and minimum phase and
F(z) is a stable FIR transfer function with all the m non-minimum-phase zeros of G(z).
Letting @} £ G,ul, we have that h(yl) = h(F,a} +z}), h(i}) = h(u}), and that G is
entropy balanced (from Lemma 4). Thus,

h(yn) = h(uy) = h(Guwy, + 23) — h(uy) = h(Fpity +2,) — h(@y). (74)

This means that the entropy gain of G due to the output disturbance zJ° corresponds
to the entropy gain of F due to the same output disturbance.

Clearly, uy®, F(z), and z° satisfy the assumptions of Theorem 6 with ® = [I|0]T
(see Assumption 2). Therefore,

1 K
| p—

[Qn]}n[q)]}z = [Qn]}n (75)

Combining this with Lemma 8, it readily follows that, for every x > 1, the condition
in point 2 of Theorem 6 is met, and also lim;,_,« x, = ¥. The proof is then completed by
substituting liminf,, ;. k, = limsup,,_,  x;, = & into (70) and (71).

7. Entropy Gain Due to a Random Initial State

Here, we analyze the scenario illustrated by Figure 1 for the case in which there
exists a random initial state xy independent of the input uj°’, and zero (or deterministic)
output disturbance.
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The treatment of an initial state of the LTI system G requires one to first define an
internal model for it. For this purpose, in this section, we consider the state-space realization
of G in the Kalman canonical form, given by

Xco (k) A A 0 0 Xco (k - 1) beo
G k) 0 Ag 0 0 Xz (k*l) 0
k é XO( = co co k 76
X(K) = o (6) Ay A Aw As||xolk=1)| T |bo| 2R 06
Xf@(k), 0 A42 0 AEﬁ Xc“(k — 1), 0
y(k) = [c], ¢, 0 o0]x(k—1)+u(k), (76b)

(see, e.g., Reference [21] or Reference [22], Chapter 6) where the column state vectors
Xco(k), Xzo (k), xco(k), xz0 (k) are, respectively, controllable and observable, non-controllable and
observable, controllable and non-observable, and non-controllable and non-observable. There is
no loss of generality in choosing this state-space representation, because every state-space
representation consistent with a rational transfer function G(z) can be written in this
form (Reference [22], Theorem 6.7).

Since our interest is on the effect of the random initial state of G on its output, we only
need to consider the observable subsystem within (76) and without its input, given by

(k) & {xco(k)] _ (Aw A12) [xco(k—l)} 772)

X¢o (k) 0 AEO X¢o (k — 1)
A,
(k) = [y k] xo(k—1), (77b)
\—\;—/

Co

where ¥ is the natural response of G to its initial state x,(0) and x,, € R? and xz € R7. We
shall decompose ¥ as

yC{O = [yc'o]? + [ycoﬁo' (78)

where §,, and §, are the natural responses of G to initial states [01,, xz(0)"]” and
[xco(0)T 07,4]", respectively. The natural response component §, can be generated by the
following minimal state-space representation of G(z), without the effect of its input u:

Xco,1 (k) bl bz b3 bp Xco,1 (k - 1)

Xco,2 (k) 1 0 0 0 Xco,2 (k - 1)

Xco0,3 (k) =10 1 0 Xco0,3 (k - 1) , (79)
: Y

Xco,p (K) 0 ... 0 1 0/ Xoplk=1)

—_———
Xca(k) A Xco
yco(k) = [{11 ap .- {lp] Xco (k — 1) + [bl by --- bp} Xco(k — 1). (80)
%;—/ _\;_/
a p

Now, we can state and prove the main result of this section:

Theorem 7. Suppose G satisfies Assumption 1 and u{® is entropy balanced. Assume that x,(0)
(the observable part of the initial state of G) is independent of the input u$®, |h(x,(0))| < co and
that tr{K, (o)} < . Then,

1 "
lim —(h(y}) — h(uf)) =) . log|p;|. (81)

n—co 1
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h([Dn]%RnW}z +(Q,]

1s1
mYn

)

Proof. Both G and uf’ satisfy the conditions of Theorem 6. Thus, as in its statement, we
write G(z) = F(z)G(z), where G(z) is stable and minimum phase and F(z) is a stable FIR
transfer function with only the m non-minimum-phase zeros of G(z).

Defining w}, = G,u),, we have

Vr = FuGuu} + 3, = Fyw,, + 5, (82)
h(wy,) = h(uy), (83)

and ¥, L w}. In addition, the fact that G is stable guarantees that the sample second
moment of §7° decays exponentially, which means that §7° satisfies Assumption 2. Thus,
the conditions of Lemma 6 are met considering G, = F,, where now F, = QZ DR, is the
SVDfor F,,and d, 1 < dp2 < --- < dyu. Consequently, the proof would be completed if
we can show that limy e 211([Dy]},Ryw) + [Q,]1,¥1) = 0. But all the involved variables
have bounded variance, while Ry, is unitary, [Q, ]}, has orthonormal rows and the entries of
[Dyy]}, decay exponentially with n. This implies that limy .o 2/1([Dy]5, Rawl + [Q,]L¥1) <
0. Therefore, it is only left to prove that

lim k(D] Raw} + [Q,]L51) > 0. (54)

n—co 1

Recalling (78), let us decompose [§,]} so that
5’«}1 = annxco(o) + anco(o) + [S’c‘o]}w (85)

where P,,, P,, € R (Pt the sequences F,P;xq,(0) and Pyxc(0), respectively, are the
natural responses of G and F to the controllable and observable initial state x.,, and [}750]}1 is
the natural response of G to the non-controllable and observable initial state xz (0). Then,

(2) 5 -
> n(1QL55) € h(1Q, 1L (FuPuxco(0) + Puxeo(0) + [§o]L), (86)

Y h([Qu i (FnPuxco(0) + Pyxco (0)) | x20(0)) = h([Q, )3 (FuPy + P)xco(0) | x20(0)), (87)

where (a) is from the entropy-power inequality [1] and (b) holds because conditioning
does not increase entropy and [¥s]} is a deterministic function of xz(0). Let the SVD of
[Q, )} (FuPy 4 Py) be

[ n]}n(FﬂPn +Pn):SnTan, n=mm+1,..., (88)

where S, € R™ ™ jg unitary, T, = diag{ty, ta,...,tm} holds the singular values of
[Q,]},(FyPy, + Py) and H, € R™*P has orthonormal rows. Substituting this SVD into (87)
we obtain

h([Da]yRawy, + [Quln¥n) = h(SnTuHuxXco (0) | X20(0)) = log(det(Ty)) + h(Huxco(0) | x20(0)). (89)

This last differential entropy is bounded because |h(x,)| < oo and tr{Ky,} < oo,
which implies (thanks to Proposition A1) that |h(H,Xc, Xz )| < o0, and by the chain rule
of entropy,

h(HyXco, Xz0) = h(xz0) + h(Hpxo(0) | Xz (0)), (90)

0 |h(Huxco(0) | Xz (0))| < oo because |h(xz(0))| < oo (again from Proposition Al). Thus,
in view of (89) and (84), all that remains to prove is that

Tim Oin ([Qul} (FuPa +Pu) ) >0, (91)
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For that purpose, notice that [Q,, ]}, (FuPy + P) = ' [Dy]m[Rn)}, P + [Q,] 1, Py There-
fore, from Lemma A4 (in Appendix C), it follows that (91) holds if

Tim oin ([Qu]3P1) >0, ©2)
and
Hm Opmax (1 [Dn]m[RnM)n) = 0. (93)
n—oo

To prove (93), recall that the entries in the diagonal matrix ![Dy,],, decay exponentially
with 7. On the other hand, the rows of [Rn}}n are orthonormal. Finally, the fact that Gis
stable implies that the p + g columns of P, have norms which are bounded for all n. These
three observations readily yield that (93) holds.

