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Abstract: In this article, we introduce the Skellam process of order k and its running average. We also
discuss the time-changed Skellam process of order k. In particular, we discuss the space-fractional
Skellam process and tempered space-fractional Skellam process via time changes in Skellam process
by independent stable subordinator and tempered stable subordinator, respectively. We derive the
marginal probabilities, Lévy measures, governing difference-differential equations of the introduced
processes. Our results generalize the Skellam process and running average of Poisson process in
several directions.
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1. Introduction

The Skellam distribution is obtained by taking the difference between two independent Poisson
distributed random variables, which was introduced for the case of different intensities A1, A, by
(see [1]) and for equal means in [2]. For large values of A1 + Ay, the distribution can be approximated
by the normal distribution and if A, is very close to 0, then the distribution tends to a Poisson
distribution with intensity A;. Similarly, if A4 tends to 0, the distribution tends to a Poisson distribution
with non-positive integer values. The Skellam random variable is infinitely divisible, since it is the
difference of two infinitely divisible random variables (see Proposition 2.1 in [3]). Therefore, one can
define a continuous time Lévy process for Skellam distribution, which is called Skellam process.

The Skellam process is an integer valued Lévy process and it can also be obtained by taking
the difference of two independent Poisson processes. Its marginal probability mass function (pmf)
involves the modified Bessel function of the first kind. The Skellam process has various applications in
different areas, such as to model the intensity difference of pixels in cameras (see [4]) and for modeling
the difference of the number of goals of two competing teams in a football game [5]. The model based
on the difference of two point processes is proposed in (see [6-9]).

Recently, the time-fractional Skellam process has been studied in [10], which is obtained by
time-changing the Skellam process with an inverse stable subordinator. Further, they provided the
application of time-fractional Skellam process in modeling of arrivals of jumps in high frequency
trading data. It is shown that the inter-arrival times between the positive and negative jumps follow a
Mittag—Leffler distribution rather then the exponential distribution. Similar observations are observed
in the case of Danish fire insurance data (see [11]). Buchak and Sakhno, in [12], have also proposed the
governing equations for time-fractional Skellam processes. Recently, [13] introduced time-changed
Poisson process of order k, which is obtained by time changing the Poisson process of order k (see [14])
by general subordinators.

In this paper, we introduce Skellam process of order k and its running average. We also discuss
the time-changed Skellam process of order k. In particular, we discuss space-fractional Skellam process
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and tempered space-fractional Skellam process via time changes in Skellam process by independent
stable subordinator and tempered stable subordinator, respectively. We obtain closed form expressions
for the marginal distributions of the considered processes and other important properties. Skellam
process is used to model the difference between the number of goals between two teams in a football
match. At the beginning, both teams have scores 0 each and at time f the team 1 score is Ny (),
which is the cumulative sum of arrivals (goals) of size 1 until time ¢ with exponential inter-arrival
times. Similarly for team 2, the score is Ny (t) at time t. The difference between the number of goals
can be modeled using Nj () — N(t) at time ¢. Similarly, the Skellam process of order k can be used to
model the difference between the number of points scored by two competing teams in a basketball
match where k = 3. Note that, in a basketball game, a free throw is count as one point, any basket
from a shot taken from inside the three-point line counts for two points and any basket from a shot
taken from outside the three-point line is considered as three points. Thus, a jump in the score of any
team may be of size one, two, or three. Hence, a Skellam process of order 3 can be used to model the
difference between the points scored.

In [10], it is shown that the fractional Skellam process is a better model then the Skellam process
for modeling the arrivals of the up and down jumps for the tick-by-tick financial data. Equivalently,
it is shown that the Mittag-Leffler distribution is a better model than the exponential distribution for
the inter-arrival times between the up and down jumps. However, it is evident from Figure 3 of [10]
that the fractional Skellam process is also not perfectly fitting the arrivals of positive and negative
jumps. We hope that a more flexible class of processes like time-changed Skellam process of order k
(see Section 6) and the introduced tempered space-fractional Skellam process (see Section 7) would
be better model for arrivals of jumps. Additionally, see [8] for applications of integer-valued Lévy
processes in financial econometrics. Moreover, distributions of order k are interesting for reliability
theory [15]. The Fisher dispersion index is a widely used measure for quantifying the departure of
any univariate count distribution from the equi-dispersed Poisson model [16-18]. The introduced
processes in this article can be useful in modeling of over-dispersed and under-dispersed data. Further,
in (49), we present probabilistic solutions of some fractional equations.

The remainder of this paper proceeds, as follows: in Section 2, we introduce all the relevant
definitions and results. We also derive the Lévy density for space- and tempered space-fractional
Poisson processes. In Section 3, we introduce and study running average of Poisson process of order k.
Section 4 is dedicated to Skellam process of order k. Section 5 deals with running average of Skellam
process of order k. In Section 6, we discuss the time-changed Skellam process of order k. In Section 7,
we determine the marginal pmf, governing equations for marginal pmf, Lévy densities, and moment
generating functions for space-fractional Skellam process and tempered space-fractional Skellam
process.

2. Preliminaries

In this section, we collect relevant definitions and some results on Skellam process, subordinators,
space-fractional Poisson process, and tempered space-fractional Poisson process. These results will be
used to define the space-fractional Skellam processes and tempered space-fractional Skellam processes.

