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Abstract: An analytical solution for a master equation describing the dynamics of a qubit inter-
acting with a nonlinear Kerr-like cavity through intensity-dependent coupling is established. A
superposition of squeezed coherent states is propped as the initial cavity field. The dynamics of
the entangled qubit-cavity states are explored by negativity for different deformed function of
the intensity-dependent coupling. We have examined the effects of the Kerr-like nonlinearity and
the qubit-cavity detuning as well as the phase cavity damping on the generated entanglement.
The intensity-dependent coupling increases the sensitivity of the generated entanglement to the
phase-damping. The stability and the strength of the entanglement are controlled by the Kerr-like
nonlinearity, the qubit-cavity detuning, and the initial cavity non-classicality. These physical parame-
ters enhance the robustness of the qubit-cavity entanglement against the cavity phase-damping. The
high initial cavity non-classicality enhances the robustness of the qubit-cavity entanglement against
the phase-damping effect.
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1. Introduction

The study of quantum coherence dynamics induced by open nonlinear qubit-photon
systems has recently become a significant area that contributes to the development of
potential quantum information applications [1-6]. We can cite as examples of potential ap-
plications in quantum teleportation protocol [7], cryptography [8], and computation [9,10],
generation of entangled states [11]. Entanglement is an essential quantum information
resource in quantum communication [12], it has been extensively explored theoretically and
experimentally [13,14]. For pure states and closed quantum systems, the entropy is a good
measure of entanglement [15]. However, for the mixed states and open systems (specially
qubit-photon system that has (2 ® n)-quantum state), the entanglement dynamics can be
quantified by the negativity and concurrence.

Interaction of a qubit with a nonclassical light cavity field has fundamental and
practical roles in the enhancement or generation of quantum effects [16,17] as quantum
coherence and quantum correlations. Therefore, non-classicality in the cavity field needs to
be explored further for the quantum information resources. An important resource of the
cavity field non-classicality is the squeezed coherent state that was proposed as extension
for the coherent state and has essential contributions in quantum optics [17-19]. The key
feature that distinguishes quantum from classical is the superposition of quantum states.
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The superposition of coherent state is potentially useful in many quantum information
applications [20-23]. The superposition of coherent state has been experimentally realized
in several systems such as superconducting Josephson junctions, [24,25] and linear optical
systems [26]. We suggest here a new superposition scheme of squeezed coherent states to
prepare a nonclassical light cavity field with a strong non-classicality.

Resources of the nonlinearity effects in qubit-photon interactions (including Kerr-like
nonlinearity and intensity-dependent coupling) were realized experimentally in artifi-
cial qubit systems as superconducting circuits [27,28], optomechanical systems [29]. The
nonlinearity effects have the ability to excite the qubit-photon interactions to improve
the generated quantum coherence [30,31]. The qubit-field interactions are generalized
to intensity-dependent qubit-field coupling [32]. The effects of the intensity-dependent
coupling on the non-classical effects have been studied in a hybrid Cooper pair box qubit
interacting with a resonator [33,34]. It is used to enhance the non-local correlations of two
coupled qubits [35].

In open systems, the quantum qubit-photon coherence dynamics suffer from the
irreversible effects [36-39] as: dissipation and decoherence. Different types of damping
for the qubit and the cavity arise from these dissipation/decoherence effects, such as:
amplitude damping, phase-damping, and thermal damping. There are several approaches
to describe the effects of the coupling between the system and its surrounding reservoir.
For diagonal effective Hamiltonian, qubit-photon coherence dynamics has been studied for
a phase and thermal damped cavity [40]. The dynamics of quantum correlations in several
qubit-photon systems were investigated without the effects the coupling to the surround-
ing environment [41-44]. The method used in this paper can be used to investigate the
dynamics of quantum information resources in other qubit-photon structures while taking
into account the implications of coupling to the external environment.

In this paper, we analyze the effects of intensity-dependent coupling, Kerr nonlinear-
ity, phase cavity damping and qubit-cavity detuning on the dynamics of the qubit-cavity
entanglement. The paper is organized as follow; In the Section 2, the model of dissipative
nonlinear qubit-cavity interactions is presented with its analytical solutions. In Section 3,
the dynamics of the generated qubit-cavity entanglement are investigated. We end up with
a conclusion.

