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Abstract: A conditional Lie-Bäcklund symmetry method and differential constraint method are
developed to study the radially symmetric nonlinear convection-diffusion equations with source.
The equations and the admitted conditional Lie-Bäcklund symmetries (differential constraints) are
identified. As a consequence, symmetry reductions to two-dimensional dynamical systems of the
resulting equations are derived due to the compatibility of the original equation and the additional
differential constraint corresponding to the invariant surface equation of the admitted conditional
Lie-Bäcklund symmetry.
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1. Introduction

The method of conditional Lie-Bäcklund symmetry (CLBS) that was introduced by Fokas and
Liu [1], and independently by Zhdanov [2], is the generalization of Lie-Bäcklund symmetry [3] and of
conditional (non-classical) symmetry [4,5]. As an application of this method, physically interesting
exact solutions, including multi-shock and multi-soliton solutions, are constructed for a large number of
nonlinear non-integrable evolution equations in [1,6]. The exact solutions related to invariant subspace
for nonlinear equations with quadratic nonlinearity are derived due to linear CLBS in [7]. CLBS is
also responsible for the method of invariant subspaces [8], in which the partial differential equation
(PDE) is reduced to a system of ordinary differential equations (ODEs). The property of reducibility of
evolution equation to several ODEs is in one-to-one correspondence with its CLBS was carried out by
Zhdanov in [2]. The CLBSs related to invariant subspace [9], sign-invariant [10,11] and separation of
variables [12] are proved to be very powerful to study the classifications and reductions of nonlinear
diffusion equations. The reduction theorem for CLBS of evolution system, which generalize the one
for scalar case in [2], was presented by Ji and Qu in [13]. The studies about CLBS related to invariant
subspace and sign-invariant of nonlinear diffusion system can refer to our work [13,14].

It is stated that the conditional invariance criterion and the compatibility condition are always the
same for the evolution equations [14,15]. In fact, the invariant surface condition is right the different
constraint (DC) [16] compatible with the considered equation. The method of DC may be too difficult
to be practical, since the compatibility condition is too general to be efficient. The effective way is to
study CLBSs and DCs in particular cases [9–12].
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Various generalizations of the diffusion equations have been widely studied due to the wide range
of applications covering almost every field. An important nonlinear generalization of the diffusion
equation is given by

ut =
(

uk|ux|m−1ux

)
x

,

which is due to the nonlinear Fourier law and it has been applied in some situations, including
nonlinear heat conduction [17] and nonlinear shear flows of non-Newtonian fluids [18]. The presence
of external force and absorbent (source) term will extend the above nonlinear diffusion equation to

ut =
(

uk|ux|m−1ux

)
x
+ C(x, u)ux + A(x, u),

where C(x, u) and A(x, u) denotes the external force and absorbent rate, respectively. This equation
can model numerous scenarios, such as the viscous fluid [19], turbulent diffusion [20], and diffusion in
superconductors [21].

A direct multi-dimensional generalization to the nonlinear equation reads as

ut = div
(

uk| 5 u|m−15 u
)
+ ~C(x1, x2, · · · , xn, u) · 5u + A(x1, x2, · · · , xn, u),

where ~C(x1, x2, · · · , xn, u) and A(x1, x2, · · · , xn, u) are, respectively, the drift and source terms.
Lie’s classical symmetry [22–27] and conditional symmetry [27,28] has been used to study reductions
of (1 + 2)-dimensional and (1 + 3)-dimensional nonlinear diffusion equations, which are right various
different particular cases of this multi-dimensional diffusion equation.

The purpose of this manuscript is to study second-order CLBS with the characteristic

σ = urr + H(u)u2
r + G(r, u)ur + F(r, u) (1)

of the radially symmetric nonlinear convection-diffusion equation

ut =
1

rn−1

(
rn−1ukum

r

)
r
+ Q(r, u)ur + P(r, u). (2)

It is noted that H, G, F, P, and Q in (1) and (2) are analytic functions of the indicated variables.
The studies from applicability point of view about variant special forms of (2) is referred to [29–31].
The complete descriptions of the Lie symmetries of the special case of (2) can refer to the recent
paper [26].

