M entropy MBPY

Article
Optimal Thermodynamic Processes For Gases

Alexei Kushner 2, Valentin Lychagin 30 and Mikhail Roop »**

1 Faculty of Physics, Lomonosov Moscow State University, Leninskie Gory, 119991 Moscow, Russia;

kushner@physics.msu.ru

Department of Mathematics and Informatics, Moscow Pedagogical State University,

1/1 M. Pirogovskaya Str., 119991 Moscow, Russia

V.A. Trapeznikov Institute of Control Sciences of Russian Academy of Sciences, 65 Profsoyuznaya Str.,
117997 Moscow, Russia; valentin.lychagin@uit.no

Correspondence: mihail_roop@mail.ru

check for
Received: 4 March 2020; Accepted: 13 April 2020; Published: 15 April 2020 updates

Abstract: In this paper, we consider an optimal control problem in the equilibrium thermodynamics
of gases. The thermodynamic state of the gas is given by a Legendrian submanifold in a contact
thermodynamic space. Using Pontryagin’s maximum principle, we find a thermodynamic process in
this submanifold such that the gas maximizes the work functional. For ideal gases, this problem is
shown to be integrable in Liouville’s sense and its solution is given by means of action-angle variables.
For real gases considered to be a perturbation of ideal ones, the integrals are given asymptotically.
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1. Introduction

The problem of optimal control of thermodynamic processes has been of wide interest since the
19th century when a classical work of Carnot [1] paved the way for investigation of optimal heat
engines. A number of works is devoted to constructing heat engines with maximal efficiency in case
of linear heat transfer laws (see [2,3]). In [3], the problem of optimal control was investigated by
means of Pontryagin’s maximum principle, which is formulated in [4] and is also described in [5].
In a relatively recent series of works [6], a non-equilibrium thermodynamic system is presented as a
union of equilibrium subsystems with linear heat transfer laws between each pair of subsystems and a
work of such system is maximized. Volumes of subsystems are considered to be control parameters,
while state variables are entropies of subsystems. Thermodynamic optimization in some engineering
problems is elaborated for example, in [7], and power optimization for irreversible thermodynamic
cycles is studied in [8].

In the present work, we formulate thermodynamics as a theory of measurement of random
vectors, namely extensive variables. This observation leads us to the definition of thermodynamic
states as Legendrian and Lagrangian manifolds. This approach goes back to classical work [9] and is
also reflected in papers [10,11]. Legendrian and Lagrangian manifolds are equipped with Riemannian
structures and one of distinguishing points of this work is an observation that these structures naturally
appear in measurement. This geometrical representation of thermodynamic states allows us to use
Pontryagin’s maximum principle to find optimal thermodynamic process maximizing the work
functional. One of the main results of this paper is that a Hamiltonian system turns out to be integrable
in Liouville’s sense and we provide its exact solution. We also consider the case of real gases in
virial approximation and provide commuting up to linear terms of virial expansion integrals of the
Hamiltonian system for real gases.
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The paper is organized as follows. In Section 2, we show relations between thermodynamics
and measurement of random vectors. In Section 3, we describe Legendrian manifolds and geometric
structures on them for gases in the form convenient for further optimal control problem statement.
In Section 4, we state and solve the optimal control problem for ideal gases and construct asymptotics
of commuting integrals for real ones.

2. Measurement and Thermodynamics

In this section, we briefly describe a link between thermodynamics and measurement of random
vectors. Namely we show that thermodynamics can be seen as a measurement theory of extensive
variables. Moreover, such a consideration leads to the notion of Legendrian manifolds representing
any thermodynamic state and various geometric structures on it, in particular, Riemannian structures
responsible for applicability conditions for state equations. These structures, as we shall see below,
play a crucial role in control problems on Legendrian manifolds. More comprehensive discussion can
be found in [12] and references therein.