2.1. Skellam Process

In this section, we revisit the Skellam process and also provide a characterization of it. Let S() be
a Skellam process, such that
S(t) = Ni(t) — Np(t), t >0,

where Nj (t) and N (t) are two independent homogeneous Poisson processes with intensity A1 > 0 and
Ay > 0, respectively. The Skellam process is defined in [8] and the distribution has been introduced and
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studied in [1], see also [2]. This process is only symmetric when Ay = A,. The pmf s (t) = P(S(¢) = k)
of 5(t) is given by (see e.g., [1,10])

k/2
s(t) = e !t (ﬁ) Iy (2t\/A1A2), k€ 2, (1)

where I}, is modified Bessel function of first kind (see [19], p. 375),

X:: '(n+k)! @)

The pmf si(t) satisfies the following differential difference equation (see [10])

%Sk(t> = M (sk—1(t) = sk(t)) — Aa(sk(t) — sk (t)), kE€Z, (©)

with initial conditions sp(0) = 1 and s¢(0) = 0, k # 0. For a real-valued Lévy process Z(t) the
characteristic function admits the form

]E<eiuZ(t)) — efllfz(”)/ 4)

where the function 7 is called characteristic exponent and it admits the following Lévy-Khintchine
representation (see [20])

= iau — bu? X _ 9 — juxl dx). 5
Yz (u) = iau — bu” + R\{o}(e iux {|x\§1})7TZ( x) (5)

Here,a € R,b > 0 and 71z is a Lévy measure. If 717 (dx) = vz(x)dx for some function vz, then vz is
called the Lévy density of the process Z. The Skellam process is a Lévy process, its Lévy density vs is a
linear combination of two Dirac delta functions, vs(y) = A161(y) + A20_1(y) and the corresponding
characteristic exponent is given by

w5 () = [ (1= )us(y)dy.

The moment generating function (mgf) of Skellam process is

E[e?S(1)] = ¢~titha—hie’ =) g e R, (©)

With the help of mgf, one can easily find the moments of Skellam process. In the next result, we give a
characterization of Skellam process, which is not available in literature as per our knowledge. For a
function h, we write h(6) = 0(6) if lims_,oh(6)/5 = 0.

Theorem 1. Suppose that an arrival process has the independent and stationary increments and it also satisfies
the following incremental condition, then the process is Skellam.

Ad+0(9), m>n m=n+1;
A2é +0(9), m<n m=n-—1;
1—-M6—Ad+0(5), m=mn;

0(9) otherwise.

P(S(t+6) = m|S(t) =n) =
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Proof. Consider the interval [0,t], which is discretized with n sub-intervals of size § each, such that
né = t. For k > 0, we have

[%5*] !
P(S(t) = k) = ZO G TR 2 1 (A10)" K (A28)™ (1 — A18 — A28)" 2K 4 0(5)
[ank] n! At m+k Aot \ ™ Mt Aot n—2m—k
- A2 2 A2
_mgo m!(m +k)!(n — 2m — k)! ( ) ( n ) (1 n n ) +0(9)
- [nTk] (Alt)m+k()\2t) n! M B E n—2m—k N 0(5)
N r,go m!(m+k)!  (n—2m — k)n2m+k n n

—(A1+Ap)t Alt m+k(/\2t)
g m!(m+k)! 7

by taking n — oco. The result follows now by using the definition of modified Bessel function of first
kind I. Similarly, it can be proved for k < 0. O

2.2. Poisson Process of Order k

In this section, we recall the definition and some important properties of Poisson process of order
k (PPoK). Kostadinova and Minkova (see [14]) introduced and studied the PPoK. Let x1,x, - - - , x; be
non-negative integers and J; = x1 +xp + - - + x5, ! = x1!xp! ... x ! and

Q(k,n) ={X = (x1, x2, ..., X)|x1 +2x2+ - - - + kxp = n}. (7)

Additionally, let { N*(t) };>0, represent the PPoK with rate parameter At, then probability mass function
(pmf) is given by

k Ck
=P == ¥ el ®
X=Q(k,n) ITy!

The pmf of N¥(t) satisfies the following differential-difference equations (see [14])

d Nk nAk
g () = —kAp)( +)\an (B, n=12,..
=
N k
PO (8) = —kApg" (1), ©

with initial condition p{ ¢ (0) = 1 and pY ¢ (0) = 0and n A k = min{k, n}. The characteristic function of
PPoK N (t)

Dy () = BN W) = e MET ), (10)

where i = /—1. The process PPoK is Lévy, so it is infinite divisible i.e. ‘PNk(t)(”) = (quk(l)(u))t.
The Lévy density for PPoK is easy to derive and it is given by

k

v (x) =AY 5(x),

=1
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where J; is the Dirac delta function concentrated at j. The transition probability of the PPoK {N K(£) Y0
is also given by Kostadinova and Minkova [14],

1—kAS, m=mn;
P(N¥(t +6) = m|N*(t) = n) = Ao m=n-+ii=12,...k (11)

0 otherwise.
The probability generating function (pgf) GV * (s,t) is given by (see [14])
GN (s, £) = e M s), (12)

The mean, variance and covariance function of the PPoK are given by

k(k+1)

E[N*(t)] = 5 AL
Var[N*(t)] = WM;
Cov[N¥(£), N&(s)] = WW As). (13)

