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Abstract: We give bounds on the difference between the weighted arithmetic mean and the weighted
geometric mean. These imply refined Young inequalities and the reverses of the Young inequality.
We also studied some properties on the difference between the weighted arithmetic mean and the
weighted geometric mean. Applying the newly obtained inequalities, we show some results on the
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1. Introduction

The Young integral inequality is the source of many basic inequalities. Young [1]
proved the following: suppose that f : [0,00) — [0, o0) is an increasing continuous function
such that f(0) = 0 and lign f(x) = oo. Then:

X— 00

a b
ab < [ f(x)dx+ [ f1(x)dx, 1)
jro |

with equality if b = f(a). Such a gap is often used to define the Fenchel-Legendre
divergence in information geometry [2,3]. For f(x) = xP~1,(p > 1), in inequality (1), we
deduce the classical Young inequality:
p q
p 4
foralla,b > 0and p,q > 1 with % + % = 1. The equality occurs if and only if a? = b1.
Minguzzi [4] proved a reverse Young inequality in the following way:

og‘j+ﬁj—ubg(b—w7q(m?—@, ®)

foralla,b > 0and p,q > 1 with % —I—% =1
The classical Young inequality (2) is rewitten as
b
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by putting a := a'/? and b := b!/9. Putting again:

al bl

a:=— L b= 7 /
y af b
=17 =17

in the inequality (4), we obtain the famous Holder inequality:
n no \YP/a NV 11
Za]-bjg Zuf Zb? , (p,q>1,—|—:1)
j=1 j=1 =1 P
foray,---,a, > 0and by, - - -, b, > 0. Thus, the inequality (2) is often reformulated as
abb' P < pa+(1—p)b, a,b>0,0<p<1 (5)

by putting 1/p =: p (then 1/q = 1 — p) in the inequality (4). It is notable that a-divergence
is related to the difference between the weighted arithmetic mean and the weighted geo-
metric mean [5]. For p = 1/2, we deduce the inequality between the geometric mean and
the arithmetic mean, G(a,b) := vab < # =: A(a,b). The Heinz mean ([6], Equation (3))

. . aPbl=P + ql=pPpp
(see also [7]) is defined as Hy(a,b) = — and G(a,b) < Hy(a,b) < A(a,b).

Especially, when we discuss Young inequality, we will refer to the last form. We
consider the following expression:

dy(a,b) :=pa+ (1—p)b—alb' P (6)

which implies that d,(a,b) > 0 and dy(a,a) = do(a,b) = di(a,b) = 0. We remark the
following properties:

a 11 1
dpla,b) = b-dy(2,1), dyla,b) = di_y (b,a), d,,(a,b> = L dyba).
Cartwright-Field inequality (see, e.g., [8]) is often written as follows:

(a—b)

max{a, b}

(a—b)

1
<dy(ab) < 5p(L=p) ey

1

“p(1— 7

SP(1=p) )

fora,b > 0and 0 < p < 1. This double inequality gives an improvement of the Young

inequality, and at the same time, gives a reverse inequality for the Young inequality.
Kober proved in [9] a general result related to an improvement of the inequality

between arithmetic and geometric means, which for n = 2 implies the inequality:

r(Va—vB) <dylab) < @-n(va- Vi) ®)

where a,b > 0,0 < p < 1and r = min{p,1 — p}. This inequality was rediscovered by
Kittaneh and Manasrah in [10] (See also [11]).

Finally, we found, in [12], another improvement of the Young inequality and a reverse
inequality, given as

r(Va—VB) + Ao (L) < dyla,b) < (1—n) (Va—vB) +Bplog2(2) )

where 2,b > 1,0 < p < 1 and r = min{p,1— p} with A(p) = @— 1 B(p) =

4
M — 14;’. It is remarkable that the inequalities (9) give a further refinement of (8), since

A(p) > 0and B(p) <O0.
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In [13], we also presented two inequalities which give two different reverse inequalities
for the Young inequality:

2
0 <dp(ab) <a’b'™? eXP{ p(lrr;r?{(:, ;}b) } S (10)
and: )
0<dy(ab) <p(l- p)log2(5> max{a, b} (11)

where a,b > 0,0 < p < 1. See ([14], Chapter 2) for recent advances on refinements and
reverses of the Young inequality.

