M entropy

Article

Dynamic Risk Measures for Processes via Backward Stochastic
Differential Equations Associated with Lévy Processes

Liangliang Miao *

check for

updates
Citation: Miao, L.; Liu, Z.; Hu, Y.
Dynamic Risk Measures for Processes
via Backward Stochastic Differential
Equations Associated with Lévy
Processes. Entropy 2021, 23, 741.
https:/ /dx.doi.org/10.3390/e23060741

Academic Editor: Carlos Alberto De

Braganga Pereira

Received: 4 May 2021
Accepted: 9 June 2021
Published: 11 June 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Zhang Liu 2

and Yijun Hu !

1 School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China; yjhu.math@whu.edu.cn
School of Computer and Information Engineering, Jiangxi Agricultural University, Nanchang 330045, China;
liuzhang@whu.edu.cn

*  Correspondence: liangliangmiao@whu.edu.cn

Abstract: In this paper, we study the dynamic risk measures for processes induced by backward
stochastic differential equations driven by Teugel’s martingales associated with Lévy processes
(BSDELSs). The representation theorem for generators of BSDELs is provided. Furthermore, the
time consistency of the coherent and convex dynamic risk measures for processes is characterized
by means of the generators of BSDELs. Moreover, the coherency and convexity of dynamic risk
measures for processes are characterized by the generators of BSDELs. Finally, we provide two
numerical examples to illustrate the proposed dynamic risk measures.
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1. Introduction

Let (Q), F, P) be a probability space and T > 0 be a fixed terminal time. Let {B;, 0 < t < oo}
and {L,0 < t < oo} be two mutually independent processes defined on (Q), F,P), where
{B,0 < t < oo} is a one-dimensional Brownian motion and {L;,0 < t < co} is a R-valued
Lévy process corresponding to a standard Lévy measure v satisfying the following conditions:

@) Jr(Ay)v(dy) < e,
(ii) f o) € AM¥ly(dy) < oo, for some A > 0 and for every ¢ > 0.

Let F = {F;,t > 0} be the natural filtration generated by {B;,0 < t < oo} and
{Lt,O <t< OO}
Throughout this paper, we consider the following integral equation:

’ ! v [ kg
Yt:§+/ g(s,YS,ZS,Ks)dS—/ stBs—Z/ K41?, telo, 1, Q)
t t =i

where the terminal value ¢ is a given Fr -measurable square integrable random vari-
able, g(+) is a given map, and Ht(i) is the orthonormalized Teugel’s martingale of order
i associated with the Lévy process {L;,0 < t < co}. The above equation is called back-
ward stochastic differential equations associated with Lévy processes (BSDELs) introduced
by Bahlali et al. [1]. When Equation (1) is independent of Teugel’s martingales, then

Equation (1) is reduced to the following form:

T T
Y, = ¢+ / (s, Ye, Zs, Ko)ds — / 7B, te[0,T], ?)
Jt Jt

which is the classical backward stochastic differential equations (BSDEs) introduced by
Pardoux and Peng [2] first. Pardoux and Peng [2] proved that there exists a unique adapted
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and square integrable solution of the BSDE (2) under uniform Lipschitz condition on g. BS-
DELs can be seen as a natural generalization of BSDEs. Nualart and Schoutens [3] provided
a martingale representation theorem associated with Lévy processes. Furthermore, Nualart
and Schoutens [4] extended the classical BSDEs to BSDELs and established the existence
and uniqueness of solutions for the BSDEL (1) which is independent of Brownian motion.
For more studies on BSDELSs, see El Otmani [5,6], Ren et al. [7], Ren and El Otmani [8], and
the references therein.

Briand et al. [9] first studied the representation theorem for generators of BSDEs under the
continuous assumption on the generators with respect to ¢ and E[sup, [0,] 1g(t,0,0)|*> < oo].
Jiang [10] obtained the representation theorem for Lipschitz generators of BSDEs. Zhang and
Fan [11] provided a representation theorem for generators of BSDEs with infinite time intervals
and linear growth generators. For more studies on the representation theorem for generators of
BSDEs, we refer to Song et al. [12], Xiao and Fan [13], Zheng and Li [14], Wu and Zhang [15],
and the references therein. In this paper, we are concerned with representation theorem for
generators of the BSDELs (1). For this issue, to our best knowledge, there is no reference
available in the literature.

Risk measures have been extensively researched in finance and in the insurance in-
dustry such as the adjustment of life insurance rates. To quantify the riskiness of financial
positions, Artzner et al. [16,17] introduced the concept of coherent risk measure by propos-
ing the theory of axiomatic system of capital requirements. By weakening coherence
axioms, Follmer and Schied [18] and, independently, Frittelli and Rosazza Gianin [19] intro-
duced convex risk measures. Their work attracts many researcher’s interest. For example,
see Delbaen [20], Cheridito et al. [21,22], Riedel [23], Rosazza Gianin [24], Detlefsen and
Scandolo [25], Kloppel and Schweizer [26], Delbaen et al. [27], Acciaio et al. [28], Follmer
and Schied [29], Song et al. [30], and the references therein.

BSDEs have become a popular tool for studying dynamic risk measures since Peng [31]
investigated BSDEs and g-expectations. For instance, El Karoui et al. [32] studied dynamic
risk measures for random variables via BSDEs. Jiang [33] established the one-to-one
relationship between the generators BSDEs and the corresponding dynamic risk measures
for random variables. Penner and Réveillac [34] established a link between risk measures
for processes and BSDEs and studied the corresponding time-consistent dynamic risk
measures for processes induced by BSDEs. Xu [35] studied multidimensional dynamic
convex risk measures induced by conditional g-expectations. Ji et al. [36] provided some
time-consistent dynamic risk measures for processes via BSDEs, and established the one-
to-one relationship between the generators BSDEs and the corresponding dynamic risk
measures for processes. A essential property for dynamic risk measures is time-consistency
(see Bion-Nadal [37,38]). These time-consistent dynamic risk measures are constructed by
BSDEs where the financial positions are random variables at some terminal time. However,
time-inconsistent preference is realistic in financial markets. For example, see Yong [39],
Wang and Shi [40], and Agram [41].

In this paper, we study dynamic risk measures induced by BSDELs. In a financial
market, jump dynamics, which might be caused by policy interference, natural accidents,
and so on, indeed exist. For instance, a stock’s price and its return show abnormal and
sharp volatility. Thus, investors can be risk-averse and master the best time of those
jump dynamics if they have sufficient awareness. Therefore, the processes of stock price
and its return can be modeled by BSDELs (1). Based on the above consideration, we
construct dynamic risk measures by means of BSDELs (1). First, the representation theorem
for generators of BSDELSs is provided. Second, the time-consistency of the coherent and
convex dynamic risk measures for processes is characterized by means of the generators of
BSDELSs. Moreover, the coherency and convexity of dynamic risk measures for processes
are characterized by the generators of BSDELs. Finally, we provide two numerical examples
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to illustrate the proposed dynamic risk measures. The obtained results extends the results
of Briand et al. [9], Jiang [10], Penner and Réveillac [34], and Ji et al. [36].

The rest of the paper is organized as follows. In Section 2, we briefly state some
preliminaries including the definitions of time-consistent dynamic convex and coherent
risk measures for processes and some results on BSDELs. The definition of dynamic risk
measures for processes induced by BSDELSs is also provided in Section 2. In Section 3, our
main results are presented, that is, the coherency and convexity of dynamic risk measures
for processes are characterized by the generators of BSDELs, and the representation theorem
for generators of BSDELs is provided. Section 4 contains all the proofs of the main results
of this paper. We provide two numerical examples to illustrate the proposed dynamic risk
measures in Section 5. Finally, conclusions are summarized.