2.1. Minimal Information Gain Principle

Let (Q), A, p) be a discrete probability space, i.e., Q = {w1,...,w} is a set of elementary events,
A is a o-algebra on Q) and p is a probability measure, p = {p1,...px}, where p; = p(w;). Let g =
{q1,...,9x} be another probability measure equivalent to p. It means that measures p and g have
the same zero measure sets. Introduce the surprise function as a random variable s,: A — R by
determining its values on elementary outcomes as follows:

sp(w;) = —Inp;, i=1k (1)

Due to (1), we have relations s,(Q) = 0, 5,(@) = +00, therefore the notion “surprise” is justified.
The average S(p) of the surprise function s, with respect to the measure p is

k
S(p) =—)_ pilnp;. )
i=1

Please note that formula (2) coincides with the Shannon’s definition of entropy. If we change
measure p to measure g, then we get the changing of the surprise function:

s(p,q) = 5 —5p =1In <p’) ,
qi

and therefore the average of s(p, q) with respect to measure p called Kullback-Leibler divergence [13]
or information gain is

k pi
I(p,q) =) _ piln (ql> 3)
i=1 1

Generalization of (3) on the case of arbitrary probability space (€}, A, p) is of the form

d
I(p,q) = /ln (f) dp, 4)
2 q

and if dp = pdq, where p is the density, then formula (4) takes the form
I(p) = /plnpdcr
Q

Let W be a vector space over R, dimW = n < oo and let X: (0, 4,9) — W be a random
vector. Let x € W be a fixed vector, supposed to be a result of the measurement of random vector
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X, ie., EX = x. If the initial measure g does not give us the required vector x € W, then we have to
choose another measure dp = pdg, such that

/pdq =1, /deq =x. )]
Q Q

In other words, to get a fixed vector x € W as a result of the measurement we need to find such a
density p that conditions (5) hold. Obviously, conditions (5) cannot determine the density p uniquely,
therefore we need an additional requirement, which is called the principle of minimal information gain:

I(p) = /plnpdq%mpin- (6)
Q

Thus, the problem of finding the density p can be formulated as an extremal problem. We need to
find the probability density p satisfying constraints (5) and minimizing functional (6).

Theorem 1. The extremal probability measure p is given by means of density p as follows

1
-~ _AX) - (AX)
0 70 e , Z(A) /e dq, (7)

where A € W*. The results of the measurement belong to a manifold

OH )
LH—{X—_a/\}CWXW,

where H(A) = —InZ(A).

The proof can be found in [12].
Remark 1.

1. The function Z(A) is called the partition function.
2. The function H(A) is called the Hamiltonian.

Please note that a manifold ® = W x W* is equipped with the symplectic structure

n
w=dANdx = Zd)\i/\dxi.
i=1

A pair (P, w) is therefore the symplectic manifold. Moreover, the manifold Ly turns out to be
Lagrangian, i.e., w|r,, = 0.

Thus, the results of the measurement of random vectors are given by a Lagrangian manifold,
and having given a Lagrangian manifold one can find out both extreme probability measure p and
expectation x of random vector X.

Let us now introduce the information gain into the picture. To that end, construct the
contactization ® of ® by the following way:

S =R x ®=R"(u,xA).

Equip ® with the contact form

n
0 =du— Z/\idxi. (8)
i=1
Thus, (®,0) is a contact space. Leta = (x,A) € Ly and construct a manifold L of dimension
as follows:
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Theorem 2. The manifold Lis Legendrian, i.e., 0| ;=0

Proof. First of all, introduce a function J(x, A):
J(A,x) = H(A) + (A, x).

Let us show that J|;,, = I. Indeed, using (7) we have
X
Tty = HOVY [ pdg = (A, Hy) = [ S0 (%) ~InZ(A))dg = [ plnpdg = 1.
Z(A)
Q Q Q
The differential of the function J(A, x) is

n aH n
HEDY (xi + M) dAi+ ) Aidx;,
; :

i—1 i=1

which implies that d]|;,, = §| Ly» Where

n
0= Z Aidxl-.
i=1

Taking into account the equality J|1,, = I, we get 8., = dI. Finally,

0; = (;m-@) = dl =8|, =0.

O

It is worth saying that a canonical projection 7t: D D, mt(u,x,A) = (x, A) being restricted to the
Legendrian manifold L becomes a local diffeomorphism with the image Ly, i.e., 7(L) = Ly and the
differential 2-form d# is a pullback of the symplectic form w, df = 7*(w).