2.3. Subordinators

Let D¢(t) be a real valued Lévy process with non-decreasing sample paths and its Laplace
transform has the form
EfesPrt)] = ¢~tf(s),

where .
f(s) =bs +/ (1—e*)m(dx), s>0,b>0,
0

is the integral representation of Bernstein functions (see [21]). The Bernstein functions are C*,
non-negative and such that (fl)m‘zc—mm f(x) < 0form > 1[21]. Here, r denote the non-negative

Lévy measure on the positive half line, such that
/ (x A1)7t(dx) < oo, 7([0,00)) = o0,
0
and b is the drift coefficient. The right continuous inverse E¢(t) = inf{u > 0 : Df(u) > t} is the

inverse and first exist time of D(#), which is non-Markovian with non-stationary and non-independent
increments. Next, we analyze some special cases of Lévy subordinators with drift coefficient b = 0,

plog(1+32), p>0, a >0, (gamma subordinator);

£(s) = (s+u)*—wu* u>00<a<1, (tempereda-stablesubordinator); (14)
(S(W —7), v>0,6 >0, (inverse Gaussian subordinator);
s, 0<a <1, (w-stable subordinator).

It is worth noting that, among the subordinators given in (14), all of the integer order moments of
a-stable subordinators are infinite and others subordinators have all finite moments.
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2.4. The Space-Fractional Poisson Process

In this section, we discuss the main properties of a space-fractional Poisson process (SFPP). We
also provide the Lévy density for SFPP, which is not discussed in the literature. The SFPP N, (t) was
introduced by (see [22]), as follows

(15)

where D, (t) is an a-stable subordinator, which is independent of the homogeneous Poisson process
N(t).
The probability generating function (pgf) of this process is

GNe(s, t) = E[sNeD)] = ¢~ (1=9)% 5] <1, a € (0,1). (16)
The pmf of SFPP is

(—DF & (=AY T(ra+1)
kb= ot Tra—k+1)

_1\k a):
_ Yt l(lm, }(—anh

P*(k,t) = P{Ny(t) =k} =

k! —k,a); ! (17)

where ;,;(z) is the Fox Wright function (see formula (1.11.14) in [23]). It was shown in [22] that the
pmf of the SFPP satisfies the following fractional differential-difference equations

%P“(k,t) — A1 B)*P(k 1), we (0,1, k=1,2,... (18)
%P“(O,t) = —A"P*(0,t), (19)

with initial conditions
P*(k,0) = dx0, (20)

where Jy  is the Kronecker delta function, given by

Oko = 0, k=21, (21)
“7 1, k=o.
The fractional difference operator
- =% (%) @)
=0

is defined in [24], where B is the backward shift operator. The characteristic function of SFPP is
E[eiuNa(t)] — efﬂ(lfgiu)at. (23)

Proposition 1. The Lévy density vy, (x) of SFPP is given by

(1) =4 3 (-1 () @)

n=1
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Proof. We use Lévy-Khintchine formula (see [20]),

./11.@\{0} (" = 1)A" i (—1) (i) Su(x)dx

n=1

« L:(_l)nﬂ <> . io (_1)n(z> . 1]
— A\ i(_l)nﬂ (Z)eiun — A1 — eiu)rx,
n=0

which is the characteristic exponent of SFPP from Equation (23). O

2.5. Tempered Space-Fractional Poisson Process

The tempered space-fractional Poisson process (TSFPP) can be obtained by subordinating the
homogeneous Poisson process N(t) with the independent tempered stable subordinator Dy (t)
(see [25])

Ny (t) = N(Dap(t)), a € (0,1), > 0. (25)

This process has finite integer order moments due to the tempered a-stable subordinator. The pmf of
TSFPP is given by (see [25])

ar\ (ar —m

m k

S l(l _(;_’Xzﬂ “)_(—A“t)] L k=0,1,.... (26)

The governing difference-differential equation is given by

PUH (k, t) = (—1)F

LKk, 1) = (0 + AL B))* — p)PY (k 1), k>0 @)
The characteristic function of TSFPP,

E[eiul\]a,n(t)] — e*f((}xl#‘/\(lfeiu))mf}la) . (28)
While using a standard conditioning argument, the mean and variance of TSFPP are given by
E[Nyu(t)] = Aap™ ', Var[Ny,(t))] = Aap® 't + A2a(1 — a)u” ~2t. (29)

Proposition 2. The Lévy density v, , (x) of TSFPP is

Uy (6 =ni (0 Z() 115 (x), e > 0. (30)

1
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Proof. Using (28), the characteristic exponent of TSFPP is given by ¢, , (1) = —((p + A(1 - elt))x —
1*). We find the Lévy density with the help of Lévy-Khintchine formula (see [20]),

/R\{O} 1) (z) "y <7) (=)o (x)dx

3
Il
-

| I
012 172
= =
2 2
3 X
TN T =
S R

[
—~ <@
=
>
—~
—
|
xS,
=
N
—
2
|
=
2
—
<

hence proved. O

Definition 1. A stochastic process X (t) is over-dispersed, equi-dispersed or under-dispersed [18], if the Fisher
index of dispersion, given by (see e.g., [17])

is more than 1, equal to 1, or smaller than 1, respectively, for all t > 0.

Remark 1. Using (29), we have FI[Ny, ()] = 1+ w > 1,i.e. TSFPP Ny, (t) is over-dispersed.

3. Running Average of PPoK

In this section, we first introduced the running average of PPoK and their main properties.
These results will be used further to discuss the running average of SPoK.