2. Physical Model

Here, the proposed physical model is motivated by the realizations of: (1) the nonlin-
earity in artificial qubit system [45], for examples: Resonator self-Kerr-nonlinearity was
realized with the SQUID cosine potential to include nonquadratic corrections [28]. (2)
The intensity-dependent coupling was constructed based on a Cooper-pair box with a
superconducting loop embedded in a microwave cavity field [32,46]. Therefore, we con-
sider a two-level atom (qubit with the upper state |1) and the lower |0) states) interacting
off-resonantly with a dissipative nonlinear Kerr-like cavity through intensity-dependent
coupling. We assume that the environment is at zero temperature and the system deco-
herence is due to a phase-damping reservoir. This interaction preserves the energy of the
system. The Hamiltonian of the system-reservoir is,

Hsr = wpd™h+wgF + x @9 + Ty wi] i+ A@Y (§7)[1)(0] 1)
Y (TH)ETI0) (A1) + i (AT + T ).

Here ¢ () represents the cavity field operators, and A is the qubit-cavity coupling. w,
and o; = |1)(1] — |0)(0| are the frequency and the population inversion operator of the
qubit. Where 7; and w; denote the operators and frequencies of i-th bath oscillators, and
1; represents the system-bath coupling strength. x > 0 is the Kerr-like nonlinearity, i.e.,
the two-photon coupling strength proportional to the third-order nonlinear susceptibility.
However, Y (') denotes the function that describes the intensity-dependent qubit-field
coupling, if Y(§*$) = I and x = 0, the Hamiltonian reduces to that of the standard
Jaynes-Cummings model.
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The dynamics of the qubit-cavity state R(t) under the phase cavity damping is ex-
plored by [47]

% = il R+ ([T PR(E), 9] + [, R(O)$F]), @

where the system Hamiltonian is given by: H = w/ (' + 1oz) + S0 + x> ¢?
+A@PY (§*)[1)(0] + h.c.). A = wy — wy represents the qubit-cavity rate. y = 1(27 + 1) is
the phase-damping with a mean occupation number 7, and #; = 7 is the coupling to the
reservoir of oscillators [48].

To find analytical solution of Equation (2) in the strong coupling regime, we use the
dressed-states method [49]. The Hamiltonian preserves the number of excitations in the sys-
tem (which is not the same as preservation of energy). This allows one to look for solutions
separately in each manifold with a fixed number of excitations, i.e., in the form of super-
positions of the eigenstates |E;"). In the qubit-cavity basis: {|i,n)}(i = 0,1,n =0,1,2, ..,
and |n) is the number state), the eigenstates |E;") and the eigenvalues V, of the system
Hamiltonian H are

w
|[Eo) = 10,0), Vo=—7’4,
|EFY = XF|1,n)+XT|0,n+1), (3)
1. 1
vE = w(n+§)+§[Kn+Kn+1]j:An, (4)

An = 64K — Kypa2 + A2+ 1)Y2(n),

with the Kerr-like nonlinearity function: K, = n?x — ny and

X;:f _ L 1:*:§+KH_KH+1
V2 An

We apply now the canonical transformation,

Alt) = 2 (MR (1), ©)
then in the basis: {81} — |E4) (Exil, 81 = |E4) (Enl, 82 = |En) (Exil, 8% = |En) (Exnl},
the Equation (2) takes the form

A(t) = 27 ) (TuST +GiS)A(TuSY, + GaSTh)

m,n=0
+Dyu Dy (S5 ASE, 2Pt 4 St AST, e~ 2iPmnt (6)
=7 L (T + D) (ST A+ ASTy) + (Gjy + D7) (SA + AS3),
m=0
where T, = m + (X;;,)%, Bun = Am — An, G = m + (X;)?, and Dy, = X1 X;,.
To find analytical solutions, we consider that the initial state of the system is given by

R(0) = A(0) = Xijmo PiPi|1, i) (1, ] = Ly jmo PPy [X] X[ |EF)(ES | -
XX ES) (B | o+ e,

The upper state |1) is considered to be the initial state for the qubit. The initial cavity field is
a superposition of coherent squeezed coherent states (SCs) |{s), which is the most general
Gaussian pure state. It is defined as
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2s) = VNI r) +sl=gn] =} Paln), ®)
n=0
where the coherent squeezed coherent state [18] is given by
ST GRS I T
,r = — )2 2 2 H n. 9

We have used here & = coshr, B = ¢/ sinhr. Hy(x) is the Hermite polynomial of the
order n. where ||? represents the initial mean photon number operator, and s is the SCs
parameter. The SCs can be reduced to squeezed coherent state for s = 0. Even squeezed
coherent state is realized for s = 1. The normalization factor N has the following expression,