To prove that (92) holds, write the rational transfer function of G (described by (80)) as

T+amz 4 +apz ™
1+b12_1+"'+bpzfl”

T+mz 4+ +apz?
G(z) : P = (A iz ot f ™)

= = 94
T4+biz7V+ -+ bpz?P ©4)

F(z)

G(z)

where 11 £ p — m. The coefficients in the numerator of G(z) are related to those of F(z)
and G(z) by the convolution

a; :Z?'n:()f]ﬁif]" 1= 1,...,p, (95)
where dp = fo = 1.
Denote the natural response of F (up to time n) to its initial state x¢(0) (which is a
linear function of x.,(0)) as

yi 2 Pyxe(0). (96)

Let w) £ P,x.(0) be the natural response of G to its initial state x.,(0). Following the
structure of (80), w(k) can be written as

wk)=1[a; - Gy 0 - Oxeo(k—1) + pTxeo(k—1), k=1,2,..., (97)

where X, satisfies (79). Considering the following minimal state-space representation of F

xr,1(k) 00 oo O\ g (k—1) 1
xg 2 (k) L0 0 O xpp(k—1) 0
xp(k) 2 | xe3k) | = fo 1 0 s+ 10wk, 98)
X, m (k) 0 ... 0 1 8 xpm(k—1) 0
Af
Feo (k) :@ fleF(k—1)+W(k)/ (99)

it can be seen that the natural response of F to its own initial state xp(0) can be written as
y(k) =¥, (k) —W(k) — “the effect of f1,..., fr_1". (100)

But, from (80) and (95),
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N
=
o

© Oxco(k = 1) + pxco(k — 1), (101)
w(k)

yco(k) =a' diag{[f1 -+ fml}mt1Xco(k—1) + [

dag(lh - falbe2 | B =12 am)
: ‘. .. . . 0 |~
0 ... 0 fi oo fm
therefore,
y(1) = a' diag{[fi fo -+ fullm+1X0(0), (103)
§(2) = a" diag{[0 fo -+ ful}w+14c0%0(0), (104)
=a'diag{[f2 -+ fu Ol}mt1Xc0(0) (105)
(106)
§(m) = a' diag{[0 -+ 0 ful}ir14% 'Xco, (107)
= a'diag{[fu 0 -+ 0]}ni1%c0(0), (108)
with §(k) = 0 for k > m. Therefore,
¥ = Exco(0) = [M | N]xc(0), (109)
E

where M € R"™*(P=) and N € R™*" is a lower anti-triangular Toeplitz matrix with @
along its main anti diagonal.
This implies that P, = [ET | Opx(n,m)]T and

Omin(E) > 0. (110)
Thus, resuming the reasoning before (94), we have that

[Qu15Pn = QY| mE. (111)

It then follows from (110) and Lemma 8 that

lim Gimin ((QuJbPn ) = 1im ouin ([QuJnE)- > 0. (112)

n—00

Hence, (91) is satisfied. Substituting (91) into (89) and the latter into (84) yields

tim ([0, ], Row) + [Q,]L5}) = 0. (113)

n—oo 1
The proof is completed by invoking Lemma (6). [

Theorem 7 allows us to formalize the effect that the presence or absence of a random
initial state has on the entropy gain using arguments similar to those utilized in Section 6.

8. Some Implications

The purpose of this section is to illustrate how the results obtained in the previous
section can be applied to other problems. To do so, we present next some of the implications
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of these results on three different problems previously addressed in the literature, namely
finding the rate-distortion function for non-stationary processes, an inequality in networked
control theory, and the feedback capacity of Gaussian stationary channels. The common
feature in these three problems is that, in all of them, non-minimum phase transfer functions
play a role (either explicitly or implicitly).

8.1. Networked Control

The analysis developed in Reference [13] considers an LTI system P within a noisy
feedback loop, as the one depicted in Figure 4. In this scheme, C represents a causal
feedback channel which combines the output of P with an exogenous (noise) random
process ¢’ to generate its output. The process ¢ is assumed independent of the initial
state of P, represented by the random vector xg, which has finite differential entropy.

Figure 4. (Left): LTI system P within a noisy feedback loop. (Right): equivalent system when the
feedback channel is noiseless and has unit gain.

For this system, it is shown in Reference [13], Theorem 4.2, that
R(y®) = R(u) + lim ~I(x0;y") (114a)
Y1) = A, 5 HX0r Y1),

where I(xq;y}) is the mutual information (see Reference [1], Section 8.5) between x
and y/, with equality if w is a deterministic function of v. Furthermore, it is shown
in Reference [12], Lemma 3.2, that, if |1(xp)| < oo and the steady state variance of system P
remains asymptotically bounded as k — oo, then

1
Bim =~ T(x0;y1) = X051 108IPil, (114b)

where {p;} are the poles of P. Thus, for the (simplest) case in which w = v, the output
y is the result of filtering u$® by a filter G = 1 (as shown in Figure 4 right), and the
resulting entropy rate of y{° will exceed that of uj® only if there is a random initial state
with bounded differential entropy (see (114a)). Moreover, if w = v and G(z) is stable, (114)
(as well as Reference [13], Lemma 4.3) implies that this entropy gain is lower bounded by
the right-hand side (RHS) of (8), which is greater than zero if and only if G is NMP. However,
both [12,13] do not provide conditions under which this lower bound is reached.

In Reference [14], Theorem 14, it is shown that, when there is perfect feedback (i.e.,
when v = w), as in Figure 4 right, with P being the concatenation of a stabilizing LTI
controller and an LTI plant, and assuming uf® is Gaussian i.i.d. and a Gaussian initial
state, then

h(y?) = (uT) =}, =1 1081Pil- (115)

Notice that this implies reaching equality in both (114a) and (114b).
By using the results obtained in Section 7 we show next that equality holds in (114b)
provided the feedback channel satisfies the following assumption:
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Assumption 3. The feedback channel in Figure 4 can be written as
w = ABvV+BF(c), (116)

where:

1. A and B are stable rational transfer functions such that AB is biproper, ABP has the same
unstable poles as P, and the feedback AB stabilizes the plant P.
2. Fisany (possibly non-linear) operator such that & = F(c) has finite variance 0‘52(”) for finite

1, limy_seo 11 log(aéz(n)) =0, and
3. f L xp.

We also extend Reference [14], Theorem 14, to situations including a feedback channel
satisfying Assumption 3. For the perfect-feedback case, this extends the validity of (115) to
a much larger class of distributions for uf°.

An illustration of the class of feedback channels satisfying this assumption is depicted
on top of Figure 5. Trivial examples of channels satisfying Assumption 5 are a Gaussian
additive channel preceded and followed by linear operators [23]. Indeed, when F is an
LTI system with a strictly causal transfer function, the feedback channel that satisfies
Assumption 3 is widely known as a noise shaper with input pre and post filter, used in, e.g.,
Reference [24-27].

Figure 5. (Top): The class of feedback channels described by Assumption 3. (Bottom): an equiva-
lent form.

Theorem 8. In the networked control system of Figure 4, suppose that the feedback channel satisfies
Assumption 3, that the plant P(z) has poles {p;}!, and that the input u° is entropy balanced. If
the random initial states of AB and P, namely sy € RY and xo € RP, respectively, are independent,
have finite variance and |h(xg)| < oo, then

1
Jim —1(x0;y7) =}, -1 LoglPil- (117a)
Moreover,
1 .
Jlim = (h(yY) = (@) =}, - loglpil, (117b)

where @ = u +B& (see Figure 5 bottom).
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Proof. Let P(z) = N(z)/G(z) and T(z) £ A(z)B(z) = I'(z)/©(z). We will first show that
the output y}, can be written as

Yo = GuGuity + GuPy[xj sg]" + Puxo, (118)
where G is the stable LTI system with biproper and MP transfer function

50N A 0(z)
¢(2) = 8@6E + NETE) (119)

with sg € R7, x € R” and [xg sg I being the random initial states of T, G, and G,
respectively, and

= u+Be (120)

(see Figure 5 bottom). The matrices P, € R"™P and P,, € R"*(P+0), From Figure 5, it is clear

that the transfer function from @ to y is G(z) m

the RHS of (118). In addition, it is evident that the initial state of G is a linear combination
of x¢ and sy, justifying the term P,,[x] sl]T as the natural response of G. Thus, it is only
left to prove that the initial state of G is xo. For that purpose, let G(z) =1 — Zf;l giz ' and

N(z) = YY_, njz"". Define the following variables:

, validating the first term on

oééy w2 No. (121)

Then, the recursion corresponding to P(z) is

k=Y 1 80k ity k>1, (122)
Wi = Zle n; O—i, k Z 1. (123)

This reveals that the initial state of P(z) corresponds to
Xg = [01—p 02-p --- Op]. (124)
But, from (121), o is also the output of G to the input @, and
Ve =0k~ Y fioki k=1, (125)

which means that the initial state of G is x.
Now, using (118), we have that

I(x0;yn) = h(yn) — h(yulx), (126)
= h(ys) — h(Fu[Gutty + Puso]), (127)
= h(Fya), + Pyxo) — h(a}), (128)

where the first equality is because sy L xg and @}, = G, + Pyso. The last equality holds
since the first sample of the unit-impulse response of G is 1. Since uf® is entropy balanced,
G(z)is biproper, stable, and MP, and both &° and P,;s( have finite variance, it follows from
Lemmas 3 and 4 that G{° is entropy balanced, as well. Thus, the proof of the first claim is
completed by direct application of Theorem 7.