In [10,11,32], second-order CLBS possessing the form (1) has been proved to be very powerful to
study classifications and reductions for all kinds of variant forms of Equation (2). Second-order CLBS
of nonlinear diffusion equation can be translated into first-order Hamilton–Jacobi sign-invariant of
the considered equation, which is extensively discussed in [10,11,32]. Here, we are mainly concerned
with finding all possible CLBSs with the form (1) admitted by Equation (2). As a consequence,
the resulting CLBS admitted by Equation (2) will yield the corresponding symmetry reductions
due to the compatibility of the original Equation (2) and the invariant surface equation

σ = urr + H(u)u2
r + G(r, u)ur + F(r, u) = 0, (3)

which is right second-order DC of Equation (2).
The outline of the following paper is listed, as below. We review some basic definitions and

notations about the CLBS method and DC method in the next section. Equation (2) admitting CLBSs (1)
are identified in Section 3. The consequent reductions of the resulting Equation (2) that are listed in
Section 3 are constructed in Section 4. The last section is a summary and discussion about our results.
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2. General Statement

Let us recall basic facts on CLBS and DC of nonlinear evolution equation.
Consider a nonlinear evolution equation

ut = E(t, x, u, ur, · · · , unr) (4)

with evolutionary vector field

V =
∞

∑
k=0

Dk
r η(r, t, u, ur, · · · , ulr)

∂

∂ukr
, (5)

where we use the following notations

Dr =
∂

∂r
+

∞

∑
k=0

u(k+1)r
∂

∂ukr
, Dj+1

r = Dr(Dj
r), D0

r = 1, ukr =
∂ku
∂rk .

Definition 1. [3] The evolutionary vector field (5) is said to be a Lie-Bäcklund symmetry of Equation (4) if and
only if

V(ut − E)|L = 0,

where L is the set of all differential consequences of (4), i.e.,

Dj
rDk

t (ut − E) = 0, j, k = 0, 1, 2, · · · .

Definition 2. [1,2] The evolutionary vector field (5) is said to be a CLBS of Equation (4) if and only if

V(ut − E)|L∩Mr = 0, (6)

where Mr denotes the set of all differential consequences of equation η = 0 with respect to r, i.e., Dj
rη = 0,

j = 0, 1, 2, · · · .

A direct computation of (6) will yield

Dtη|L∩Mr = 0, (7)

which is nothing but the compatibility condition of the original Equation (4) and the additional DC

η(r, t, u, ur, · · · , ulr) = 0. (8)

Definition 3. [33] The DC (8) and the evolution Equation (4) satisfy the compatibility condition if

Dtη|Lr∩Mr = 0, (9)

where Lr denotes the set of all differential consequences of (4) with respect to r, i.e., Dj
r(ut − E) = 0,

j = 0, 1, 2, · · · .

3. CLBSs (1) of Equation (2)

Because Equation (2) admits of CLBS (1), a direct computation of the conditional invariance
criterion (7) gives

Dtσ|L∩Mr ≡
[
D
′′′ − (3m + 1)HD

′′ − 3mH′D′ + m(3m + 2)H2D′

−mDH
′′ −m2(m + 1)DH3 + m(3m + 1)DHH′

]
um+3

r
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+

{
n− 1

r
[
D
′′ − (2m− 1)HD′ + m(m− 1)DH2 − (m− 1)DH′

]
− (3m + 2)GD

′′
+ m

[
3(2m + 1)HD′G + (3m + 1)DGH′

−m(3m + 1)DGH2 + (3m− 1)DHGu − 3D′Gu − DGuu
]}

um+2
r

−
{

n− 1
r
[
(m− 1)DGu + 2mGD′ − 2m(m− 1)DHG

]
+

2(n− 1)
r2 [D′ − (m− 1)DH] + (3m + 1)D′Gr + 3(m + 1)FD

′′

−m
[
(3m + 1)G2D′ −m(3m− 1)DHG2 + (3m− 1)DHGr

+ (3m− 1)DGGu + 2(3m + 1)HFD′ + (3m + 1)DFH′

+ 3(m− 1)DHFu − (3m2 −m + 2)DFH2 − 3FuD′ − DFuu

− 2DGru
]}

um+1
r −

{
n− 1

r
[
mDGr −m(m− 1)DG2

− 2m(m− 1)DHF + (m− 1)DFu + (2m + 1)FD′
]
− n− 1

r2 D[
(2m− 1)G +

2
r

]
+ (3m + 1)D′Fr + m

[
2DFru + DGrr

− (3m− 1)DGGr + m(m− 1)DG3 − 3(m− 1)DHFr

− (3m− 1)DFGu − (6m + 1)D′GF + 2(3m2 − 3m + 2)DFGH

− 3(m− 1)DGFr
]}

um
r −m

{
n− 1

r
D
[

Fr − 2(m− 1)FG− 2
r

F
]

− 3(m− 1)DGFr − (3m− 1)DFGr − 3(m− 1)DFFu + DFrr

+ (3m2 − 3m + 2)DF2H − 3mF2D′ + (m− 1)(3m− 2)DG2F
}

um−1
r

−m(m− 1)DF
[
(3m− 4)FG− 3Fr −

n− 1
r

F
]
um−2

r −m(m− 1)

(m− 2)DF3um−3
r + (−HQu + Quu)u3

r + (H′P + HPu + Puu + 2Qru

− 2GQu)u2
r + (2Pru + 2HPr + PGu + Qrr − 3QuF−QGr − GQr)ur

+ Prr + PFu − PuF + GPr −QFr − 2QrF,

(10)

where the prime denotes the derivative with respect to u and the subscripts denotes the partial
derivative with respect to the indicated variables. It is noted that D = uk hereafter.

