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Abstract: We consider the one helper source coding problem posed and investigated by Ahlswede,
Korner and Wyner. Two correlated sources are separately encoded and are sent to a destination
where the decoder wishes to decode one of the two sources with an arbitrary small error probability
of decoding. In this system, the error probability of decoding goes to one as the source block length n
goes to infinity. This implies that we have a strong converse theorem for the one helper source coding
problem. In this paper, we provide the much stronger version of this strong converse theorem for
the one helper source coding problem. We prove that the error probability of decoding tends to one
exponentially and derive an explicit lower bound of this exponent function.

Keywords: one helper source coding problem; strong converse theorem; exponent of correct
probability of decoding

1. Introduction

For single or multi terminal source encoding systems, the converse coding theorems state that,
at any data compression rates below the fundamental theoretical limit of the system, the error
probability of decoding can not go to zero when the block length 1 of the codes tends to infinity.

In this paper, we study the one helper source coding problem posed and investigated by Ahlswede,
Korner [1] and Wyner [2]. We call the above source coding system (the AKW system). The AKW
system is shown in Figure 1.
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Figure 1. Source encoding with or without side information at the decoder.

In this figure, the AKW system corresponds to the case where the switch is closed. In Figure 1, the
sequence (X", Y") represents independent copies of a pair of dependent random variables (X, Y) which
take values in the finite sets X, ), respectively. We assume that (X, Y) has a probability distribution
denoted by pxy. Foreachi = 1,2, the encoder (plw outputs a binary sequence which appears at a rate R;

bits per input symbol. The decoder function (") observes (pgn) (X") and (pgn) (Y™) to output a sequence
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Y= ¢<”)(¢§")(X”), (pé")(Y”)), which is an estimation of Y". When the switch is open, it is well
known that the minimum transmission rate R such that the error probability P = Pr{Y" # Y"}
of decoding tends to zero as n tends to infinity is given by H(Y'). Csiszér and Longo [3] proved that,
if R, < H(Y), then the correct probability P = Pr{Y" = Y"} of decoding decay exponentially and
derived the optimal exponent function. When the switch is open and R; > H(X), Slepian and Wolf [4]
proved that H(Y|X) is the minimum transmission rate R, such that the error probability Pr{Y" # Y"}
of decoding tends to zero as n tends to infinity. Oohama and Han [5] proved that, if R, < H(Y|X),
then the correct probability Pg") := Pr{Y" = Y"} of decoding decay exponentially and derived the
optimal exponent function.

In this paper, we consider the strong converse theorem in the case where the switch is closed and
0 < Ry < H(X). Let Raxw(pxy) be the rate region of the AKW system. This region consists of the
rate pair (R, Ry) such that the error provability of decoding goes to zero as 1 tends to infinity. The rate
region was determined by Ahlswede, Korner [1] and Wyner [2]. On the converse coding theorem,
Ahlswede et al. [6] proved that, if (Rq, Ry) is outside the rate region, then, Pﬁn) must tends to zero as n
tends to infinity. Gu and Effors [7] examined a speed of convergence for PE”) to tend to zero as n — oo
by carefully checking the proof of Ahlswede et al. [6]. However, they could not obtain a result on an
explicit form of the exponent function with respect to the code length .

Our main results on the strong converse theorem for the AKW system are as follows. For the
AKW system, we prove that, if (R, Rp) is outside the rate region Raxw(pxy), P§n> must go to
zero exponentially and derive an explicit lower bound of this exponent. This result corresponds to
Theorem 3. As a corollary from this theorem, we obtain the strong converse result, which is stated
in Corollary 2. This result states that we have an outer bound with O(1/+/n) gap from the rate
region RAKW ( pxy) .

To derive our result, we use a new method called the recursive method. This method, which
is a new method introduced by the author, includes a certain recursive algorithm for a single
letterization of exponent functions. In a standard argument of proving converse coding theorems,
single letterization methods based on the chain rule of the entropy functions are used. In general,
the functions representing multi letter characterizations of exponent functions do not have the chain
rule property. In such cases, the recursive method is quite useful for deriving single letterized bounds.
The recursive method is a general powerful tool to prove strong converse theorems for several coding
problems in information theory. In fact, the recursive method plays important roles in deriving
exponential strong converse exponent for communication systems treated in [8-12].