For the second claim,

hyl) — h(ah) < n(yl) — W(Gatl) = h(y}) — h(ah) + (h(Gyal) — h(al),  (129)
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where (a) holds because the first sample of the unit-impulse response of G is § =
lim; .o G(z) = 1. Then,

1 _ 1 _ 1, )
lim ~(h(yy) — h(ty,)) = lim —(h(y,) = h(8;)) + lim —(h(Gyi,) —h(y)),  (130)
(@ .. 1 _
= lim —(h(y}) — h(ay)), (131)
(®)
= Z|Pi|>1 log|pil, (132)

where (a) holds because Gii is entropy balanced (from Lemma 4), and P,s( has finite
variance, allowing us to apply Proposition A3. In turn, (b) follows from (128) and (117a).
This completes the proof.

O

Remark 2. If A(z) had poles outside the unit circle, then Theorem 8 can still be applied by
associating those poles to P.

Remark 3. Under the conditions of Theorem 8, one has that if either h(u(®) or h({°) exists, then
the other entropy rate exists too. In that case, if c 1L u and defining ¢ = B, (117) yields

7 (<, 00 7.(,,00 7. (=00 : 1
R(y?) = h(uf) — k(&) = lim —I(xo;y1) = ), -1 loglpil, (133)

revealing that the gap in (114a) is exactly h(c$®). In addition, in the perfect-feedback scenario,
Theorem 8 extends the validity of (115) from the Gaussian i.i.d. u and Gaussian xo considered
in Reference [14], Theorem 14, to an entropy-balanced u and an xq with finite variance and finite
differential entropy.

8.2. Rate Distortion Function for Non-Stationary Processes

In this section, we obtain a simpler proof of a result by Gray, Hashimoto and Ari-
moto [15-17], which compares the rate distortion function (RDF) of a non-stationary
auto-regressive Gaussian process x7° (of a certain class to be defined shortly) to that of
a corresponding stationary version, under MSE distortion. Our proof is based upon the
ideas developed in the previous sections, and extends the class of non-stationary sources
for which the results in Reference [15-17] are valid.

To be more precise, let {4;}{*; and {7;}{2, be, respectively, the impulse responses of
two linear time-invariant filters A and A with rational transfer functions

M

T Gz-p)
M

A(z) (134)

~ z

Az) = ,
T4, pfl(z—1/p})

(135)

where |p;| > 1,Vi =1,..., M. From these definitions, it is clear that A(z) is unstable, A(z)
is stable, and

|A(elV)] = |A(e/?)|, Yw € [-m, 7. (136)

Notice also that lim;| ., A(z) = 1 and lim|;| A(z) = 1/TIM, |pi; thus,

M
ag =1, ao=[]lpl ™" (137)
i=1
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Consider the non-stationary random sequence (source) x;° and the asymptotically
stationary source X{° generated by passing a stationary Gaussian process w{* through A(z)
and A(z), respectively, which can be written as

x% =A,w], n=1,..., (138)
x=A,w!, n=1,.... (139)

(A block-diagram associated with the construction of x is presented in Figure 6.)

u
w A(z)"é y

Figure 6. Block diagram representation of how the non-stationary source x{° is built and then
reconstructed as y = x +u.

Define the rate-distortion functions for these two sources as

. 1
Ry(D) £ lim Ry, (D), Ryn(D) émm;l(x’f;x?+u’f), (140)
. I A
Ry(D) £ lim Rs(D), Rs,n(D) émm;l(xﬁl;x’f—i—u?), (141)

where, for each 7, the minima are taken over all the conditional probability density func-
tions fyr |y and fonjen yielding E[|[ull|?]/n < D and E[||#}||?] /n < D, respectively.

The above rate-distortion functions have been characterized in Reference [15-17] for
the case in which w{® is an i.i.d. Gaussian process. In particular, it is explicitly stated in
Reference [16,17] that, for that case,

17 e
R«(D) ~ Rx(D) = 7 log|A~! (/)] = 1", log il (142)

We will next provide an alternative and simpler proof of this result, and extend
its validity for general (not-necessarily stationary) Gaussian w{’, using the entropy gain
properties of non-minimum phase filters established in Section 6. Indeed, the approach
in References [15-17] is based upon asymptotically-equivalent Toeplitz matrices in terms
of the signals’ covariance matrices. This restricts w{° to be Gaussian and i.i.d. and A(z)
to be an all-pole unstable transfer function, and then, the only non-stationarity allowed
is that arising from unstable poles. For instance, a cyclo-stationary innovation followed
by an unstable filter A(z) would yield a source which cannot be treated using Gray and
Hashimoto’s approach. By contrast, the reasoning behind our proof lets wi® be any entropy-
balanced Gaussian process with bounded differential entropy rate, and then let the source
be Aw, with A(z) having unstable poles (and possibly zeros and stable poles, as well).

The statement is as follows:

Theorem 9. Let wi® be any Gaussian entropy-balanced process with bounded differential entropy
rate, and let x{° and X be as defined in (138) and (139), respectively. Then, (142) holds.

Thanks to the ideas developed in the previous sections, it is possible to give an intuitive
outline of the proof of this theorem (given in Appendix B, page 40) by using a sequence of
block diagrams. More precisely, consider the diagrams shown in Figure 7.
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w AP B2) P B) T c2) [ B(2)

Figure 7. Block-diagram representation of the changes of variables in the proof of Theorem 9.

In the top diagram in this figure, suppose that y = C x4 u realizes the RDF for the
non-stationary source x. The sequence u is independent of x, and the linear filter C(z) is
such that the error (y — x) L y (a necessary condition for minimum MSE optimality). The
filter B(z) is the Blaschke product of A(z) (see (A83) in Appendix B) (a stable, NMP filter
with unit frequency response magnitude such that & = B x).

If one moves the filter B(z) towards the source, then the middle diagram in Figure 7
is obtained. By doing this, the stationary source X appears with an additive error signal
i that has the same asymptotic variance as u, reconstructed as § = CX + i. From the
invertibility of B(z), it also follows that the mutual information rate between X and § equals
that between x and y. Thus, the channel § = CX + @ has the same rate and distortion as the
channely = Cx+u.

However, if one now adds a short disturbance d to the error signal i (as depicted
in the bottom diagram of Figure 7), then the resulting additive error term @ = @ +d
will be independent of X and will have the same asymptotic variance as .. Nonetheless,
the differential entropy rate of @t will exceed that of @i by the RHS of (142). This will make
the mutual information rate between X and ¥ to be less than that between X and ¥ by the
same amount. Hence, Rx(D) is at most Rx(D) — Y ; log|p;|. A similar reasoning can be
followed to prove that Ry (D) — Rx(D) < Y1, log|pil.

8.3. The Feedback Channel Capacity of (Non-White) Gaussian Channels
Consider a non-white additive Gaussian channel of the form

Ve = Xk + 2k, (143)

where the input x is subject to the power constraint

. 192
— <
Jim [, [|I7] < P, (144)
and z{° is a stationary Gaussian process.
The feedback information capacity of this channel is realized by a Gaussian input x,
and is given by

Crg = lim max I(xk;yh), (145)

n—oo .1
lel/’ u tl‘{Kx}l }SP
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where Kx}, is the covariance matrix of x}q, and, for every k € N, the input x; is allowed

to depend upon the channel outputs ylf_l (since there exists a causal, noise-less feedback
channel with one-step delay).

In Reference [9], it was shown that if z is an auto-regressive moving-average process
of M-th order, then Cgp can be achieved by the scheme shown in Figure 8. In this system,
B is a strictly causal and stable finite-order filter and vi° is Gaussian with v; = 0 for all
k > M and such that v}, is Gaussian with a positive-definite covariance matrix KV}VI .

z
S
+

\% + ) y
5
LB ]

Figure 8. Block diagram representation a non-white Gaussian channel y = x + z and the coding

scheme considered in Reference [9].

Here, we use the ideas developed in Section 6 to show that the information rate
achieved by the capacity-achieving scheme proposed in Reference [9] drops to zero if
there exists any additive disturbance of length at least M and finite differential entropy
affecting the output, no matter how small.