The a-divergence is related to the difference of a weighted arithmetic mean with a
geometric mean [5]. We mention that the gap is used in information geometry to define
the Fenchel-Legendre divergence [2,3]. We give bounds on the difference between the
weighted arithmetic mean and the weighted geometric mean. These imply refined Young
inequalities and the reverses of the Young inequality. We also studied some properties
on the difference between the weighted arithmetic mean and the weighted geometric
mean. Applying the newly obtained inequalities, we show some results on the Tsallis
divergence, the Rényi divergence, the Jeffreys-Tsallis divergence and the Jensen—Shannon-
Tsallis divergence [15,16]. The parametric Jensen—Shannon divergence can be used to detect
unusual data, and this one can also use it as a means to perform the relevant analysis of
fire experiments [17].

2. Main Results

We give estimates on dy,(a,b) and also study the properties of dj(a,b). We give the
following estimates of dy(a, b) first.

Theorem 1. For 0 < a,b <1and 0 < p <1, we have:

r(va—vb) + Alplab-log?(3) < dy(ab) < (1-r)(va—vB) +B(pab-log2(3)  (12)

where r = min{p,1 — p} and A(p) = p(l;p) -4, B(p) = Ll;p) — 14;7.

Proof. For p = 0 or p = 1 or a = b, we have equality. We assumea # band 0 < p < 1.
Because 0 < 4,b < 1, we have %,% > 1, so, applying inequality (9), we deduce the

following relation: -
(G- 5) +ameg(2) <4 (b)) <a-n(&-5) +Boeg(l). @3

We know that dy(%,1) = % - di_,(a,b) and if we replace p by 1 — p in relation (13) and
because A(p) = A(1 —p),B(1 —p) = B(p), then we proved the inequality from the
statement. [

Theorem 2. Fora > b > 0and 0 < p < 1, we have:

pla—b)(a P —b'"P)

(a—0b)(a'=P —b'7P)
2q1-P '

p
S dp(a/b) S al_p

Proof. For p =1 or a = b, we have equality. We assume a > band 0 < p < 1. Itis easy to

see that:
xP —1

p

(14)

X
/ (1—tP Vdt=x—-1-
1
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We take x = a/b in (14) and then obtain:
a/b
pb/ (1— V)t = dy(a,b), 0 < p < 1
1

Then, we take the function f : [1,a/b] — R defined by f(t) := 1 — tP~1. By simple
calculations we have:

2
%&t) =(1-pt? >0, digt) =(1-pp-2° <0

So the function f is concave so that we can apply Hermite-Hadamard inequality [18]:

st < g [ < (1200

The left-hand side of the inequalities above shows:

pla—b)(a P —b'"P)
2q1-p

<dy(a,b).
Since the function f(t) := 1 — t!~7 is increasing, we have:
1—t1<1—aPl, (t<x, 0<p<1).
Integrating the above inequality by ¢ from 1 to x, we obtain:
/1x(1 _ i < (x—1)(1—x7)

which implies:

pla—b)(a'"? —b'"P)

d,(a,b) = bp /1””7(1 — P V)dt < bp(a/b— 1)(1 - (a/b)”_l) -

al-»p
O
Theorem 3. Fora,b > 0and 0 < p <1, we have:
(a—b)’ (a— )
)= < < —p)=_ 7
PO =) axta by = W@ 0) +dip(ab) < p(l—p) ooy (15)

Proof. We give two different proofs (I) and (II).

