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Abstract: We study the problem of communicating over a discrete memoryless two-way channel
using non-adaptive schemes, under a zero probability of error criterion. We derive single-letter inner
and outer bounds for the zero-error capacity region, based on random coding, linear programming,
linear codes, and the asymptotic spectrum of graphs. Among others, we provide a single-letter outer
bound based on a combination of Shannon’s vanishing-error capacity region and a two-way analogue
of the linear programming bound for point-to-point channels, which, in contrast to the one-way
case, is generally better than both. Moreover, we establish an outer bound for the zero-error capacity
region of a two-way channel via the asymptotic spectrum of graphs, and show that this bound can
be achieved in certain cases.

Keywords: zero-error capacity; two-way channel; Shannon capacity of a graph

1. Introduction

The problem of reliable communication over a discrete memoryless two-way channel (DM-
TWC) was originally introduced and investigated by Shannon [1] in a seminal paper that has
marked the inception of multi-user information theory. A DM-TWC is characterized by a
quadruple of finite input and output alphabets X3, X3, Vi, Vs, and a conditional probability
distribution PY1,Y2\X1,X2 (yl,y2|x1,x2), where x; € Xy, xp € &>, Y1 € V1, Y2 € Y. The
channel is memoryless in the sense that channel uses are independent, that is, for any i,

ioio =1 i1y
P, it Wi V2130 22,V ) = P, (i ailxais i)

In [1], Shannon provided inner and outer bounds for the vanishing-error capacity
region of the DM-TWC, in the general setting where the users are allowed to adapt their
transmissions on the fly based on past observations. We note that Shannon’s inner bound is
tight for non-adaptive schemes, namely when the users map their messages to codewords
in advance. The non-adaptive DM-TWC is also sometimes called the restricted DM-TWC [2].
Shannon’s inner and outer bounds have later been improved by utilizing auxiliary random
variable techniques [3-5], and sufficient conditions under which his bounds coincide have
been obtained [6,7]. However, despite much effort, the capacity region of a general DM-
TWC under the vanishing-error criterion remains elusive. In fact, a strong indicator for the
inherent difficulty of the problem can be observed in Blackwell’s binary multiplying chan-
nel, a simple, deterministic, common-output channel whose capacity remains unknown
hitherto [4,5,8-10].

In yet another seminal work, Shannon proposed and studied the zero-error capacity
of the point-to-point discrete memoryless channel [2], also known as the Shannon capacity
of a graph. This problem has been extensively studied by others, most notably in [11,12],
yet remains generally unsolved. In this paper, we consider the problem of zero-error
communication over a DM-TWC. We limit our discussion to the case of non-adaptive
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schemes, for which the capacity region is known in the vanishing-error case [1]. Despite
the obvious difficulty of the problem (the point-to-point zero-error capacity is a special
case), its two-way nature adds a new combinatorial dimension that renders it interesting to
study. To the best of our knowledge, this problem has not been addressed before, except
in the special case of the binary multiplying channel, where upper and lower bounds on
non-adaptive zero-error sum capacity have been obtained [13-15]. Our bounds are partially
based on generalizations of these ideas and an earlier short version [16].

The problem of non-adaptive communication over a DM-TWC can be formulated as
follows. Alice and Bob would like to simultaneously convey messages m; € [2"%1] and
my € [2"R2] respectively to each other, over 1 uses of the DM-TWC Py, y, x, x,- To that
end, Alice maps her message to an input sequence (codeword) x} € X]' using an encoding
function f; : [2"R1] — X", and Bob maps his message into an input sequence (codeword)
x} € XJ' using an encoding function f, : [2"%2] — XJ'. We call the pair of codeword
collections ( f1([2"R1]), f2([2"R2])) a codebook pair. Note that the encoding functions depend
only on the messages, and not on the observed outputs during the transmission, hence
the name non-adaptive. When transmissions end, Alice and Bob observe the resulting
(random) channel outputs Y{' € )} and Y’ € V) respectively, and attempt to decode the
message sent by their counterpart, without error. When this is possible, that is, when there
exist decoding functions ¢y : [2"R1] x YI — [2"R2] and ¢, : [2"R2] x Y — [2"R1] such
that my = ¢y (my,Y]") and my = ¢y(my, YY), for all my, my, with probability one, then the
codebook pair (or the encoding functions) is called (1, Ry, Ry) uniquely decodable. A rate pair
(R1, Ry) is achievable for the DM-TWC if an (n, R, Ry) uniquely decodable code exists for
some 1. The non-adaptive zero-error capacity region of a DM-TWC Py, v, x, x, is the closure of
the set of all achievable rate pairs, and is denoted here by %, (Pyl,m X,,X,)- Moreover, the
non-adaptive zero-error sum-capacity of a DM-TWC Py, y,|x, x,, denoted by €5 (Py, v, x, x,)-
is the supremum of the sum-rate R; + R, taken over all achievable rate pairs.

The main objective of this paper is to provide several single-letter outer and inner
bounds on the non-adaptive zero-error capacity region of the DM-TWC. The remainder of
this paper is organized as follows. In Section 2, we provide some necessary mathematical
preliminaries, discussing in particular the characterization of zero-error DM-TWC capacity
via confusion graphs, behavior under graph homomorphisms, and one-shot zero-error
communication. Section 3 is devoted to three general outer bounds of the zero-error
capacity region of DM-TWC, which are based on Shannon’s vanishing-error non-adaptive
capacity region, a two-way analogue of the linear programming bound for point-to-point
channels, and the Shannon capacity of a graph. In Section 4, we provide two general
inner bounds using random coding and random linear codes respectively. In Section 5, we
establish outer bounds for certain types of DM-TWC via the asymptotic spectra of graphs,
and also explicitly construct the uniquely decodable codebook pairs achieving the outer
bound. Some concluding remarks appear in Section 6.

2. Preliminaries
2.1. Shannon Capacity of a Graph

Let G = (V,E) be a graph with vertex set V and edge set E. Two vertices vq, v, are
adjacent, denoted as v ~ vy, if there is an edge between v; and v, thatis, {v1,v,} € E. An
independent set in G is a subset of pairwise non-adjacent vertices. A maximum independent
set is an independent set with the largest possible number of vertices. The size of a
maximum independent set in G is called the independence number of G, denoted by a(G).
The complement of a graph G, denoted by G, is a graph with the same vertex set, where two
distinct vertices of G are adjacent if and only if they are not adjacent in G. We write K,, and
K, for the complete graph (containing all possible edges) and the empty graph (containing
no edges) over n vertices, respectively.

Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs. The strong product (or
normal product) G X H of the graphs G and H is a graph such that

(1) the vertex set of G X H is the Cartesian product V(G) x V(H);
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(2) two vertices (u,u") and (v,v’) are adjacent if and only if one of the followings holds:
(@u=vandu' ~v;(b)u ~vandu' =v';(c)u ~vandu’ ~ v

The n-fold strong product of graph G with itself is denoted as G”. The Shannon capacity of

graph G was defined in [2] to be:

A 1 n 1 "
0O(G) = sgpgloguc(G ) = r}l_r&;logoc(G ),
where the limit exists by Fekete’s lemma. We note that throughout the paper all logarithms
are taken to base 2.

The disjoint union G L H of the graphs G and H is a graph such that V(GU H) =
V(G)UV(H)and E(GUH) = E(G) U E(H). A graph homomorphism from G to H, denoted
by G — H, is amapping ¢ : V(G) — V(H) such thatif g1 ~ g in G, then ¢(g1) ~ ¢(g2)
in H. We write G < H if there exists a graph homomorphism G — H from the complement
of G to the complement of H.

In [17], Zuiddam introduced the asymptotic spectrum of graphs notion, and provided
a dual characterisation of the Shannon capacity of a graph by applying Strassen’s theory
of asymptotic spectra, which includes the Lovdsz theta number [12], the fractional clique
cover number, the complement of the fractional orthogonal rank [18], and the fractional
Haemers’ bound over any field [11,19,20] as specific elements of the asymptotic spectrum
(also called spectral points).