To see this, notice that, in this case, and for all n > M,

I yY) = 105 y)) = h(yn) — h(yalva), (146)
= h(yy) — h((In + Bu)z} + vi|viy), (147)
= h(yn) = h((In + Bu)zy|viy), (148)
= h(yy) — h((In + Bu)z}) = h(yy) — h(z}), (149)
= h((I, + By)zL +v}) — h(z}), (150)

since det(I, + B,) = 1. From Theorem 4, this gap between differential entries is precisely
the entropy gain introduced by I, + B, to an input z} when the output is affected by the
disturbance vl;. Thus, from Theorem 4, the capacity of this scheme will correspond to
" log|1+ B(e)|dw = Yjo[>1 log|p;|, where {p;}M are the zeros of 1 + B(z), which
1s prec1sely the result stated in Reference [9], Theorem 4.1.
However, if the output is now affected by an additive disturbance di° not passing
through B(z) such that dy = 0, Vk > M and |h(d},)| < oo, with d® L (v}, z), then we
will have

vy = VL + (In + By)z, + d}.. (151)
In this case,
15 y1) = 1(vY5y1) = h(yn) — h(ynlvi), (152)
= h(yy) — h((In + Bu)zy, + vy, + dj|v}y), (153)
= h(ypn) — h((In + Bu)zy, + dy|Viy), (154)
= h(ys) — h((I, + By)z}, + d},). (155)

But limy 0 2 (((In + By)zh 4+ vi +dL) — h((I, + By)zl +dl)) = 0, which follows
directly from applymg Theorem 4 to each of the differential entries. Notice that this result
holds irrespective of how small the power of the disturbance may be.

Thus, the capacity-achieving scheme proposed in Reference [9] (and further studied
in Reference [28]), although of groundbreaking theoretical importance, would yield zero
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rate in any practical situation, since in every physically implemented scheme, signals are
unavoidably affected by some amount of noise.

9. Conclusions

We have provided an intuitive explanation and a rigorous characterization of the
entropy gain of a linear time-invariant (LTI) system, defined as the difference between the
differential entropy rates of its output and input random signals. The continuous-time
version of this problem, considered by Shannon in Theorem 14 of his 1948 landmark paper,
involves an LTI system G, band limited to B [Hz]. For this scenario, we restricted our
attention to systems such that the samples of its unit-impulse response, taken (2B)~!
seconds apart, correspond to the unit-impulse response g, g1, . .. of a causal and stable
discrete-time system G. We show that the entropy gain in this case is log|go|, which
implies that, for this class of systems, Shannon’s Theorem 14 holds if and only if G, has a
corresponding discrete-time G that is minimum phase (MP).

For the discrete-time case, we introduced a new notion referred to as effective differen-
tial entropy, which quantifies the amount of uncertainty in vector signals that are confined
to subspaces of lower dimensionality than that of the signals themselves. (Note that this is
not possible by the conventional notion of differential entropy, which simply diverges to
minus infinity.) It turns out that the difference in effective differential entropy rate between
an n-length input to an LTI discrete-time systern with frequency response G(e/*), and its
full length output, as n tends to infinity, equals 5" |G(e/“)|dw.

When comparing input and output sequences of equal length, our analysis revealed
that, in the absence of external random disturbances, the entropy gain of a discrete-time
LTI system G with unit-impulse response go, <1, - - - is simply log |go|. An entropy gain
greater than log|go| can be obtained only if a random signal is added to the output of G
and if such output process has statistical properties that make it susceptible to the added
random signal. In order to characterize the role of G, its input has been assumed to be
entropy balanced (EB), a notion introduced herein. Crucially, the differential entropy rate of
an EB process is not susceptible to random signals. EB processes constitute a large family
that includes Gaussian processes with bounded, non-vanishing variance. We also show
that (i) the sum of an EB process and any bounded variance process is EB, too, and (ii)
passing an EB process by a stable MP filter yields an EB process. When the input is EB,
we show that if G has NMP zeros pl,pz, .-, Pm, then the largest possible entropy gain
is |go| + L1 log |p;|, which equals 5-[" |G(e/)|dw. This upper bound is achieved by
adding a finite-length output disturbance with finite variance and bounded differential
entropy if and only if its length is at least 7, no matter how tiny its variance may be. The
same entropy gain is also obtained if G has a random initial state with bounded differential
entropy and finite variance.

We used these fundamental insights about when the entropy gain occurs in order
to establish a new and more general proof of the quadratic rate-distortion function for
non-stationary Gaussian sources. Moreover, we demonstrated that the information rate of
the capacity-achieving scheme proposed in Reference [9] for the auto regressive Gaussian
channel with feedback drops to zero in the presence of any additive disturbance in the
channel input or output of sufficient (finite) length, no matter how small it may be. This
has crucial implications in any physical setup, where noise is unavoidable.
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Appendix A. Proof of Theorem 3
The total length of the output ¢, will grow with the length # of the input, if G is FIR,

and will be infinite, if G is IIR. Letting # + 1 be the length of the impulse response of G in
the FIR case, we define the output-length function

) {n—i-?y , if G is FIR, A1)

£(n) £ length of y when input is ul =
(n) IOy P o ,ifGisTIR.

It is also convenient to define the sequence of matrices {én};”:y where G, € R{(Mx1 g
Toeplitz with [(u}n]l.,]. =0,Vi <j, (G i = gi—j, Vi > j. This allows one to write the entire
output y{ of a causal LTI filter G with impulse response { gk}Z:O to an input ui°® as

Y}(n)(u}z) = Guu,. (A2)

Let the SVD of G, be G, = QZDan, where Q,, € R"*/(") has orthonormal rows, D, €
R"*" js diagonal with positive elements, and R, € R"*" is unitary.

(")(

The effective differential entropy of yf u}) exceeds the differential entropy of uf by

)) = h(wy) = 1(Q,Gnwy,) — h(uy) = h(DyRywy,) — h(w;,) = log det(Dy). (A3)

The determinant of D, can be related to that of (V}Z G, by noticing that

o T o o T o T 2 =
G,Gn = (Q,D.R,)"(Q,DyR,) = R

Since R, is unitary, it follows that det D,zz = det (V;Z G, which from (A3) means that

(o) () — () = 1 Tog(det(G G). (A5)

The product H, = (U}Z Guisa symmetric Toeplitz matrix, with its first column, [hg by - - - hy_q] T
given by

h; = Yo 8k8k—i- Thus, the sequence {i;}"" corresponds to the samples 0 to n — 1
of those resulting from the complete convolution g * ¢~, even when the filter G is IIR,
where g~ denotes the time-reversed (possibly infinitely long) response g. Consequently,
and since G(z) has no zeros on the unit circle, and g is absolutely summable, we can use
the Grenander and Szeg6’s theorem [29], and Reference [18], Theorem 4.2, to obtain that

1

lim log<det(ézén)l/”) = 2ﬂ/nlog’G(ej“’)‘z
-7

dw. (A6)

n—oo

In order to finish the proof, we divide (A5) by #, take the limit as n — oo, and re-
place (A6) in the latter.

Appendix B. Proofs of Results Stated in the Previous Sections
Proof of Lemma 1. Let Uﬁ(k) be the variance of u(k). Thus, h(u}) = 1 log((27re)" det(diag

{Uﬁ(k) }i_)))- Letyy ! £ @,ul. Then, K1 = @, diag{ai(k)}’,j:fbfl. As a consequence,

1 , .
h(y' 1) = 5 10g((27‘ce)["_v] det(d)n dlag{ai(k)}k:ﬂ)g)). (A7)

But from the Courant-Fischer theorem [30],
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log (det(diag{(Ti(k)},’{’:l)) —vlog(6?) < log (det <<I>n diag{Ui(k)}Zzle'Z)) <log (det(diag{vﬁ(k)}le)) —vlog(5?); (A8)

thus, limy e 2 (h(y4 ™) — h(ul)) = 0, satisfying Condition ii) in Definition 2. Adding
to this the fact that, in this case, (75(”) < 6% < oo for all n, Condition i) in Definition 2 is

satisfied, as well, completing the proof. O

Proof of Lemma 2. Let {b;,}> | be the intervals (bins) in R where the sample u(i) has
constant PDF. Define the discrete random process c§°, where c(i) = ¢ if and only if u(i) €
b . Let yf{” 4 <I>nu}1 where ®,, € R("=V)X" hag orthonormal rows. Then,

h(yyth) = h(yy™en) + (e ynth) (A9)
< h(ypen) + I(ep;uy), (A10)

where the 1nequahty is due to the fact that u} and y%*! are deterministic functions of
u}; hence, ¢, +— u), +— y%*1. Subtracting h(un) from (A9) we obtain

Byi™) = h(wh) < h(yhleh) + (chi wh) — h(w)) (A11)
= h(yy e — h(uyle). (A12)
Hence,
1
lim (™)~ h(uh)) < Jim (n(ylel) ~ hubleh)) =0, (A13)

where the last equality follows from Lemma Al (in Appendix C) whose conditions are
met because, given c}l, the sequence u}l has independent entries each of them distributed
uniformly over a possibly different interval with finite and positive measure. The opposite
inequality is obtained by following the same steps as in the proof of Lemma A1, from (A124)
onwards, which completes the proof. [

Proof of Lemma 3. Lety}, = [¥]|®]]Tw], where [¥]|®I]T € R"*" is a unitary matrix
and where ¥,, € R"*" and ®,, € R("~")*" have orthonormal rows.