(I) Fora=borp e {0,1}, we obtain equality in the relation from the statement. Thus,
we assume a # band p € (0,1). It is easy to see that d,(a,b) +d1_,(a,b) =a+b—
aPb! =P — al=PbP = (aP — bP)(a'~P — b'~P). Using the Lagrange theorem, there exists
c1 and c; between a and b such that (a? — bP)(a'=? —b'=F) = p(1—p)(a — b)chflc;p.
However, we have the inequality max}a,b} < Therefore, we deduce

1 1
C}*PCé’ = min{a,b} "
the inequality of the statement.
(I) Using the Cartwright-Field inequality, we have:

1 (a —b)? 1 (a —Db)*
— ) 7 < < = S W S
Zp(l p)max{a,b} < dplab) < ZP(1 p>min{a,b}
and if we replace p by 1 — p, we deduce:
(a—b)*

- p) D o) <

max{a, b} — p(l = P)min{a,b}

NI~
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fora,b > 0and 0 < p < 1. By summing up these inequalities, we proved the
inequality of the statement:

O
Remark 1. (i)  From the proof of Theorem 3, we obtain A(a,b) — Hy(a,b) = w,
we deduce an estimation for the Heinz mean:
Aa,) = Lp—p)CD" ) < A - Lp— D g
’ 2 P min{a, b} P 2F P max{a, b}’

(ii)  Since dp(a,b) +dy_p(a,b) = (aP —bP)(a' =P — b1=F) and dy_,(a,b) > 0, we have 0 <
dp(a,b) < (a? —bP)(a'~F — b1P) which is in fact the inequality given by Minguzzi (3).

Theorem 4. Leta,b > 0and0 < p < 1.
(i) For1/2<p<1,a>bor0<p<1/2, a<b wehavedy(ab)>d ,(a,b).
(i) For0<p<1/2,a>bor1/2<p <1, a<b, wehaved,(a,b) < dl,p(a,b).

Proof. Fora =bor p € {0,1}, we obtain equality in the relations from the statement. Thus,
we assume a # band p € (0,1). However, we have:

dp(a,b) —di_p(a,b) = (2p—1)(a—Db)—aPb' P +a' PbP
= s(e-n(G-1) -G+ ())

We consider the function f : (0,00) — R defined by f(t) = (2p — 1)(t — 1) — tP +t1=P. We
calculate the derivatives of f, thus we have:

af(t)
dt

di{tgt) = (1= p)ptr 2 = p(1 = p)t 7" = p(1 = p)r P (P71~ 1),

=Q@2p-1)—ptr 1+ 1 -p)t?,

Fort>1and1/2 < p < 1, we have d{§ ) > 0, so, function % is increasing, so we obtain
% % = 0, which implies that function f is increasing, so we have f(t) > f(1) =0,
which means that (2p — 1)(t — 1) — t? + t!"7 > 0. For t = a/b > 1, we find that d, (a,b) >

2
di_ p(a b). Fort <1land 0 < p < 1/2, we have ddftgt) > 0, so, function % is increasing,

so we obtain f ( ) < %(tl) = 0, which implies that function f is decreasing, so we have
f(t) > f(1) = 0 which means that (2p — 1)(t —1) —t? +t!"F > 0. Fort = a/b < 1, we
find that dy(a,b) > d1_,(a,b). In the analogous way, we show the inequality in (ii). O

Remark 2. From (i) in Theorem 4 for 1/2 < p < 1and a > b, we have d(a, b) > dl,p(a, b), so
we obtain:

! (a—b)’
- T <
zp( p)max{a b} — d (ﬂ,b), (17)
which is just left hand side of Cartwright—Field inequality:
1(1_ )M<d(ab) 1(1_ )M (a,b>0,0<p<1)
2F F max{a, b} — = 5P P min{a,b}" "’ P TSP

Therefore, it is quite natural to consider the following inequality:

_p)? g—b)2 .
d”(“’b)z;{;P(l_”)m+;’g(l‘mr§m?ﬂ}—ip(l—p)(a—b)z *h
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whether it holds or not for a general case a,b > 0and 0 < p < 1. However, this inequality does not
hold in general. We set the function:

7tp7p(17p) (tfl)z(t+1), (t>0, nggl)

hp(t) =pt+1—p 1 ;

Then, we have hy1(0.3) ~ —0.00434315, hy1(0.6) ~ 0.000199783 and also hyg(1.8) =~
0.000352199, hy9(2.6) ~ —0.00282073.