Theorem 1 ([17]). Let G be a collection of graphs that is closed under the disjoint union L and
the strong product X, and also contains the graph with a single vertex Ky. Define the asymptotic
spectrum A(G) as the set of all mappings 17 : G — R such that forall G,H € G:

(1) ifG< H, theny(G) <n(H);

2) n(GUH) =7y(G)+n(H);

(3) n(GRH) =n(G)y(H),

4) n(Ky) =1

Then, ®(G) = inf lo G). In other words, inf G) =2906) gnd a(G) < inf G).
(G) jod g1(G) UGA(g)U( ) ( >—qu(9>’7< )

As remarked in [17], 29(C) is in general not an element of A(G). In fact, 29(©) is not
additive under U by a result of Alon [21], and also not multiplicative under X by a result of
Haemers [11]. In Section 3.3, to derive an outer bound for zero-error capacity of a DM-TWC,
we will employ the multiplicativity of #(G) for € A(G) under the X operation.

2.2. Confusion Graphs of Channels

In this subsection, we characterize the zero-error capacity of a discrete memoryless
point-to-point channel, as well as the zero-error capacity region of a DM-TWC, in terms of
suitably defined graphs. The point-to-point characterization is well known and goes back
to Shannon [2], and the DM-TWC case is a natural generalization thereof.

A discrete memoryless point-to-point channel consists of a finite input alphabet X, a
finite output alphabet ), and a conditional probability distribution Py|x (y|x), where x € X,
y € Y. The channel is memoryless in the sense that Py, xi yi-1 (v |xi, y' 1) = Py|x (vil|x;) for
the ith channel use. Suppose that a transmitter would like to convey a message m € [2"R]
to a receiver over the channel. To that end, the transmitter sends an input sequence
x" € X" using an encoding function f : [2"R] — X", and the receiver, after observing the
corresponding channel outputs y"* € J", guesses the message using a decoding function
¢ : V" — [2"R]. This pair (f, ¢) is called an (1, R) code, and such a code is called uniquely
decodable if m = ¢(y") holds for any m € [2"R] and any correspondingly possible y". A rate
R is called achievable if an (1, R) uniquely decodable code exists for some n. The zero-error
capacity of the channel is defined as the supremum of all achievable rates.



Entropy 2021, 23, 1518

4 0f 25

A channel Py |y is associated with a confusion graph G, whose vertex set is the input
alphabet X, and two vertices x,x’ € X are adjacent, denoted as x ~ ¥/, if and only if
there exists y € ) that is possible under both of them, that is, such that Py x(y|x) > 0
and Py|x(y[x") > 0. It is easy to verify that C is an (1, R) uniquely decodable code if and
only if C is an independent set of the graph G”, the n-fold strong product of graph G.
Consequently, the zero-error capacity of a point-to-point channel is equal to the Shannon
capacity of its confusion graph G. Note that there are infinitely many distinct channels
with the same confusion graph, and all of these channels have the same zero-error capacity.

We now proceed to similarly associate a DM-TWC with a collection of confusion
graphs, which would then be shown to characterize its zero-error capacity region. To that
end, note that when Alice sends a letter x; € A}, the resulting channel from Bob back
to Alice at that same instant is the point-to-point channel Py, x,—,, x,- This channel is
associated with a confusion graph Gy, whose vertex set is X; and where two vertices

X2, X} € X, are adjacent, denoted in this case by x; 2 x5, if and only if there exists some
y1 € Y1 such that both

Py, i3, %, (1131, %2) >0, Py, jx, x, (y1]x1,x3) >0,

where
A
Py x, %, (11X, %2) 2 Y Py, vy 1x,,x, (V1 v2] %1, %2).
Y26
Symmetrically, when Bob sends a letter x; € A}, the resulting channel from Alice to Bob
at that same instant is associated with a confusion graph H,,, whose vertex set is X7, and

where two vertices x1, x] € Xj are adjacent, denoted in this case by x; = x}, if and only if
there exists some y, € ), such that both:

PY2|X1,X2 (y2|x1/x2) > 0/ PYQ‘Xl,XZ (y2|xi/x2) > 0/

where

Py, x,,%, (Y2131, %2) 2 ) Py, vy x,,x, (Y1, Y2]x1, X2).

yieN

Based on the foregoing discussion, a DM-TWC Py, v, x, x, can be decomposed into a
collection of discrete memoryless point-to-point channels, and hence is associated with
a corresponding collection of confusion graphs, denoted by [Gq, .. ., G| X0 Hy, ..., H ‘ de,
where V(Gy) = -+ = V(Gy,) = Xpand V(H;) = - = V(H|y,|) = A1. The following
useful observation is immediate, and in particular shows that the zero-error capacity region
of a DM-TWC is a function of its confusion graphs only. Thus, from here and on, we will
sometimes identify the channel with its collection of confusion graphs.

Proposition 1. Consider a DM-TWC Py, y, x, x,, associated with the collection of confusion
graphs [Gy, ..., Gy, ; H1, ..., H)x,|]. A codebook pair (A, B) is uniquely decodable for Py, v, x, x,
if and only if for any a" = (ay,...,an) € Aand b" = (by,...,by) € B, it holds that B is an
independent set of Gg, X - - - K Gy, and A is an independent set of Hy, X - - - K Hj, .

In particular, we see that the capacity region ¢z (Py, y,|x, x,) depends only on the
corresponding confusion graphs [Gq, ..., G| X0 Hy,...,H ‘ X2|]' Hence, in the sequel, we
will write ngg([Gl, .. '/G|Xl\;H1/ .. "H‘XZM) and szseum([cl, . .,G|X1|;H1, .. '/H|X2\]) to rep-
resent ¢z (Py, v, |x,,x,) and €5 (Py, v,|x,,x,), respectively. We will also often identify the
channel with its confusion graphs, and refer to it as [{G;}; { H;}|, when it is clear from
the context. This also leads to the following immediate observation, analogues to the
point-to-point case.

Proposition 2. If Py, y, x, x, and Qy, y,|x, x, have the same confusion graphs up to some relabel-
ing on input symbols, then e (Py, y,|x,,x,) = Cze(Qy, v,|x;,%,)-
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This further immediately implies:

Proposition 3. @2 (Py, y,|x,,x,) depends only on the conditional marginal distributions Py, x, x,
and Py, x, x,-

The strong product of two DM-TWCs [Gy, .. ., G Hi, o) H\Xz\] and [G],..., G\,X’|;
1
H,..., H\/Xéﬂ’ denoted by [{G;}; {H;}| X [{G]}; {H]’}], refers to a DM-TWC having input

alphabets X; x X and X, x X}, as well as confusion graphs
{GiRG):icX,i e X[} {HRH): jeXy,j € X}].

Considering the zero-error sum-capacity with respect to the strong product, we have the
lemma below.

Lemma 1.
G ({GiHAH Y K (G} {HY]) > €™ (LG} {H;}) + €™ ([{G}; {Hj}).

Proof. To prove this lemma, it is sufficient to prove that, for any (1, Ry, Rp) (resp. (n, R’l,
R})) uniquely decodable codebook pair (A, B) (resp. (A’, B')) for channel [{G;}; {H;}]
(resp. [{G'}; {H]’.}]), there exists an (1, Ry + R}, Ry + R}) uniquely decodable codebook
pair for the associated product channel [{G;}; {H;}| K [{G}; {H ]’}] To that end, let

A" ={((ay,a}),...,(an,a))) : a" € A,a" € A'},
B* = {((b1,b1),...,(bn, b)) : b" € B,b"™ € B'}.

It is easy to verify that (A*, B*) is uniquely decodable for the product channel. Moreover,
|A*| = |A||A'| = 2"(Ri+RY) and |B*| = |B||B| = 2"(R2*R2) The lemma follows. [

2.3. Dual Graph Homomorphisms

In this subsection we study the behavior of the zero-error capacity region of a DM-
TWC under graph homomorphisms, generalizing a similar analysis from the point-to-point
channel case [2]. Let [{G;}; {H;}] and [{G]}; {H]’}] be two collections of confusion graphs
corresponding to two DM-TWCs such that V(G;) = V(G), V(H;) = V(H), V(G}) = V(G')
and V(H}) = V(H'). A dual graph homomorphism from [{G;}; {H;}] to [{G]}; {H;}], denoted
by {Gi}; {H;}] — [{G]}; {H]’}], is a pair of mappings (¢,y), where ¢ : V(H) — V(H')
and ¢ : V(G) — V(G’), such that
(1) ifvg ~ vyin Gj, then P(v1) ~ P(v2) in GZP
(2) if uy ~ up in Hj, then ¢(uq) ~ ¢(uz) in H:,b(j)‘
It is easy to see that the dual graph homomorphism is a natural generalization of the
standard graph homomorphism of two graphs, in the sense that they are both adjacency
preserving. We write [{G;}; {H;}] < [{G]}; {H]’}] if there exists a dual graph homomor-

phism from [{G;}; {H;}] to {G:}; {ﬁ;}] Then:

(i) and

Lemma 2. If [{G;}; {H;}] = [{G]}; {H]’}], and G; and H; do not have self-loops, then
Ce([{Gi} {H;}]) € Ce([{GI1 {H]}).