2. Preliminaries
2.1. Notations of Dynamic Risk Measures for Processes

For any positive integer n and z € R", |z| denotes its Euclidean norm. For any
t € [0, T], we introduce the following spaces.

e L2(Q), F3,P) is the space of random variables ¢ which are F;-measurable with E[|Z]?] < co.

e L®(Q), F3,P) is the space of random variables ¢ which are F;-measurable and essentially
bounded.

e 72 is the space of (F;)-progressively measurable processes Z : Q) x [0, T] — R such that
2120 =E| [ |z.Pa
| ”’H%_ 0 |Zs|%ds | < o0.

e 52 is the space of (F;)-progressively measurable and cadlag processes Y : QO x [0, T] = R
such that

YIS, = E[sup Yi[?| < oo

te[0,T)

e R is the space of (F;)-progressively measurable and cadlag processes ¢ : QA x [0, T] — R
such that

< o0,

[e)

sup |gt
te[0,T]

19l =

e (2 is the space of real valued sequences (x;,),>0 such that

o)

Ix]7 = - [anl? < oo.

n=1

e P2({?) is the space of predictable processes K taking values in 2 such that
T ) T
K| ) = E [/0 ||KS||%2ds} -LE UO [& |2ds] < .
i=

e £2 is the Banach space of processes (Y, Z,K) € 82 x H2 x P?(¢2) under the following
norm

T T
1Y, Z,K) % = E| sup |Yt|2+/ \ZS|2ds+/ |IKs|%ds |
te[0,T] 0 0

For the convenience of the reader, we introduce the concept of related time-consistent
dynamic risk measures for processes, see Cheridito et al. [22], Penner and Réveillac [34],
and Ji et al. [36].
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For 0 <t <s < T, we define the projection 71; s := R*® — R* as
nt,s(X)r = 1[t,T] (T’)XrAS,I" c [0, T],

te = Tts(RY) and Ry := m 7 (R).

On a general level, a conditional risk measure p; is any map from R{° to L®(Q), F3, P).
ot can be described as a risk assessment at time t, which is taken into account the informa-
tion available up to this time. For t € [0, T], the map p; has the following usual axioms for
all X, Y € R{®.

(A) (Conditional cash invariance) For all m € L*(Q, F;,P),
pr(X +mly ) = pr(X) —m.

(B) (Monotonicity) p(X) > p:(Y), if X <Y.

(C) (Subadditivity) ps(X +Y) < ps(X +Y).

(D) (Conditional positive homogeneity) p;(AX) = Aps(X), VA € L®(Q, F;,P),A > 0.
(E) (Conditional convexity) For all A € L*(Q), ;,P), A € [0,1],

pAX + (1= A)Y) < Apr(X) + (1~ A)pr(Y),
(F) (Normalization) p;(0) = 0.

Definition 1. A map py : Ry® — L®(Q, F4,P) for t € [0, T is called a conditional coherent risk
measure for processes, if it satisfies (A), (B), (C), and (D).

Definition 2. A map p; : Ry® — L®(Q), F, P) for t € [0, T| is called a conditional convex risk
measure for processes, if it satisfies (A), (B), (E), and (F).

A sequence (pt) (o, 7] is called a dynamic coherent risk measure for processes, if for
eacht € [0, T], ps : R{® — L*(Q), F,P) is a conditional coherent risk measure for processes.

Similarly, a sequence (p)¢c[o,7] is called a dynamic convex risk measure for processes,
if for each t € [0,T], pr : R® — L®(Q, F;,P) is a conditional convex risk measure
for processes.

For each X € R*®, we use the notation

pt(X) = pt(t7(X)).

Definition 3. A dynamic convex risk measure for processes (pt);c(o,r) is called time consistent if
p1(X) = pt(Xl[trs) - ps(x)[s/ﬂ), X eR®,te[0,T),s €t T)

2.2. Some Results on BSDELs

Let Ly = lim; ~ Ls and ALt = L; — L;_. Following Nualart and Schoutens [3,4], the
so-called power jumps of the Lévy process {L,t € [0, T|} are given by

=1, = Y (AL), i>2

0<s<t

We denote by (H();>; the Teugel’s martingales, associated with the Lévy process {L;, t €
[0, T]}, which is a linear combination of the Y(j),j =1,...,i:

HY = ;¥ ey e,
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where Yt(i) = LEZ) - E[Lgl)] = Lgl) - tE[Lgl)] for all i > 1. From Nualart and Schoutens [3],
we can see that the coefficients c;  correspond to the orthonormalization of the polynomials
1,x,x2,... with respect to the measure u(dx) = x?v(dx) + 025y(dx). The martingales
(H®);>1 , also called the orthonormalized ith-power-jump processes, can be chosen to
be pairwise strongly orthonormal martingales, and their predictable quadratic variation
processes are given by

(HO,HOy, =¢6;3t, i>1,j>1.

We define Ai’j as

Al = {H(i)IH(]')L _ <H(i>,H(j)> tel0,T),i>1,j>1,

’
t

which means that {Ai’j ,t € [0, T]} is a martingale.
We assume that

[Airlem,nL =0, i>1L,j>1l,m>1n>1

For more related results on Teugel’s martingales associated with the Lévy process {L;, t €
[0, T]}, see Nualart and Schoutens [3,4].
For simplicity of presentation, we rewrite BSDELs (1) as

T T 00 T . .
Yt:§+/ g(s,YS,ZS,KS)ds—/ stBS_Z/ KOaH?, te0T, O
t t =i

where ¢ € L2(Q, Fr,P)and g(t,y,2,k) == Qx [0,T] x R x R x £> = R is F-progressively
measurable. We introduce some assumptions which will be used in this paper.

(H1) (Integrability) g(+,0,0,0) € HA.
(H2) (Lipschitz condition) There exists a constant C;, > 0 such that

I8(ty,z,k) —g(ty1,z1,k1)| < Co(ly —yil + 1z — z1] + [k = k1| 2),

forany y,y1,z,21 € R,k k1 € 2.
(H3) (Normalization) g(¢,0,0,0) =0, dP xdt—a.s.
(H4) (Convexity) g is convex in (y,z,k), i.e., for any (yq,z1,k1), (y2,22,k2) € R? x 2,

Aelo1],
g(t,Ay1+ (1= A)yz, Azg + (1= A)zp, Aky + (1 = A)ka)
< Ag(ty1,z1,k1) + (1 —A)g(t,y2,22,kz), dP x dt—a.s.
(H5) (Subadditivity) g is subadditive in (y, z, k), i.e., for any (y1,z1,k1), (Y2, 22, k2) € R2 x 2,
S(tbyr +y2,z1 + 20, k1 + ko) < g(t,y1,21,k1) + g(t, 2,22, k2), dP x dt —a.s.

(H6) (Positive homogeneity) g is positively homogeneous in (y, z, k), i.e., for any (y,z,k) €
R2x (2, a>0,

g(t ey, az, ak) = ag(t,y,z,k), dP xdt—as.
(H7) (Monotonicity) g is nonincreasing in y.

Remark 1. From Bahlali et al. [1], under the assumptions (H1) and (H2), for any ¢ € LZ(Q, Fr,P),
there exists a unique adapted solution (Y, Z,K) € £? of Equation (3).
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Remark 2. Following from Nualart and Schoutens [3,4], in the case of a Poisson process
{N;,0 < t < oo} with parameter A > 0, we know that all Teugel’s martingales are equal to

N; — At, that is, Ht(l) = % and Ht(i) = 0,i > 2. All orthonormalized ith-power-jump

processes, i > 2, are equal to zero in the case of a Brownian motion {B;,0 < t < co}.

From Theorem 3.2 of Bahlali et al. [1], we can show the following Proposition 1
without any substantial difficulties. Therefore, we omit its proof here. Meanwhile, the
following Proposition 2 is taken from Theorem 3.3 of Bahlali et al. [1].