Theorem 5. Fora,b > 1and 0 < p <1, we have:

1 —-b)?* 1
Sp(1— P)Hizx{a,)b} < 5Ep(ab) < dp(a,b), (18)

. a—b)(al=P—b1~ —p)(a—b)(aP—
where Ep (ll,b) = 1’1'111’1{ 8 (m?)f{a,b})lbfp p)' - ?Izrfax{?,é}r)]p = } - El_P(a’ b)

Proof. For p = 0or p = 1ora = b, we have equality. We assumea # band 0 < p < 1. If
b < a, then using Theorem 2, we have:

pla—b)(a P —b'P)
2q1-r

<dy(a,b).

Using the Lagrange theorem, we obtain a' 7 — b'~F = (1 —p)(a —b)¢ P, where b < ¢ < a.

2
Forb > 1, wededucea!™? — b7 > (1—p)(a—b)a~F, which means that 3 p(1 — p) @ <
p(a—b)(a' P —b'"P)

T . If b > a and we replace p by 1 — p, then Theorem 2 implies:

A=p)e )@ =) 4 (q,p) 19)

Using the Lagrange theorem, we obtain b? —a? = p(b—a)0P~!, wherea < 6 < b. Fora > 1,

we deduce b¥ — a? > p(b — a)bP~!, which means that 1p(1 — p) (b;a)z < (17}7)(“;;,,)(””%).

Taking into account the above considerations, we prove the statement. [

Corollary 1. For 0 < a,b <1and 0 < p <1, we have:

1 (a—b)* _ab_ (11
2P P axta by zE”(a'b) < dplab) )

where E.(-, ) is given in Theorem 5.

Proof. For p =0or p =1 or a = b, we have the equality. We assume g # band 0 < p < 1.

If in inequality (18), we replace a,b < 1 by %, % > 1, we deduce:

1 (a—b)? 1. /11 11 1

— — I S—. _ = < _ = = — .

ZP(1 p)abmax{a,b} - ZEP<11' b) - dﬂ(a'b) abdp(a'b)
Consequently, we prove the inequalities of the statement. [

Theorem 6. Fora,b > 0and 0 < p <1, we have:

(a—b)?

dp(a,b) < (1-p)=—

(21)

Proof. For p = 0 or p = 1 or a = b, we have equality in the relation from the statement.
We assume 2 # band 0 < p < 1. We consider function f : (0,00) — R defined by f(t) =
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1—t~1—(1—p)(t—1),p € [0,1]. For t € (0,1], we have L — (1 — p)(tr-2-1) >0,
which implies that f is increasing, so we deduce f(t) < f(1 ) = 0. Fort € [1,00), we have
%(tt) < 0, which implies that f is decreasing, so we obtain f(t) < f(1) = 0. Therefore, we
find the following inequality:

1-t 1< 1—p)(t-1).
Multiplying the above inequality by ¢ > 0, we have:
E—tP < (1—p)(t? —1t),
which is equivalent to the inequality:
pt+(1—p) -t <(1-p)(t-1),

forallt > 0and p € [0,1]. Therefore, if we take t = { in the above inequality and after
some calculations, we deduce the inequality of the statement. O

Corollary 2. Fora,b > 0and 0 < p <1, we have:

dp(a,b) +dy_p(a,b) < (1— p)% (22)

Proof. For p = 0or p =1 or a = b, we have the equality. We assume a #band 0 < p < 1.
If in inequality (21), we exchange a with b, we deduce:

(a—b)

dp(b,a) < (1 )t

However, d,(b,a) = dy_p(a,b), so we have:

N2 2
dy(ab) +diplab) < (1 -l 0t g e tllaxh)

Consequently, we prove the inequality of the statement. [

3. Applications to Some Divergences

The Tsallis divergence (e.g., [19,20]) is defined for two probability distributions
p:={py,-,pnyandr:={ry,---,ry} withp; >0andr; >0forallj=1,--- ,nas

‘7 -
P]

; (plr) =i)

, (g>0,g#1).