Proof. Suppose (¢,¢) : [{G;}; {H;}] = {G:}; {H;}] and (A, B) is a uniquely decodable
codebook pair of length n for the DM-TWC [{G;}; { H;}]. Let

O(A) = {g(a") = (p(a1),..., ¢(an)) : a" € A},
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Y(B) = {p®") = (¢(b1),..., (b)) : 0" € B}.

We now show that (®(.A), ¥(B)) is a uniquely decodable codebook pair for the DM-TWC
{G!}; {H]’}] To that end, it suffices to show that for any distinct a”, 3" € A and b",b" € B,

we have
(a”) = @(@") in Hy(p,) B+ B Hy(p,), )
P(b") =~ p(b") in Gq,(al) X...-X G(p(

an) *

Indeed, since (A, B) is a uniquely decodable codebook pair, there exist coordinates i, j € (1]
such that a; = 4; in Hj, and b; »= b; in G,;. By the definition of (¢, ), we have that
@(a;) = @(a;) in Hy,) and (b;) = ¢(Ej) in Gy (y,), implying (1). It is also evident that
|®(A)| = |A| and [¥(B)| = |B|. The lemma now follows by taking the union over all
uniquely decodable codebook pairs (A, B) for [{G;}; {Hj}]. O

2.4. One-Shot Zero-Error Communication

In this subsection, we consider the problem of zero-error communication over a
DM-TWC with only a single channel use by the two parties (i.e., n = 1). We refer to
the associated set of achievable rate pairs as the one-shot zero-error capacity region, and the
associated sum-rate as the one-shot zero-error sum-capacity. Recall that the one-shot zero-error
capacity of a point-to-point channel is simply the logarithm of the independence number
of its confusion graph; this quantity yields a lower bound on the zero-error capacity of the
channel, and also provides an infinite-letter expression for the capacity when evaluated
over the product graph. It is therefore interesting to study the analogue of the independence
number in the two-way case, which in particular would yield an inner bound on the zero-
error capacity region of the DM-TWC. For simplicity of exposition, we will focus here on
the one-shot zero-error sum-capacity only.

For convenience we define some notions first. Let [{G;}; { H;}] be a DM-TWC such
that V(G;) = A3 and V(H;) = &1. A pair (S, T) of subsets S C A1 and T C A} is called a

dual clique pair of the DM-TWC if t ~ t' and s L s for any distinct s, s’ € S and distinct
t,t' € T, thatis, S is a clique in each H; for t € T, and T is a clique in each G; fors € S. A
pair (S, T) of subsets S C X} and T C A} is called a dual independent pair of the DM-TWC if
T is an independent set of the graph G; for each s € S, and S is an independent set of the
graph H; for each t € T. A maximum dual independent pair is a dual independent pair (S, T)
with the largest possible product of sizes |S||T|. This product is called the independence
product of [{G;}; {H;}], denoted by 7t({G;}; { H;}). According to the definition, the one-shot
zero-error sum-capacity of the DM-TWC is log 71({G;}; { H;}). It is also readily seen that
if two channels have the same confusion graphs up to some relabeling of input symbols,
then they have the same collections of dual clique pairs and dual independent pairs, and
hence the same one-shot zero-error sum-capacity.

For two graphs G; and Gy, let G; U G, be the union of G; and G; such that V(G; U
Gy) = V(G1) UV(Gy) and E(G; U Gp) = E(Gy) UE(Gy). Notice that the graph disjoint
union U in Section 2.1 is a special case of the union U, when the vertex sets of G; and G,
are disjoint. For notation convenience, in the rest of this subsection we let |X;| = m; and
| X2| = my. The following simple observations are now in order.

Proposition 4. Suppose (S, T) is a dual independent pair of [G1, ..., Gu,; H1, ..., Hp,|. Then:
(1) If|S| =1, then |T| <  ax a(G;j). The equality holds by taking S = {s} and T be a
1smq

maximum independent set_of Gs, where s € arg maxj<j<p, &(G;).
(2) 15| < Itni%wc(Ht).
€

(3) S isan independent set of ;1 H;.
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Proof. The results follow directly from the definition of dual independent pairs. [

Lemma 3. Let [Gy,...,Guy; H, ..., Hu,) bea DM-TWC and G, H be graphs such that V(G) =
Xy, V(H) = Xy. Then:
(1) max{12231(11a(Gi),1gg;<12a(Hj)} < n(Gy,...,Guy; Hi, ... Hyy) < 12}221“(@)'

a(H;).
122, <)

2) =n(G,...,GH,...,H) =a(G)a(H).
(3) 7(Kmy, G,...,G;Ku,, H,...,H) = max{a(G)a(H),my,my}.
4 (G-, Guy Ky, oo, Kiyy) = max a(G;).

Proof. (1) The lower bound follows from Proposition 4 (1) and the symmetry of S and T.
From Proposition 4 (2), we have

S| < mina(H;) < H)),
S| < mina(Hi) < max a(H)

1<j<myp
Tl < mina(Gs) < a(G;
| I_Iglelg ( s)_lggg;;l (Gi),

yielding the upper bound.

(2) From claim (1) above, we have 7(G,...,G; H, ..., H) < a(G)a(H). The equality
holds by taking S and T as the maximum independent sets of H and G respectively.

(3) From claims (1) and (2) above, we have

7(Kmny, G, ..., G; Ky, H, ..., H) > max{a(G)a(H), my, my}.

On the other hand, suppose (S, T) is a dual independent pair. We have the following three
cases: (i) If |S| = 1 then by Proposition 4, claim (1), we have |S||T| < my. (ii) If |T| =1,
similar to case (i), we have |S||T| < my. (iii) If |[S| > 2 and |T| > 2, then by Proposi-
tion 4, claim (2), we obtain |S||T| < a(G)a(H). Thus (K, G,...,G; Ky, H,...,H) <
max{a(G)a(H), my, my}.

(4) is a direct consequence of claim (1) above. The lemma follows. [

By graph homomorphisms we immediately have:
Proposition 5. If [{G;}; {H;}] = [{G;}; {H}}], then
n({Gi}{H;}) < n({Gi} {H}).

Next, we shall provide an upper bound for 77({G;}; { H;}) via a generalization of the
Lovasz theta number [12]. Let I be an arbitrary (mq + my) x (mj + my) positive semi-
definite matrix (i.e., T = 0), and T; ; be its (i, j)th entry. Let ] be an m; x my all-one matrix,
and I, be an n x n identity matrix. For any matrices A and B, denote (A, B) = trace(AB)
and denote AT as the transpose of matrix A. Now define p({G;}, {H;}) as

. 0 7
maximize << T 0 ),F)
subject to << I’gl g ),T> =1,

(o o )m=1 @

1”1-,]-+m1 . Fi,k+m1 =0, Vie A], ],k S Xz,j 7é k, ] ~ kin G;
Fi+m1,]--1’i+mllk:0, VieA,, ]',kGXl,j#k,]'NkinHi
Fi,kerl . r]"kerl =0, V l,] eX, ke Xy, i# j, i Njin Hj
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Civmp Tjomik =0, Vije Xy ke Xy, i#ji~jinGy
I*>=0.

Lemma 4. 7({Gi},{H;}) < (2p({Gi}, {H}))>

Proof. Suppose (S, T) with S C X3, T C A, is a maximum dual independent pair such
that |S||T| = w({G;}, {H;}). For anumber m and a set S, denote m + S = {m +s:s € S}.
Let I be an (mq + my) X (my + my) matrix such that

&, ifi€Sjes

I, - \/\sl\ﬁ’ ificS jem+T, oricm+T,jeS
K ifiem+T,jem+T
0, otherwise.