Proposition 1. Assume that g satisfies (H1) and (H2). For i = 1,2, let the terminal condition
& € L*(Q, Fr,P), and let (Y',Z,K') € &2 be the solution of Equation (3) corresponding to
¢ = C1,G = Go, respectively. Then, the following estimate holds:

2
E[( sup |Y2—YE|> ] < CE[la - &P, )
0<t<T

where C is a positive constant.

Proposition 2. Fori = 1,2, assume that g' satisfies (H1) and (H2), and let the terminal condition
& € L2(Q, Fr,P). Let (Y, ZI,K)) € &2 be the solution of Equation (3) corresponding to
¢ = C1,C = Gy, respectively. We suppose the following conditions hold:

(i) &' > 2, P-as.
(ii) ' (s, Y2, Z2,K?) > ¢%(s,Y?,Z%,K?) dP x dt-as.

(iii) Forall i € N, let K\") denote the £2-valued stochastic process such that its i first components are
equal to those of K* and its N\{1,2,- - -,i} last components are equal to those of K'. With
this notation, we define for i € N

Ys=

. AN —1 i s . .
i J(RV-KY) (g2, 22 RV =g (02, 22 RD)), kY - K Ao,
0, otherwise,

satisfying that Y5> | I AHL > —1.
Then,
Y} >Yv? telo,T].

Remark 3. The third condition of comparison Theorem 2 is that we add. Without the additional
condition, it does not hold in general for solutions of BSDEs associated with Lévy processes (see
the counter-example in Barles et al. [42]). In the proof of Bahlali et al. [1], They actually use
this condition.

In this paper, define the dynamic risk measures for processes p by
pt(X) = Yt(X), vVt € [0, T],X € R%, 5)

where Y is the first component of the solution (Y;(X), Z¢(X), K¢(X)) of the following
BSDEL:

T T ©0 T . .
Y, = —XT+/t g(s,YS+XS,ZS,KS)ds—/t stBs—Z/t k941", te(0,T]. (6)
i=1

The following lemma shows the existence and uniqueness of the solution of BSDEL
(6) and its proof will be postponed to Section 4.
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Lemma 1. Assume that g satisfies (H1) and (H2). For any X € S2, there exists a unique adapted
solution in £2, denoted by (Y; 1(X), Z; 7(X), Ky (X)), solving BSDEL (6).

Remark 4. For simplicity of the notation, we sometimes denote the solution (Y;1(X), Zt1(X),
Ki (X)) of BSDEL (6) by (Y¢(X), Z¢(X), K¢(X)). Thanks to the uniqueness of the solution,
for each X € R*®, we have that Y{(X) = Yi(m; (X)), which is consistent with our notation
pt(X) = pr(mty7(X)). For 0 <t < s < T, we also denote by (Yi,+(X), Zis(X), Kis(X)) the
solution of BSDEL (6) on [0, s] at time t. Accordingly, for all t € [0,s], X € R®, we have that
Yt,s(X) = Yt,s(nt,s(X))'

3. Main Results

In this section, we will state the main results of this paper. Namely, we will state
the connections between the generators of BSDELs and the dynamic risk measures for
processes via BSDELs. By a product, we will also give a representation theorem of the
generators of BSDELs. Their proofs will be postponed to Section 4.

Before we provide the connections between the generators of BSDELs (3) and the
dynamic risk measures for processes via BSDELs, we need to give a representation theorem
for generators of BSDELSs (3), which will be used in the later. As pointed in the Introduction,
the study about representation theorems for generators is an interesting topic and is useful
in financial mathematics. The following Theorem 1 is one of the main results of this paper.

Theorem 1. Assume that g satisfies (H1) and (H2). Let the terminal condition ¢ € L2(Q), Fr,P).
Denote by (Y:(g,T,¢),Z:(g,T,¢),Ke(g,T,¢)) the solution of Equation (3). Then, for each
(t,y,z,k) €[0,T) x R? x £2,p € [1,2), the following equality

g(t,y,z,k) =LF — S1_1}1(1)1+ - lYt (g,t +¢&y+z(Biye — Br) + Z:kl-(Ht(Q£ — Hf”)) — y] (7)
i=1

holds true for almost every t € [0, T). Furthermore, there exists a subsequence {n,, }5_, C {n}>_,
such that dP x dt-a.s.,

- (8)

1 o . .
Y; (g,t—i— a']/"'_Z(BHi —B;) + Z:kl(Ht(iZﬁ _Ht(l))> —y

n h
m l:1

g(ty,zk) = lim ny,

Now, we are in a position to state the connections between the generators of BSDELs
and the dynamic risk measures for processes via BSDELs, which are another main results
of this paper.

Theorem 2. Assume that g satisfies (H1) and (H2). Denote by (Y:(X), Zi(X), K¢(X)) the
solution of BSDEL (6) corresponding to X € R*. Let p be defined as (5). Then,

(i) (Pt)te[o,T] is a dynamic convex risk measure for processes if and only if g satisfies assumption
(H3), (H4), and (H7).

(ii) I (pt)1e0,1) is @ dynamic convex risk measure for processes, then (pt),c(o,r) is time-consistent.

Theorem 3. Assume that g satisfies (H1) and (H2). Denote by (Yi(X), Z+(X), Ki(X)) the
solution of BSDEL (6) corresponding to X € R*. Let p be defined as (5). Then,

(i) (ot)tefo,7) is a dynamic coherent risk measure for processes if and only if  satisfies assumption
(H5), (H6), and (H7).

(ii) If (ot ) e(o,7) is @ dynamic coherent risk measure for processes, then (pt),c(o,r) is time-consistent.



Entropy 2021, 23, 741

8 of 27

By choosing some specific generators of BSDELs, we construct dynamic risk measures
for processes by means of BSDELs.

Remark 5. Consider ¢ : Q) x [0,T] x R x R x £?> — R defined by g(t,y,z,k) = —y + |z| + k.
Let (Yi(X), Z1(X), K¢(X)) be the adapted solution of BSDEL (6) corresponding to X € S2. Let
p:(X) = Yi(X), Vt € [0, T], X € R®. Then, p is a dynamic coherent risk measure.

Remark 6. Consider g : Q x [0, T] x R x R x ¢? — R defined by g(t,y,z,k) = —y+2|z|> +k
if |z| <1,and g(t,y,z,k) = —y+3|z| +k —1if |z| > 1. Let (Y¢(X), Z¢(X), Ke(X)) be the
adapted solution of BSDEL (6) corresponding to X € S2. Let p1(X) = Yi(X), Vt € [0,T], X € R™.
Then, p is a dynamic convex risk measure. However, p is not a dynamic coherent risk measure.

4. Proofs of Main Results

In this section, we will provide the proof of Lemma 1 and all proofs of the results
stated in Section 3.

Proof of Lemma 1. In order to prove the existence and uniqueness of the solution of BSDEL
(6), we define a new function fX : Q x [0,T] x R x R x > — R as

Xt y,z,k) = gty + X(s),2,k), ©)

where t € [0,T], (y,z,k) € R x R x £2. It is easy to see that fX satisfies the Lipschitz
condition (H2). Therefore, we only need to show that f X satisfies assumption (H1). By
using assumption (H2), we obtain for all t € [0, T],

T T
/0 \fX(s,0,0,0)|2ds:/0 19(s, X(5),0,0) ds

T T
gzc%(/o Ig(s,0,0,0)|2d5+/0 IX(S)lzdS)

T
<2c? / 19(5,0,0,0)2ds + sup |X(s)[? .
0 selt,T)

Notice that g satisfies assumption (H1) and X € S%. By taking mathematical expectation,
we immediately deduce that

E[/()T‘fX(S,O,O,O)‘st] < oo,

Thus, fX satisfies assumption (H1). O

In order to prove Theorem 1, we need to have two additional results. The following
Proposition 3 comes from Proposition 2.2 of Jiang [33]. Proposition 4 concerning on a priori
estimate for BSDELSs is new and needs to be proved.