The Rényi divergence (e.g., [21]) is also denoted by

10%(2 P q>~

D (ple) = = log(1+ (1 - VD] (pl). 3)

Dy (plr) =

We see in (e.g., [22]) that:
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It is also known that:
Lim Dy (plr) = lim D§ (plr) Z P]10g D(plr),

where D(p|r) is the standard divergence (KL information, reltative entropy). The Jeffreys
divergence (see [22,23]) is defined by J; (p|r) := D(p|r) + D(r|p) and the Jensen—Shannon
divergence [15,16] is defined by

Jsu(ple) = 3D (pI23T ) + 50 (HEFT).

In [24], the Jeffreys and the Jensen-Shannon divergence are extended to biparametric
forms. In [23], Furuichi and Mitroi generalizes these divergences to the Jeffreys—Tsallis
divergence, which is given by J,(p|r) := DqT (plr) + DqT (r|p) and to the Jensen—Shannon—
Tsallis divergence, which is defined as

T or PJrr T PTT

Several properties of divergences can be extended in the operator theory [25].
For the Tsallis divergence, we have the following relations.

Theorem 7. For two probability distributions p := {py,--- ,pn} and ¥ := {ry,--- , vy} with
pj > 0andr; >0 forallj=1,---,n, we have:

o (pi—1j)?
7). —— 5 < Jy(plr) <qZ (0<qg<1). (24)
]

=~ max{pj, r]-} mm{p], ]}

Proof. From the definition of the Tsallis divergence, we deduce the equality:

q,1- 1—q q
nopitri—piri =P g
Jo(plr) = ). G

j=1 1

Z{d pj. i ) +di q(P]r )}'

where d.(-, -) is defined in (6). Applying Theorem 3, we obtain:

q(l—q)iL i{d (pj, i) +d(pj7j }<q1—q)i7(pj_rj)2
o max{pjri} ~ 5 (e i) = min{pj, 7}

and combining with the above equality, we deduce the inequalities (24). O

Remark 3. (i) In the limit of ¢ — 1 in (24), we then obtain:

n )2 n )2
y il f)j}s11<p|r>s2 S

= max{pj, r p mm{pj, rj}

for the standard divergence.
(ii)  From (23), we have:

2+ (q-D{D](pl)+ D] (rlp)} = exp((q—VDF(plr)) +exp((q—1)D (xlp) )

> 2+ (7 ){DR(plr) + DR (xlp) },
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where we used the inequality e* > x + 1 for all x € R. Thus, we deduce the inequalities:
Dy (plr) + Dy (r|p) < D (plr) + Dy (xlp), (0<g<1) (25)

and:
D; (plr) + D; (x|p) = DS (plr) + DX (x[p), (g >1).

Combining (25) with Theorem 7, we therefore have the following result for the Rényi divergence:

L (=) R R
<D r)+ D (rlp), (0<g<1).
q}; max(p, )] g (Plr) + Dg(rlp), (0<gq<1)

We give the relation between the Jeffreys—Tsallis divergence and the Jensen—Shannon-
Tsallis divergence:

Theorem 8. For two probability distributions p := {p1,--- ,pn} and ¥ := {ry,--- , vy} with
pj >0andr; > 0forallj=1,---,n, we have:

1
JSq(plr) < 2 Ja(plr), (26)
where g > 0 with q # 1.

Proof. We consider the function g : (0,00) — R defined by g(t) = 79, which is

_ 1—-q, 1-q
1\ 14 Pt Ry
concave for g € [0,1). Therefore, we have (%) > p’%, which implies the

following inequalities:
o\ 1 pi— pqﬁ_q AN | 7 — r7p1_q
Pj_Pq pitr <T T pjTT; < TN
] 2 2 / J 2 2

From the definition of the Tsallis divergence, we deduce the inequality:
+r +r 1
D] (p1211) +0f (r/2) < 3 (DF(ple) + D] lp),

which is equivalent to the relation of the statement. For the case of 4 > 1, the function
q(t) = t1-7 is convex in t > 0. Similarly, we have the statement, taking into account that
1-g<0. O

Remark 4. In the limit of g — 1 in (26), we then obtain:

J$1(plr) < 31 (plr).

We give the bounds on the Jeffreys—Tsallis divergence by using the refined Young
inequality given in Theorem 1. In [26], we found the Battacharyya coefficient defined as

B(plr) := 21 S
L

which is a measure of the amount of overlapping between two distributions. This can
be expressed in terms of the Hellinger distance between the probability distributions
p:={p1, -, pn}andr:={r,---,r,}, which is given by

B(p[r) =1 -1 (p|r),
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where the Hellinger distance ([26,27]) is a metric distance and defined by

h(plr) := \H i(ﬁ,-— SRR
2

Theorem 9. For two probability distributions p := {p1,--- ,pn} and ¥ := {ry,--- ,rn} with
pj >0andr;>0forallj=1,--- ,n,and 0 < q <1, we have:

4r

2A(9) & Pj
1—7(1}12(p|r) + 1%) Zipjrj log? (é) < Ja(ply)
f) >~ pyrylog? <]> 7

where r = min{q,1—q} and A(q) = T2 — 1 B(q) = T51 — 17,

Proof. For g = 0, we obtain the equality. Now, we consider 0 < q < 1. Using Theorem 1
fora=p;<landb=r;<1,j€ {1,2,...,n}, we deduce:

r(\/p]. N ‘ﬁf)z +A(q)pjr; - log? (f;) <dy(pj ;)

< @-n(vr— V) + B log? (”J‘)

where r = min{gq,1 — q}. If we replace 4 by 1 — g and taking into account that A(g) =
A(1—g) and B(q) = B(1 — q), then we have:

2r(vp; - f]) +2A(q )Pjrj'log2<fj> < dg(pjrrj) + dig (pjr 1)

2(1—r) (\/ﬁ] - \ﬂj)z +2B(q)pjr; - log? <;:]]>

Taking the sumon j = 1,2, - ,n, we find the inequalities:

Zri(\/ﬁj—\ﬁj)z‘i‘b‘l ZP}”] 10g ( > i( (pjorj) +di q(}?],ﬁ))

j=1 j=1

n 2
= (1—q)<DqT(p\r)—0—DqT(r|p ) <2(1-71) Z (\/E].— \/?j) +2B(q Zp] i -log? <]>
j=1 Tj
which is equivalent to the inequalities in the statement. [

Remark 5. In the limit of g — 1 in (27), we then obtain:

p;
4h2(P| + P]T] 10g <]> < Ji(plr),
] 1 Tj

sincelimLzl, limﬂzlandliml_r
q%ll—q q%ll—q 4 q%ll—q

= 00,



Entropy 2021, 23, 514

11 of 15

We give the further bounds on the Jeffreys-Tsallis divergence by the use of Theorem 5
and Corollary 2:

Theorem 10. For two probability distributions p := {p1,--- ,pn}yand v := {ry,--- ,rn} with
pj > Oandr]- >O0forallj=1,---,n,and 0 < g <1, we have:

n 2 n ,2 . X
qZ( i) me( 1.><qu Z( r]).(.P’H’), (28)

1 max{p;, ]} j =1 PiTj
where E.(-, ) is given in Theorem 5.