Notice that for any vector x™ "2 = (xq,..., Xm,+m,) We have

R o IV

2
X; + X ) > 0.
NIE Zs CVIT ]-EZT "

This shows that I' is a positive semi-definite matrix satisfying the equality constraints in (2).
Accordingly, I' is a feasible solution for program (2) and

xm1+m2 .T- (xml—i-mz)T _ (

ptiGh ) = ) )0

=24/[S[|T|

=2,/n({G;i}, {H;}),

implying the result. This completes the proof. [

2.5. Information-Theoretic Notations

We recall some standard information-theoretic quantities that will be used in the
sequel. Let X,Y be two discrete random variables taking values from sets X,) ac-
cording to a joint probability distribution Pxy. Let Px denote the marginal probability
distribution for X, where Px(x) = Y cy Pxy(x,y), and Py be the marginal probabil-
ity distribution for Y similarly. The Shannon entropy of X is denoted by H(X) where
H(X) = — Y cx Px(x)log Px(x). In particular, the binary entropy function is written as
h(x) = —xlogx — (1 — x)log(1 — x), where 0 < x < 1. The conditional entropy of X given

Y is written as H(X|Y) where H(X|Y) = —Pxy(x,y) log %@y) The mutual information

between X and Y is I(X;Y) = H(X) — H(X|Y). The conditional mutual information of X,Y
given another random variable Z is [(X; Y|Z) = H(X|Z) — H(X|Y, Z). The following basic
properties will be used in the arguments afterwards.

Proposition 6. (1) H(X) >0, I(X;Y) > 0. (Non-negativity)
(2) H(X|Y) <H(X), I(X;Y|Z) < I(X;Y). (Conditioning reduces entropy)
(3) H(Xy,Xp,...,Xn) =Y H(Xi|Xy,...,Xi_1). (Entropy chain rule)

3. Outer Bounds

In this section, we provide single-letter outer bounds for the non-adaptive zero-error
capacity region of the DM-TWC. First in Section 3.1, we present two simple outer bounds,
one based on Shannon’s vanishing-error non-adaptive capacity region and the other on a
two-way analogue of the linear programming bound for point-to-point channels. Next in
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Section 3.2, we combine the two bounds given in Section 3.1 and obtain an outer bound
that is generally better than both. Finally, in Section 3.3 we derive another single-letter
outer bound via the asymptotic spectra of graphs.

3.1. Simple Bounds

It is trivial to see that Shannon’s vanishing-error non-adaptive capacity region of the
DM-TWC ([1], Theorem 3) contains its zero-error counterpart. First recall Shannon’s bound
in [1].

Lemma 5 ([1]). The vanishing-error non-adaptive capacity region of a DM-TWC Py, y, x, x, i
the convex hull of the set:

U {(Ri,R2): Ry >0,Ry > 0,Ry = (X1, Y2|Xp), Ry = I(Xp; Y1 X1)}

Px, Px,
where the union is taken over all product input probability distributions Px, x Px,.
Together with Proposition 2, this immediately yields the following outer bound.

Lemma 6. €z (Py, y,|x,,x,) is contained in

N N {RUR) R 2 0,R 2 0AR + (1= AR < max e(A)},
Qvy,1x,,X, 0SALT Px,,Px,

where
e(A) = AM(Xq; V2| Xo) + (1 — A) (X Y1 | X1). 4)

The first intersection is taken over all DM-TWCs Qy, vy, |x, x, with the same adjacency as Py, v, x, x,/
and the maximum is taken over all product input probability distributions Px, X Px,.

Remark 1. The bound (3) can also be written in the standard form

N U {(R,Ry):R; >0,Ry >0,

Qv a1%1,%, Pxy Py

Ry < I(X1; Ya|Xa2),
Rz < I(Xz,Yl‘Xl)}

Here we prefer however to use the form (3), for ease of comparison with forthcoming
bounds.

We now proceed to obtain a combinatorial outer bound. Recall that a dual clique pair

of a DM-TWC is a pair (S, T) of subsets S C Xj and T C A, such that ¢ S tands ~ s
for any distinct s, s’ € S and distinct ¢, € T. In the sequel, we adopt the convention that
00 =1.

Lemma 7. €z (Py, y,|x, x,) is contained in:
() {(Ri,Rz): Ry > 0,R; > 0,AR; 4+ (1 —A)R; < max —logl(A)}, 5)
0<A<1 Py Pxy

where N .
() = HslaTX< Y. Px (x1)> ( ) sz(x2)> (6)
’ X1€S xeT

and the maximum in (5) is taken over all the input probability distributions Px, and Px,, and the
maximum in (6) is taken over all the dual clique pairs (S, T) of Py, y,|x, x,-
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Proof. Let (A, B) be a uniquely decodable codebook pair of length n. We will show that:
1
MBIT-A < o n
APIBI < x- (75) @)

by induction on 7, where « is a constant independent of #.

Indeed, for the base case n = 1, one could take subsets A C X, B C X5 such that
for any distinct 4,4’ € A and distinct bV’ € B, we have a Loaandb & V. Clearly,
|A||B] < |X;||X2| and (7) follows by taking « sufficiently large.

Assume that (7) holds for every length n’ < n — 1, and let us proceed to prove for
length n. Suppose (A, B) C A" x X} is a uniquely decodable codebook pair of length 7.
For a vector x", let x"\i £ (x1,...,%Xi_1,%i41,-..,Xn) be its projection over all coordinates
not equal to i. For each coordinate 1 <i < n and each x; € X, xo € A, let

Ai(x) 2 {a": a" € A, a; = x1},

& rpn\i n ®)
Bi(X2) = {b b eB, b= Xz}

be the projections of each codebook obtained by fixing the ith coordinate. Define the
distributions induced by these projections over & and X respectively to be

P§(1<x1> 2 |Aif:|1)|, P§<2(x2) 2 |Bz|§;|2)| (9)

Furthermore, for any two subsets S C X7 and T C X}, define the codebooks induced by
the unions over S and T of the respective projected codebooks, to be

2 | Ai(x1), Bi(T) = | Bi(x). (10)

x1€S xeT

Note that if (S, T) is a dual clique pair such that 4;(S) # @ and B;(T) # @, then the
unions in (10) are disjoint, as otherwise this would contradict the assumption that (A, B) is
uniquely decodable. Hence

Sl =Y [Ai(x)l, [B(T) =} |Bi(x2)l, (11)

X1€S xpeT

and also, for any i € [n] it must hold that (\A;(S), B;(T)) is a uniquely decodable codebook
pair of length n — 1. Combining (8), (9) and (11) gives

IAIAIBlA=< A5 )A( 15(T)| ))LA. (12)
Yses Py, (s) Yier Py, (t)

By the inductive hypothesis, we obtain

< ()"

JAMBI < -
(Loes P, ()" - (Seer Py (1)

K'(ﬁ)n ' 1 \n

< =< G-

where the second inequality follows from the definition of /(A) in (6). This completes the
proof. O

The following is a trivial corollary of Lemmas 6 and 7.
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Corollary 1. €z (Py, v,|x, x,) is contained in

N ) {(RuR2): Ry >0,Ry > 0,AR; + (1— A)Rp < t(A)},

Qv, 5%, %, 0SALT

(13)

where
£H(A) émin{ max €(A), max —logl()\)}. (14)

Px, .Px, Px, .Px,

3.2. An Improved Bound

We now provide a single-letter outer bound, in which the order of the minimum
and the maximum in (14) is swapped. This generally yields a tighter outer bound due
to the max—min inequality. In fact, our bound can be seen as a generalization of the one
obtained by Holzman and Korner for the binary multiplying channel [13], in which case
the max—min is indeed strictly tighter than the min-max.

Theorem 2. ©%(Py, y,|x,,x,) is contained in

N () {(RLR2): Ry >0,Ry >0,AR; + (1 —A)Rp < 0(A)},

Qv 1y, x, 0SAST

(15)

where
8(A) £ max min{e(A), —logl(A)}. (16)
Px, ,Px,
The first intersection is taken over all DM-TWCs Qy, y, |x, x, With the same adjacency as Py, v, x, x,/
and the maximum is taken over all product input probability distributions Px, X Px,.