Definition 2 (Running average of PPoK). We define the running average process NX (t), t > 0 by taking
time-scaled integral of the path of the PPoK (see [26]),

NE (1) = % /Ot N (s)ds. (31)

We can write the differential equation with initial condition N ff‘ (0) =0,

d 1 1

SONE) = N - 3 [ N

Which shows that it has continuous sample paths of bounded total variation. We explored
the compound Poisson representation and distribution properties of running average of PPoK.
The characteristic of Nz(t) is obtained using the Lemma 1 of [26]. We recall Lemma 1 from [26]
for ease of reference.

Lemma 1. If X; is a Lévy process and Y; its Riemann integral is defined by
t
Yt = / Xst,
0
then the characteristic functions of Y satisfies

¢y(t)(7/l) _ E[eiuY(t)] _ et(ﬁ)l IOS‘PX(l)(fMZ)dZ), ueR. (32)
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Proposition 3. The characteristic function of N (t) is given by

iuj
—tA (k*Z}{:l e uj U)

¢Ng(t)(u) =¢ (33)
Proof. Using the Equation (10), we have
1 k (eituzj o 1)
‘/0 10g¢Nk(1) (tMZ)dZ = —A (k — ]; T .
Using (32) and (31), we have
1 Ciafkeyk @)
Pk () (1) = ¢! (Jo 08 iy (u2)dz) _ M< L1 >
O
Proposition 4. The running average process has a compound Poisson representation, such that
N(#)
Y(t) = X, (34)

where X; = 1,2,. .. are independent, identically distributed (iid) copies of X random variables, independent of
N(t) and N(t) is a Poisson process with intensity kA. Subsequently,

Y(5) % N ().
Further, the random variable X has the following pdf

k
fx(0) = L p (0 () = Lo fu ) 35)

where V; follows discrete uniform distribution over (0,k) and Uj follows continuous uniform distribution over
0,i), i=1,2,...,k

Proof. The pdf of U; is fy, (x) = %, 0 < x <. Using (45), the characteristic function of X is given by

For fixed ¢, the characteristic function of Y(t) is

B vk (M1
Py (1) = e FMI—0x(0) _ (kT ) (36)

which is equal to the characteristic function of PPoK that is given in (33). Hence, by the uniqueness of
characteristic function, the result follows. [
Using the definition

e = B[] = (—iy T30, @)
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the first two moments for random variable X given in Proposition (4) are m; = @ and mp =
% [(k+1)(2k +1)]. Further, using the mean, variance, and covariance of compound Poisson process,

we have

EIN4 (1)) = EIN(D]E[X] = k“‘j Ui
Var{Nj (1)) = E[N () E[X?] = 18[k<k+1><2k+1>1
Cov [N (1), N (5)] = EINK (1), N§ 5)] — E[N (D[N (5)]
= B[N (5) EIN (¢ — )] ~ B[N (5)2) ~ B[N (1) EINS ()]
= k(1) (2K + D)As - kz(klz DiSTEI

Corollary 1. Putting k = 1, the running average of PPoK Nf; (t) reduces to the running average of standard
Poisson process N4 (t) (see Appendix in [26]).

Corollary 2. The mean and variance of PPoK and running average of PPoK satisfy, E[Nﬁ(t)] /E[Nk(t)} - %
and Var[NX (£)]/Var[N*(t)] = 1.

Remark 2. The Fisher index of dispersion for running average of PPoK Nfﬁl(t) is given by FI[N{’f‘(t)} =
%(Zk +1). If k = 1 the process is under-dispersed and for k > 1 it is over-dispersed.

Next we discuss the long-range dependence (LRD) property of running average of PPoK. We
recall the definition of LRD for a non-stationary process.

Definition 3 (Long range dependence (LRD)). Let X(t) be a stochastic process that has a correlation function
fors > t for fixed s, that satisfies,

cr(s)t% < Cor(X(t), X(s)) < ca(s)t74,

forlarge t, d > 0, c1(s) > 0and cy(s) > 0. For the particular case when c1(s) = cp(s) = c(s), the above

equation reduced to
Cor(X(t), X(s))

lim P = c(s).

t—o0

We say that, if d € (0,1), then X(t) has the LRD property and if d € (1,2) it has short-range dependence
(SRD) property [27].

Proposition 5. The running average of PPoK has LRD property.

Proof. Let0 < s < t < oo, then the correlation function for running average of PPoK N¥ (1) is

8(2k +1) — 9(k + 1)kAs) s1/2¢~1/2
(8( ) = 9(k +1)kAs)

Cor[N% (), Ny (s)] = 8(2k+ 1)

Subsequently, for d = 1/2, it follows

lim
t—o0

Cor[NK (t),NK(s)]  (8(2k +1) — 9(k +1)kAs)s'/2
t—d B 8(2k +1) =c(s):
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4. Skellam Process of Order k (SPoK)
In this section, we introduce and study the Skellam process of order k (SPoK).
Definition 4 (SPoK). Let N¥(t) and NX(t) be two independent PPoK with intensities Ay > 0 and Ay > 0.