Proposition 3. Let g > 1and 1 < p < g. For any (Fi)-progressively measurable process
Y : Q% [0,T] — R satisfying E [fOT |1ps|‘7ds} < 0o, the following equality

. 1 [tte
¢y = LP — lim — Psds

e—0t € Jt

holds true for almost every t € [0, T).
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Proposition 4. Assume that g satisfies (H1) and (H2). Denote by (Y, Z, K) the solution of BSDEL
(3) corresponding to & € L2(Q, Fr,P). Then we have

T 00 T .
E[sup eﬁsm|2+/ eﬁ5|zs\2ds+2/ eﬁsKs(’)|2ds‘]-}]
se[t,T) t i=17t

T g 2
< CE [eﬁTﬂz + (/ eﬁ2|g(s,0,0,0)|ds) ‘ft] ,
t

where C is a positive constant and B = 2Cy, + 4C?.

Proof. By It6’s formula (see Theorem 32 of Protter [43], Page 78), for any constant §,
we have

T 0 T .
eﬂf|yt\2+/t eﬁs|Zs|2ds+Z/t 55| K 245
i=1

T T T
:eﬁT|§|2—/ /36155|Y5|2ds+2/t eﬁSYsg(s,Ys,zs,Ks)ds—z/ Y, Z,dB,  (10)
t t

(] T . B o 0 T . . ..
—2) [ efvklan? — Y 3 [ KK dal
i=171 i=1j=1"t
Applying the Lipschitz condition (H2) to g and then the inequality ab < % + b—zz, we

deduce that
T
2/ eﬁSYSg(s,YS,ZS,KS)ds
t
T
gz/ e85, 1g(s, Ye, Zs, Ks)|ds
t
T T
gz/ eﬁ5|ys||g(s,ys,zs,1<s)—g(s,o,o,o)|ds+z/ eP|Y,||g(s,0,0,0)|ds
t t
T T
gchft eﬁS|YS|(|YS|+\ZS|+||K5||£z)ds+2/t e |Y||g(s,0,0,0)|ds
T Bs 2 2 T Bs 2 1T Bs 2
§2CL/ eP*|Ys | ds—i—ZCL/ e | Ys| ds—l—i/ eP*| Zs|*ds
t t t
T 1 T T
+zc%/ 655|Y5\2ds+§/ eﬁ5||1<s||§2ds+2/ ¢P|Y.||g(s,0,0,0)|ds
t t t
T 1 T 1 T
= (ZCL+4C%>/ eﬁs|Ys|2ds+7/ e55|ZS|2ds+f/ eP%||Ks 1%, ds
t 2 Jt 2 Jt
T
+2/ ¢F*|Y,||g(s,0,0,0)|ds.
t

Taking B = 2C + 4C?, from (10) and (11), we have
T 0 T .
P2 + 1/ b5\ 7, 2ds + - 2/ ePs| k) 2ds
2t 25/
! o [T (i) 1 p4()
< oPT)E2 — 2/ eF5Y.7.dB, — 2 Z/ Py, KD aH! (12)
t =t

SRS T , . .. T
- 22/ eﬁSKS(l)KS(”dA;'fu/ ¢5%|Y;||(s,0,0,0)|ds.
i=1j=1"t Jt
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Therefore, we get

1 T 1
eﬁt|Yt|2 + EE |:/t 3/55|Z52d5‘]-'t:| + EE

o T .
Z/t eﬁ5K§1)|2ds’J-}1
i—1

T
<2 [eﬁT|§|2+/ e/SS|YS||g(s,O,O,O)|ds’]—}],
t

(13)

and

T
sup eP*|Y,|? < eﬁT|g|2+z/ ¢ Y,||g(s,0,0,0)|ds
ue(t,T] £

u
/ ePSY, ZdBs

Z/ Py, K any)

i=1

+4 sup
uelt,T)

22/ eﬁs K(])dAl]

i=1j=1

+4 sup
uelt,T)

(14)

+4 sup
uelt,T)

By Burkholder-Davis—Gundys inequality (see Theorem 48 of Protter [43], Page 193) and
then the inequality ab < % + 2, we have

1
T z
( / e2ﬁ5|ys|2|zs|2ds) }}1

T Y/ :
< CE <2C / eﬁS|zS|2ds) ~ sup ef|Y,]?
t 2C sepy

u
/ ePsY, 7. dB,

ft] <cr

E[ sup

uelt,T)

Fi

1
< C’E / ePs| Zs|?ds| Fi| + ~E| sup eP*|Y|? ]
Ji 4 Lsee)
(15)
Using Burkholder-Davis-Gundys inequality again, we easily deduce that
sup EZ / P KK aal }'t] —0. (16)
ue(t,T]|i=1j=1

Similarly, by Burkholder-Davis-Gundys inequality, |a + b|" < max(1,2"~1)(|a|" +|b|"),r >
0 and then Jensen’s inequality (see Theorem 19 of Protter [43], Page 11), we have
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|:sup Z/ By, kVan?|| 7,
uelt,T]|i
r 2
<ce| (L [ ek kam®, 1o, ) |7
i=1j=1
%
= CE 2/ sy, 2 K| 2ds+22/ Py PRV aal | |7
i=1j=1
Lo i 2
< CE (Z/ 2P| v, 2K |2ds> Fi| +CE ZZ/ 25|y, 2Kk aa| | F
i i=1j=1
] [ e
<CE (Z/ 2P Y, 2K |2ds> Fi| +CE ZZ/ 2651, 2Kk a Al || 7,
i L= 1j=1
< CE (Z/ 265 v, |2 | K |2ds> F
%
+CE| sup ZZ/ 28|, 2KO KD a Al || 7,
uelt,T]|i=1j=1
© T , 2
=CE <Z/ ezﬂs|Ys|2|Ks(l)|2ds> Fi
=17t
< C?E 2/ eﬁS|K§')|2ds Fi +1E sup efs 2}}}
i—1 7t 4 s€[t,T]
Therefore, we have
[ T
E| sup e |Ys|?|Fi| <E eﬁT|§|2+2/ eP*|Ys||g(s,0,0,0)|ds| F;
se[tT) L t
+CPE / oo\ 2, Pds| Fi | + SE| sup |y, ] (18)
Ji 4 Lsele ]
+C°E Z/ E'BS|K |2d + - E sup ef*|Y,[? ]
4 se(t,T)

Finally, combining (13) and (18), there exists a constant C > 0 such that

T o T .
sup eﬁ5|YS|2+/ eﬁs|Zs|2ds+Z/ eﬁS|K§l>|2ds‘Ft
se€[t,T] t i=1"1
r T
< CEefTjef+ | eﬁs|Ys|g(s,0,0,0)|ds‘}}}
t
I BT | =2 1 g T &
< CE|efTIgl 4 (= sup e%[¥i| | (VC [ e%g(5,0,0,0)lds )| 7
L \/Ese[tT] t
| pT <2, C 1 Bs
< CE|e |§|+—/62|g(5000|ds ‘]—"t—i- —E| sup e
2 selt,T]
Thus, we have completed the proof of this proposition. [



Entropy 2021, 23, 741

12 of 27

Based on Propositions 3 and 4, we can prove Theorem 1.