For general m, it follows from the expression (10) that the coefficient functions H(u), G(r, u),
F(r, u), Q(r, u), and P(r, u) in (1) and (2) satisfy the following over-determined system

D
′′′ − (3m + 1)HD

′′ − 3mH′D′ + m(3m + 2)H2D′ −mDH
′′

−m2(m + 1)DH3 + m(3m + 1)DHH′ = 0,
n− 1

r
[
D
′′ − (2m− 1)HD′ + m(m− 1)DH2 − (m− 1)DH′

]
− (3m + 2)GD

′′
+ m

[
3(2m + 1)HD′G + (3m + 1)DGH′

−m(3m + 1)DGH2 + (3m− 1)DHGu − 3D′Gu − DGuu
]
= 0,

n− 1
r
[
(m− 1)DGu + 2mGD′ − 2m(m− 1)DHG

]
+

2(n− 1)
r2 [D′ − (m− 1)DH] + (3m + 1)D′Gr + 3(m + 1)FD

′′

−m
[
(3m + 1)G2D′ −m(3m− 1)DHG2 + (3m− 1)DHGr − 2DGru
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+ (3m− 1)DGGu + 2(3m + 1)HFD′ + (3m + 1)DFH′ − DFuu

+ 3(m− 1)DHFu − (3m2 −m + 2)DFH2 − 3FuD′
]
= 0,

n− 1
r
[
mDGr −m(m− 1)DG2 − 2m(m− 1)DHF + (m− 1)DFu

+ (2m + 1)FD′
]
− n− 1

r2 D
[
(2m− 1)G +

2
r

]
+ (3m + 1)D′Fr

+ m
[
2DFru + DGrr − (3m− 1)DGGr − 3(m− 1)DHFr

+ m(m− 1)DG3 − (3m− 1)DFGu + 2(3m2 − 3m + 2)DFGH

− (6m + 1)D′GF− 3(m− 1)DGFr
]
= 0,

n− 1
r

D
[

Fr − 2(m− 1)FG− 2
r

F
]
− 3(m− 1)DGFr + DFrr

− (3m− 1)DFGr − 3(m− 1)DFFu + (3m2 − 3m + 2)DF2H

− 3mF2D′ + (m− 1)(3m− 2)DG2F = 0,

DF
[
(3m− 4)FG− 3Fr −

n− 1
r

F
]
= 0,

− HQu + Quu = 0,

H′P + HPu + Puu + 2Qru − 2GQu = 0,

2Pru + 2HPr + PGu + Qrr − 3QuF−QGr − GQr = 0,

Prr + PFu − PuF + GPr −QFr − 2QrF = 0,

DF3 = 0.

(11)

The last one of (11) implies F = 0. As a consequence, the determining system can be reduced to

D
′′′ − (3m + 1)HD

′′ − 3mH′D′ + m(3m + 2)H2D′ −mDH
′′

−m2(m + 1)DH3 + m(3m + 1)DHH′ = 0,
n− 1

r
[
D
′′ − (2m− 1)HD′ + m(m− 1)DH2 − (m− 1)DH′

]
− (3m + 2)GD

′′
+ m

[
3(2m + 1)HD′G + (3m + 1)DGH′

−m(3m + 1)DGH2 + (3m− 1)DHGu − 3D′Gu − DGuu
]
= 0,

2(n− 1)
r2 [D′ − (m− 1)DH] +

n− 1
r
[
(m− 1)DGu + 2mGD′

− 2m(m− 1)DHG
]
+ (3m + 1)D′Gr −m

[
(3m + 1)G2D′ − 2DGru

−m(3m− 1)DHG2 + (3m− 1)DHGr + (3m− 1)DGGu
]
= 0,

− n− 1
r2 D

[
(2m− 1)G +

2
r

]
+

n− 1
r
[
mDGr −m(m− 1)DG2]

+ m
[
DGrr − (3m− 1)DGGr + m(m− 1)DG3] = 0,

− HQu + Quu = 0,

H′P + HPu + Puu + 2Qru − 2GQu = 0,

2Pru + 2HPr + PGu + Qrr −QGr − GQr = 0,

Prr + GPr = 0.