Then,
h(y, ™) = hyn) = h(yulys ™) = h(wy) = h(yy |y ). (A14)
We can lower bound h(y} |y4 ) as follows:

(Yv|yv+1> h(Enwy, + ¥y | @uuy + @vy) (A15)

%) h(¥,ul +¥,v) | ®,ul + @,v), vl) (A16)

= h(¥yul | @,ul + @V, , Vi) (A17)

= h(¥auy | @yuy, vy) (A18)

& () | @) (A19)

D i) h(@u), (A20)

where (a) holds because conditioning does not increase entropy, (b) is from the fact that
u} L v}, and (c) follows from the chain rule of entropy.
Substituting this result into (A14), dividing by n, taking the limit as n — oo, and re-
calling that u° is entropy balanced, we conclude that lim, e 1 (h(®,W}) — h(w})) < 0.
The opposite bound over h(yl|y4!) can be obtained from

h(yylynth) = h(¥aw, + ¥uvy, | @puy, + @,vy,) < h(Fauy, + ¥uvyy) < h(Ea(we)y), (A21)
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where (W)} is a jointly Gaussian sequence with the same second-order moment as w.

Therefore, h(¥,(wg)i) = 1log((2me)? det(‘I’an%‘Y,{)) < 7log(2me Amax(Ky,1)). But
w) satisfies the assumptions of Proposition A2; thus, lim,_eo 77! 10g(Amax (Kw; )) = 0.
Therefore, lim, 0o 1 h (¥, (wg)L) < 0, which substituted in (A14) yields
lim —Lh(yLy? ) = lim ~ (h(®pwl) — h(wl)) > 0

n YulYn n—00 11 n¥n n = Y

n—o0

Hence, wi” satisfies Condition ii) of Definition 2. Since w{° also satisfies Condition i) of
Definition 2, it follows that wi° is entropy balanced, completing the proof. [J

Proof of Lemma 4. Pick any v € Nand lety} £ [®]|¥]]Tw], where [®]|¥]]T € R"*" is
a unitary matrix and the matrices ¥, € RV*" and ®,, € R("=)*" have orthonormal rows.
Since w). = G, ul, we have that

®,w. = ®,G,ul. (A22)

Let ®,G,, = A,X,B, be the SVD of ®,,G,,, where A, € R=v)*(n=v) jg an orthogonal
matrix, B, € R("~V)X" hag orthonormal rows and E,, € R(7=V)*(1-v) g 5 diagonal matrix
with the singular values of ®,G,,.

Hence

h(®,w)) = h(®,G,ul) = h(A,Z,Byul) = logdet(L,) + h(Byul). (A23)

The singular values of ®,,G,, are 0;(®,G,) = \/)\,-((Dn G, GZQZ) ,i=1,2,...,n—v. Now,
notice that

Ai([@n]¥,] GG @, [¥,]) = Ai(GGT) (A24)
and that
®,GG'®] ©,GG'Y]
ToT1T Tl 1wl — ([ Pr n n n
Thus, from (A24) and the Cauchy eigenvalue interlacing theorem [30],
Ai(GnGL) < Aj(®,GGT®Y) < A1y (G,GL), i=1,...,n—v. (A26)

Hence,
fﬁlog(Amax(GnG,f )) < log(det(E,)) — 1 log|det(Gy)| < fﬁlogoxmm(G,,GZ )). (A27)

Recalling that G is minimum phase (which guarantees that its singular values change at
most polynomially with 7, due to Lemma 7), we conclude that

.1 1
Jlim ;log(det(zn)) = log | det(Gy)|. (A28)
Substituting back into (A23), we arrive to
lim 1h(<I> wl) @ tim 110 | det(G,)| + lim 1h(u”) = lim 1h(w”) (A29)
n—oo mn n ns n—oo n g n n—oo 1 1= n—oo n 1/

where(a) holds because u°® is entropy balanced. This completes the proof. [
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Proof of Lemma 5. Let {¥,,}?° ; be a sequence of matrices, each ¥,, € R**" with orthonor-
mal rows spanning a subspace of R” that contains the span of the columns of [®]}. For

eachn € N, let ¥,, € R(""%)%" be guch that H, £ [‘YZ | WZ ]T is a unitary matrix. Then,

W(Fnyn) = h(¥nuy). (A30)
Thus,
Tim  ((yk) — k(b)) = Tim © ((h(y}) — B(%ayh)) — (h(u}) ~ h(Faul))) =0,
(A31)

where the last equality holds because uj” is entropy balanced and y§{° is entropy balanced
(from Lemma 3). This completes the proof. O

Proof of Lemma 6. Since Q,, is unitary, we have that

1

w11
/_/_
h(yy) = h(Quys) = h(Danu +Q,z,,) = h(w,), (A32)
~— \/./
V1ll zln
where
W, 2 Quyn = v+, (A33)
vl £ D,Ryul, (A34)
Zy = Quzy (A35)
Thus,

h(Y111) :h(wif) @h( )+h( m+1 |W1 ) ([ Vl]mR"un""[Qn}l 1)+h( m+1 ‘W ) (A36)
where (a) follows from the chain rule of differential entropy. It only remains to show that
the limit of (1/n)h(w},  |w/") as n — co equals the entropy rate of uf®. We will do this by
deriving a lower and an upper bounds which converge to the same expression as n — .
Alower bound for (w7, . ; |w{") can be obtained by noticing that

h(Whp1 |[WT') = h(Viq + 2y | VT +27") (A37)
(ﬁ_) WV 428 |V, 2 (A38)
O ey vi, 2 (A39)
D (vl V) (A40)
@ h(vl) —h(ey) (Ad1)
9 ) (v}, (A42)

where (a) follows from the fact that conditioning on more information does not increase
differential entropy, () is due to the fact that h(x +a) = h(x), for any constant a, (c) holds
because z{° L v{°, (d) is a direct application of the chain rule of differential entropy, and (e)
stems from (A34) and the fact that det(D,R;) = 1. On the other hand,

h(vi') = h([Dy],Reuy) = flogdn,i + h([Rp]yuy). (A43)
i=1
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1
< logdet(" " Dy]n) + h(Byx 1) + 5 log <(27T e)* l)tmax(szm) Y

Then, by inserting (A43) and (A42) in (A37), dividing by n, and taking the limit n — oo,
we obtain

1 -
nlg‘{}o nh( mi1|W1) = nh_{ro‘o P (h(u?) - glogdn,i - h([Rn]%qu}J) (A44)

= h(uf®) — lim — Zlogdm, (A45)

n—oo 11 *

where the last equality is a consequence of the fact that uj” is entropy balanced (specifically,
from Proposition A3).

We now derive an upper bound for h(w, . ; | w{"). Defining the random vector
XZIJrl L [Rn]erlu%,

and since D, is diagonal, we can write

Vo, = [Da] Ry, = "D, ], (A46)
where
"Dy, £ diag{dym+1,dnm+2, -, dnn} (A47)
Therefore,
By | W) < (W) = R D] 4 25 (A48)
= logdet(" " '[Dylu) + h(x} = + ("HDyl) 2y ). (A49)
Notice that, by Assumption 2, z/'*1 = [Q,|F*'z] = [Q,]"*![®@]Ls! and, thus, is

restricted to the span of [Q,]"*![®]} of dimension x, < K for all n > m + x. Then,
for every n > m + Kk, one can construct a unitary matrix H, £ (AT|BI)T ¢ R(r—m)x(n—m)
with A, € REx(1=m) and B, € R1—m—x)x(n=m) gch that the rows of A, span the space
spanned by the columns of ("*1[D,,],) 7' [Q,,]![®]} and such that B, ("*[D,],) ~1[Q, 1+
[®]] = 0. Therefore, from (A49),

(anm+1 +H (m+1[D ]n) 15 m+1)

(anerl) +h(A xm+1 + A, (m+l[D ]n)71221+1‘3nx$+1)
(anm+1) +h(A xm+1+A (m—l—l[D ]n)—lzT—H)

(

BnXZZ+1) + E log((ZHE)K det (KAﬂx;lvHrl + KAV’ (m+1[D”]n),1izt+l)>

|

m+1

Amax (KzZHrl )
min(m—H[Dn]n )2

where K 1 and K Ay ("D, ]) 1z are the covariance matrices of A,x] and
n n

Apxit
An (" Dy),) 12, respectively, and where the last inequality follows from [31]. The
fact that Apax (me+1) and Amax (Kiin+l) are upper bounded for all #n, and the fact that