On the strong converse theorem for the one helper source coding problem, we have two recent
other works [13,14]. The above two works proved the strong converse theorem using different
methods from our method. In [13], Watanabe found a relationship between the AKW system and the
Gray-Wyner network. Using this relationship and the second order rate region for the Gray-Wyner
network obtained by him [15], Watanabe established the strong converse theorem for the AKW system.
In [14], Liu et al. introduced a new method to derive sharp strong converse bounds via a reverse
hypercontractivity. Using this method, they obtained an outer bound of the rate region for the AKW
system with O(1/+/n) gap from the rate region. Furthermore, in [14], an extension of the AKW system
to the case of Gaussian source and quadratic distortion is investigated, obtaining an outer bound with
O(1/+/n) gap from the rate distortion region for the extended source coding system. In his resent
paper [16], Liu showed a lower bound (converse) on the dispersion of AWK as the variance of the
linear combination of information densities.

The strong converse theorems seem to be regarded just as a mathematical problem and have been
investigated mainly from theoretical interest. Recently, Watanabe and Oohama [17] have found an
interesting security problem, which has a close connection with the strong converse theorem for the
AKW system. Furthermore, Oohama and Santoso [18] and Santoso and Oohama [19] clarify that the
exponential strong converse theorem obtained by this paper plays an essential role in deriving a strong
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sufficient secure condition for the privacy amplification in their new theoritical model of side channel
attacks to the Shannon chipher systems. From the above two cases, we expect that exponential strong
converse theorems for multiterminal source networks will serve as a strong tool to several information
theoretical security problems.

2. Problem Formulation

Let X and ) be finite sets and {(X;, Y;)};- ; be a stationary discrete memoryless source. For each
t=1,2,---, the random pair (X¢, Y¢) takes values in X’ x ), and has a probability distribution

pPxy = {PXY(xry)}(x,y)eXxy‘
We write n independent copies of {X;};-; and {Y;};- ;, respectively as
X”l = Xl/XZI' o /XI’l and Y'fl = Y]/YZI' o /Yn-

We consider a communication system depicted in Figure 2. This communication system corresponds
to the case where the switch is closed in Figure 1. Data sequences X" and Y" are separately encoded

(n)

to (pgn) (X™) and @, ' (Y") and those are sent to the information processing center. At the center, the
decoder function (") observes ((pgn) (XM, (pgn) (Y™)) to output the estimation Y" of Y". The encoder

functions <p§n) and (pgn) are defined by

)

X My ={1,2,--- , My }
oYt My ={1,2,--+, My}

(

where for eachi = 1,2, || cpf") | (= M;) stands for the range of cardinality of goi") . The decoder function

(") is defined by
P My x My — Y @)

The error probability of decoding is
B (91", 95" M) = Pr {7 £ Y}, ©)

where Y7 = (") (q)gn) (XM, q)én) (Y™)). A rate pair (Rq, Ry) is e-achievable if, for any 6 > 0, there exists a
positive integer ng = ny (¢, 4) and a sequence of triples {(gogn), (pén), ")} >, such that, for n > ng,

%log \|<p§”) | <Rj+dfori= 1,2,Pén)(q)gn), (pgn),l,b(n)) <e
For ¢ € (0,1), the rate region Raxw (¢|pxy) is defined by
Rakw(€lpxy) == { (R1,Rz) : (R1,Ry) is e-achievable for pxy }.
Furthermore, define

Rakw(pxy) == [] Raxwl(elpxy)-
e€(0,1)
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Figure 2. One helper source coding system [20].

We can show that the two rate regions Raxw (€| pxy), € € (0,1) and Raxw (pxy) satisfy the
following property.

Property 1.
(a)  The regions Raxw (e|lpxy), € € (0,1), and Raxw ( pxy) are closed convex sets of R, where
R :={(Ry,Ry) : Ry > 0,R, > 0}.

(b)  Raxw/(e|pxy) has another form using (n, €)-rate region Raxw (1, €|pxy), the definition of which is as
follows. We set

Raxw (1, €lpxy) = {(Rq,Ry) : There exists ((pgn), (pgn),zp(”)) such that
1 n . n n n
~loglg{" [ < Riyi = 1,2, P8 (", ", 4 <e}.

Using Raxw (1, €|pxy), Raxw (€|pxy) can be expressed as

Raxw(€|pxy) = cl ( U ﬂ RAKW(”/€|PXY)> .

m>1n>m

Proof of this property is given in Appendix A. It is well known that R azxw (pxy) was determined
by Ahlswede, Korner and Wyner. To describe their result, we introduce an auxiliary random variable
U taking values in a finite set /. We assume that the joint distribution of (U, X, Y) is

puxy (u,x,y) = pu(u)pxju(x|u)pyx (v]x).