Proof. The intersection over all Qy, y,x, x, follows from Proposition 2. Hence without
loss of generality, we prove that for Py, y, x, x,, €ach achievable rate pair (R1, Ry) satisfies
AR1 + (1= A)Ry < 6(A), where 0 < A < 1.
To that end, for each uniquely decodable codebook pair (A, B) of length n, we will
show that:
JAPBIFA < e 270 (17)

by induction on 1, where « is a constant independent of n. The base case of n = 1,
follows in the same way as in the proof of the base case in Lemma 7. Assume that (17)
holds for all length n’ < n — 1, and let us prove it also holds for length n. Suppose that
(A,B) C A" x X} is a uniquely decodable codebook pair of length 7. Following the same
steps of (8)—(12) in the argument of Lemma 7, we also have:

A 1-A
wna (ALY (1B
1B ‘(zsesP;;l(s)) (ztgpsgzm)) | a8

Now, if there exists a dual clique pair (S, T) and a coordinate 1 < i < n such that

A 1—-A
(Z Py, <s)> (Z Pégz(t)) > 27004, (19)
seS teT

then (18) implies

(n=1)0(A)
Agli-A < K2 _ (M)
where the inequality follows from the inductive hypothesis and (19). Therefore, we con-
clude that (17) holds under condition (19).
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Assume now that condition (19) is not satisfied, that is,
A 1-A
maxmax | ) Pg(l (s) ) Pg(z (1) <2700, (20)
i€] ST \ses teT

Let A" and B" be codewords chosen from A and B respectively, uniformly at random, and
let Y, Y7 be the corresponding channel outputs. Since (A, B) is a uniquely decodable
codebook pair of length 7, it must be that:

log | A| = I(Y3; A"[B"),

21
log |B| = I(Y]; B"|A™). @D
On the other hand, we have:
I(Y{;B"|A") = H(Y]|A") -~ H(Y]|A",B") @2
n n
=Y H(Y,i|Yiq,..., Y11, A") = Y H(Y1,|A;, B;) (23)
i1 i=1
n n
< Y H(Y1,A) — Y H(Y1,|A;, B;) (24)
i=1 i=1
n
=) I(Y1,BilA), (25)

I
—_

where (23) follows from the entropy chain rule and the memorylessness of the channel,
and (24) follows from the fact that conditioning reduces entropy. Similarly,

n
1(Yg; A"|B") < Y I(Ya; Ai|By). (26)
i=1

Combining (20)—(26), we obtain

log | A[*|BJ"*
= Alog|A|+ (1 —A)log | B]

n
< Y AI(Ya; Aj|Bi) + (1 — A)I(Yq,;; Bil A;)
i1

< Jmax n[AI(Yy; X1|X2) + (1 — A)I(Yq; X2|X1)]
%
1(A)<12*9(A>
= max n-€(A), (27)
Px, Pxys
1(0)<2—0(1)

where €(A) and I(A) are defined in (4) and (6), respectively, and the maximum is taken over
all product input probability distributions Px, x Px, such that [(A) < 2%, following
condition (20).

By the definition of 6(A), we have:

6(A) = max min{e(A), —logl(A)} (28)
Py, Px,
> max min{e(A), —logl(A)}. (29)
Py, Pxys
1(A)<2~0(Y)

Note that for any input distributions Py, , Px, such that /(1) < 2-0(1) we have

—1logl(A) > 6(A). (30)
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Combining (29) and (30), we obtain

max €(A) < H(A). (31)
Px, Py
1(A)<2—0(1)

Substituting (31) into (27), we have log | A|*|B|'~* < n6(A), completing the proof. [J

We remark that Theorem 2 immediately implies, in particular, the following upper
bound on the zero-error capacity of the point-to-point discrete memoryless channel.

Corollary 2. The zero-error capacity of the discrete memoryless channel Py|x is upper bounded by

min max min {I(X; Y), — logmgx ) PX(x)}.

Qvix Px xeC

The outer minimum is taken over all the Qy|x having the same confusion graph as Py|x, the outer
maximum is taken over all the input distributions Py, and the inner maximum is taken over all the
cliques C of the confusion graph of the channel.

As it turns out, the upper bound in Corollary 2 coincides with the linear programming
bound on the zero-error capacity of a point-to-point discrete memoryless channel in [2].
Namely,

glyl‘r; n]l)ix [(X;Y) = Hllvix { log max xgc Px(x) }
for any point-to-point discrete memoryless channel Py x. This fact was originally con-
jectured by Shannon [2] and later proved by Ahlswede [22]. In other words, this means
that in the point-to-point case, Corollary 1 yields exactly the same bound as Theorem 2.
However, this is not the case in general for the DM-TWC. For example, recall that Holzman
and Korner [13] derived the bound in Theorem 2 in the special case of the (deterministic)
binary multiplying channel (using A = 0.5) and numerically showed that it is strictly better
than what can be obtained from Corollary 1. Next we give another example showing that
Theorem 2 outperforms Corollary 1 for a noisy (i.e., non-deterministic) DM-TWC as well.

Example 1. Let X; = {0,1,2}, X, = Y1 = )» = {0,1}, and the conditional probability
distribution Py, y, x, x, be

X1X2
Yi¥2 /5001 10 11 20 21
0 |1 1 0 0 0 0
o0 lo 0o 0o 0 1 0
0/0 0 & 0 0 1
11 ]0 0 1-6 1 0 0

where ¢ € (0,1). Corollary 1 gives the upper bound

Ri+R; < min{ max €*, max —logl*} ~ 1.2933,

Px,/Px,  Px;/Px,
where
e = I(Xl,‘ Y2|X2) + I(Xz,‘Y1|X1)
= Px,(2) - h(Px,(0)) + Px, (0) - h(Px, (0) + ¢ - Px, (1)) — Px, (1) - Px,(0) - h(4)
+ Px, (1) - h(Px, (1)),

X1€S x€eT
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= max { P, (0), Px, (1), Px,(0) - (Px, (0) + Px, (1)), Px,(0) - (Px, (1) + Px, (2)),
PXz(l) : (le (0) + PX] (2))}’

and h(x) = —xlogx — (1 — x)log(1 — x). In contrast, Theorem 2 yields a tighter upper
bound of
R1+ Ry < max min{e*, —logl*} ~ 1.2910.

X1tXy
3.3. An Outer Bound via Shannon Capacity of a Graph

Based on Lemma 3 and the Shannon capacity of a graph, we immediately have the
following bound.

Lemma 8.

ngsglm([Gl,...,G‘Xll,'Hl,...,H‘XZ‘]) < max @(le)—l-@(HxZ)

xX1E€EX,x0€X,

It is worth noting that the above bound could be optimal in the sense that when all
Gi = Gand H; = H, it is easily verified that €3} ([G,...,G; H, ..., H]) = ©(G) + O(H).
However, the bound in Lemma 8 is not tight in general. Later in Section 5, we will
improve the bound in Lemma 8 for certain scenarios and show that the improved bound
(in Theorem 5) could outperform Theorem 2 (see Example 3), and be achieved in special
cases (see Theorem 7).

4. Inner Bounds

In this section, we present two inner bounds for the non-adaptive zero-error capacity
region of the DM-TWC, one based on random coding and the other on linear codes.

4.1. Random Coding

The random coding for DM-TWC is standard and generalizes a known bound by
Shannon for the one-way case [2]. To obtain the random coding inner bound, we need the
following lemma from [1].

Lemma 9 ([1]). Let X be a random variable taking values in [N], and {f; : [N] = Ry }ic(q bea
collection of nonnegative functions. Then there exists x € [N] such that f;(x) < d - E[f;(X)] for
all i € [d].

Theorem 3. ¢ (Py, v, |x, x,) contains the region:

U {(RuR):RiZ0R 20,

Py, Px,
1
Ry < ~3 log Z Py, (x1)Px, (xi)PXZ(xz),
x])gxq V xq :Xi, (32)
xl,xﬁeXl,xzeXz
1
Ro<—zlog Y Px,(x1)P,(v2) P (xh), }

X
xp ~1\é \% xzzx/z,
xq eXererlzeXZ

where the union is taken over all input distributions Px,, Px,.