1
N= a5l (10)

By using the initial density matrix A(0) of Equation (12) and applying the strong coupling
approximation (y < A) (i.e., we neglect the oscillatory terms from Equation (5)), then the
elements HSY = (E5 |A(t)|E)) (for all e = &+, k = &, and for m # n) of the density matrix
A(t) are given by

Hid = PuP, XX e vlm—n+Xi =X+ (XX (X0 X50)°])
Hy~ = PuP,X;X; e 1lm—n+Xp? X2+ (XX (X X50)7])
Hbo PPy Xo et Xi2 X2 (X X 2+ 0 %)) an
Hyt = PuPuX; X e Hm—n+Xp? = X224 (G X0+ (G XG0)?),

For m = n, the elements Hy* = (ES|A(t)|E¥) (for only € = k = =+) verify
Hy= = 29(X7 X )2 HT = 29(X0 X, ) Hy ™ (12)

Now, we use the expressions of the elements HS¥, of the density matrix A(t) and the inverse

canonical transformation of Equation (5): R(t) = e~ iHt A(i.‘)eiH !, to determine the solution
of the master equation in the basis: {|i,n)}(i = 0,1) which is:

R(E) = Ln=oXou st + Xotad Hotyy + Xl Hypit + Xt i 1[1,1) (1,7
(Xitr Hiat + X Hili = Xt Hiid” = Xl By |[1,m) (0, + 1
(Xt Hot = Xt Hin + X Hast = X Hyg 110,14 1) (1,

(X Hast” = Xiion Hiin = Xt Hond ~ Xt Hy 110,m+1)(0,n + 1],

(13)

+ 4+

where X5% = X¢ XX and Hek = HEE e {(Bu—En)t,

Now if we take y — oo, then the off-diagonal elements Hj;, vanish, but the diagonal
elements are given by: H;** = 1P, P,. Therefore, the qubit and the cavity field end up in a
separable (non-entangled) state: R(y — c0) = 1 (|1)(1] 40)(0]) ® |{s)(Zs|. The qubit is in
a statistically mixed state while the cavity returns to the state |{s).

In the following section we use the density matrix elements derived here to study
the dynamical properties of entropies and entanglement taking into account the cavity
phase damping.

3. Qubit-Cavity Entanglement Dynamics

Here, we employ the negativity to quantify the qubit-cavity entanglement. For an
arbitrary dimension (m ® n)-quantum state (m << n) R(t), the negativity is defined
by [50,51],

1

N(t) = m[HRPTHl—H (14)
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where ||RPT||; represents the trace norm of the partial transpose matrix R''T of the state R
with respect to the qubit subsystem. The negativity can be generalized for qubits (n > 2)
instead of qubits [50] to analyze quantitatively the entanglement between their sub-systems.
Consequently, the negativity is used to investigate the entanglement in (2 ® n)-[52] and
(3 ® n)-quantum systems.

Based on the cavity basis {|n)}(n = 0,1,2,..), we define the cavity matrices
M;j = (i|R(#)|j) (i,j = 1,0), and represent the qubit-cavity density matrix of Equation (13) as:
5 My Mg )
R(t) = ~ ~ . 15
o= as)
Therefore, the partial transpose matrix RF'7 (t) of the qubit-cavity state R(t) in the basis
{|1),10)} is defined by
R My M
RPT (¢ _( Viin - Mo ) 16
(£) My Moo (16)

By using the negative eigenvalues yy of the partial transpose matrix, the qubit-cavity
negativity is given by:

N() = - D (17)

If N(t) = 0.5, then the qubit-cavity system is in a maximally entangled state while N(t) = 0
means that the system is in a disentangled state. Otherwise, for 0 < N(f) < 0.5, the qubit-
cavity state has partial entanglement.

3.1. Case of Y(Ptop) =1

Figure 1a shows of the generated amount of the qubit-cavity entanglement when
the intensity-dependent coupling is constant Y (1) = 1 and the cavity field is initially
in squeezed coherent state with different values of the Kerr-like nonlinearity. For the
vanishing Kerr-like nonlinearity, the qubit-cavity detuning and the phase-damping, the
qubit-cavity interaction generates a partial and maximal qubit-cavity entanglement with
stochastic oscillations. Dashed curve of Figure 1a proves that the Kerr-like nonlinearity
reduces the amplitudes of the negativity oscillations. The qubit-cavity entanglement is
more stable and oscillate with 27t-period. For the off-resonant case A = 7A, see dashed-
dotted curve of Figure 1a, we find that the enhancement of the qubit-cavity detuning
decreases the upper values of the negativity. During the time interval At € [0,47], the
negativity rapidly oscillates with high frequencies. For At > 45, dashed-dotted curve
of Figure 1b shows that the negativity is time-independent, i.e., the qubit-cavity system
reaches a partially entangled state. This generated time-independent entangled state can
be used to implement quantum computation [9].