Summarizing all above discussion, we conclude that any measurement of random vectors can be
represented by means of Legendrian submanifold L in the contact manifold ®. This Legendrian manifold
gives us knowledge of extremal measure p (or, equivalently, the probability density p), average values x of
random vector X and additionally the values of the information gain function I(A).

2.2. Variance of Random Vectors

The next step is to analyze the variance of random vector X. Recall that the second moment is a
symmetric 2-form yy € S?(W) defined by the formula

pa(X) = [ X(w) @ X(w)ap.
Q

Variance is a central second moment, i.e., a symmetric 2-form o, € S?(W)

02(X) = p2(X — p1(X)) = pa(X) — p1(X) @ p1 (X).
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Theorem 3 ([12]). The variance of a random vector X is

0»(X) = —Hess(H),

n
where Hess(H) = Y Hy,dA; @ dAj is the Hessian of the Hamiltonian H(A).
ij=1

Please note that the symplectic manifold @ is equipped with the universal quadratic form x:

10
Kk=dA-dx = E;(d/\i ®dx; +dx; ® dA;).

Its restriction to the Lagrangian manifold Ly

n
K, = % Y (dA; @ dx; + dx; @ dA;) — _Hess(H) = o5(X)
i=1 x=—H)
Coincides with the variance of random vector X. Since the variance is positive, the only areas on
Ly make sense where the differential quadratic form «x|r,, defines a Riemannian structure.
Thus, we showed that measurement of random vectors leads us to the following geometric
structures on ® = W x W*.

e symplectic structure
w=dANdx

e pseudo-Riemannian structure
K =dA-dx

Moreover, Lagrangian manifolds Ly C (P, w) representing expectations of random vectors X
consist of areas where the quadratic form |1, is either positive, which we call applicable phases, or not.

2.3. Relations with Thermodynamics

First of all, we recall that any thermodynamical system is described by two types of
variables, extensive (volume, energy, mass) and intensive (pressure, temperature, chemical potential).
A distinctive property of extensive variables is their additivity with respect to division of the system to
a disjoint union of subsystems. Secondly, the main law of thermodynamics (in particular, for gas-like
systems) including the first and the second laws states that the differential form

0=—dS+T 'dE+ pT1dV — 4T ldm 9)

must be zero. Here S is entropy, E is energy, V is volume, m is mass, T and p are temperature and
pressure respectively, 7 is a chemical potential. Introducing W;,; = R3(p, T, y) and W,y = R3(V, E, m)
we come to a conclusion that a thermodynamical state is a Legendrian manifold LCcRx Wit X Wext,
where the main law of thermodynamics holds, i.e., 9|i = 0. Moreover, form (8) coincides with (9)
if one puts

du = —dS, (A, A A3) = (—T‘l, —pT‘l,'yT_l), (x1,x2,x3) = (E, V,m). (10)

Therefore, on the surface L we have the relation S = —I + «, where « is a constant. This means
that thermodynamics can be viewed as a theory of measurement of extensive variables and entropy is
an information gain up to a sign and additive constant. This in turn implies that principle of minimal
information gain is exactly what in thermodynamics usually called principle of maximum entropy.
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As in measurement theory, consider projection 77: R X Wi,y X Wexy — Wiy X Weyr. Then,
its restriction to the manifold L gives us an immersed Lagrangian manifold L C Wj,;; X W,y and
D = Wi,p X Weyt is a symplectic space with structure form

w=do=d (T ") AdE+d (pT~ ) AdV —d (1T71) Adm.

Condition for L to be Lagrangian is expressed as w|; = 0. Again, we can see analogies
with measurement.

Pseudo-Riemannian structures coming from measurement of random vectors are inherited in
thermodynamics as well. Let us define the differential quadratic form x on ® = Wj;;; X W,y; using (10)
by the following way:

k=—d(T7) - dE—d (pT7")-av+d (y77") - dm,

and its restriction x|y, to the Lagrangian manifold L has to be positive. We shall see below that domains
where form x| is positive correspond to phases of the medium and conditions for L to be Riemannian
with respect to quadratic form x|, are conditions of thermodynamic stability.