Proof. We randomly draw a codebook pair (A, B), such that A (resp. B) consists of M;
(resp. M») statistically independent words, where each word is generated i.i.d. according
to a probability distribution Py, (resp. Px,). A word a" € A is called bad, if there exist two

words, b",b" € B that are either equal or adjacent in G, X - - - X G,,,. For any particular
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words a" € A, b",b" € B and coordinate i € [n], the probability that b; ~ b; in G,, is upper
bounded by:
Z PX1 (xl)PX2<x2)PX2(xé)-

x
xp lelz Y x2:xé,
X1 EXl,xz,xéEXz

Since all the coordinates are independent, the probability that b" ~ b" in Gy, X -G, is
at most:

(T mpomg) @

Xp ~ ,\'2 \ x2:x’2,

x1€X] ,xz,x/26X2

Denote by Bad(a") the number of 2-subsets {b",b"} C B such that b" ~ b" in G,, X - - - X
Ga, . Then,

Pr{a" isbad} = Pr{Bad(a") > 1}
< E[Bad(a")]

(") T moreraG)

xy A vy =af,

X1 €X ,xz,xé €Xy

where the first inequality is by Markov’s inequality, and the second inequality follows
from (33) and the linearity of expectation. Similarly, a word b" € B is called bad, if there
exist two words a",a" € A that are equal or adjacent in Hj, X - - - X H}, , and we have

Pr{b" isbad} < <A§1> ( B JZ Py, (xl)le(x’l)sz(xz)>”.

—
xqoxp V=,

X1 x) €Xy xp €D

Let f1(A, B), f2(.A, B) be the number of bad words in A and B respectively. Then, we
have:

Blaas)<m(") (L mtwrcre). 6

xp Xy \ x2:x’2,

X1 €AY /x2,xé€X2

E[f2(A B)] §M2<A§1>( X Px1<x1>le<xi)Px2(xz))n. (35)

—
xqox] V=g,

xp X EXy xp XD
By Lemma 9, there exists a pair (A*, B*) such that
A(AB) <2E[fi(A B)],  fa( A", BY) <2E[f>(A, B)]. (36)

Remove all the bad words in A* and B* respectively, yielding a codebook pair (.A’, B')
such that:
|A'| = My — f1(A*,B*) and |B'| = M, — fo(A*, B*). (37)

It is readily seen that (A’, B') is a uniquely decodable codebook pair.
Now let

M1=<1cl>3( Y le<x1>le<x1>sz<xz>) , 39)

X
xq ~2x{ \Y xlzxi,

Nl

xl,xi €X xpEXy
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Mz—<1—cz>3( y le<x1>Px2<xz>PXz<x’z>) (39)

X1 /
.’Cz '\'12 \% X2=7(2/

x1€X ,xz,xé €Xy

where (1, {> are arbitrarily small positive numbers. Combining (34)—(39), we obtain:

., -3
A>(1-(1-8)")1-28)? ( Y. le(xl)le(xi)P&(xz)) ,
3 2xh v xy=x],
xl,xﬁeXl,xzeXz

; -3

IB'|>(1-(1-¢1)")(1-¢)2 ( ). le(xl)PXz(XZ)PX2<x/2>>
w1y 3x v xp=xl,

xleXl'XZr’éeXZ

Since &1, ¢ are arbitrarily small, by taking n as sufficiently large, we can find an (1, Ry, Rp)
uniquely decodable codebook pair arbitrarily close to (32), as desired. O

4.2. Linear Codes

In this subsection, we present a construction of uniquely decodable codes via linear
codes, which generalizes a known result for the binary multiplying channel [15]. Let us
introduce some notations first. Suppose D is a set of letters, x" and y" are vectors of length
n, and C is a collection of vectors of length n. Let:

indp(x") 2 {1<i<n:x; €D} (40)

denote the collection of indices where x; € D. For I C [n] let y"|; denote the vector
obtained from y" by projecting onto the coordinates in I, and denote

C\I £ {Cn|1 S C}
X1
Let Py, v, x, x, be a DM-TWC. We say that x; € X} is a detecting symbol, if x5 7 x}, for
any distinct xp, x5 € X,. A detecting symbol x, € X} is defined analogously. Let D; C &}

and D, C A&, denote the sets of all detecting symbols in X} and X}, respectively. A vector
a" € A" is called a detecting vector for B C A} if

= [8B]. (41)

‘B\inle (an)
Similarly, a vector b"* € X7 is a detecting vector for A C X7 if

[ Alindp, (0r)| = [Al- (42)
The following claim is immediate.

Proposition 7. Let A C X", B C XJ'. If each a" € A is a detecting vector for B and each
b" € B is a detecting vector for A, then (A, B) is a uniquely decodable codebook pair.

Proposition 7 provides a sufficient condition for a uniquely decodable code, which is
not always necessary (see Example 2). Nevertheless, this sufficient condition furnishes us
with a way of constructing uniquely decodable codes by employing linear codes.

Example 2. Suppose that X} = {ag,a1,a2}, X» = {bo, b1} such that D; = {ag,a1,a2},

D, = {b1}, and a9 % ay, ag & ap, aq % ap. Let A = {agapag, a1a1a1,apa1a2} and B =
{bob1bp}. It is easy to verify that (\A, B) is a uniquely decodable codebook pair. However,
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indp, (bob1bo) = {2} and | A5y = [{a0,a1}| = 2 < | A| = 3, implying that boby by is not a
detecting vector for A.

Assume that |X;| = g1 and |X,| = g2, where g1, 2 are prime powers, and let us think
of the alphabets as [F;; and [F,,, respectively. The following theorem gives an inner bound
on the capacity region, which is a generalization of the Tolhuizen’s construction for the
Blackwell’s multiplying channel [15].

Theorem 4. Let Py, vy, x, x, be a DM-TWC with input alphabet sizes |X1| = q1, |X2| = q2,
where q1, g are prime powers. If Xy and X, contain T and T, detecting symbols respectively, then
e (Py, v, |x,,%,) contains the region

U {(Ri,Rz):R1 >0,Ry >0,
0<a,p<1

Ry <h(a) +alogm + (1 —a)log(qa — ) — (1 — B)logqa, (43)

Ry < h(B) + BlogTi + (1 p)log(q — 1) — (1—a)logqi },
where h(x) £ —xlogx — (1 — x)log(1 — x) is the binary entropy function.

To prove this theorem, we need the following lemma. The case that q; = g = 2 and
T = 1 was proved in ([15], Theorem 3). Lemma 10 follows from similar argument.

Lemma 10. Let q, g’ be prime powers, n, k be positive integers such that 1 < k < n,and D C ]Fq/
with cardinality |D| = t. Then there exists a pair (C,Y(C)) satisfying that:

(1) Cisag-ary [n,k| linear code;

(2) Y(C)C IF;, such that

[e9)

(@)1= () = -

i=1

(3)  foreach x" € Y(C), we have |indp (x")| = k and ‘C\indp(x”)

~cl.

Proof. Let A be ak x n matrix of full rank over Fy, then C(A) £ {yFA : y* € ]Fg }isag-ary
[n, k] linear code generated by A. Recall that for every x" € FZ,, indp(x") ={i€[n]: x €
D} as in (40). Denote:

Y(C(A)) 2 {¥" € Bl : findp(x")] = k, [Clnap(n| = €1}

Let Aling, (x) denote the k x |indp (x")| submatrix of A with columns indexed by indp (x").
It is easy to see that |Cjing,,(x+)| = |C| is equivalent to rank(Ali,q, (xn)) = k. Denote:

Pe{(Ax"): A TP, ¥ € Y, lindp(x")| = k, rank(Alingy (o) =k}, (44)

and let us proceed by double counting the cardinality of P.
On the one hand, the number of vectors x" € Iy, such that lindp (x™)| = kis (})7*(q' —

)"k, For each such x", there are g*(" =) I (k) corresponding k x n matrices A € F’,; *" such
that rank(Aljg,,(xn)) = k, where I;(k) = I‘[é‘;ol (¢ — q') is the number of k x k invertible
matrices over [y, see ([15], Lemma 3). Hence, we have:

n _ _
Pl = ()2 = o ke e,



Entropy 2021, 23, 1518

18 of 25

On the other hand, the number of matrices A € F’gx” is g"F. By (44) and the pigeonhole
principle, there exist a matrix A* € ]F’[‘IX” and a corresponding code C(A*) such that
[Y(C(A))| > |P|/q". Letting C = C(A*), the lemma follows. [

Proof of Theorem 4. Fori = 1,2, let us identify &; with [F;,, and let the respective sets of
all detecting symbols be D; C I, with |D;| = 1.