Figure 1b shows the effect of the phase cavity decoherence v = 0.1A on the qubit-
cavity entanglement dynamics. The rising of the phase coupling to the environment
reduces the amplitudes of the negativity oscillations. After a particular time, the qubit-
cavity entanglement vanishes. This means that the qubit and the cavity field are dis-
entangled due to the increase of the phase decoherence. After a particular time, the
dashed and dashed-dotted curves show that the robustness of the generated qubit-cavity
entanglement can be enhanced in the presence of the Kerr-like nonlinearity and the
qubit-cavity detuning. The vanishing of the qubit-cavity entanglement, due to the phase
decoherence, can be delayed. For the Kerr-like nonlinearity x > 0, the green dashed
plot shows that the phenomena of the sudden death and birth in the entanglement
dynamics occur around At/ = 4 [53-56]. Figure 2 shows the effect of the initial cav-
ity non-classicality by considering that the cavity is initially in the even superposition
squeezed coherent state s = 1 with the same the parameter values of Figure 1. We note
that the high squeezed coherent non-classicality enhances the strength and the stability
of the generated entanglement compared to the one generated with the coherent state.
For the resonant case, the negativity has regular oscillatory behavior. Solid curve of
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Figure 2a shows that the qubit-cavity state can be stabilized in a maximally entangled state
in particular time intervals in which N(#) = 0.5. Dashed curve of Figure 2a confirms the
effect of the Kerr-like nonlinearity that is observed in the previous cases. The amplitudes
of the negativity decrease. The qubit-cavity entanglement oscillates with a 7r-period, and
its amount is less than the one of the case s = 0. The initial even coherent states (s = 1)
induce stronger entanglement. Figure 2b illustrates the combined effects of the phase cavity
damping, the Kerr-like, and the detuning as well as the high initial field non-classicality.
The negativity is plotted with the same parameter values of Figure 2a but for v = 0.1A.
We find that the high squeezed coherent non-classicality reduces the effect of the phase-
damping, and inhibits the vanishing qubit-cavity entanglement. It is more robust against
the phase-damping with the increase of the Kerr-like nonlinearity and the detuning.
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Figure 1. Dynamics of the entanglement for r = 0.5, Y(¢*)) = I, and the mean photon number |{|> = 16 when the cavity
field is initially in squeezed coherent state with different values of the Kerr-like nonlinearity and qubit-cavity detunings.
For v = 01in (a) and v = 0.1A in (b).
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Figure 2. Qubit-cavity entanglement dynamics for r = 0.5, Y (') = I, and |{|> = 16 when the cavity field is initially in
the even squeezed coherent state with different values of the Kerr-like nonlinearity and the detuning. For v = 0 in (a) and

v = 0.1 in (b).

3.2. Case of Y(Pth) = /Pt
Figures 3-5 shows of the generated amount of the qubit-cavity entanglement when

the intensity-dependent coupling is described by the function Y(¢) = |/¢t¢ and
the cavity field is initially in different squeezed coherent states with different values of
the Kerr-like nonlinearity and the detuning as well as the phase cavity decoherence. By
comparing Figures 1a and 3a, where the effects of the Kerr-like medium, the detuning and
the damping are absent, we find that the qubit-cavity interaction through the intensity-
dependent coupling generates 7t-periodic entanglement. Dashed curves show that the small
value of the Kerr-like nonlinearity enhances the entanglement with irregular oscillatory
behavior. This entanglement can be stabilized during a short time. For a large value of the
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Kerr-like medium, see dashed-dotted curve, the amplitudes of the negativity is reduced
with additional irregular fluctuations.
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\/ " and the squeezed even coherent state with different

values of the Kerr-like nonlinearity and the qubit-cavity detuning. We use y = 0 in (a) and v = 0.2A in (b).

Figure 3b shows the effect of the higher detuning A = 7A in the presence of the
intensity-dependent coupling. We find that the detuning reduces the amplitudes of the
negativity oscillations with rapid stochastic oscillations.