(12)

Substituting D = uk into the first one of the system (12), we deduce that H satisfies the
second-order ODE

mu3H
′′
+ m[3ku2 − (3m + 1)u3H]H′ + m2(m + 1)(uH)3

−m(3m + 2)k(uH)2 + (3m + 1)k(k− 1)uH − k(k− 1)(k− 2) = 0.
(13)
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It is a nontrivial task to construct the general solution of this nonlinear ODE about H(u).
Thus, we cannot list the general solutions of the nonlinear system of PDEs (12). However, even finding
particular CLBS (1) can lead to symmetry reductions of the considered Equation (2). In practice,
the principle direction of such research is to content oneself with finding CLBS in particular case,
and the proper choice is the additional assumption H(u) = h/u. It is noted that h is an arbitrary
constant. Substituting H(u) = h/u into (13), we get h satisfy the algebraic equation

(mh− k)(mh− k + 1)(mh + h− k + 2) = 0.

Therefore,

H(u) =
k

mu
, H(u) =

k− 1
mu

, H(u) =
k− 2

(m + 1)u

are determined. For the case of H(u) = k/m/u, the second one of system (12) will be reduced to
a linear ODE about G(r, u). The form of G(r, u) can be determined by solving the second-order
linear ODE. When considering the third one and fourth one of system (12), the two undetermined
function about r in G(r, u) can be made certain. Finally, P(r, u) and Q(r, u) will be presented by
solving the last four linear ODE. Here, we omit the detailed procedure for solving system (12) and just
summarize the corresponding results in Table 1. The software Maple is used to help us complete the
computation procedure.

It is noted from (10) that the terms there may be combined for m = −3, −2, −1, 2, 3, 4, 5, 6.
Consequently, the over-determined systems for these cases are different with (11) for general m.
However, new results are only found for the case of m = −2, −1, 2. Here, we consider the case of
m = −2. The over-determined system is listed as

− HQu + Quu = 0,

H′P + HPu + Puu + 2Qru − 2GQu = 0,

D
′′′
+ 5HD

′′
+ 6H′D′ + 8H2D′ + 2DH

′′
+ 4DH3 + 10DHH′ + 2Pru

+ 2HPr + PGu + Qrr −QGr − GQr = 0,
n− 1

r
[D
′′
+ 5HD′ + 6DH2 + 3DH′] + 4GD

′′
+ 18HD′G + 10DGH′

+ 20DGH2 + 14DHGu + 6D′Gu + 2DGuu + GPr + Prr = 0,

−2(n− 1)
r2 (D′ + 3DH) +

n− 1
r

(3DGu + 4GD′ + 12DHG) + 5D′Gr

+ 10G2D′ + 28DHG2 + 14DHGr + 14DGGu + 4DGru = 0,

2(n− 1)
r3 D− 5(n− 1)

r2 DG +
2(n− 1)

r
(DGr + 3DG2) + 2DGrr

+ 14DGGr + 12DG3 = 0.

F(r, u) = 0 holds for this case. We omit the computational procedure and just list the obtained
solutions of this nonlinear system in Table 2. Similarly, we can also present the corresponding results
for m = −1 and m = 2 in Table 2. It is noted that h1 = −(mn + 2m− n + 2)/(mn + m− n + 1) and
k1 = −(m2n + 2m2 − 2mn + m − 1)/(mn + m − n + 1) in Table 1, and a, b, c, d, e, h, p, and q in
Tables 1 and 2 are some arbitrary constants. All of the results in Tables 1 and 2 are also suitable for the
special case of n = 1.
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Table 1. CLBS (1) of Equation (2) for general m with F(r, u) = 0.

No. Q(r, u) P(r, u) H(u) G(r, u) k m

1 hr + qr
n−1

m − (m+k)p
(m+1−n) r

2m+1−n
m+1 cu + bu−

k
m + e

k+m u
2m+k

m k
mu

n−1
mr k 6= −m m 6= n− 1

+
(

ar
n−1

m − er
m−n+1

)
u

m+k
m +

(
pu + du−

k
m

)
r

m+1−n
m

2
[

h + q ln r− (k−1+n)p
n−1 ln2 r cu + bu−

k
n−1 + (n−1)e

k−1+n u
2n−2+k

n−1 k
(n−1)u

1
r k 6= 1− n m = n− 1

+(a− e ln r)u
k−1+n

n−1

]
r +

(
pu + du−

k
n−1

)
ln r

3 hr + qr
n−1

m − md
m+1−n r

2m+1−n
m

[
c + b ln u + e

m ln2 u − 1
u

n−1
mr k = −m m 6= n− 1

+
(

ar
n−1

m − er
m+1−n

)
ln u +(p + d ln u)r

m+1−n
m

]
u

4
[
h + q ln r− d ln2 r [c + b ln u− e ln2 u − 1

u
1
r k = 1− n m = n− 1

+(a + e ln r) ln u
]
r +(p + d ln u) ln r]u

5 hr + qr−
1
m − (m+k−1)p

m+1 r
2m+1

m cu + bu
1−k

m − e
m+k−1 u

2m+k−1
m k−1

mu − 1
mr k 6= −m + 1 m 6= −1

+
(

ar−
1
m + e

m+1 r
)