3. Legendrian Manifolds For Gases

In this section, we describe Legendrian and Lagrangian manifolds for gases (see also [14-16]).
We pay special attention to ideal gases and virial model of real gases [17], which are used further in
optimal control problem.

Let us choose the extensive variables (E, V, m) as coordinates on the Legendrian manifold L. Then,
on L we have entropy as a function S(E, V, ). Since entropy is an extensive quantity, the function
S(E,V,m) is homogeneous of degree 1:

E
S(E,V,m) =ms (, V) .
m’ m
Introducing specific variables ¢ = E/m—specific energy, v = V/m—specific volume,

s(e, v)—specific entropy, we get the following expression for contact structure 6:
0 = (—s +T e+ pT lo— 7T*1) dm + (—ds + T 1de + pTﬁldU) m,
on a given Legendrian manifold 0|; = 0, and therefore we get
—ds+ T e+ pT'do=0, vy=e—Ts+ po.
The differential quadratic form « in terms of specific variables takes the form
K= —m (d(rl) ~de+d(pT ™) ~dv)) ,

and since m > 0, the condition of positivity of x becomes equivalent to negativity of the form —m~1x,

which we will continue denoting by «:
k=d(T™Y)-de+d(pT™!)-do. (11)

Summarizing, we have the following description of thermodynamic states of gases. Consider the
contact space (R?,6) equipped with coordinates (s, e, v, p, T) and structure form

0 = —ds+ T de+ pT 'dv.
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By a thermodynamic state we mean a Legendrian manifold L, such that f|; = 0. It can be defined
by a given function (e, v):

f:{s:a(e,v),p:,T:}. (12)

To eliminate the specific entropy form our consideration we use a projection 7: R> — R*,
n(s,e,v,p,T) = (e,v,p,T). Its restriction to the Legendrian manifold L gives an immersed Lagrangian
manifold L C R*, such that w|; = 0, where

w=df =d(T"Y) ANde+d(pT!) Adov

defines a symplectic structure on R*(e, v, p, T). Since any 2-dimensional surface L C (R*, w) can be
given by two functions (state equations)

L={filev,p,T) =0, fi(e,0,p,T) = 0},

the condition w|; = 01is expressed as [f1, fo] = 0 on L, where [f1, f2] is the Poisson bracket with respect
to the symplectic structure w:

(i, oloNw =dfi Ndfy AN w.
The expression for the bracket [f1, f] in coordinates is given by the formula:
U1, f2] = % (PT (fipfoe — frefop) + T2 (Airfoe — frefor) + T (frofop *flpfzv)) .
Suppose that functions f; and f, are given in a usual for thermodynamics of gases form
fi=p—A(®T), fr=e—B(v,T). (13)
Then the equation [fj, f2]|; = 0 takes the form
(T~2B), = (T~ A)r
and therefore the following theorem is valid
Theorem 4. The Lagrangian manifold L is given by the Massieu-Planck potential ¢p(v, T):
p=RT¢,, e=RT¢r, (14)
where R is the universal gas constant.

Using the Massieu-Planck potential one can write the differential quadratic form (11) in the
following way:
Rk =— (¢TT + ZT_14)T) dT -dT + ¢ppudv - do

and we conclude that conditions of applicability for the thermodynamic state model are
¢rT + 2T Pr >0, ¢ <O. (15)
Using (14) we obtain that inequalities (15) are equivalent to
er >0, py <0,

which are the conditions of thermodynamic stability.



Entropy 2020, 22, 448 8 of 14

By a thermodynamic process we shall mean a contact transformation of ® = R x Wiy X Weyxt =
RS (s,p, T,v,e) preserving the Legendrian manifold L. Infinitesimally, such a transformation is given
by a contact vector field X, i.e.,, Lx(6) A @ = 0, where Ly is a Lie derivative along the vector field X.
Contact vector fields are defined by generating functions (see, for example, [18]) and in thermodynamic
case have the form [12]:

Xp=T(pfy+Tfr)9e —Tfpdo+ (f+ Tfr)0s + T (fo—pfe)9p — T (fs + Tfe) o7,

where f € C®(®) is a generating function of the vector field X f- One can show that Ly, (f) = X¢(f) =
ffs and therefore the vector field X is tangent to the surface {f = 0}. Thus, for a given Legendrian
manifold L = {f; = f» = f3 = 0} the restriction of the process X rto L is represented as [12]