The stochastic process
SK(t) = Ni(t) — N3 (1)

is called a Skellam process of order k (SPoK).
Proposition 6. The marginal distribution Ry, (t) = P(S¥(t) = m) of SPoK SK(t) is given by
Ry (t) = e KtAith2) (;G) I (2tkn/A1Az), m € Z. (38)
2

Proof. For m > 0, using the pmf of PPoK that is given in (8), it follows

Ru(t) = iomm — 11+ mP(NE(£) = n)Tso

_y g (At gt (Aat)
_Z<XQZ o kA rllk! )( Z o kA I%k! )

n=0 (k,n+m) X=Q(k,n)

Setting x; = n;and n = x + 2?:1 (i — 1)n;, we have

(Aat)* (Agt)m+ 3 < et x ) 5 ( x )
x! (m+x)! ny+ny+...+np=m+x nl!nzl‘“nk! ny+ny+...+np=x nl!nzl"‘nk!

()\zi’)x (Alt)mex
(m+ x)!

R (t) _ efkt(/\l +A2)

e

=
Il
o

— e—kt(/\1+/\2) km+xkx,

e

jal

=
Il
o

using the multinomial theorem and modified Bessel function given in (2). Similarly, it follows for
m<0. O

Proposition 7. The Lévy density for SPoK is
k k
I/Sk (x) = /\1 Z (%(X) + /\2 2 (S_](X)
=1 =1
Proof. The proof follows by using the independence of two PPoK used in the definition of SPoK. [

Remark 3. Using (12), the pgf of SPoK is given by

GSk (s,1) = Z SRy (t) = eft(k()\1+?\2)*)\1 Z;cﬂ s/—Ay Zle s*]') ' (39)

m=—oo

Further, the characteristic function of SPoK is given by

pergy () = ¢ THATHI M EE e e (40)

SPoK as a Pure Birth and Death Process

In this section, we provide the transition probabilities of SPoK at time ¢ + J, given that we started
at time ¢. Over such a short interval of length § — 0, it is nearly impossible to observe more than k
event; in fact, the probability to see more than k event is 0(J).
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Proposition 8. The transition probabilities of SPoK are given by

Aé+0(9), m>n m=n+1i,i=12,...,k

Apd ), <nm=n—ii=12,...,k
P(SK(t + 6) = m|sk(t) = m) = { 120+ 000) s m = (1)

1— kAo —kApd +0(8), m=n;

0(9) otherwise.

Basically, at most k events can occur in a very small interval of time 6. Additionally, even though the probability
for more than k event is non-zero, it is negligible.

Proof. Note that S¥(t) = N¥(t) — N5(t). We call N(t) as the first process and NX(t) as the second
process. Fori =1,2,--- ,k, we have

P(SK(t+6) = n+1|S5(t) = n) = E P(the first process has i+j arrivals and the second process has j arrivals)
j=1
+ P(the first process has i arrivals and the second process has 0 arrivals) +o(s)
k—i
= Y (M8 +0(8)) X (A26+0(8)) + (M +0(8)) x (1 —kAzd +0(8)) +0(5)
j=0

= M6+ 0(6).

Similarly, fori =1,2,--- ,k, we have
k—i
P(S¥(t + ) = n —i|Sk(t) = n) = Y P(the first process has j arrivals and the second process has i+j arrivals)

j=1

+ P(the first process has 0 arrivals and the second process has i arrivals) +o(s)
k—i

= Z()\15 +0(8)) x (A28 +0(8)) + (1 —kA15 4+ 0(8)) x (A6 +0(8)) 4+ 0(6)
j=0

= A6 +0(5).

Further,

P(Sk(t+68) = n|SK(t) = n) = i P(the first process has j arrivals and the second process has j arrivals)
j=1

+ P(the first process has 0 arrivals and the second process has 0 arrivals) +o(s)
= i()\lé +0(6)) x (A28 +0(8)) + (1 —kA18 +0(6)) X (1 —kAz6 +0(5)) + 0(6)
=0

=1— kA — kAyd + 0(5).

O

Remark 4. The pmf R, (t) of SPoK satisfies the following difference differential equation

d k k
%Rm(t) = _k(/\l + /\Z)Rm(t) +M 2 Rm—j(t) + A2 2 Rm+j(t)
j=1 =1
=M Y (1=B)Ru—A2) (1-F)Ru(t), mei,
j=1 j=1

with initial condition Ry(0) = 1 and R,,(0) = 0 for m # 0. Let B be the backward shift operator defined

in (22) and F be the forward shift operator defined by FIX(t) = X(t + j), such that (1 — F)* = Yo ('}‘)F]

Multiplying by s and summing for all m in (42), we obtain the following differential equation for the pgf
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d Sk k . k . Sk
56 (s,t) = (—k(/\l +A2)+A1];s]+)\2];s 1| G* (s,t).

The mean, variance and covariance of SPoK can be easily calculated by using the pgf,

Blsto) = *EF 0 -2
Var[sk(1)] = % k(k+ 1) 2k +1)] (A1 + Aa)E;
Cov[S¥(t), S¥(s)] = % (k4 1)(2k+1)] (Ag + Aa)s, s < £,

Remark 5. For the SPoK, when Ay > Ay, Var[SK(t)] — E[SK(t)] = @ [(k—=1)A1 + (k+2)Ay > 0, which
implies that FI[S¥(t)] > 1 and hence S (t) exhibits over-dispersion. For Ay < Ay, the process is under-dispersed.

Next, we show the LRD property for SPoK.
Proposition 9. The SPoK has LRD property defined in Definition 3.