u
k+m−1

m +
(

pu + du
1−k

m

)
r

m+1
m

6 hr + qr−
1
m − md

m+1 r
2m+1

m
[
c + b ln u− e

m ln2 u − 1
u − 1

mr k = −m + 1 m 6= −1

+
(

ar−
1
m + e

m+1 r
)

ln u +(p + d ln u)r
m+1

m
]
u

7 hr + qr−
2

m−1 +
(m−1)p

mn+m−n+1 r
2m

m−1 cu + bu
mn+2m−n+2
mn+m−n+1 h1

u − 2
(m−1)r k = k1 m 6= −1

+
(

ar−
2

m−1 + e
m+1 r

)
u−

m+1
mn+m−n+1 + (mn+m−n+1)e

(m−1)(m+1) u
mn−n

mn+m−n+1

+
(

pu + du
mn+2m−n+2
mn+m−n+1

)
r

m+1
m−1

8 hr + qr
n−1

m +
mp

m−n+1 r
2m−n+1

m cu + bu2 − e
m − 2

u
n−1
mr k = −2m m 6= n− 1

+
(

ar
n−1

m − e
m+1−n r

)
u−1 +(pu + du2)r

m+1−n
m

9
[
h + q ln r + p ln2 r + (a− e ln r) u−1]r −e + cu + bu2 + (pu + du2) ln r − 2

u
1
r k = 2− 2n m = n− 1
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Table 2. CLBS (1) of Equation (2) for m = −2,−1, 2.

No. Q(r, u) P(r, u) H(u) G(r, u) F(r, u) k m

1 q
√

r + sr + 2(k− 3)ar
3
2

(
c + a

√
r
)

u +
[
d + b

√
r 2−k

u
1
2r 0 k 6= 3 m = −2

+(p
√

r + er)u3−k −2(k− 3)(2kn + k− 6n

−4)r
]
uk−2

2 q
√

r + sr− 4(h + 1)
[
ar

3
2

[
c + 2a

√
r− 4(h + 1)(3nh h

u
1
2r 0 k = 3 m = −2

−(h + 1)(4nh + 4n + 2h +3n + 2h + 3)r
]
u− e

2(h+1)

+3)r2]+ (p
√

r + er)uh+1 u2+h + (d + b
√

r)u−h

3 q
√

r + sr + 2br
3
2 + (e

√
r (a + b

√
r)u + (d + 2c

√
r − 2

u
1
2r 0 k = 4 m = −2

+pr)u−1 −4nr)u2 +
p
2

4 sr
2
3 + qr− 9

2 er
4
3 cu + du

3(3n+2)
9n+5 +

(
3n + 5

3

)
− 3(3n+2)

(9n+5)u
2
3r 0 k = 3 m = −2

+ 9(3n+1)
(9n+5)3 r2 au

9n+4
9n+5 + 9(3n+1)

(9n+5)2 ru

+
(

br
2
3 + ar

)
u−

1
9n+5 +3

[
pu

9n+6
9n+5 − (9n+5)e

2 u
]

r
1
3

5 q
√

r + sr + 2a
3(2n+1) r

3
2 (c + a

√
r)u − 2(3n+2)

3(2n+1)u
1
2r 0 k = 2(9n+4)

3(2n+1) m = −2

+
[ 8n

27(2n+1)3 r2 + pr +(d + b
√

r)u
2(3n+2)
3(2n+1)

+e
√

r
]
u−

1
3(2n+1) +

9(2n+1)3 p+8nr
6(2n+1)2 u

2(3n+1)
3(2n+1)

6 qr
2
3 + sr− 9

2 er
4
3 + (br

2
3 3n+1

3(2n+1)2 ru
2(3n+2)
3(2n+1) + du − 2(3n+2)

3(2n+1)u
2
3r 0 k = 2(9n+5)

3(2n+1) m = −2

+ar)u−
1

3(2n+1) +(2n + 1)au
2(3n+1)
3(2n+1) + bu

2(3n+2)
3(2n+1)

+3
[

pu
2(3n+2)
3(2n+1) − 3(2n+1)

2 eu
]

r
1
3

7
[
s + q ln r +

(
k
2 − 1

)
a ln2 r cu + du

k
2 +

2p
k−2 u2− k

2 − k
2 uk−1 − k

2u
1
r 0 k 6= 2 m = −1

+(e + p ln r)u1− k
2
]
r +(au + bu

k
2 ) ln r
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Table 2. Cont.