Proof. Puttinga := pj, b:=r;jand p := q in (20), we deduce:

2
1 (Pi—r)" _piri, (11
H0(1—gq) L < TLE, () < dy(pj. i),

max{pj,rj} p;’ 1
and: )
1 (P] ) P]] 11
—g(1—q)—~21L _ < —,— < 7).
211(1 )max{p],r]} ) Ei—q P] _d1,q(p],r])

Taking into account that:

E 11 —E 11
pi’ T pi'r

and by taking thesumonj=1,2,---,n, we have:

‘_r‘z n n
M<ZME4<1. 1) Z (pjr17) +d1—q(pj, 7))

pi' T

we prove the lower bounds of J;(p|r). To prove the upper bound of J;(p|[r), we put a := p;,
b:=r;and p := q in inequality (22). Then, we deduce:

(p;—17)?(pj + )

dg(pj,1j) +d14(pj, 1) < (1—9)

piTj
By taking thesumonj=1,2,---,n, we find:
n n (p-—r')z(p-—i—r-)
2 (dq(pjrj) +dig(pjr)) < (1—q) Y ~——L .
=1 =1 piti

Consequently, we prove the inequalities of the statement. [

We also give the further bounds on the Jeffreys-Tsallis divergence by the use of
Cartwright-Field inequality given in (7).

Theorem 11. For two probability distributions p :== {p1,--- ,pn} and r := {ry,- -+ , vy} with
pj > Oandr]- >O0forallj=1,---,n,and 0 < g < 1, we have:

gi(m%‘)Z( 1 : )

+
pj+ max{pj, rj} rj+ max{pj, rj}

I 1 1
< JS4(plr) < 3 Z(P} ) <P]' + min{pj, rj} + i +min{Pj,rj}> )
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Proof. For 4 = 0, we have the equality. We assume 0 < g < 1. By direct calculations,

we have:
1l rf p+tr 1 r( ptr
15q(plr) = 507 (B3 ) + 508 (112

1 q<P1+ff>lq q(Pj+Vf)1"
= i — Pi +ri—r
2(1—q)§{p] Pil™2 iTh\ T2
p'+7" p'+7" 1—gq P'+r‘ P'+7" 1—g
{qu+<1—q) = ]—P?( = ’) +arj+ (1-9)~ ]—r?< : ’)

2
__1 ¥ Pt Pt
—2(14;)2 dq<p], 5 +dg( 1, 5 .

Using inequality (7), we deduce:

gl-q)  pi=n)* _, <p, Pf+7j> ca—q)  (p—1)?
4 p]+max{p],r]} =T\ Fr 2 - 4 p]+m1n{p],r]}

and:

gl-q)  (pi=m)* (r‘ p]‘+71) ca—q)  (pi—r)?
4 ri+max{p,r} — "\ 2 - 4 rj+min{p;, 7}

From the above inequalities, we have the statement, by summingonj=1,2,--- ,n. O
It is quite natural to extend the Jensen-Shannon-Tsallis divergence to the following form:
JS3(plr) := oDy (p|op + (1 — v)r) + (1 — v) Dy (rfop + (1 - v)r),

where 0 < v < 1,4 > 0,9 # 1. We call this the v-weighted Jensen—Shannon-Tsallis
divergence. For v = 1/2, we find that | S;/ 2(plr) = JS4(p|r) which is the Jensen-Shannon-

Tsallis divergence. For this quantity JS{(p|r), we can obtain the following result in a way
similar to the proof of the Theorem 11.