Proof of Theorem 1. Let us pick ¢ > 0 small enough such that t +- ¢ < T. Suppose that
¢ satisfies (H1) and (H2). For any given (t,y,z,k) € [0,T) x R? x £?, we consider the
following BSDEL.:

. rtte
—y+2(Byye — Bt+Zk o _ f’))+/ o, Y2, Z8, K )du
S
(19)
/ 7¢dB, — Z/ KO%aHD,  seqot+el.

Then, there exists a unique adapted solution in &2, denoted by (Y¢,Z¢, K¥), solving
BSDEL (19)
For any given (t,y,z,k) € [0,T) x RZx(Zandt < s < t+e, letusset

oo

Yei=ye— (y +2(Bs — Br) + Y ki(HY) — Hf”)), Zoi=75—z, K=K —k.
i=1
Applying Ito’s formula to Y, we have
ve _ [T e o () _ )y e o 7
Ye :/ gl Yo +y+2(Bu—B)+ Y ki(HY — H), Z¢ + 2, K5 + & | du
s i=1
(20)
t+e _ 0 t+e ~(i),e (i)
_/ z;dBu—Z/ ROCGHD s et +el.
S 1:1 S
Then, there exists a unique adapted solution in &2, denoted by (YS, Ze, KS), solving
BSDEL (20).

By Proposition 4, Lipschitz condition (H2) and then Holder’s inequality (see Proposi-
tion 1.3.2 of Zhang [44], Page 13), we deduce that

~ t+e 0 t+e ;.
E{ sup |YE> + /t |Z¢|?ds + Z/t |K§'>’82ds‘}}}
: =1

sE[t,t+e]

2
< Ce2CL+4CH)TE [(/‘tJrs ) ‘]__t
Jt

N 2
sclE[( / <|g<u,o,o,o>|+|y|+|z|+nk|uz+\z<Buth>|+|k<HrHt>\)du) )ft]

g(u,y +z(By — B) + Zki(HL(,i) — Ht(i)),z,k> du
i=1

1)
He 2

<GE|e | <|g(u,0,0,0)|+|y|+|z\+|\k||4z—Hz(Bu—Bt)|+|k(HM—Ht)|> du| 7,
e 2 12 1012 2 a2 EETRYT

<6cret[ [ (1806,0,0,0)P ly 2+ e+ K% + 12(B, — B)P+ k(H — )P )au 7,

where C; = CC%e(ch DT jg a positive constant. Therefore, taking the expectation in the
previous inequality, we have

E[ sup |Y¢[? —|—/ |Z¢?ds + Z/ st}
sE(t,t+e

tHe e
§6C15EM (\g(u,O,O,0)|2+|y|2+|z|2+||k||§2)du}+6C15EM (2(Bu — Bo)[2du] (@2

He
+ 6C1eE U |k(Hy — Ht)|2du].
t
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By Fubini Theorem, we have
te te
E[/ |2(By — Bt)|2du] :/ E[\Z(Bu - Bt)ﬂdu
t t
te
:/ 22 (u — t)du (23)
t
= %52|z|2 —0, (e—07).
Applying Fubini Theorem again and then It6’s formula, we have
te
E U Ik(H,, Ht)zdu]
He
_ / E|Ik(H, — Hi)[?] du
t

tHe u
= e[ [ xr— paceion - )+ [ - ), ko - 1) b
t L e f (24)
He u
= {E / d(k(H. — Hy),k(H. — Ht)>s} }du
t L/t
He [ ru
:/ {E / |k||§2ds} }du
t |/t ’
1
= 22K 0, (e 0%,
Combining (23) and (24), and absolute continuity of integral, we obtain
1
lim -E| sup |Y‘€|2+/ | ZE|*ds + / |K ZdS] = (25)
e0F € Le[tt+s Z

Set
S ) Y LA G ST ORI TIONE S
M= —E| [ g w Vi +y+z(B— B+ L k(HY — H), Zg+ 2, K + k) du| F
s i=1

1 t+e
N} :=-E [/ g(u,y,z, k)du’]—'t].
t

€

Taking conditional expectation in the BSDEL (20), we have

1 1~
Z(YE — — ¢
S(t Y) et

=-E
€

= N + (M} — Nf).

AN ST SRR TONG TR 26
/t g Vs +y+2(By— B + L ki(HY — H), Z5 + 2, + k | du 7, (26)
i=1
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By Jensen’s inequality, Holder’s inequality, Lipschitz condition (H2), and (23)-(25), we have

lim E [(Mf - Nf)ﬂ

e—0t+

1 t+e . o) . . - .
= lim S E UE [/t <g(u, Ye+y+2(Bu—B)+ Y k(HY — HY), Z8 + 2, K + k)
i=1
21

tte _ . N ~
< lim iE[EU/ (g(u,Yf, +y+2(Bu—B) + Y k(HY — HY), Z + 2, K + k)
t

e—=0t € =
2
dl
5C?

t+e , ~ ~
< lim LE[/t (Y§|2+|Z§2+||Kfl|%2+|Z(Bu—Bt)2+|k(Hu—Ht)|2)du}

—g(u,y,z, k))du’}'tl

—g(u,y,z, k)) du

e—0t €

=0.

(27)

Using Proposition 3, (H1) and (H2), forany 1 < p < 2and (y,z,k) € R x R x {2, we have

lim E[|Nf —g(u,y,zk)|"]

e—0t

= lim E[

e—0t

lE [/HS g(u,y, z,k)du‘]—}} —g(ty,z k) 1 (28)
t

3

=0, ae,t€0,T).

Thus, we have completed the proof of the first part of Theorem 1.

By using the relationship between the almost sure convergence and the moment
convergence with Fubini’s theorem, we can see that the first part of Theorem 1 directly
implies the second part. The proof is complete. [

The proofs of Theorems 2 and 3 will be decomposed into several steps as outline below.
Proposition 5. Assume that g satisfies (H1) and (H2). Denote by (Y:(X), Z¢(X), K¢(X)) the
solution of BSDEL (6) corresponding to X € S=. Then, the following statements are equivalent:

(i) Forall t € [0, T], Y;(0) = 0.

(ii) g satisfies (H3), that is, g(t,0,0,0) =0, dP x dt —a.s.

Proof. By the uniqueness of the solution of BSDEL (6), it is clearly seen that (ii) = (i)
holds. Let us prove that (i) = (ii) holds. Suppose that (i) holds, that is, for all ¢t € [0, T},

Y:(g,T,0) = 0. Then, for all s € [0, 1], Ys(g,t,0) = 0. Following from Theorem 1, we can
see that (ii) holds. [

For conditional cash invariance and time-consistency of Y;(-), we have the
following result.

Proposition 6. Assume that g satisfies (H1) and (H2). Denote by (Y¢(X), Z+(X), K¢(X)) the
solution of BSDEL (6) corresponding to X € S2. Then, we have the following statements:

(i) Forany m € L2(Q, F1,P),t € [0, T], Y (X + ml[tﬂ) =Y(X) —m.
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(ii) If g also satisfies (H3), then (Yi(+));co,r) is time-consistent, i.e.,
Y, (x1[t,s) - YS(X)l[S,T]> = Y,(X),

forall X € S2andall t € [0,T),s € [t, T).