Xf=mXy +aXp, +a3Xy,,
where 4; are functions on L. Using (12) we get that restrictions Y; of vector fields X 5 to L are
Y1 = 0u0, 20, — 0, 19y, Yo =0,29,, Yz=0. (16)
Example 1 (Ideal gases). For ideal gases, the Legendrian manifold L is given by state equations

fi=pv—RT, fr=e— %RT, fz = s — RIn(e"?v),
where n is a degree of freedom.
The differential quadratic form « on L is

nR R
K= —@de -de — ;dv -do. 17)
It is negative and applicable domain is therefore entire manifold L.

Vector fields Y1 and Y, have the following form

2ev 2¢?
Example 2 (van der Waals gases and virial model). One of the most important models of real gases is the

van der Waals model:
B a B n a B 02
fl—(p—f——vz)(v—b)—Rl, fz_e——zRT—l—U f3_s—Rln(T (v—b)),

where a and b are constants responsible for particles” interaction and their volume respectively.
The differential quadratic form x in coordinates (T,v) for van der Waals gases is [16]

_ R

n
— AT -dT —
K=o

v3RT — 2a(v — b)
03T (v —b)?

2
do - dv.

This form can change its sign and applicable domain in a plane (T, v) for van der Waals model is given
by inequality
2a(v — b)?
Rv3

The virial model for real gases’ state equations was proposed in [17] and is of the form

T >

p= g (1 +) Ai(T)vl) .
i=1



Entropy 2020, 22, 448 9of 14

For van der Waals gases, we will mainly be interested in the first term of the expansion which has the form

a

In this approximation, vector fields Y1 and Y, are

_ 2a(ev +a)
Rv?n

2(ev+a)
Rn

2(ev +a)?

Y, —
1 nRv?

ae* az;/ YZZ*

de. (19)

4. Optimal Control

In this section, we formulate the control problem for thermodynamic processes of gases and
provide exact solution for ideal gases and asymptotic expansion of integrals for real ones.

Let thermodynamic state of a gas be given by a Legendrian manifold L and let us choose vector
fields Y7 and Y, defined by formula (16) as a basis in module of vector fields on L. We will use the
notation x = (e,v). Let x(1) = (e1,v1) and x(2) = (e, v2) be two fixed points in applicable domains on
L. Let! C Lbean integral curve of the unknown vector field Y = u1Y; + u2Y5 and let « = pdv be a
work 1-form. Introduce a quality functional J:

J= [a (20)

1

Physical meaning of | is a work of the gas along the process curve I. We are looking for a process
Y = u1Y7 + upY; such that functional (20) reaches its maximum value. Vector u = (u1, u2) is a vector
of control parameters. If ¢ is a parameter on /, then we will suppose that ¢ = 0 corresponds to the point
x(M and t = ty, where tg is a given value of the parameter ¢, corresponds to x(2). Rewrite the vector
field Y as
Y = Y(l)(x, u)d, + Y(z)(x,u)av,

where coefficients Y(1), Y(2) are defined by means of (16).

We define the domain of admissible control parameters by means of the differential quadratic
form x. On the Legendrian manifold its physical meaning is (up to a sign) the variance of extensive
variables (e, v), we limit a relative variance by a positive number J:

x(Y,Y)
22

<9,
which leads to inequality
—x(Yy, Y1)ut — 2x(Yy, Ya)uguy — x(Ya, Yo )ul < e,

Therefore, for a given point x € f, the boundary oU of the admissible domain U for control
parameters is an ellipse with a centre at that point and whose semi-axes depend, in general, on x.
Summarizing, we formulate an extremal problem for finding the process Y in the form:

X = (Y(l)(x,u),Y(z)(x,u)), xeR2 uel,
x(0) = xM, x(tg) = x@),
tg

] = [a(Y)dt — max.

0 uel
The Hamiltonian of problem (21) has the form

H(x, A u) = a(Y) + A YD (x,0) + A Y (x, 1), 1)
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where A = (A1, Ay) are Lagrangian multipliers.