In Figure 4, we note that the phase cavity damping reduces the entanglement in
the presence of the intensity-dependent coupling. In this case, the intensity-dependent
coupling enhances the sensitivity of the generated entanglement to the effect of the phase-
damping. The qubit-cavity entanglement is deteriorated rapidly compared to the case
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where Y (') = [. In Figure 4a, the dashed and solid curves demonstrate that the en-
tanglement phenomena of sudden death and birth can occur. The phenomena disappear
due to the increase of the Kerr-like nonlinearity and the qubit-cavity detuning. Figure 4b
confirms that after a particular time, the Kerr-like nonlinearity and the qubit-cavity de-
tuning enhance the robustness of the generated entanglement against the phase-damping.
Figure 5 illustrates the dependence of the qubit-cavity entanglement (in the presence of
the Kerr-like medium, the detuning and the damping) for an even coherent state as ini-
tial state. Please note that the high cavity non-classicality leads to notable changes in
the qubit-cavity entanglement dynamics as: (1) The stability intervals of the generated
maximally entangled qubit-cavity state is strengthened, see solid and dashed curves of
Figure 5a. (2) By comparing the effects of the initial states for different non-classicality
(s = 1and s = 1), we observe that for s = 1, the periodicity of the entanglement oscilla-
tions are reduced to 0.57r. (3) The different effects of the Kerr-like nonlinearity and the
detuning against the phase-damping are enhanced. The high initial cavity non-classicality
enhances the robustness of the qubit-cavity entanglement against the phase-damping effect.
Figure 6 illustrates how the entanglement depends on the qubit-cavity detuning
A € [0,20]A. From Figure 6a, we note that for A € [0,5]A, the qubit-cavity state has
a higher degree of entanglement. After that, the increase of the detuning reduces the nega-
tivity entanglement. The entanglement stability is enhanced by increasing the qubit-cavity
detuning. When the phase-damping is raised, the negativity is reduced. The qubit-cavity
state reaches a non-entangled one, see Figure 6b. The reduction of the entanglement is
accelerated as the qubit-cavity detuning is enhanced.

Figure 6. Entanglement dynamics for r = 0.5, x = 0, |{|> = 16, Y (1) = |/ T when the squeezed coherent state s = 0
with different qubit-cavity detuning values A € [0,20]A. We use v = 0in (a) and v = 0.1A in (b).

Figure 7 shows the dependence of the entanglement on the Kerr-like nonlinearity
X € [0,4]A. Please note that for small Kerr-like nonlinearity values x € [0,2]A, the
qubit-cavity negativity shows a high degree of entanglement, see Figure 7a. Figure 7b
demonstrates that the reduction of the entanglement induced by the phase cavity damping
effect can be realized faster by increasing the Kerr-like nonlinearity.

Figure 8 shows the effect of the initial cavity non-classicality of the even squeezed
coherent state s = 1 on the reduced entanglement entanglement due to the phase cav-
ity damping.

By comparing Figures 6b and 7b with Figure 8, we find the high-squeezed even-
coherent non-classicality enhances the degree and the stability of the generated entangle-
ment. According to Figure 8, the reduced entanglement and its stability are more sensitive
to the Kerr-like nonlinearity than to the qubit-cavity detuning.
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Figure 7. Entanglement dynamics for r = 0.5, A = 0, |{|?> = 16, Y(¢*)) = |/ ' when the squeezed coherent state s = 0
with different Kerr-like nonlinearity values x € [0,2]A. We use v = 0 in (a) and y = 0.1A in (b).
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Figure 8. Qubit-cavity entanglement dynamics of the same parameter values of Figures 6b and 7b are in (a) and (b),
respectively, but when the cavity field is initially in the even superposition squeezed coherent state.

4. Conclusions

In this work, we analytically solved the master equation of the phase cavity damping
effect to explore the dynamics of a qubit interacting off-resonantly with a nonlinear Kerr-
like cavity with intensity-dependent coupling. Based on the negativity, the dynamics of
the entanglement between the qubit and the cavity is investigated when the cavity field is
initially in a superposition of coherent squeezed coherent states. For different cases of the
intensity-dependent coupling, the generated entanglement is explored under the effects
of the Kerr-like nonlinearity, qubit-cavity detuning, the phase-damping as well as for two
different initial coherent states. It is found that the stability and the degree of the generated
entanglement can be controlled by the Kerr-like nonlinearity, the qubit-cavity detuning,
and the initial cavity states.

The small values of the Kerr-like nonlinearity and the qubit-cavity detuning enhance
the generated qubit-cavity entanglement due to their interactions. However, for large
values of the Kerr-like medium and detuning, the entanglement stability is accelerated. By
comparing the degree, robustness, and stability of the entanglement generated with the
coherent state, the squeezed even coherent state improves the entanglement’s resistance to
phase-damping. We have also observed that the intensity-dependent coupling increases
the sensitivity of the generated entanglement to the phase-damping.
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