Proof. Let us prove that (i) holds. For each X € S2 m e LZ(Q, Fi,P), we consider the
following BSDEL:

_ T, o
Vo= —Xr—m+ [ g(s Yot Xotm 2, K )ds
T5 o [ g
—/ stBS—Z/ kYD, teo,T).
t i—1 t
Obviously, we have
_ T, o
Yt—f—m:—XT—i—/t g(s,Ys+Xs+m,Zs,Ks)ds

T5 o [ R g
—/ ZSdBS—Z/ RYqHD, teo,T).
t i—1 t

Thanks to uniqueness of the solution of BSDEL (6), we get Y; = Y;(X + mlyq) and
Y; +m = Y;(X). Thus, for each X € 82, m € L2(Q, F;, P),

Yt(x+m1[m) —Y(X)—m teloT]

Now we prove that (ii) holds. Suppose that g satisfies (H3). To this end, we first
prove that

Yt,T<X) = Yis (Xl[t,s) - YS,T(X)l[s,s])/ s € [i‘, T}'

Let us denote by (Y, Z, K) the solution of BSDEL (6) corresponding to X & S%. Following
from the uniqueness of the solution of BSDEL (6), we obtain

T T o T . .
Yir(X) = —Xr + /t 2(r, Yy + Xy, Zy, Ky )dr — /t Z,dB, — /t KD g
i=1
! ! v [T K g
- —XT+/ g(r,Yr—f—Xr,Zr,K,)dr—/ z,dB,—Z/ K9 am
s s =178
: : v [ kO g
+/t g(r,Yr—l-Xr,Zr,Kr)dr—/t Z,dBr—Z/t K9 an!
i=1

S S o " B B
=Y, r(X)+ /t e(r,Yr + Xy, Zy, Ky )dr —/t Z,dB, — Z/t KSz)dHr(z)
' i=1"

= Y (X1 be) — YS,T(X)1[S,S]).
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Let X = X1y — Ysr(X)15 ), t € [0,T],s € [t, T]. Then, we get X € S2. Now, we denote
by (17, Z, K) the solution of BSDEL (6) corresponding to X = X. Then we have

~ S ~ o~ S __ ol S - .
Y= Yor(X) + /t §(rn Yo+ X0, 2, K, )dr - /t Z,dB, — Y /t R gp0
i=1
T ~ ~ =
- s,T(X) + Ys,T(X) + / g(rr Yr - Ys,T(X)r Z, Kr) dr (29)
S
s (RO
—/ ZrdBr—Z/ ROau®.
s i=1 S
Due to the uniqueness of the solution, we have

Yir(X) = Yis (x1[t,s) - YS,T(X)1[S,S])

s - ~ ~
= Yor(X) + [ g(r Y+ X0, 20, K, )dr 40

_ / " Z,dB, - Y / ROy
t =17t

Ys,r (—Ys,T(X)l[S,T]) =Y, 7(X) + /sTg(r, Y, — Yo 1(X), Zr,Iz,)dr

T _ o T . (31)
. / Z,dB,— Y / &g,
S i=1 S
By Propositions 5 and 6(i), we get
Ysr (_Ys,T(X)l[s,T]) =Y (O - YS,T(X)l[s,T])
= s,T(O) + YS,T(X) (32)

= s,T(X)'

Finally, we have

forall X € S2,t € [0,T],s € [t,T]. O

For conditional convexity of Y;(-), we have the following result.

Proposition 7. Assume that g satisfies (H1), (H2), and (H3). Denote by (Y;(X), Z:(X), K¢(X))
the solution of BSDEL (6) corresponding to X € S2. Then, the following statements are equivalent:

(i) For any t € [0,T), Yi(-) is conditional convex in S, i.e., for each X!, X?> € S3,A €
L2(Q, F,P), A €10,1],

Y, (AXl +(1- /\)Xz) <A(XY) + (1-NYi(XP),  as.

(ii) For any t € [0,T], Yi(-) is conditional convex in R, i.., for each X', X> € R®,A €
L®(Q, F1,P),A € [0,1],

Y, (/\Xl +(1- /\)X2) <AYHXY) + Q- NYi(X?),  as.
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(iii) g satisfies (H4), i.e., g is convex in (y,z, k).
Proof. First, we prove that (iii) = (i) holds. Suppose that g satisfies (H4). Let X!, X% e S%.

Denote by (Y} (X), Z} (X), K} (X)) and (Y?(X), Z?(X), K?(X)) the solutions of BSDEL (6)
corresponding to X = X! and X = X?, respectively. Then, we have

1 1 T 1 1 71 pl T o [T A0 )
Y, :—XT—i-/ A% +XS,ZS,Ks>ds—/ zsst—E/ K'DaHD, e o,T),

T T 0 T . .
Y2 = X2 +/ g(s Y2+ X272 K2 )ds — / 72dB; — Z/ KaHY, te o).
t Jt =t
Forall A € LZ(Q, Fi,P)and A € [0,1], we set
X=AX'+(1-MX% Y =AY+ (1-A)Y% Z=AZ'"+(1-1)Z%, K= AK' 4+ (1 - 1)K
By assumption (H4), we get
g(t, Y + X0, Zs, IZt) < /\g(f, Yl X},Z},K}) +(1- /\)g(i, Y2 4 X2, 72, Kf), a.s.
Thus, we have
AYH(XY) + (1= A)Y(X?)
T T
= —(AX}+(1-A)X3) +/ Ag(s, Yl Xsl,z;,Kg)ds +/ (1- /\)g(s, Y2+ XSZ,ZSZ,KZ)ds
t t
T 0 T . . .
- / (AZE+(1-2)Z2)dBo - ) / (M 4 (1= )¢ aml”
Jt =t
- T
_ 7XT+/t (Ag (502 +xL,Z8 k) + (1= 2)g (s, Y2 + X2, ZE,KSZ))ds 33)
T © T .
[T 2 ()
/t 7.dBs ,:21 /t R.dH!

S [T ole VR TR Ts o [T Rt )
z—XT+/ g(S,Ys+Xs,Z5,KS>dS—/ stBs—Z/ RO,
t t =i

Note that Y; = AY;(X') + (1 — A)Y;(X?). By Proposition 2, we get for all X!, X% € S2,
A€ L3(Q,F,P),A€0,1],t€[0,T],

Y, (AXl +(1- /\)XZ) <A (XY 4+ (1-NYi(X3),  as.
Second, let us prove that (i) = (iii) holds. For each &1 € L?(Q), Fr,P), we set
X' =glp g, X2 =nlig).

Then, X!, X2 € S%. Consider the following BSDELs:

1 T 1 71 gl T o [T A0 )
Y, :_g+/ g(r,Y,,Zr,Kr)dr—/ Z,dBr—Z/ K'aHY, e o,T),

T T © T .
Y? = —y +/ $(r 2, 22,12 dr —/ 72dB, — 2/ Kqu" . e o, 1).
t t =t
By the uniqueness of solutions of BSDELs, we get

V(X)) =Y =Yg T,-¢), %(X*) =Y =Yi(g, T, ).
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Then, by using the conditional convexity of Y;(+), we have for each &, 17 € L?(Q, Fr,P),A €
0,1],¢ € [0,T],

Yi(g, T,AE+ (1= M)y) <AV (g, T,&) + (1= A)Yi(g, T, y), as. (34)
For all (y1,21,k1), (y2,22,k2) € R x R x £2,A € [0,1], let
T=Ayi+(1=A)yp, Z2=Az1+ (1—A)zp, k= Aky 4 (1= A)ko.