4.1. Ideal Gases

For ideal gases, vector fields Y7 and Y, have form (18) and vector field Y is

2ev 2¢2
Y=——ui0y, — — .
nR 100 nRuzae

Therefore using expression (17) for the differential quadratic form « in case of ideal gases we get
the domain U of admissible control parameters:

4 2
u= {(M],Mz) ERz | ﬁu%+ﬁu% S(S},

and its boundary is an ellipse with constant semi-axes.
The commutator of vector fields Y7 and Y> is

2e
[Y1,Ys] = ﬁYl.

The dual basis is generated by 1-forms

_mR
2ev

nR
61 = do, &= —@d&

Due to the Lie-Bianchi theorem (see, for example, [18]), 1-form ¢, is exact, i.e., {o = dg1, where
q1 = nR(2e)~!. The restriction of the form & to the curve q; = C; is exact too and its potential is
go = —CqInv + Cy, where C; are constants. Let g = (g1, 42) be new coordinates on L. Then, the inverse

nR g2 >
= —, = N 22
e 20 v = exp ( " (22)

In new coordinates (g1, 42) vector fields Y7 and Y; take the form:

transformation is

Yy =0dg, Y2=0dg + Z%ath'

Therefore Hamiltonian (21) will take the form
R
H(q,A,u) = *%‘I»)\luer/\z (q[27”2+u1> . (23)
1 1

Since Hamiltonian (23) is linear with respect to control parameters (11, ), it reaches its extremal
values on the boundary dU. Let T be a parameter on dU. Then control parameters (u7, 13) can be

nv Ro nRé .
U = > COST, Uy = Tsmr,

and the Hamiltonian H(g, A, u) takes the form

written as

_ V2nRéq1(q1A1 + q2A2) sinT + VRon (4342 — R) cos T

H(g,A,T) (24)
2¢3

To find the points where the Hamiltonian H(g, A, T) reaches its maximum one has to resolve the
equation H; = 0 with respect to 7:

. V291 (1M + q2A2)
sin | T + arctan =0.
( ( V(R — q7A2)
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Its solution is

" V2q1 (1M1 + g2
T"(9,A) = m(2k + 1) — arctan ( \3717((0]11{ _1 q%?\zz)Z)> , keZ. (25)

Substituting roots (25) into (24) we get the following expression for Hamiltonian H(g, A):

1
H(g,A) = 57 \/ nR& (nqiA3 + 2q1A% + 4q392A1 A0 4 2924303 — 2Rng? A, + R?n). (26)
1

To find the optimal process, one needs to solve the system

oH . oH
. _OH 5 _OH 27
f2=5" pop 12 012 (27)

where the Hamiltonian H(g, A) is given by (26). Since the Hamiltonian H(g, A) does not depend on the
parameter ¢ explicitly, it is the integral of system (27). Moreover, the following theorem is valid:

Theorem 5. Hamiltonian system (27) has an integral G(q,A) = q1Ay which is in involution with the
Hamiltonian H(q, A) with respect to the Poisson bracket on phase space, i.e., [G, H| = 0, where

[G,HIQOAQ=dGAdHAQ, Q=dgAdA.

Thus, Hamiltonian system (27) has two commuting integrals and is therefore integrable in
Liouville’s sense.

To construct solution to (27) we use the method of action-angle variables (see, for example, [19]).
The invariant manifold M of system (27) is given by levels H; and H, of its integrals:

M={(g,A) €R* | H(g,A) = Hy, G(g,\) = Ha .
Choose (g1, 42) as local coordinates on M. Then we have

—2H,Rngs = /D
1 pr—

Hy
2 ’ /\2 =
2Rn(5q1 n

where D = 2Rén (4H2q7 — 6Rn*(R — Hyqy)?). Therefore the manifold M can have different numbers
of connected components depending on the number of roots of polynomial D.

Theorem 6. The manifold M has three connected components if levels of integrals Hy and H are related as
H3on* — 64RH? > 0.
Otherwise, the manifold M has two connected components.

Singularities of projection of M to the plane (q1,42) are given as ¥ = UL;, where

2 ={@.2) 9 €R D) =0}.