Proof. The correlation function of SPoK satisfies
Cor(Sk(t),Sk(s))  s'/2t71/2

B~ =)

Hence, SPoK exhibits the LRD property. [

5. Running Average of SPoK

In this section, we introduce and study the new stochastic Lévy process, which is the running
average of SPoK.

Definition 5. The following stochastic process defined by taking the time-scaled integral of the path of the SPoK,

t

sk (1) = %/ Sk (s)ds, 42)
0

is called the running average of SPoK.

Next, we provide the compound Poisson representation of running average of SPoK.

Proposition 10. The characteristic function Pt (1) (u) = E[eiuslﬁx(f)] of Sk (t) is given by

—ktdag (1-1 vk <ef1{171>>+A (1,125 <1—¢if“f>)}
" u) =e { 1( k ~j=1 iuj 2 k ~j=1 iuj = R. 43
st (1)

Proof. By using the Lemma 3.1 to Equation (40) after scaling by 1/t. O

Remark 6. It is easily observable that Equation (43) has removable singularity at u = 0. To remove that
singularity, we can define Pk (1) (0)=1.
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Proposition 11. Let Y (t) be a compound Poisson process

N(t)
Y =Y Ju (44)
n=1

where N (t) is a Poisson process with rate parameter k(A1 + Ay) > 0 and {], },>1 are iid random variables
with mixed double uniform distribution function p;, which are independent of N(t). Subsequently,

Y(£) "2 S (1)

Proof. Rearranging the 4)51;‘ ) (u),

M _1vk -1 A 1k (1—em )
e(’\1+)‘2)kt<)\1+)\2%2j:1 R e DY R TE

Pst (0 (1) =
The random variable J; being a mixed double uniformly distributed has density
k 1k
Pn (x) = vai(x)fui(x) = EZfUi(x)f (45)

i=1 i=1

where V; follows discrete uniform distribution over (0, k) with pmf pvj(x) =PV, =x) = %, j=
1,2,...k, and U; be doubly uniform distributed random variables with density

fu(x) = (1 =w)1_0(x) + wlp(x), —i<x<i.

Further, 0 < w < 1is a weight parameter and 1(-) is the indicator function. Here, we obtained
the characteristic of J; using the Fourier transform of (45),

M 1T E (M- Ay 1 & (1—e ™)
R v Y2 R TR +A2k]; wj
The characteristic function of Y (t) is
(PY(t) (M) _ e*kt()\1+/\2)t(1*¢[1 (u))/ (4:6)

putting the characteristic function ¢y, (1) in the above expression yields the characteristic function of
Sk (t), which completes the proof. [

Remark 7. The g-th order moments of |1 can be calculated using (37) and also using Taylor series expansion of
the characteristic ¢y, (u), around 0, such that

(el —1) o (iuj)’ (1—e ™) o (—iuj)”
e _Hr;(rﬂ)! & 1+r;(r+1)!'
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We have my = % and my = £5[(k +1)(2k + 1)]. Further, the mean, variance, and covariance

of running average of SPoK are

E[sk (1)] = EINOIE[] = CEFY (4, — e
Var[shy (1] = EIN(OIE[E] = 2 [k(k+ 1) (2k +1)](4 + Aa)t
Cov[Sh (1), S5 (5)] = 1 k(K + 1) (2K + D] (A1 — Aa)s — W(m BPWLE]

Corollary 3. For Ay = 0 the running average of SPoK is same as the running average of PPoK, i.e.,
475’;‘(1})(”) = ¢leg(t)(”)'
Corollary 4. For k = 1 this process behave like the running average of Skellam process.

Corollary 5. The ratio of mean and variance of SPoK and running average of SPoK are 1/2 and 1/3,
respectively.

Remark 8. For running average of SPoK, when Ay > Ay and k > 1, the process is over-dispersed. Otherwise,
it exhibits under-dispersion.

6. Time-Changed Skellam Process of Order k

We consider time-changed SPoK, which can be obtained by subordinating SPoK S¥(t) with the
independent Lévy subordinator Dy(t) satisfying E[D(#)]° < oo for all ¢ > 0. The time-changed SPoK
is defined by

Zs(t) = SK(Dy(1)), t>0.

Note that the stable subordinator does not satisfy the condition E[Df(#)]° < co. The mgf of
time-changed SPoK Z((t) is given by

E{Eng(t)] _ e*tf(k(/\l +A2)—M ):}(:1 e, ):}C:] 376].).

Theorem 2. The pmf H¢(t) = P(Z¢(t) = m) of time-changed SPoK is given by

(kA1) ¥ (kAg)*

CEEIE E[e MM PO DIt ()], m € 2. (47)

H = Y

x=max(0,—m)

Proof. Let /i (x, t) be the probability density function of Lévy subordinator. Using conditional argument
Hy(t) = [ Ruly)hy(y, iy
- /0 o kv (M +12) ( ) L (Rykn/AM1A2) g (y, t)dy
(kAq)™* llf 2)” /0 k(/\1+/\2)yy2m+th(ylt)dy

kA1) > (kA _
( (1W)l+x |x|2) [ k(A]+A2)Df()DJ2¢m+X(t)].

“(
x=max(0,—m) ( )
(
)
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The mean and covariance of time changed SPoK are given by,

Bz, (1] = D 0 - )y 0]

Cov[Zy(£), Z4(s)] = ¢ [k(k+1)(2k+ 1)](Ay + A2))E[Dy(5)] +

kK (k +1)2

(M- A2)*Var[Dg(s)].