Using Theorem 1, we get that there exists a subsequence {n,,}>_; C {n}? ; such that
dP x dt-a.s.,

— 1 .
g(ty,z,k) = lim ny, lYt (g,t+,y+z(Bt+1 — By)

m—00 N nm
(35)
+ Y k(H |~ Hf”)) - y]
i=1 hm
Using Theorem 1 again, we get
. 1
g(t,y1,2z1,k1) = LF — lim ny | Ve (g,t+ —,y1+21(B,, 1 — B)
m—»00 N nm
(36)
+ Zkl,i(Ht(;)L - Ht(l))> - y1‘| :
i=1 i
Furthermore, there exists a subsequence {nmj}]?”:1 C {nm}5;_; such that dP x dt-a.s.,
. 1
g(t,y1,z1, k1) = lim ny | Y (g,t+ —, 1 +tz1(B, 1 —Bi)
J—o0 Ylm] M
(37)
+ S, ) -
i=1 Tnj
Similarly, there exists a subsequence {1, }72; C {nmj}]?’il such that dP x dt-a.s.,
. 1
g(t/yZIZZI kZ) = Ihm nmjl Yt grt+ f/yz + ZZ(BH,L - Bt)
—00 nm]l Mmijl (38)

+Y kz,i(Hfi)L - Hfi))> - ]/2] -
i=1

Ml

Due to the uniqueness of the solution and assumption (H3), for all s € [0,T], { €
L%(Q, F;,P), we get

Yt(gf T, g) = Yt(g,s, C)r Vt e [O/S] (39)
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Thus, combining (34) and (39), for all (y1,z1,k1), (y2,22,k2) € R x R x £2,A € [0,1],
we have

1
Y <8z t+——, Ay1+(1-A)y2 + (Az1+(1 = A)z2) (B, 1+ —Byt)

’
nm]l Mmjl

+

e

n

Il
—_

mjl

(Akyit (1=Ak) (HY |~ Hf"’)) — (1 + (1-A)y2)
(40)
<A

//

1 0 . .
Yi(gt+— 1 +21(Bf+nlﬁ —By) + Zkl,i(Ht(:L)i —H)) yl)
mj i—1

’
nm]l Mmjl

7
Ml "ml gl

1 oo . .
+(1-A) <Yt(g/t+ —,y2+22(B,, 1 —Bi)+ Zkz,i(Ht(f: = Htw)) - yz)-
iz

Thus, using Theorem 1, we deduce that for all (y1,z1,k1), (y2,22,k2) € R X R x 22,
A e 0,1],
et Ay 4+ (1 = A)ya, Azg + (1 — A)zp, Ak + (1 — A)ky)

< Ag(t,y1,z1, k1) + (1 —A)g(t,y2,22,kp), dP x dt —a.s.

That is, g satisfies assumption (H4).
Obviously, (iii) = (i) implies (iii) = (ii). Finally, we prove that (ii) = (iii) holds.
Suppose that Y;(-) is conditional convex in R*. Then, we get

Ye(g, T, A + (1= M) < AYe(g, T, 8n) + (1 —=A)Ye(g, T, 5n), a.s., 41)

forall &,, 7, € L®(Q, Fr,P),A € [0,1],t € [0, T].
Let
n = Cligj<n 1t = Elpyi<ns o € LP(Q, Fr,P).

Then, we have &, 7, € L*(Q, Fr,P) and &, — & 1n — 1 in L? sense. With the help of
Proposition 1 and the similar argument as in (35)-(38), we deduce that (34) holds. By using
assumption (H3) and Proposition 1, we also obtain that (39) holds. Thus, with the same
method as in the proof of (i) = (iii), we see that g satisfies assumption (H4). O

Following the similar argument of conditional convexity of Y;(-) in Proposition 7, we
get the following proposition.

Proposition 8. Assume that g satisfies (H1), (H2), and (H3). Denote by (Y:(X), Z¢(X), K¢(X))
the solution of BSDEL (6) corresponding to X € S2. Then, the following statements are equivalent:

(i) For any t € [0, T], Y;(-) is subadditive in S, i.e., for each X!, X* € S2,

Y, (X1 + XZ) <V(XY) +Y(X2), as.

(ii) For any t € [0, T], Y:(-) is subadditive in R™, i.e., for each X!, X* € R*,

Y, (xl + X2) <V(XY) +Y(X2), as.

(iii) g satisfies (H5), i.e., g is subadditive in (y, z, k).
For monotonicity of Y;(-), we have the following result.

Proposition 9. Assume that g satisfies (H1), (H2), and (H3). Denote by (Y¢(X), Z+(X), K¢(X))
the solution of BSDEL (6) corresponding to X € S2. Then, the following statements are equivalent:
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(i) For each X', X? € S2,t € [0, T], Yy(X') < Yi(X?), if X! > X2.
(ii) For each X1, X? € R®,t € [0, T], Y;(X') < Y;(X?), if X' > X2.

(iii) g satisfies (H7), i.e., g is nonincreasing in y.

Proof. First, we prove that (iii) = (i) holds. Let X!, X% € S§2,and X! > X2. Then, we have
—XYT) < =X*(T)and y + X! >y + X2,Vy € R, t € [0, T]. Notice that g is nonincreasing
in y. We have

FXUy 2 k) =gty + XU, 2.k) < gty + X2(1),2,k) == X (y,2,k),

for all (y,z,k) € R x R x £2. By Proposition 2, we get Y;(X') < Y;(X?).
Second, we prove that (i) = (iii) holds. Let

X' =alyyr) — &y, X2 =Dblgp — iy,

where a,b € R,a > band & € L?(Q, Fr,P). Then, we have X!, X? € 8% and X! > X2.
Suppose that (i) holds, For any & € L?(Q, Fr,P), we have

V(X T,8) < Vi(f¥,T,8), teloT) 42)

Similar to obtaining (39), due to the uniqueness of the solution of BSDEL and assumption
(H3), we get

V(X T8 =vi(fX,s,8), i=12 43)

for all & € L2(Q, F;,P),s € [0,T],t € [0,s]. With the help of Theorem 1 and the similar
argument as in (35)—(38), we have for all (y,z,k) € R x R x £2,t € [0, T,

gt,y+a,zk) <g(t,y+bzk), as.

Notice that the choice of a and b is arbitrary and a > b, we have that g is nonincreasing in y.
Obviously, (iii) = (i) implies (iii) = (ii). Finally, we prove that (ii) = (iii) holds.
Suppose that (ii) holds. Let

X}l = al[O,T) — C”l[T,T]’ X% = bl[O,T) - gnl[T,T]/

where a,b € R,a > band & € L®(Q, Fr,P). Then we have X}, X2 € R® and Y;(X}) <
Y;(X2),t € [0, T]. Using Proposition 1 and the similar argument as in (35)—(38), we have

Yi(XY) <Yi(X?), telo,T],

where X! = alyry — 61[T,T],X2 = bljor) — ¢lirq), 6 € L%2(Q), Fr,P). Thus, by using
Proposition 1, Theorem 1, and the same method as in the proof of (i) = (iii), we can see
that g satisfies assumption (H7). O

For conditional positive homogeneity of Y;(-), we have the following result.

Proposition 10. Assume that g satisfies (H1) and (H2). Denote by (Y;(X), Z¢(X), K¢ (X)) the
solution of BSDEL (6) corresponding to X € S=. Then, the following statements are equivalent:

(i) For any t € [0,T], Yi(-) is positively homogeneous in S2, i.e., for each X € S, A €
L®(Q, Fi,P),A >0,
Yi(AX) = AY,(X), as.
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(ii) For any t € [0,T], Yi(-) is positively homogeneous in R*, i.., for each X € R®,A €
L®(Q, F;,P),A > 0,
Y,(AX) = AYi(X), as.

(iii) g satisfies (H6), i.e., g is positively homogeneous in (y, z, k).

Proof. First, we prove that (iii) = (i) holds. Let X! € S%,t €[0,T],A € L®(Q, F;,P),A >0
and X? = AX!. Then, we have X2 € S2. Let us denote by (Y?!,Z!,K!) and (Yz, ZZ,K2) the
adapted solution of BSDEL (6) corresponding to X = X! and X = X?, respectively. Notice
that g satisfies the assumption (H6), that is, g is positively homogeneous in (y, z, k). Then,
we have

T T
A = <AXE+ [ g(s, A+ AXLAZLAKD)ds - [ Z2dB,
t t

00 T . .
- Z/t KDaHD, teo,T),
i=1

T T
Y? = —AXE + / g(s, Y2+ X!, 72, Kg)ds — / 72dB,
Ji t
© T . .
-y / K2D4uD, teo,T].
i=171
Due to uniqueness of the solution, we get forany X € S2,A € L®(Q, F;,P),A > 0,t € [0, T],
Yi(AX) = Y? =AY} =AY (X).