Amin (" [Dy]n) either grows with 1 or decreases sub-exponentially (from Lemma 7), im-
ply that

.1 .1 .1
Jim = h(wy g |wi') < lim —logdet("*1[Dy]n) + lim —h(Bux ). (A50)
But the fact that detD,, = 1 implies that logdet("*D,],) = — Y ,logd,;. On the

other hand, recalling that x7*! = [R,|"*1u} and noting that B, [Rn]mJrl has orthonormal
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rows, reveals that limy o 21(B,x*1) = i(u$) (from the assumption that uf® is entropy
balanced). Therefore,

lim h( Wy [Wi') <h(u’) — lim — Zlogdm, (A51)

n—oo 1 n—oo 11 *

which coincides with the lower bound found in (A45), completing the proof. [

Proof of Lemma 7. The transfer function G(z) can be factored as G(z) = G(z)F(z), where
G(z) is stable and minimum phase and F(z) is stable with all the non-minimum phase zeros
of G(z), both being biproper rational functions. From Lemma A2 (in Appendix C), in the
limit as n — 0o, the eigenvalues of GTGn are lower and upper bounded by Anin (GTG) and
/\max(G G), respectlvely, where 0 < Amm(G G) < /\maX(G G) < . Let G, = Qn D.R,
and F,, = Qn D Rn be the SVDs of G,, and F,,, respectively, with dn 1 < dn y < - < dn "
andd,1 < d,p < --- <d,, being the diagonal entries of the diagonal matrices D,, D,
respectively. Then,

~T ~ L~ L~
GZGH = FZ;Gn G,F, = (DanQ,{Dan)TDanQanRw (A52)

Denoting the i-th row of R, by r;i be, we have that, from the Courant-Fischer theorem [30] that

Ai(GyGy) < max 1Go|* (A53)
ve:span{rn,k};(zl :lvl|=1
— max |D,REQTD, R0 (A54)
vEspan{rn,k}}<:1 lo]|=1
< d% s, (A55)
Likewise,
r(GEGy) > min |G| (A56)
vEspan{rn,k}l’g:i Holl=1
= min ID,REQTD, R,yo | (A57)
vEspan{rn,k}Z:i Hloll=1
> do 7 ). (A58)
Thus,
. Ai(GIg AT AT
Jim, % € (Amin(G7G), Amax(G7 ) (A59)

n,i
The result now follows directly from Lemma A3 (in Appendix C). O

Proof of Theorem 6. To begin with, the entropy power inequality [1] gives h(y}l) =
h(Guul, +z)) > h(Guul) = h(y}), proving the lower bound in (70).

To obtain the other bounds on the entropy gain of G, we will use Lemma 6. Recalling
the structure of zJ° specified in Assumption 2, the random vector whose differential entropy
appears on the RHS of (64) takes the form

(D)5 Ruwy + [Q, 112 = [DulyRuwy, + [Q,]5[@]5s (A60)

Notice that, for every n > «, the columns of the matrix [Q,,]},[®]} € R"*¥ span a space of
dimension x, € {0,1,...,&}, with & £ min{m,«}. If x, = 0 (i.e., [Q,]},[®]} = 0), then

h([Dn]}anu}, + [Qn]ilnzi) = h([Dn]}anu}q)- (A61)
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If that is that case for every n > «, the lower bound in (70) is reached by inserting the latter
expression into (64) and invoking Lemma 7.

Let [Q, ]} [®]: = AIT,B, be an SVD for [Q, ]}, [®]}, where A,, € R®*" has orthonor-
mal rows,

T, = diag{ti(n),t2(n),..., t,(n)},

where 0 < t1(n) < to(n) < -++ < ty,(n) < 1 are the singular values of [Q, ]}, [®]L, and
B, € R**¥ has orthonormal rows. Construct a unitary matrix H,, € R™*™ such that

a [An
H, 2 (An), (A62)

where A, € R¥*" ig as before, and A,, € R(m—#n)*m hag orthonormal rows, and its row
span is the orthogonal complement of that of A;. Thus,

H, [Q, ]} @]] = (A;;EQ"”") IR (A63)

From (A63) and (A60), we obtain
n(IDalh Ruth + [QuThizh ) = h([DalhRawth + [Q, 4 [@]}s}) (A64)
= h(Ha([Da]hRaw) + [Qu11[@]s1)) (A65)

- h(An (D]} Ruul + An[Q, )L [@]1s)

Ay [Dn]hRnu}O +(1- 1{m}(KVl))h(Kn [Dn]}an“;)z (A66)

where the indicator function 1y, (xx) = 1if k, = m and 0 otherwise. The first differential
entropy on the RHS of (A66) can be lower bounded as

(AP R + 4@ lllst | A DR ) 2 h(Aul@u (@ list | A DR}
D h(Au(Qu I @1sL) = 1(TuBust) S xlog(ry ) + hsh) - & " log(Amax (K ), (A67)

where (a) is from the entropy power inequality [1], (b) holds because s} 1 u}, and (c) is
from Proposition Al. An upper bound can be obtained as

(@)

h(An[Dn]}anu; + An[Q, 1% [@] sy An[Dn]}anu}J < h(An[Dn]}anu; + TanS%)

) 1 "
< Elog((Zne) det(K 4, p, 1R, ul +KT,,an%))

(c) K

< 2 1og((27e) ((dun) Amax(Kyg) + (b, (1) *Amax(Kp) ) ), (A68)
where (a) holds because conditioning does not increase entropy, (b) is because a Gaussian
distribution maximizes the differential entropy for a given covariance matrix, and (c) is
due to Reference [31]. Notice that uj” satisfies the requirements of Proposition A2, implying
that limy, oo 7™ " Amax (K u%) = 0. Thus, since t,(n) < 1, it follows from (A67), (A68),

and (A66) that
=T (k) — . K
Jim —— (A, Dy} Rewh) + lim * log(t (n))

< tim ~([Da]LRoul + Q]2 ) < lim (11 (k) h(A, (D], Ryd). (A69)

n—oo 1
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For the last differential entropy on the RHS of (A66), notice that [Dy,]L, Ry, = [Dy]m[Rn]},-
Consider the SVD A,'[Dy]m[Ry]}, = VIZ,W,, withV, € R (m—tn) x (m—xn) being unitary,
L, € R0m=%)x(m=%:) peing diagonal, and W,, € R(" %) X" having orthonormal rows. We
can then conclude that

h(Au[Dy]i,Ryul) = h(Z,Wyul) = log|det(Z,)| + h(W,ul). (A70)

Now, the fact that

P 7’1" PR P
A Dy [Dn)m A, = A Dyl m Ryl (Au (Dalm[Ra]i)T = VIEWWTETY = vizETy

reveals that

1 _ _
log|det | = - log| det(A, ([D]m)*AL)]. (A71)

Recalling that A, = [H,|% ™" and that H,, € R™*™ is unitary, it is easy to show (by using
the Courant-Fischer theorem [30]) that

m—=Ky (a) 1 — 0T
logd,,; < 5 log|det(A, (D] )4,
i=1

1=

(b)
S Z log dn,ir (A72)
i=xp+1

with equality in (a) and (b) if and only if A, = [I4—, | 0] and A, = [0 I,—y,], respectively.
Substituting this into (A71) and then the latter into (A70), we arrive to

n(Wohul) + Y logdy,; < h(A,[Dy)L,Ryul) < h((W,Lul)+ Y logd,;. (A73)

i=1 i=K,+1

Substituting the upper bound from this equation and from (A68) into (A66) and the latter
in (64), exploiting the fact that uj® is entropy balanced (which ensures that uj® satisfies
Condition i) in Definition 2) and invoking Lemma 7 yields the upper bound in (70).