To prove the existence of a uniquely decodable codebook pair based on Proposition 7,
we first use Lemma 10 to find two “one-sided” uniquely decodable linear codebook pairs,
and then combine them to the desired codebook pair by employing their cosets in Fy and
F7 .

" First, letting g = g1, ¢ = q2, G = Dy and T = T in Lemma 10, we have a pair
(C1,Y(C1)) satisfying that C; is a g1-ary [n, ki] linear code and Y(C;) C Fy, such that

o)

NN S PSS § CRY ! )

i=1

Similarly, letting ¢ = g2, ¢ = q1, G = D; and T = 77 in Lemma 10, we have a pair
(C2, Y(C2)) satisfying that C; is a go-ary [n, k] linear code and Y(Cz) C Fyj such that

Y€l = () —m)r T - ) 6)
i=1

1

The property (3) in Lemma 10 implies that each x" € Y(C;) is a detecting vector for C; for
i = 1,2. Note that if E(C;) C Iy is a coset of C;, then each x" € Y(C;) is also a detecting
vector for Z(C;).

Now we are going to combine the two pairs (C1,Y(C1)) and (C2, Y(Cy)). Since C; has

n

q; ki cosets, then by the pigeonhole principle there exists coset Z(C;) of C; such that:

Y(C
A2Y(C)NE(G), |A> | YE_;ZM'
2
(47)
Y(C
BEY(C)NE(C), |B] > %

1

We now notice that each vector in A (resp. B) is a detecting vector for B (resp. A),
hence by Proposition 7 (\A, BB) is a uniquely decodable codebook pair. Moreover, for fixed
q1, g2, we have:

log | A k k k k 1
eI M) 4 By togma+- (1= ) tog(g2 —7) — (1= 2)10g s — 0(D),
log |B k k k k 1

P88 > 2y 1 (2)10m + (1~ ) 10801 - 1) - (1 Dy togar - 0D,

which follows from (45)-(47). Letting « = k1 /n € [0,1], B = ko/n € [0, 1], we obtain:

1
Ry = nh_r)r;% > h(a)+alogm + (1 —a)log(qga — ) — (1 — B)log gz,
. log|B]|
Ry = lim =222 > h(B) + Blog 71 + (1~ B) log(q1 — 1) — (1 — ) log qa.

Therefore, (43) follows, as desired. [

We note that for any DM-TWC, one could only exploit part of input symbols X C X,
X; C X, to meet the requirements in Theorem 4. Hence we in fact have the following more
general bound.
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Corollary 3. Let Py, y,|x, x, be a DM-TWC with input alphabets X1, X,. Then €z¢(Py, y,|x, x,)
contains the region:

U U {(R,R2):Ri>0,Ry >0,
x{cay, 0<a,p<1

/
XX,

Ry < h(a) +alogt + (1 —«)log(qy — 1) — (1 — B)log g,
Ry < h(B) + Blogt + (1 —B)log(q; — 1) — (1 —a)logqy },

where the first union is taken over all X{ C X1, X) C X, such that |X{| and |X}| are prime
powers, and contain T] and T} detecting symbols, respectively.

Notice that the region (43) relies on the number 41, g2 of symbols being used and the
corresponding numbers T;, T, of detecting symbols. It is thus possible that using only a
smaller subset of channel inputs would yield higher achievable rates (when using our linear
coding strategy) than those obtained by using larger subsets. For Example 1, Corollary 3
shows that a lower bound on the maximum sum-rate R; + R» is 1.17, which is better than
the random coding lower bound 1.0907.

5. Certain Types of DM-TWC

In this section, we consider the DM-TWC in the scenario that the communication in
one direction is stable (in particular, noiseless). First we briefly review the probabilistic
refinement of the Shannon capacity of a graph in Section 5.1. Then in Section 5.2, we
provide an outer bound on the zero-error capacity region via the asymptotic spectrum of
graphs. In Section 5.3, we present explicit constructions that attain our outer bound in
certain special cases.

5.1. Probabilistic Refinement of the Shannon Capacity of a Graph

We first recall some basic notions and results from the method-of-types. Let x" € X"
be a sequence and N(a|x") be the number of times that 4 € X" appears in sequence x".
The type Pyn of x is the relative proportion of each symbol in X, that is, Pyr (a) £ w
foralla € X. Let P, denote the collection of all possible types of sequences of length
n. For every P € Py, the type class T"(P) of P is the set of sequences of type P, that is,

T"(P) & {x" : P;n = P}. The e-typical set of P is
TH(P) £ {x" € X" : |Pyn(a) — P(a)| <€, Va € X}.

The joint type Pyn yn of a pair of sequences (x",y") is the relative proportion of occurrences
of each pair of symbols of X x Y, that is, Pyn yn £ w foralla € X and b € ). By

the Bayes’ rule, the conditional type Pyn |, is defined as:

N(a,b|x",y”) B Pxn,yn (a,b)
N(bly™) Pyu(b)

Pxn ‘yn (ﬂ, b) =

Lemma 11 ([23]). |P,| < (n + 1)1,

H(X)

Lemma 12 ([23]). VP € P, we have ( 0

2H < T(P)| < 27HX),

In [24], Csiszar and Korner introduced the probabilistic refinement of the Shannon
capacity of a graph, imposing that the independent set consists of sequences of the (asymp-
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totically) same type. Let G/ [P] denote the subgraph of G" induced by T/ (P). The Shannon
capacity of graph G relative to P is defined as

(G, P) £ lim lim sup 1 log a(GZ[P]).

e=0 pso N

Let G"[P] denote the subgraph of G" induced by T"(P). Then, it is readily seen that:

lim sup % loga(G"[P]) < ©O(G, P).

n—o0

For each 7 € A(G), define

i7(G, P) £ lim lim sup % log n(GZ[P]). (48)

€0 nseo
If G = K,,, then according to Lemma 12, we have

7K, P) = H(X) (49)
for any 7 € A(G). Very recently, Vrana [25] proved the following results on 7(G, P).

Lemma 13 ([25]). The limit in (48) exists and
(1) ©(G,P) = min 7(G,P);
(G,P)= min §(G,P)

(2) logn(G) = max (G, P) forn € A(G).

According to Lemma 11, it is easily seen that:

0O(G) = max 0(G, D).

Here, we would like to mention that the probabilistic refinement of the Lovasz theta number
was introduced and investigated by Marton in [26] via a non-asymptotic formula, and the
probabilistic refinement of the fractional clique cover number was studied in relation to the
graph entropy in [27].

5.2. An Outer Bound via the Asymptotic Spectrum of Graphs

In this subsection, we derive an outer bound for the case when all { H j} are the same,
namely, H; = H forall j € &).

Theorem 5. ¢ ([Gy, ..., G x,; H, ..., H]) is contained in the region

{(Rl,Rz) :Ry > 0,Ry > 0,Ry + Ry <max Y Px,(x1)0(Gy,) +O(H, le)}.

le X1€EX]

Proof. Suppose that (A, B) C X" x A} is a uniquely decodable codebook pair of length 7.
For any a" € Aand b" € B, let Py jn denote the joint type of the pair (a”,b") and

]n(PXl,Xz) £ {(ﬂn, bn) ca € .A, b" e B, Pu",b" = PXlzXZ}'

By Lemma 11, there are at most (1 + 1)1%1/1%2| different joint types over (A, B). Thus by
the pigeonhole principle, there exists one joint type Py, v such that:

|A[lB]

(n 3 D)l (50)

J" (P, x,)| =
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Notice that for each (a",b") € J"(Py, x,), we have:

_ * k
Por = PXl - 2 PXLXz:Xz’

XpEX,

_ ko k
Pyn = Px, = Z Py, —x,, %,
X1€EX]

Now we are going to upper bound the cardinality of J"(Pg, y,). Let A (resp. B)
denote the collection of a" € A (resp. b" € B) that appearsin |" (P, y, ), thatis, there exists
b" € B (resp. a" € A) such that Py yn = Py y . Then we immediately have

[J" (P, x,)| < [AT|[B7]. (51)