Second, we prove that (i) = (iii) holds. Suppose that Y;(-) is positively homogeneous
in S2. We obtain Y;(0) = 0 for all t € [0, T]. By proposition 5, we know that g satisfies (H3).
Due to uniqueness of the solution and assumption (H3), we also get

Yi(g, T,8) = Yi(g,s,8),

foralls € [0, T),t € [0,s], & € L?(Q, s, P). Applying the positive homogeneity of Y;(-) in
S%, for all ¢ € L?>(Q, Fr,P),a > 0, we have

Yt(g/ T, ’X':) = “Yt(gr T, é)

With the help of Lemma 1 and the similar argument as in (35)-(38), we have for any
(y,z,k) € R?> x 2,0 >0,

o(t ey, az, ak) = ag(t,y,z,k), dP xdt—as.

That is, g satisfies assumption (H6).
Obviously, (iii) = (i) implies (iii) = (ii). Finally, we prove that (ii) = (iii) holds.
Suppose that (ii) holds. Then, we have

Yt(g/ T, D“:H) = "‘Yt(g/ T, Cn),

for any &, € L>(Q, Fr,P),t € [0, T],a > 0.

Applying the positive homogeneity of Y;(-) in R®, we obtain Y;(0) = O forallt € [0, T.
Let &n = ¢1iz<pu/ where & € L2(Q), Fr,P). Then, we have ¢, € L®(Q, Fr,P) and &, — & in
L2 sense. Using Theorem 1, we get

Yi(g, T, ag) = aYi(g,T,¢),
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forany & € L2(Q, Fr,P),t € [0, T],a > 0. With the help of the same method as in the proof
of (i) = (iii), we can see that g satisfies assumption (H6). O

Proof of Theorem 2. Using Propositions 5, 6(i), 7, and 9, we can directly see that (i) is
right. Furthermore, (ii) is implied by Theorem 2(i) and Proposition 6(ii). O

Proof of Theorem 3. Using Propositions 5, 6(i), and 8-10, we can directly see that (i) is
right. Furthermore, (ii) is implied by Theorem 3(i) and Proposition 6(ii). [

5. Numerical Illustrations

In this section, we will provide two numerical examples to illustrate the proposed
dynamic risk measures.

Example 1. We suppose that the generator of the BSDEL (6) is independent of (y, k) and is

given by
22, lz] <1,
zZ) =
8z) {2|z|—1, 2] > 1.

Let X; = 0%t — 0By, t € [0,T], 0 € (0,1]. Forany X € S% and o € (0,1], we consider the
following equation:

T T
Y, = —Xq + / ¢(Zs)ds — / Z.dBs, te[0,T]. (44)
t t

The solution of (44) is
(Yt,Zt) = (=0t + 0By, o), te€0,T].

Let
p1(X) = —c*t+0B;, Vte[0,T],X € R®.

By Theorem 2, we obtain that p is a dynamic convex risk measure.

In the following, we will present some numerical illustrations for this example. Set
T = 5. The curves of p;(X) as a function of  (for ¢ = 0.1,0.25,0.5,0.75) and as a function of
o (fort =1,2,3,4) are plotted in Figures 1 and 2, respectively. From Figures 1 and 2, it is
interesting to note that the dynamic risk measures p tend to decline on the whole, which
is consistent with our intuitive understanding: in securities trading, when the stock price
drops, the loss of investors increases and the corresponding cost risk also increases, as a
result, the absolute value of the dynamic risk measure becomes larger. Furthermore, we
find that the values of the dynamic risk measures p appear positive on some time interval,
which can be interpreted by the effect of the large disturbance of Brownian motion at some
point. We mention that the fluctuations of the dynamic risk measures p become more
stable in Figure 1 when o becomes smaller, and the downward trends of the dynamic risk
measures p become more obvious in Figure 2 when t becomes bigger. That is because of
choosing to invest in low-risk assets and increasing of investment risk, respectively.

In a financial market, some investors may venture among certain European-type
contingent claims, some bonds, some stocks, and so on. Depending on an investor’s
appetite for risk, he/she may choose a curve in Figure 1 as their investment target, or
choose a reasonable time of trading based on the impact of level of risk appetite in Figure 2.
For example, in order to get more returns, a risk-lover may choose a curve of ¢ = 0.75 in
Figure 1 as his/her investment target in high-risk assets such as certain European-type
contingent claims and some stocks. On the contrary, a risk-averse investor may choose a
curve of ¢ = 0.1 in Figure 1 as his/her investment target.
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1 2 3 4 5 t

Figure 1. The trends of p;(X) as a funtion of ¢ for Example 1 (fixed ¢ = 0.1,0.25,0.5,0.75).

| “’“‘1 v\‘ ﬂ w /m "‘\ |

Figure 2. The trends of p;(X) as a funtion of ¢ for Example 1 (fixed t = 1,2, 3, 4).

Example 2. We suppose that the generator of the BSDEL (6) is independent of (y, k) and is given
by g(z) = 2% Let Xy = 0*t — 0By, t € [0,T], o € (0,1]. Forany X € 82 and o € (0,1], we
consider the followmg equation:

Y:——XT+/ (Z)d /zsst te o). (45)

The solution of (45) is

o? o0
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Let
o2 o
p(X) = _Z(T—H) + EBt’ Ve [0,T],X € R*™.

From Theorem 2, we obtain that p is a dynamic convex risk measure.

In the following, we will also present some numerical illustrations for the example.
Set T = 5. The curves of p¢(X) as a function of ¢ (for o = 0.1,0.25,0.5,0.75) and as a
function of ¢ (for t = 1,2, 3, 4) are plotted in Figures 3 and 4, respectively. It is interesting
to note that, comparing with Figure 3, the downward trends of the dynamic risk measures
p are clearly obvious in Figure 4. We mention that the fluctuations of the dynamic risk
measures p become more stable in Figure 3 when ¢ becomes smaller, and there are no
significant differences among the dynamic risk measures p in Figure 4 when t changes.
Further, comparing Figures 3 and 4 with Figures 1 and 2, although the changing trends of
the corresponding figures are similar, the fluctuation range of the former is smaller. This is
because the solution of the current example is less affected by the diffusion term, which
leads to a slower evolution speed than that of Example 1.

In a financial market, depending on investors” appetite for risk, they may choose
different investments in Figure 3. Figure 4 suggests that there may not be much difference
for investors who choose a reasonable time of trading. Thus, the risk lovers, taking more
risks, may choose the time t = 4 of trading to get more returns.

/Jr(X)
2

o=0.5

o=0.25

1 2 3 4 5 t

Figure 3. The trends of p;(X) as a function of t for Example 2 (fixed ¢ = 0.1,0.25,0.5,0.75).



Entropy 2021, 23, 741

25 of 27

References

—_—=2

— =3

. M«W\(\\N\Mf&\w é\\?w

0.2 0.4 0.6 0.8 1 7
Figure 4. The trends of p;(X) as a function of o for Example 2(fixed t = 1,2, 3, 4).

6. Conclusions

In this paper, we study the dynamic risk measures for processes induced by backward
stochastic differential equations driven by Teugel’s martingales associated with Lévy
processes. The representation theorem for generators of BSDELs is provided. Furthermore,
the time-consistency of the coherent and convex dynamic risk measures for processes
is characterized by means of the generators of BSDELs. Moreover, the coherency and
convexity of dynamic risk measures for processes are characterized by the generators of
BSDELSs. Finally, we provide two numerical examples to illustrate the proposed dynamic
risk measures.
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