Thus, for a given initial point (q(o), A0)) the reachability set consists of points of M belonging to
the same connected component as (7(%), A(9)) does.
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Let us choose two Hamiltonian vector fields X; = Xy and X, = X as a basis in module of vector
fields on phase space R*(g, A). Here

X = fa9q + 2,992 — fq 90, = f02925

We need to find two closed 1-forms s and s dual to restrictions Z; and Z, of vector fields X;
and X; on M, i.e., 5;(Z;) = 6;;, where 4;; is the Kronecker symbol. On each connected component of
M the forms 371 and 1 are exact, i.e., 3; = d(); and functions (); are called angles. Expressions for ()4
and (), are given by the following theorem, which is the result of straightforward computations.

Theorem 7. Angle variables ()1 and )y are of the form

Uiltﬁdql q2 ané (R Hqu)dql
O =4+ / —_—, ==+ / . 28
! V D 2 q1 qa1vVv D ( )

Hamiltonian system (27) is equivalent to

O =1, O =0.
Thus, the solution of (27) is given as
M =t+a, H=ua,

where constants #; and ap are derived from conditions at the ends. By means of inverse
transformation (22) one can obtain the corresponding solutions in terms of thermodynamic
variables (e, v).

4.2. Real Gases

Here, we again will look for a process Y = u1Y7 + Y5, where vector fields Y; and Y; are given
by (19). Following the case of ideal gases, we finally get the Hamiltonian Hy (g, A) in the form

Hyaw(9,A) = H(q,A) +aHa(q,A) +bHy(q,A) + ..., (29)
where the first order corrections H, and Hj, are

e/ 0 (g2 (Ron®A2 — 8H?(q, \)) — R2Aon36)
Hﬂ(q’A) - 4q1nRH(q,/\) 7 Hb(q/)\) -

e/ M R6n*Ay(R — Aag?)
4H(g, A)qy

We will restrict ourselves to the linear with respect to parameters a and b corrections only.

From now and on, we will assume that all the functions are expressed in terms of angle variables
(O, ) given by (28) instead of (g1, 42). This can be done by resolving (28) with respect to (41, 42).
In these new coordinates, vector fields Z; and Z; have the form

d ]
21 =5—, Zp=-—. 30
1 2= 50, (30)

To integrate the Hamiltonian system with Hamiltonian (29), one needs to find the second

commuting integral G, (g, A). We will look for that integral in the form

Goaw (Q1, D2) = G(M1, Q) +aGa(Q, M) +0Gy(Q, Q) + ..,

where functions G, and G are to be defined. Condition [H,sw, Gpaw] = 0 leads us (up to linear terms)
to the following equations:
[Ha, G] = [Ga, H],  [Hy, G] =[Gy, H]. (31)
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Using a well-known relation [f, g] = X, (f) and (30), we get system (31) as

dH, 9G, 0H, 0G,

00, 00y’ 090, 90y’

and finally we obtain

[ oH, [ oH,
Go = Bﬂzdnl’ Gb—/aT)z

Thus, we have the second integral for the extremal problem commuting with the Hamiltonian up
to linear in a and b terms and therefore the Hamiltonian system is integrable in Liouville’s sense in
this approximation.

40,

5. Conclusions

We showed that considering thermodynamics as a theory of measurement of random vectors
one can describe thermodynamic states as Legendrian or Lagrangian manifolds equipped with the
differential quadratic form responsible for the variance of extensive variables. Thermodynamic processes
are interpreted as curves on Legendrian manifolds. The Hamiltonian system arising from the problem of
finding an optimal curve maximizing the work functional is shown to be integrable in Liouville’s sense
and its solution is constructed explicitly by means of action-angle variables. We also provided a method
of finding asymptotically commuting integrals for real gases in virial approximation.

Author Contributions: Conceptualization, V.L.; Formal analysis, A.K. and M.R,; Investigation, A.K., V.L. and
M.R.; Writing—Original draft, M.R. All authors have read and agreed to the published version of the manuscript.

Funding: The first author (A.K.) was partially supported by the Russian Foundation for Basic Research (project
18-29-10013), the second and the third authors (V.L. and M.R.) were partially supported by the Foundation for the
Advancement of Theoretical Physics and Mathematics “BASIS” (project 19-7-1-13-3).