Proposition 1. For two probability distributions p := {p1,- -+, pn} and r:= {ry,--- v, } with
pj > Oandrj >0forallj=1,---,n,0<qg<1land 0 <v <1, we have:

qo(l—0) &, 2 1-v v
2 ];(p] ") <vpj + (1 —v) max{pj,r;} * (1 —0)rj +vmax{p, rj}>
<JS;(plr)
v

; + -
= 1—0) mm{p]-,r]-} (1— U)r]- + vmm{pj, rj}

Proof. We calculate as
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mﬂMQ:T%*Z{W*ﬂ@m+ﬂ—vmfﬁ}+1

n

j=1

n

) 1-o Xn:{rj—r?(vpj+(1—v)rj)l_q}

1= =

— Z{vp] +(1—-o)rj— vp] (vp]- +(1- v)rj)l_L7 -(1- v)r? (vp]- +(1- v)rj)l_q}

f*Z{qp] 7)(opj+ (1= 0)r) — p!(op; + (1= 0)r) 7}

=1

Tl

]

=1

q)(vpj+ (1 —o)rj) — r7 (op;+ (1 - v)r]-)lfq}

1
:1142:“M“mﬂmf (1=2)rj) + (1 —v)dy (rj,op;+ (1= v)r;) }-

Using inequality (7), we deduce:

g1-q) (1-0)(pj—1)?
2 op; + (1-0) max{p],r } -

dq (pj,opj + (1= 0)rj)

_al—g) (-0 —n)?
=2 op+ (T—o)min{p 1}

and:
9(1—q) v (p; — 1)

2 (1-o)rj+omax{p; 1}

<9 —9q) v (pj—1p)°
-~ 2 (1-o)rj+omin{p;r}

<d, (r],vp] (1 v)r]-)

Multiplying v and 1 — v by the above inequalities, respectively, and then taking the sum on
j=1,2,---,n,we obtain the statement. [

4. Conclusions

We obtained new inequalities which improve classical Young inequality by analytical
calculations with known inequalities. We also obtained some bounds on the Jeffreys—Tsallis
divergence and the Jensen—-Shannon-Tsallis divergence. At this point, we do not clearly
know whether the obtained bounds will play any role in the information theory. However,
if there exists a purpose to find the meaning of the parameter g in divergences based on
Tsallis divergence, then we may state that almost all theorems (except for Theorem 8) hold
for 0 < g < 1. In the first author’s previous studies [19,28], some results related to Tsallis
divergence (relative entropy) are still true for 0 < g < 1, while some results related to
Tsallis entropy are still true for g > 1. In this paper, we treated the Tsallis type divergence
so it is shown that almost all results are true for 0 < g < 1. This insight may give a rough
meaning of the parameter 4.

Since our results in Section 3 are based on the inequalities in Section 2, we summarized
the tightness for our obtained inequalities in Section 2. The double inequality (12) is
a counterpart of the double inequality (9) for a,b € (0,1]. Therefore, they can not be
compared wit each other from the point of view on the tightness, since the conditions
are different. The double inequality (12) was used to obtain Theorem 9. The double
inequality (15) is essentially a Cartwright-Field inequality in itself, and it was used to
obtain Theorem 7 as the first result in Section 3. The results in Theorem 4 are mathematical
properties on d,(a, b). The inequalities given in (18) gave an improvement of the left-hand
side in the inequality (7) for the case a,b > 1 and we obtained Theorem 10 by (18). We
obtained the upper bound of d,(a, b) as a counterpart of (18) for a general a,b > 0. This is
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used to prove Corollary 2 which was used to prove Theorem 10. However, we found that
the upper bound of d,(a,b) +d;_,(a, b) given in (22) is not tighter than the one in (15).

Finally, Theorem 8 can be obtained from the convexity /concavity of the function t! 4.
This study will be continued in order to obtain much sharper bounds . We extend the
Jensen-Shannon-Tsallis divergence to the following;:

JSq(plr) == vD;(p\vp +(1-v)r)+(1- v)DqT(r|vp +(1-9)r), (0<0v<1,49>0g#1),

and we call this the v-weighted Jensen—-Shannon-Tsallis divergence. For v = 1/2, we
find that ]S,%/ 2(p|r) = JS;(p|r) which is the Jensen-Shannon-Tsallis divergence. For this
quantity, as a information-theoretic divergence measure ]Sg(p\r), we obtained several
characterizations.
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