No. Q(r, u) P(r, u) H(u) G(r, u) F(r, u) k m

8
{

s + q ln r− (h + 1)[(h + 1)n cu + du−h − p
h+1 uh+2 h

u
1
r 0 k = 2 m = −1

+a] ln2 r + (e + p ln r)uh+1}r +
(

au + bu−h
)

ln r

9
{

s + q ln r +
[
e + p ln r + (k cu + du3−k − 2k2−7k+p+6

k−2 uk−1 k−3
u

1
r 0 k 6= 2 m = −1

−2)2n ln2 r
]
uk−2}r +

[
2n(2− k)uk−1 + bu3−k

]
ln r

10 sr + qr1−n − (h+1)d
n rn+1 (c− h− 2 + drn)u h

u − n−1
r 0 k = 2 m = −1

+
(
er + pr1−n) uh+1 +(a + brn)u−h − ne

h+1 uh+2

11 sr + qr1−n − d
n rn+1 (a− 1 + brn)u + (c + drn)u − 1

u − n−1
r 0 k = 2 m = −1

+
(
er + pr1−n) ln u ln u− neu ln2 u

12 (n−1)(n−7)
4 u

2
n−1 r−2 + (n

(
cr

3
2 + dr−

1
2

)
u

n−2
n−1 + 1

2 (n
2−n

(n−1)u 0 − 3(n−1)u
4r2 k = 3−n

n−1 m = 2

−1)
(

ar−
1
2 + br

3
2

)
u

1
n−1 −1)2(a− 3br2)r−

3
2 u

n
n−1

13 s + lr− pr2 + (n−1)e
3 ln r −du ln2 u +

[
q + pr + (n−1)e

3r − 1
u 0 − (n−1)u

3r2 k = −1 m = 2

+ (n−1)d
3 (ln r− 1)r − 2(n−1)d

3 ln r
]
u ln u− (n−1)2d

9

+ (n−1)(n−3)
3r2 u ln2 r + (n−1)p

3 (ln r− 1)ru

+(e + dr) ln u + (n−1)2eu ln r
9r +

(n−1)q
3 u ln r

+ (n−1)su
3r + (n−1)3u

27r3 + aru + b

14 − 6(3k+9+kn+n)
(k+1)2r2 uk+1 (a + br3)u

1−k
2 k−1

2u − 2
r 0 k 6= −1 m = 2

15 (n−9)a
9 r4u

9
n−9 + (n−9)2

3r2 u
18

n−9

(
a + b

r3

)
u

n−18
n−9 + (n−9)3

27r3 u
n+9
n−9 18−n

(n−9)u − 4
r 0 k = 27−n

n−9 m = 2

16
(

a
r2 + br

)
ln u− 9 ln2 u

r2 (c + dr3)u− 3bu ln2 u − 1
u − 2

r 0 k = −1 m = 2

17 −−3n+du+cur3

r2u2 (a + br3)u2 − 3c − 2
u − 2

r 0 k = −3 m = 2
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4. Exact Solutions of Equation (2)

The governing Equation (2) and the corresponding CLBS (1) are determined in Section 3. Because
the compatibility of the nonlinear diffusion Equation (2) and the invariant surface condition (3) is the
key point of CLBS, we first solve the DC (3) to give the form of u and then substitute the obtained
results into Equation (2) to finally identify u. Here, we just list several examples to present the
reduction procedure.

Example 1. Equation

ut =
1

rn−1 (r
n−1ukum

r )r

+

[
hr + qr

n−1
m − (m + k)p

(m + 1− n)
r

2m+1−n
m+1 +

(
ar

n−1
m − er

m− n + 1

)
u

m+k
m

]
ur

+ cu + bu−
k
m +

e
k + m

u
2m+k

m +
(

pu + du−
k
m

)
r

m+1−n
m

(14)

with k 6= −m and m 6= n− 1 admits of the CLBS

σ = urr +
k

mu
u2

r +
n− 1

mr
ur.

The corresponding reduction of (14) imply

u(r, t) =
[
(m + k)

(
α(t)

m + 1− n
r

m+1−n
m +

β(t)
m

)] m
m+k

, (15)

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ =
(m + k)a

m
α2 +

1
m

[(m + k)c + (m + 1− n)h] α

+
(m + k)(m + 1− n)p

m2 β +
(m + k)e

m2 αβ +
(m + 1− n)d

m
,

β′ =
(m + k)a

m
αβ +

(m + k)e
m2 β2 +

(m + k)c
m

β + qα + b.

It is noted that the solutions blow up along the curves r =
[
−
(
(m + 1− n)β(t)

)
/
(
mα(t)

)] m
m+1−n

+
for the case of m(m + k) < 0 and extinguish along the curves for the case of m(m + k) > 0.
The ansatz (15) leads to the known time-independent exact solutions of the particular case

ut =
1

rn−1 (r
n−1ukum

r )r.