7. Space Fractional Skellam Process and Tempered Space Fractional Skellam Process

In this section, we introduce time-changed Skellam processes where time-change are stable
subordinator and tempered stable subordinator. These processes give the space-fractional version of
the Skellam process similar to the time-fractional version of the Skellam process introduced in [10].

7.1. The Space-Fractional Skellam Process

In this section, we introduce space-fractional Skellam processes (SFSP). Further, for introduced
processes, we study main results, such as state probabilities and governing difference-differential
equations of marginal pmf.

Definition 6 (SFSP). Let Ny (t) and N(t) be two independent homogeneous Poison processes with intensities
A1 > 0and Ay > 0, respectively. Let Dy, (t) and Dy, (t) be two independent stable subordinators with indices
ay € (0,1) and ay € (0,1), respectively. These subordinators are independent of the Poisson processes N (t)
and Ny (t). The subordinated stochastic process

Suy () = N1(Day (t)) — Na2(Day (t))
is called a SFSP.

Next, we derive the mgf of SFSP. We use the expression for marginal (pmf) of SFPP that is given
in (17) to obtain the marginal pmf of SFSP.

M(t) = E[eSs142()] = B[00 (Day (£)=NaDy ()] — p=tA} (1= +272(1=*)12] g ¢

In the next result, we obtain the state probabilities of the SFSP.

Theorem 3. The pmf Hy(t) = P(Sq, a,(t) = k) of SESP is given by

v (_1)k (1,a1); “ (1, a2); o
- ;n!(n-i-k)! <1lp1 Llnlk,al);(_)\l t)D <11IJ1 {(ln,az);(_)\z t)D Tk>o

oo —1)lH (L) o (1, a2); o
+n;) n!( n+\k\)l (l/J {(1—%“1);( M t)D (1#)1 {(1—n—k,a2);( Az t)DHk<O (48)

=

fork € Z.

Proof. Note that Nq(Dy, (t)) and Ny (D4, (f)) are independent, hence

B(Suyaa () = K) = 3 B(N (Day (1)) = 1 + K}B(Na(Dao (1)) = 1)

=
12 1

+ ) P(N1(Da, () = n)P(N2(Day () = 1+ [k|)Tx<o-

(=)

n=

Using (17), the result follows. O
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In the next theorem, we discuss the governing differential-difference equation of the marginal
pmf of SFSP.

Theorem 4. The marginal distribution Hy(t) = P(Sa,,a, (f) = k) of SFSP satisfies the following differential
difference equations

%Hk(t) = AM(1— )M H(f) — AR (1~ F)2Hy(t), k€ Z (49)
T Ho(t) =~ Ho(t) ~ A H (1), (50)

with initial conditions Hy(0) = 1 and Hy(0) = 0 for k # 0.
Proof. The proof follows by using pgf. O

Remark 9. The mgf of the SESP solves the differential equation

dMy(t)

o = ~Ma() (AT (1 =) + A3 (1 — 7)), (51)

Proposition 12. The Lévy density vs, . (x) of SFSP is given by

Vi () =% 35 (180 ()4 A8 1 (-1 (826 o),
1’11:1 1 n2:1 2

Proof. Substituting the Lévy density v, (x) and vy, (x) of N1(Da, (t)) and Na(Da, (t)), respectively,
from the Equation (24), we obtain

VSal,az (x) = VNal (x) + UNocz (x)/
which gives the desired result. [J

7.2. Tempered Space-Fractional Skellam Process (ITSFSP)

In this section, we present the tempered space-fractional Skellam process (TSFSP). We discuss the
corresponding fractional difference-differential equations, marginal pmfs, and moments of this process.

Definition 7 (TSFSP). The TSFSP is obtained by taking the difference of two independent tempered space
fractional Poisson processes. Let Dy, y, (t), D, u, (t) be two independent TSS (see [28]) and Ny (t), No(t) be
two independent Poisson processes that are independent of TSS. Subsequently, the stochastic process

1,12
Stl;tll,opclz ( ) = Nl(D!Xl,m(t) - N2(D!Xz,}l2(t))
is called the TSFSP.

Theorem 5. The PMF H,f‘l’ﬂz( t) = ]P’(S,ffll,ﬁfzz( t) = k) is given by

(e} oo m m
P‘l 142 y T4p1%) K1 )\ (1,a1); oy
Zrz'i1+k (Z (1—n—k—m,o¢1);( M| ) X

n=0

) 71
(Z = [(1 R ),FWQD (52)

I=0
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when k > 0 and similarly for k < 0,

HYY2 (1) = i (_Dk)!et(”t;l*”m) (io VTA!;mllPl [ (L) ),(—)\1“”)]> X

= nl(n+ [k| m (1—n—m,

S palhn ! (1,a2); az
<Z o1 [(1 IR |k|,a2);(_A2 f)]) - (53)

1=0

Proof. Because Nj(Dy, , (t)) and Np(Dq, 4, (t)) are independent,

agk

P (SEA2(0) = k) = Y- P(N1(Day (1)) = 1+ KJB(Na(Days (1)) = m)Tizg

0

P(N1(Day iy (£)) = 1)P(N2(Dag iy (£)) = 1 + [K[)Tico,

3
i

[7e

+

n=0

which gives the marginal pmf of TSFPP using (26). O

Remark 10. We use this expression to calculate the marginal distribution of TSFSP. The mgf is obtained using
the conditioning argument. Let fy (X, t) be the density function of Dy, (t). Subsequently,