Doing the same substitutions but with the lower bounds in (A73) and (A67), and using the
assumption that lim,,_,« 1 log(t1(17)) = 0, gives the lower bound of (71). This completes
the proof. O

Proof of Lemma 8. We will consider first the case k = m and show that lim,_,c Omin
(1Q,.Jm) > 0, where now Q! is the left unitary matrix in the SVD F,, = Q[ D, R,,. We will
prove that this is the case by using a contradiction argument. Thus, suppose the contrary,
i.e., that

lim opmin (1Q,)m) = 0. (A74)

n—o0

Then, there exists a sequence of unit-norm vectors {Un}zo:l, with v,, € R™ for all n, such that

lim [|lo; [Q,]nl = 0. (A75)

For each 1 € N, define the n-length unit-norm image vectors t} = v[[Q, ]} Then,
IEstall = [REDnQ,tull = [IDaQytnll = ['[Du]moal, (A76)

where the last equality follows from the fact that, by construction, ! is in the span of the first
m rows of Q,,, together with the fact that Q,, is unitary (which implies that [Q,,]7 ¢, = 0).
Since the top m entries in D, decay exponentially as n increases, we have that

[Frtul < O(Culom|™), (A77)

where [, is a finite-order polynomial of 7 (from Lemma A3, in Appendix C).
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Now, notice that [F,,]#1([F,]"*1)T is a Toeplitz matrix with the convolution of f and
f~ (the impulse response of F and its time-reversed version, respectively) on its first row
and column. It then follows from Reference [18], Lemma 4.1, that

m Apin ([Fa]Y([E ) D)) = min |[F(e)]2 >0 (A78)
n—00 w:w€e |-,

(the inequality is strict because all the zeros of F(z) are strictly outside the unit disk). Then,
we conclude that

T oin ([Falji 1) > 0. (A79)

Recall that ||#,|| = 1; thus, from (A75), lim, e ||[£4] ]| = 0 and im0 || [t || = 1, which

(A79)
means that imy e | F1 t,|| = Hmy o || ([Fn]? )T [#]7| > limyseo Omin ([Fu]2 1) > 0,
which contradicts (A77). Therefore,
Tim o (1Q,]m) > 0. (A80)
Now, consider an arbitrary x > 1. Since
1 K
1 1
Omin [Qn]m > Umin( [Qn]m)/ (A81)
it follows from (A80) that
1 K
. 1 1ey11 . 1
Jim Omin ([QuIN[@11) = lim oomin | [Qul] | >0 (A82)
thus, lim;, e &, = &. This completes the proof. [
Proof of Theorem 9. Denote the Blaschke product [11] of A(z) as
m p— .
B(z) & mHl:i =~ p) . (A83)
iz pi(z—1/p;)
which clearly satisfies
B(e)| =1, Vwe [-m 7], (A84)
1
bo £ lim B(z) = ——, (A85)
|z|—c0 i=1P;

where by is the first sample in the impulse response of B(z). Notice that (A84) implies that
limyse0 2E[|| Bpul[|?] = limy—eo 1E[||ul]|?] for every sequence of random variables u$®
with uniformly bounded variance. Since B(z) has only stable poles and its zeros coincide
exactly with the poles of A(z), it follows that B(z) A(z) is an MP stable transfer function.
Thus, the asymptotically stationary process X7° defined in (139) can be constructed as

X, 2 Byxl, (A86)

where By, is a Toeplitz lower triangular matrix with its main diagonal entries equal to by.
Since w7’ is entropy balanced, so is X{°, thanks to Lemma 4.
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The fact that B(z) is biproper with by as in (A85) implies that, for any u}, with finite
differential entropy,

h(Bywy) = h(w,) —n " log|pi], (A87)
N—————
£g

which will be utilized next.

For any given n > m, suppose that C(z) is chosen and x} and u}, are distributed so as
to minimize I(x}; C,x} + u}) subject to the constraint E[||y} — x}||?] = E[||(C — I)x}[1?] +
E[|lul]l]?> < D (i.e., x}, u} is a realization of Ry , (D)), yielding the reconstruction

yh = Cuxh +ul. (A88)

Since we are considering mean-squared error distortion, it follows that, for rate-
distortion optimality, u}, must be jointly Gaussian with x}. In addition, there is no loss
of rate-distortion optimality if uj® is entropy balanced (otherwise, it would have a lower
entropy rate than its entropy-balanced counterpart, which differs from the former only on
a finite number of samples and has the same asymptotic MSE). From these vectors, define

@} 2 B,ul, (A89)
5’% = BnYn = Bncn(Bn) 111 + ﬁ%, (A90)
gl 2yl +d} = B,C,(B,) "%}, + @l +d}, (A91)

where d}, is a zero-mean Gaussian vector independent of (i}, x}) with finite differential

entropy and finite variance such that dy = 0, Vk > m. Then, we have that (the change of
variables and the steps in this chain of equations is represented by the block diagrams
shown in Figure 7)

1Ry (D) = 1(x;yL) © 1(B.xk; Buyl) = 1(xL;31) (A92)
:h(Yn)_ (Yn‘xn) (A93)

gty — n(allxh) (A94)

D () - n(al) (A95)

Di(gh) — (n(@) -+ d}) + [h(uh) — (@} + )] - ) (A96)

© n(yh) - (@l + di[sL) +nG — [h(ul) — h(al + db)] (A97)

D (gl) — h(yLIRL) +nG — [h(ul) — (@l + db)] (A98)

= (L) — h(h) + I(&L;91) +nG — [h(ul) — b, + db)] (A99)

= 1(%,;§n) +nG — [n(uy) — (@, +d)] + [A(53) — h(Fn + ;)] (A100)

where (a) follows from Bn being invertible, (b) is due to the fact that y} = P,x} +a}, (c)
holds because u}, I x}. The equality (d) stems from h(@)) = h(ul) — nG (see (A87)).
Equality holds in (e) because x, L (a},dl) and in (f) because of (A91). But from
Theorem 4 and since u$® is entropy balanced, limy e 1 (h(@t} + d},) — h(u})) = 0. From
Lemma 3 and because uj’ is entropy balanced, so is §7°. This guarantees from Lemma 5,
that lim,—co 7 [1(§L) — h(Fh + dL)] = 0. Thus, Rey(D) = limy e (X5 ¥L) +G >
Rf(,n (D ) +4.

At the same time, the distortion for the source X}, when reconstructed as y}, is

,}glgo%E[ll}"i—inHz}*hm*( [||y—xn|\]+E{||dl||]) tim B[y -% 7] (Al01)

n—oo 11 n—00 11

n—oo n

= lim = E[B,(yh —xb)I2] € tim - B[k - xkP], (A102)
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where (a) holds because ||d}|| = ||d},|| is bounded, and (b) is due to the fact that, in the
limit, B(z) isa unitary operator. Recalling the definitions of Rx(D) and Rg(D), we conclude
that lim;, e E( n,yn) > Ry n(D); therefore,

R«(D) — >y " log|pil- (A103)

In order to complete the proof, it suffices to show that Ry(D) — Rx(D) < Y, log|pil.
For this purpose, consider now the (asymptotically) stationary source X, and suppose
that y}, = X} + u}, realizes Ry (D). Again, X} and u}, will be jointly Gaussian, satisfying
yi L ul (the latter condition is required for minimum MSE optimahty) From this, one
can propose an alternative realization in which the error sequence is it = Bj,u}, yielding an
output y), = X} + @i}, with y} 1 @l. Then,

R, (D) = 1(X; §3) = h(%,) — h(X[9) (A104)

2 (=) — () (A105)

© hxdy — n(ad) - ng (A106)

9 n(xh) — n(allyl) - ng (A107)

D h(zh) — h(zh]gh) — nG (A108)

= I(%; §) — nG (A109)

= I(Bux); Buyy) — nG (A110)

Y 1(xiyh) —n, (AT11)

where (a) follows by recalling that §, = %} + u}, and because y., 1L ul, (b) stems

from (A87), (c) is a consequence of ¥}, L i, (d) follows from the fact that §}, = %} + .
Finally, (e) holds because B;, is invertible for all . Since, asymptotically as n — oo, the dis-
tortion yielded by y}, for the non-stationary source x}, is the same which is obtained when
%) is reconstructed as ¥, (recall (A84)), we conclude that Ry(D) — Rx(D) < Y™, log|pil,

completing the proof. D

Appendix C. Technical Lemmas and Propositions

Proposition A1. Let the random vector s} have finite differential entropy, and suppose its co-
variance matrix Ky satisfies Apax(Kgy) < oo. Then, for any unitary matrix A € R and
i=12,...,x

K 2— ! ]og(ZT[e )\max(KS%)) < h([A]lls}c) < %log(Zne )\max(Ks}lf))~ (Allz)

h(sy)

Proof. Define r} = As!. Since A is unitary, it follows that h(r}) = h(s!) and that K, and
K, have the same eigenvalues. Therefore,

(0) (©)

< %log((Zne)idet(Kﬂ)) < 5 log(27e Amax(Kyy)) < 7 log(27re Amax (K )

- %log(Zne Amax(Kg)), (A113)

where (a) holds because a Gaussian distribution yields the largest differential entropy for a
given covariance matrix, (b) is from the fact that det(K 1) = [T;_; Ax(K1) and (c) is due
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1
~In(Amax(Kyy)