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Carmnot, S.; Thurston, R.H. (Eds.) Reflections on the Motive Power of Heat; John Willey & Sons.: New York,

NY, USA, 1897.

2. Curzon, EL; Alborn, B. Efficiency of a Carnot engine at maximum power output. Am. J. Phys. 1975, 43, 22-24.
[CrossRef]

3. Rubin, M.H. Optimal configuration of a class of irreversible heat engines. Phys. Rev. A 1979, 19, 1272.
[CrossRef]

4.  Pontryagin, L.S,; Boltyanskii, V.G.; Gamkrelidze, R.V.; Mishchenko, E.F. The Mathematical Theory of Optimal
Processes; Interscience: New York, NY, USA, 1962.

5. Girsanov, L.V. Lectures on Mathematical Theory of Extremum Problems; Springer: Berlin, Germany, 1979.

6.  Rozonoer, L.I; Tsirlin, A.M. Optimal control of thermodynamic processes. Automat. Remote Control 1983, 44, 70-79.

7. Chen, L.; Feng, H.; Xie, Z. Generalized Thermodynamic Optimization for Iron and Steel Production Processes:
Theoretical Exploration and Application Cases. Entropy 2016, 18, 353. [CrossRef]

8.  Acikkalp, E.; Yamik, H. Limits and Optimization of Power Input or Output of Actual Thermal Cycles.
Entropy 2013, 15, 3219-3248. [CrossRef]

9.  Gibbs, ].W. A Method of Geometrical Representation of the Thermodynamic Properties of Substances by
Means of Surfaces. Trans. Conn. Acad. 1873, 1, 382-404.

10. Mrugala, R. Geometrical formulation of equilibrium phenomenological thermodynamics. Rep. Math. Phys.
1978, 14, 419-427. [CrossRef]

11.  Ruppeiner, G. Riemannian geometry in thermodynamic fluctuation theory. Rev. Mod. Phys. 1995, 67, 605-659.
[CrossRef]

12.  Lychagin, V. Contact Geometry, Measurement, and Thermodynamics. In Nonlinear PDEs, Their Geometry and
Applications; Kycia, R., Schneider, E., Ulan, M., Eds.; Birkhduser: Cham, Switzerland, 2019; pp. 3-52.


http://dx.doi.org/10.1119/1.10023
http://dx.doi.org/10.1103/PhysRevA.19.1272
http://dx.doi.org/10.3390/e18100353
http://dx.doi.org/10.3390/e15083309
http://dx.doi.org/10.1016/0034-4877(78)90010-1
http://dx.doi.org/10.1103/RevModPhys.67.605

Entropy 2020, 22, 448 14 of 14

13.
14.

15.
16.
17.

18.

19.

Kullback, S. Information Theory and Statistics; John Willey & Sons.: New York, NY, USA, 1959.

Lychagin, V.; Roop, M. Phase transitions in filtration of Redlich-Kwong gases. J. Geom. Phys. 2019, 143, 33—40.
[CrossRef]

Lychagin, V.; Roop, M. Steady filtration of Peng-Robinson gases in a porous medium. Glob. Stoch. Anal. 2019,
6, 59-68.

Lychagin, V.; Roop, M. Critical phenomena in filtration processes of real gases. Lobachevskii ]. Math. 2020, 41, 382-399.
Kamerlingh-Onnes, H. Expression of state of gases and liquids by means of series. KNAW Proc. 1902, 4, 125-147.
Kushner, A.G.; Lychagin, V.V.,; Rubtsov, V.V. Contact Geometry and Nonlinear Differential Equations;
Cambridge University Press: Cambridge, UK, 2007.

Arnold, V.I. Mathematical Methods of Classical Mechanics; Springer: New York, NY, USA, 1989.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.geomphys.2019.05.002
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Measurement and Thermodynamics
	Minimal Information Gain Principle
	Variance of Random Vectors
	Relations with Thermodynamics

	Legendrian Manifolds For Gases
	Optimal Control
	Ideal Gases
	Real Gases

	Conclusions
	References