E[e?N(Den()] — / ¥ E[INW) Fapat, ) = e~ HAO=E)+0 =} (54)
; ,

Using (54), the mgf of TSFSP is

E[eesﬁ}fﬁf;(t)] _E [eeNl(Dw],m (t))} E [e—eNz(Daz,mt))] e~ (A=) bpn) 1= 3+ { (Ao (1—e ) +pn) 2 =i}

Remark 11. We have E[Sgllfzz(t)] = t(Aag y'i”*l - Azazygz_l). Further, the covariance of TSFSP can be
obtained by using (29) and

Cov {5511:522 (t)/ Sxfff (S)} = COV[Nl(DDélrﬂl (t))r Nl(DlXLHl (S))] + COV[NZ(DOQ,#Z (t))/ NZ(DKXZ/W (S))}
= Var(Nq(Dq, y, (min(t,s))) + Var(Np(Dgy,u, (min(t,s))).

Proposition 13. The Lévy density v (x) of TSFSP is given by
aq,0p

— - ap—my (&1 A M - n -1 11+15
Vsyl,yZ(X) Z ]/ll m 1 Z 1 ( ) Ih (x)

142 711:1 1=1 1
= ap—ny [ X2 n ¢ 12 I+1
+ ) A"y (=1)270y,(x), p1, p2 > 0.
ny=1 2 no1 NP

Proof. By adding Lévy density vy, , (x) and vy, , (x) Of Ni(Day(t)) and Na(Dayp,(t)),
respectively, from Equation (30), which leads to

stﬁiﬁi (x) - VN”‘LM <x) T thkz’ﬂz (x)

O

7.3. Simulation of SFSP and TSFSP

We present the algorithm to simulate the sample trajectories for SFSP and TSFSP. We use Python 3.7
and its libraries Numpy and Matplotlib for the simulation purpose. It is worth mentioning that Python
is an open source and freely available software.
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Simulation of SFSP: fix the values of the parameters a1, xp, A1 and A;

Step-1: generate independent and uniformly distributed random vectors U, V of size 1000 each
in the interval [0, 1];
Step-2: generate the increments of the a;-stable subordinator Dy, () (see [29]) with pdf f,, (x,t),

1
while using the relationship Dy, (t 4+ dt) — D, (t) 2 Dy, (dt) 4 (dt)™ Dy, (1), where

_sin(ay ) [sin((1 — ag)l) ]/ a1
Dy (1) = [sin(7tU)]1/%1|log V|1/a 1

Step-3: generate the increments of Poisson distributed rvs Nj(Dy, (dt)) with parameter
M (d)V/* Dy (1);

Step-4: cumulative sum of increments gives the space fractional Poisson process Ni(Dg, (t))
sample trajectories; and,

Step-5: similarly generate Ny (D,, (t)) and subtract these to obtain the SFSP Sy, 4, (t).

We next present the algorithm for generating the sample trajectories of TSFSP.
Simulation of TSFSP: fix the values of the parameters a1, ay, A1, Ay, p1 and po.
Use the first two steps of previous algorithm for generating the increments of a-stable subordinator

Dy, (1).

Step-3: for generating the increments of TSS Dy, 4, (t) with pdf fy, 4, (x,t), we use the following
steps, called “acceptance-rejection method”;

(a) generate the stable random variable D, (dt);
(b) generate uniform (0,1) rv W (independent from D,,);
(¢) if W < e MPuld) then Dy, (dt) = Dy, (dt) (“accept"); otherwise, go back to (a) (“reject”).

x c 1. . ) (x,d
Note that, here we used that fy, ,, (x,t) = e txti! 'fu, (x,t), which implies % =

e~ MX for ¢ = et1"1dt and the ratio is bounded between 0 and 1;

Step-4: generate Poisson distributed rv N (D, 4, (dt)) with parameter Ay Dy, ;,, (dt)

Step-5: cumulative sum of increments gives the tempered space fractional Poisson process
Ni (D, i, (t)) sample trajectories; and,

Step-6: similarly generate N(D, 4, (t)), then take difference of these to get the sample paths of
the TSFSPS,1 42 (t).

The tail probability of a-stable subordinator behaves asymptotically as (see e.g., [30])

P(Dy(t) > x) ~ ﬁx*“, as x — oo.

For a; = 0.6 and a; = 0.9 and fixed ¢, it is more probable that the value of the rv Dy, (t) is higher
than the rv Dy, (t). Thus, for same intensity parameter A for Poisson process the process N(Dg, (t))
will have generally more arrivals than the process N(D,, (t)) until time ¢. This is evident from the
trajectories of the SFSP in Figure 1, because the trajectories are biased towards positive side. The TSFPP
is a finite mean process, however SFPP is an infinite mean process and hence SFSP paths are expected
to have large jumps, since there could be a large number of arrivals in any interval.
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Figure 1. The left hand figure shows the sample trajectories of SFSP with parameters a7 = 0.6, ap = 0.9,
A1 = 6 and Ay = 10. The sample trajectories of TSFSP are shown in the right figure with parameters
a1 =06,ap =09,A1 =6,Ap =10, 43 =0.2and pp = 0.5.
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