—

)
<

1
n

to the Cauchy interlacing theorem [30]. This proves the upper bound in (A112). For the
lower bound, we have

we) S ) - nert) S ) -

iK

K

- “log(27re Amax(K ), (A114)

where (a) stems from the fact that i(a,b) < h(a) + h(b) and (b) follows from (A113). This
completes the proof. O

Proposition A2. Let u$® be a random process such that the variance of u(n), O’i(n) < oo for finite

n, and
.1 2
Jim es(e) =0 119
Then, lim;, nt log()\max (Ku,ll)) =0. A

Proof. The assumptions on uj’ imply that, for every € > 0, there exists a finite N, such

that, for every n > N, (Ti(n) < e" and S(Ng) £ max{aﬁ(l),(rz .,Ui(Ne)} < co. Then,

w(2)

NeS(Ne)

L 1 () 1
2 ne ne
1n<k§_1 Uu(k)> <~ In(NeS(Ne) + (n— Ne)e') < - In((n — Ne)e™) + nln — No) e

where () holds because Y _; Ax(K,;1 ) = tr{K;1 }, while (b) stems from the fact that, for ev-
ery x,y > 0,In(x+y) < In(x) +y/x. Thus, forevery € > 0, lim,_co 11 10g(Amax (Ky1)) <
€, which means that limy,_,co 7171 10g (Amax (K 1)) = 0, completing the proof. [

Proposition A3. Let v{° be an entropy-balanced random process. Then, for each v € N and for
every sequence of matrices {¥, }o,, ¥n € RY*" with orthonormal rows,

lim %h(wnv;) =0. (A116)

n—o0

Proof of Proposition A3. We will first show that

1 1
.1 >0
nlglgo nh(‘{’nvn) >0 (A117)
To see this, notice that, for every ¥, € R"*" with orthonormal rows, there exists a matrix
®, € RIv)*1 with orthonormal rows which are also orthogonal to those of ¥,. This
means that the matrix [¥]|®1]T € R"*" is unitary; thus,

(b)
h(vl) =h([¥l®lTv)) @ h(®,vh) + h(Fuvh|®,vh) < h(®,vl) +h(¥,v)), (A118)

where (a) holds due to the chain-rule of differential entropy and (b) follows because
conditioning does not increase differential entropy. Therefore, (¥, v}) > h(v}) — h(®,v}).
Dividing this by n, taking the limit when n — oo and recalling that vi® satisfies (17)
yields (A117).

We will now prove that lim e %h(‘l’nv,ﬁ) < 0. For this purpose, let ¥]° be a jointly
Gaussian random process with the same second-order statistics as V‘1’°. Then,

H(vh) < h(¥9h) = 5 log (e det(¥,Kyy ¥1) ) < élog((znemmax(w”), (A119)
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with the inequality due to the fact that ¥, has orthonormal rows. But v{° meets the
requirements of Proposition A2; thus, limy, 7h(‘I’nv ) < limy e 55 (27T € Amax (K 1 ) =
0. The proof is completed by combining this result with (A117). O

Lemma A1l. Let uj’ be a random process with independent elements, and where each element u; is
uniformly distributed over possible different intervals [—%, 3], such that ayax > |a;| > Ay >

0,Vi € N, for some positive and bounded a,,;,, < Amax. Then, uy® is entropy balanced.

Proof. Without loss of generality, we can assume that a; > 1, for all i (otherwise, we could
scale the input by 1/amn, which would scale the output by the same proportion, increasing
the input entropy by n1og(1/amin) and the output entropy by (n — v) log(1/ amin ), without
changing the result). The input vector u}, is confined to an n-box U, (the support of uy) of
volume V,,(U,) =TT\ a; and has entropy log(ITi_; 4;). This support is an n-box which
contains (Z)Z”‘k k-boxes of different k-volume. Each of these k-boxes is determined by
fixing n — k entries in u}, to £4;/2, and letting the remaining k entries sweep freely over
[—3, %]. Thus, the k-volume of each k-box is the product of the k support sizes 4; of the
associated selected free-sweeping entries. But recalling that a; > 1 for all 7, the volume
of each k-box can be upper bounded by ]! ; a;. With this, the added volume of all the

k-boxes contained in the original n-box can be upper bounded as

VE(Uy,) < ( )2" kHaz (A120)

We now use this result to upper bound the entropy rate of y%, 1.

Let yi 2 [¥I|®]]Tul where [¥]|®]]T € R"" is a unitary matrix and where
¥, € R and &, € R(™)*" hayve orthonormal rows. From this definition, y’/+l
will distribute over a finite region Y"1 C R"~, corresponding to the projection onto the
(n — v)-dimensional span of the rows of ®,. Hence, h(y,*!) is upper bounded by the
entropy of a uniformly distributed vector over the same support, i.e., by log V,_, (V¥ 1),
where V,,_, (V2*1) is the (n — v)-dimensional volume of this support. In turn, V,,_, (Y4 1)
is upper bounded by the sum of the volume of all (v — k)-dimensional boxes contained in
the n-box in which u}, is confined, which we already denoted by V5 (i4,,), and which is

upper bounded as in (A120). Therefore,
h(yL™) <log Vu—y(YUT) < log VL (Uy) < log< TR il—[al> (A121)

n!
=log(n"2") +log () +log <H a-> . (A122)
(n—v)n"v! i
Recalling that i(u}) = log(IT"; 4;), dividing by n and taking the limit as n — oo yields

lim 1(h(yg“) h(ull)) <. (A123)

n—oo 1

On the other hand,

hys™) = hlyl) — h(yblys™) @ hul) — h(ylyy™) > h(ad) < h(yl),  (A129)

where (a) follows because [¥1|®1]” is an orthogonal matrix. Letting (y¢) correspond to
the jointly Gaussian sequence with the same second-order moments as y;, and recalling
that the Gaussian distribution maximizes differential entropy for a given covariance, we
obtain the upper bound

(h)
h(yl) < h((ye)h) @ %10g<(27'(e)”det(‘l’n diag{og, fjfl’;)) ¥ log(Znemax{U % 1) (A125)
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where (a) follows since the {u;}! ; are independent, and (b) stems from the fact that
Y, € RV*" has orthonormal rows. Since max{(fl_zli }*_, is bounded for all 1, we obtain by
substituting (A125) into (A124) that limy e = ((y4™!) — h(u})) > 0. The combination

of this with (A123) yields limy e  (h(y%*!) — h(u})) = 0, satisfying Condition ii) in
Definition 2. From this, the proof is completed by noting that uj” satisfies Condition i) in

Definition 2. This completes the proof. O

Lemma A2. Let A(z) be a causal, finite-order, stable and strictly minimum-phase rational transfer
function with impulse response ag, ay, . . . such that ag = 1. Then, limy, 0 Al(AnA,f) > 0and
limy, 00 A (A AT) < co.

Proof of Lemma A2. The fact that lim,_, Ay (A, A ) is upper bounded follows directly
from the fact that A(z) is a stable transfer function. On the other hand, A, A} is positive
definite, with lim,, e A1(A,AT) > 0. Suppose that limy, e A1 (A,AT) = 0. If this were
true, then it would hold that lim,, o Ay (A, 1A, T) = co. But A,,! is the lower triangular
Toeplitz matrix associated with A~!(z), which is stable (since A(z) is minimum phase),
implying that lim, . Ay (A, 1Af T) < oo, thus leading to a contradiction. This completes
the proof. O

We re-state here (for completeness and convenience) the unnumbered lemma in the
proof of Reference [16], Theorem 1, as follows:

Lemma A3. Let the transfer function G(z) satisfy Assumption 1 and suppose it has no poles. Then,

2 —2n H
o ,z(Pl) Jfl<m,
" (A126)

,otherwise ,

M(GnGE) = {

n,l

where the elements in the sequence {a,, } are positive and increase or decrease at most polynomially
with n.

Lemma A4. Let A, B be matrices with the same dimensions. Then,
Amin ((A —+ B) (A + B)T) Z /\min (AAT) + )\min(BBT) - 2(7max(A)‘7max(B)- (A127)
Proof. For every x such that ||x|| =1,

x"(A+B)(A+B)Tx = xTAATx + x"BBTx + xTABTx + x"BATx
> Amin(AAT) + Ain (BBT) — 20mmax (A)0max (B),  (A128)

where the last inequality holds because AAT and BB are symmetric and because of the
Cauchy-Schwartz inequality. The proof is completed by noting that (A128) holds for the x
that minimizes x" (A + B)(A + B)"x , and Amin((A + B)(A + B)T) = min, -1 " (A +
B)(A+B)'x. O
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