This type of time-independent solutions has been presented in [26] for the case of n = 2 and k = 0,
where the solutions are constructed due to Lie’s classical symmetry reductions. Another particular
case of Equation (14) is listed as

ut = (um
r )r + auur,

which is a generalization of the well-known Burgers equation. The non-trivial solution

u(r, t) =
−r + c2

at− c1
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can be derived due to the ansatz (15). Moreover, exact solutions

u(r, t) =
[

c2 −
m(m + k)

(m + k)(m + 1− n)at + c1
r

m+1−n
m

] m
m+k

(16)

can be obtained due to the ansatz (15) for the particular case

ut =
1

rn−1 (r
n−1ukum

r )r + ar
n−1

m u
m+k

m ur

of Equation (14) and the solutions (16) are not obtainable by Lie symmetries.

Example 2. Equation

ut =
1

rn−1 (r
n−1ukun−1

r )r

+

[
h + q ln r− (k− 1 + n)p

n− 1
ln2 r + (a− e ln r)u

k−1+n
n−1

]
rur

+ cu + bu−
k

n−1 +
(n− 1)e
k− 1 + n

u
2n−2+k

n−1 +
(

pu + du−
k

n−1

)
ln r

with k 6= 1− n admits of the CLBS

σ = urr +
k

(n− 1)u
u2

r +
1
r

ur.

The corresponding reduction carry out

u(r, t) =
[

k− 1 + n
n− 1

(α(t) ln r + β(t))
] n−1

k−1+n
,

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ =
(k− 1 + n)a

n− 1
α2 +

(k− 1 + n)e
n− 1

αβ +

[
(k− 1 + n)c

n− 1
+ q
]

α

+
(k− 1 + n)p

n− 1
β + d,

β′ =
(k− 1 + n)e

n− 1
β2 +

(k− 1 + n)a
n− 1

αβ +
(k− 1 + n)c

n− 1
β + hα + b.

The solutions blow up along the curves r = exp [−β(t)/α(t)] for the case of (n− 1)(k− 1+ n) < 0
and extinguish along the curves for the case of (n− 1)(k− 1 + n) > 0.

Example 3. Equation

ut =
1

rn−1 (r
n−1u1−nun−1

r )r +
[

h + q ln r− d ln2 r + (a + e ln r) ln u
]

rur

+ [c + b ln u− e ln2 u + (p + d ln u) ln r]u

admits of the CLBS

σ = urr −
1
u

u2
r +

1
r

ur.



Entropy 2020, 22, 873 12 of 16

The corresponding reduction lead to

u(r, t) = rα(t) exp [β(t)],

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ = aα2 − eαβ + (b + q)α + dβ + p,

β′ = −eβ2 + aαβ + bβ + hα + c.

Example 4. Equation

ut =
1

rn−1 (r
n−1u−m+1um

r )r

+

[
hr + qr−

1
m − md

m + 1
r

2m+1
m +

(
ar−

1
m +

e
m + 1

r
)

ln u
]

ur

+
[
c + b ln u− e

m
ln2 u + (p + d ln u)r

m+1
m

]
u

with m 6= −1 admits of the CLBS

σ = urr −
1
u

u2
r −

1
mr

ur.

The corresponding reduction yield

u(r, t) = exp
[

m
m + 1

α(t)r
m+1

m + β(t)
]

,

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ =
m + 1

m
αm+1 − e

m
αβ + aα2 +

[
(m + 1)h

m
+ b
]

α

+
(m + 1)d

m
β +

(m + 1)p
m

,

β′ =nαm − e
m

β2 + aαβ + bβ + qα + c.

Example 5. Equation

ut =
1

rn−1 (r
n−1u3u−2

r )r

+

{
q
√

r + sr− 4(h + 1)
[

ar
3
2 − (h + 1)(4nh + 4n + 2h + 3)r2

]
+ (p
√

r + er)uh+1
}

ur +
[
c + 2a

√
r− 4(h + 1)(3nh + 3n + 2h + 3)r

]
u

− e
2(h + 1)

u2+h + (d + b
√

r)u−h

with h 6= −1 admits of the CLBS

σ = urr +
h
u

u2
r +

1
2r

ur.

The corresponding reduction bring about

u(r, t) = [(h + 1)(α(t)
√

r + β(t))]
1

h+1 ,
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where α(t) and β(t) satisfy two-dimensional dynamical system

α′ =(h + 1)pα2 − (h + 1)e
2

αβ + (h + 1)aβ +
[
(h + 1)c +

s
2

]
α

+
1
2
(h + 1)2(6nh + 6n + 2h + 3)α−1β2 +

b
2

,

β′ =− (h + 1)e
2

β2 + (h + 1)pαβ + (h + 1)cβ + qα + n(h + 1)3α−2β3 + d.