Let us now turn to upper bound the cardinalities of A* and B*. Since (A, B) is uniquely
decodable, by Proposition 1, for any a” € A* it must hold that B* is an independent set of
Ga, WGy, X - - - X Gy,,. Accordingly,

nl’;‘(1 (2)

Py (1
|B*|§a(cfxl()&cz K--KG

nP;zlux]\)) )

||

Also, for b" € B*, we notice that A" is an independent set of H" with type Py . To be
precise, we have:

A% < a(H"[Pg,])- (53)
Therefore we have:
lim sup 1log |A||B]
n—oo N
1
< limsup - log ((n + 1)l |f”(P§1,X2)|) (54)
n—oo N
. 1 .
= limsup - log [J"(Px, x,)| (55)
n—o0
< limsup 1 log | A*||B*| (56)
n—oo N
Py (1 P (|X:
< limsup % [log (oc(Gr Wy g erf(‘l(‘ 1|))) +log (a(H”[P)*(l]))} (57)
n—o0

{log (U(GTP)*{l(l) K- X Gr;;"(‘](\/‘ﬁl))) + log (U’(H”[P)"(l]))} (58)

. 1
<limsup min —
n—oo MN'ENG) N

1
<timsup ming ol K () los (1(Gu) +1og (o (H'P%))) ©9)
< max Z Py, (x1)9(Gy,) + ©O(H, Px,), (60)

X1 x1€X]

where (54) follows from (50); (55) follows from the fact that |} |, | X2| are fixed when n
tends to infinity; (56) follows from (51); (57) follows from (52) and (53); (58) follows from
Theorem 1 that (G) < min, ¢, (g #7(G) for any graph G; (59) follows from Theorem 1 that
each 17 € A(G) is multiplicative with respect to the strong product; and (60) follows from
Theorem 1 and Lemma 13.

This completes the proof. O

In particular, considering the DM-TWC such that |X1| = 2, H = K3, G; = K|y, and
G, = G is a general graph, we have the following result.
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Theorem 6. %Ze([f‘ )G Ka, ..., Ky]) is contained in the region
{(Rl,Rz) :Ry > 0,Ry > 0,R; + R, < log (|X2| +2®(G>) }

Proof. Recall that: ©(K,) = log(n) and ®(K,, P) = H(X). According to Theorem 5, we
have:

Ry + Ry <max ) Px, (x1)0(Gy,) +O(Ky, Px,)

X1 x1€X]

= max {Px, (1) -log| 42| + Py, (2)- ©(G) + (X))
1
=log (|X2| + 2®(G)>,

where the last equality is achieved by taking Py, (1) = L1 yand Py, (2) = 290¢) O

- ‘X2|+2®(G B ‘X2|+2®(G).

We remark that Theorem 6 (hence also Theorem 5) could outperform Theorem 2, see
the following example.

Example 3. Consider the channel [Ks5, Cs; Ky, . .., K] where Cs is the Pentagon graph. It is
well known from [2,12] that ®(Cs) = 1 log5. Then by Theorem 6 we have an upper bound

on the sum-rate Ry + R, < log(5 + 1/5) ~ 2.8552, while Theorem 2 only gives an upper
bound R + R, < 2.9069.

5.3. Explicit Constructions

In this subsection, we present explicit constructions of uniquely decodable codebook
pairs which could attain the outer bound of Theorem 6 in certain special cases.

Theorem 7. Let m be a prime power, |Xs| = g = ms and G = Ky, U - - - U Ky, be a disjoint union
of s cliques. Then €51™ ([K], G; Ko, .. .,Kz]) =log(q +s).

Proof. First by Theorem 6, we have an upper bound on the sum-capacity given by
€ ([Ky, GiKs, .. Ko ) < log (4] +29(9)) = log(q +5). (61)

Next, we consider the lower bound. Notice that G = K,,, X K;. We can reformulate the
channel accordingly as:

[Kq, G;Kz,. . .,K2] = [Km,Km,'Kz,.. .,Kz] X [Ks;Kl,.. .,Kﬂ,

where the first Ky, Ky; Ko, . . ., Ko] corresponds to a channel with input alphabets Xl(l) =
{1,2} and Xz(l) = {1,...,m}; and the second [Ks;Kj,...,Kj] is with input alphabets
Xl(z) = {1} and XZ(Z) ={1,...,s}. Together with Lemma 1, we have:

€ ([Ky, GiKay . Kol ) = 65 (K KiK. Ko ) + 650 (R Ky, o Ka]). (62)
On the one hand, it is easy to see that:

%Zseum ([KS/ Kl, o ,Kl]) = logs (63)
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since this is a clean channel and Alice and Bob could always communicate without error.
On the other hand, by Lemma 10, we obtain:

%Zseum([Km,Km;Kz,...,Kﬂ) Zlog(m—!—l). (64)

In fact, letting g = m, ¢’ = 2 and T = 1 in Lemma 10, we have a pair (C, Y(C)) satisfying
that C is an m-ary [n, k] linear code and Y(C) C F4 such that

Y(C)] > (Z) TT0—m). (65)

i=1

Now let A = Y(C) and B = C, then it is easy to see that (4, B) is a uniquely decodable
codebook pair with respect to the channel [K,, Ky; K, ..., Kz]. The corresponding sum-
rate is

[e9)

. 1 1 1 k n —i
nlgIC}OElogMHB\ —nlgrolo(logm +log (k) [Ja-m ))

n i=1
_k k
= Jim  togm +h()

Taking k/n = m/(m + 1), we obtain a lower bound log(m + 1) on the best possible sum-
rate, that is, (64).

Combining (62)—(64), we have €54 ([Kq, G;Ky, ... ,Kz]) > log(m + 1) + logs =
log(g + s), which also implies an explicit uniquely decodable codebook pair for the channel

[Kq, GK,,..., Kj] based on the argument of Lemma 1. Then, together with (61), the proof
is complete. [

6. Concluding Remarks

In this paper, we investigated the non-adaptive zero-error capacity region of the DM-
TWC and provided several single-letter inner and outer bounds, some of which coincide in
certain special cases. Determining the exact zero-error capacity region of a general DM-
TWC remains an open problem, and clearly a difficult one, since it includes the notorious
Shannon capacity of a graph as a special case. Despite this inherent difficulty, the problem
is richer than the graph capacity setting, and we believe it deserves further study in order
to obtain tighter bounds and smarter constructions.

One appealing direction is to extend the Lovasz’s semi-definite relaxation approach in
order to obtain tighter outer bounds, mimicking the graph capacity case. This, however,
does not seem to be a simple task. In particular, one may ask whether the natural quantity
p({Gi}, {H;}) defined in (2), which upper-bounds the one-shot zero-error sum-capacity, is
sub-multiplicative with respect to the graph strong product, in which case it would also
serve as an upper bound for the zero-error sum-capacity. This is however not evident,
in part since the problem (2) is not a semi-definite program. We have also considered
other variations of the program (2). In particular, we have attempted to modify the
non-linear constraints (E;, ') (E;;, I') = 0 to be of a linear form (A,I') = 0 for some
suitable symmetric matrix A. We have also looked at some variants of the orthonormal
representation. For example, we considered the case where each graph vertex a is labelled

by a unit vector v,, and if two vertices @ and a’ are nonadjacent a % o if and onlyifb e F
for some set F, then the vector projections of v, and v,y onto the subspace spanned by the
vectors in F are orthogonal. However, proving sub-multiplicativity in any of these settings
has so far resisted our best efforts.

It would be also of much interest to consider the adaptive zero-error capacity of
the DM-TWC. Allowing Alice and Bob to adapt their transmissions on the fly can in
general enlarge the zero-error capacity region. As a simple example, note that a point-to-
point channel with noiseless feedback is a special case of the DM-TWC (where Bob has



Entropy 2021, 23, 1518 24 of 25

no information to send). In [2], Shannon explicitly derived the zero-error capacity with
feedback for the point-to-point channel, and pointed out that for the channel corresponding
to Pentagon graph this capacity is given by log(5/2) ~ 1.32. This is strictly larger than the
zero-error capacity without feedback (log5)/2 ~ 1.16, which can be thought of in this case
as the non-adaptive zero-error capacity of the channel. Exploring the differences between
the adaptive and non-adaptive zero-error capacity regions of a general DM-TWC remains
a challenging future work.
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