The solutions blow up along the curves r = [−β(t)/α(t)]2 for the case of h < −1 and extinguish
along the curves for the case of h > −1.

Example 6. Equation

ut =
1

rn−1 (r
n−1u2u−1

r )r

+
{

s + q ln r− (h + 1)[(h + 1)n + a] ln2 r + (e + p ln r)uh+1
}

rur

+ cu + du−h − p
h + 1

uh+2 +
(

au + bu−h
)

ln r

with h 6= −1 admits of the CLBS

σ = urr +
h
u

u2
r +

1
r

ur.

The corresponding reduction suggest

u(r, t) = [(h + 1)(α(t) ln r + β(t))]
1

h+1 ,

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ =(h + 1)eα2 − (h + 1)pαβ + [(h + 1)(h + 2 + c) + q]α

+ (h + 1)[2(h + 1)n + a]β + b,

β′ =− (h + 1)pβ2 + (h + 1)eαβ + (h + 1)2nα−1β2

+ (h + 1)(h + 2 + c)β + sα + d.

The solutions blow up along the curves r = exp [−β(t)/α(t)] for the case of h < −1 and extinguish
along the curves for the case of h > −1.

Example 7. Equation

ut =
1

rn−1

(
rn−1u

3−n
n−1 u2

r

)
r

+

[
(n− 1)(n− 7)

4
u

2
n−1 r−2 + (n− 1)

(
ar−

1
2 + br

3
2

)
u

1
n−1

]
ur

+
(

cr
3
2 + dr−

1
2

)
u

n−2
n−1 +

1
2
(n− 1)2(a− 3br2)r−

3
2 u

n
n−1

admits of the CLBS

σ = urr +
2− n

(n− 1)u
u2

r −
3(n− 1)u

4r2 .
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The corresponding reduction indicate

u(r, t) =
[

α(t)− β(t)r2

2(n− 1)
√

r

]n−1

,

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ = −1
2

αβ2 − aαβ− bα2 + 2d, β′ =
3
2

β3 − aβ2 − bαβ− 2c.

Example 8. Equation

ut =
1

rn−1 (r
n−1u−1u2

r )r

+

[
s + lr− pr2 +

(n− 1)e
3

ln r +
(n− 1)d

3
(ln r− 1)r

+
(n− 1)(n− 3)

3r2 + (e + dr) ln u
]

ur − du ln2 u

+

[
q + pr +

(n− 1)e
3r

− 2(n− 1)d
3

ln r
]

u ln u

− (n− 1)2d
9

u ln2 r +
(n− 1)p

3
(ln r− 1)ru

+
(n− 1)2eu ln r

9r
+

(n− 1)q
3

u ln r

+
(n− 1)su

3r
+

(n− 1)3u
27r3 + aru + b

admits of the CLBS

σ = urr −
1
u

u2
r −

(n− 1)u
3r2 .

The corresponding reduction provide

u(r, t) = exp [α(t)r + β(t)]r
1−n

3 ,

where α(t) and β(t) satisfy two-dimensional dynamical system

α′ =eα2 − dαβ +

[
−2

3
(n− 1)d + q + l

]
α + pβ + a,

β′ =α3 + eαβ− dβ2 + sα +

[
1
3
(1− n)d + q

]
β

+
l
3
(1− n) +

d
9
(n− 1)2 + b.

5. Conclusions

In this paper, second-order CLBS (1) is used to study classifications and symmetry reductions
of the radially symmetric nonlinear convection-diffusion equations with source (2). The resulting
Equation (2) admitting CLBS (1) is reduced to two-dimensional dynamical system due to the
compatibility of the original Equation (2) and the additional DC (3), which is right the invariant
surface equation of the admitted CLBS (1). The obtained results generalize the ones for m = 1 and
n = 1 in [10,11] and the special case of Q(r, u) = 0 [32]. Exact solutions for certain particular case of
Equation (14) are constructed. The obtained solutions include the time-independent cases, the variable
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separation solutions. The similar discussion can be done for other equations in Examples 2–8. It is
shown that some solutions can be derived within the framework of Lie’s classical symmetry, and some
of them can be obtained by conditional symmetry. In fact, the second-order CLBS

σ = urr +
k

mu
u2

r +
n− 1

mr
ur

of Equation (2) will yield the first-order invariant surface condition

ut −Q(r, u)ur − P(r, u) = 0,

which is corresponding to conditional symmetry of Equation (2). The CLBSs of Examples 1, 2, and 3 all
degenerate to conditional symmetry cases. In addition, the phenomena of blow up and extinguish are
also described due to the resulting solutions.
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