The above condition is equivalent to U <+ X <+ Y. Define the set of probability distribution
p = puxy by

Plpxy) = {puxy : [U| < |X[+1,U & X < Y}
Set

R(p) := {(R1,R2) : Ri,R2 > 0 Ry > I,(X;U), Ry, > Hy(Y|U)},

R(pxy):= U R(p).
pEP(pxy)

We can show that the region R (pxy) satisfies the following property.

Property 2.

(a)  The region R(pxy) is a closed convex subset of R?..
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(b)  For any pxy, we have
min (R1+Rz) = Hy(Y). 4)

(R1,R2)ER (pxv)
The minimum is attained by (Rqy, Ro) = (0, Hy(Y')). This result implies that
R(pxy) € {(R1,R2) : Ry + Ry > Hp(Y)} NRA.
Furthermore, the point (0, Hy(Y)) always belongs to R(pxy).

Property 2 part a is a well known property. Proof of Property 2 part b is easy. Proofs of Property 2
parts a and b are omitted. A typical shape of the rate region R (pxy) is shown in Figure 3.

R,
H(Y) 12 (Pyy)
)
H)(Y|X)
0 Hy(Y) Mﬂvﬁ

Figure 3. A typical shape of R(pxy).

The rate region R axw (pxy) was determined by Ahlswede and Korner [1] and Wyner [2]. Their
results are the following.

Theorem 1 (Ahlswede, Korner [1] and Wyner [2]).

Raxw(pxy) = R(pxy)-

On the converse coding theorem, Ahlswede et al. [6] obtained the following.
Theorem 2 (Ahlswede et al. [6]). For each fixed € € (0,1), we have

Raxw (elpxy) = R(pxy)-

Gu and Effors [7] examined a speed of convergence for Pe(,n) to tend to 1 as n — oo by carefully
checking the proof of Ahlswede et al. [6]. However, they could not obtain a result on an explicit form
of the exponent function with respect to the code length 7.

Our aim is to find an explicit form of the exponent function for the error probability of decoding to
tend to one as n — oo when (R, Rp) ¢ Raxw (pxy)- To examine this quantity, we define the following
quantity. Set

PE")((pgn), gvén),tp(”)) =1- Pé")(gog"), q)én),llﬂ(”)),
. 1 \
G(”)(Rl,R2|pXY) = min (—) logPE")(gogn),(pén),gb( )).
(@™ 3" ) n
(1/n)log | ¢" || <R;,i=1,2
G(Ry, Ro[pxy) := lim G (Ry, Ra|pxy),
G(pxy) := {(R1,R2,G) : G > G(Ry, Ra|pxy)}-
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By time sharing, we have that

Gln+m) < nRy +mR} nRy+ mR)

< nG™ (Ry, Ra|pxy) +mG"™ (R}, RS |pxy)
n+m ' n+m XY )=

n—+m

NG)

Choosing R = R’ in the inequality (5), we obtain the following subadditivity property on
{G"(Ry, Rapxy) }uz1:

nG"(Ry, Ra|pxy) +mG™ (Ry, Ra|pxy)
n+m

G("+m)(R1,R2|PXY) <

7

from which this, and Fekete’s subadditive lemma, we have that G") (R, Ry |pxy) exists and satisfies
the following:

lim G (Ry, Ra|pxy) = gfl G (Ry, Ra|pxy).

The exponent function G(R1, Ra|pxy) is a convex function of (Ry, Rp). In fact, from the inequality (5),
we have that for any a € [0, 1]

G(&Rl + &Rll,Dch + @Ré“ﬂxy) < aG(Rl,R2|pxy) + EéG(Rll,R/Z|pxy).

The region G(pxy) is also a closed convex set. Our main aim is to find an explicit characterization of
G(pxy)- In this paper, we derive an explicit outer bound of G (pxy) whose section by the plane G = 0
coincides with Raxw (Pxy)-

3. Main Results

In this section, we state our main result. We first explain that the region R (pxy) can be expressed
with a family of supporting hyperplanes. To describe this result, we define a set of probability
distributions on U x X x) by

Pan(pxy) == {p = puxy : [U| < |X|,U < X < Y}
For u > 0, define

RO (pxy):=  min {pl,(X;U) + H,(Y|U)} .
PE€Psn(pxy)

Furthermore, define

Ren(pxy) == [ {(Ri,Rz): pRy + iRy > RW (pxy)}.
1€lo]

Then, we have the following property.

Property 3.

(a) The bound |U| < |X| is sufficient to describe R ( pxy).
(b)  For every p € [0,1], we have

min Ry + iRy} = RWM) ) 6
(R R ey HRL T R} (pxr) ©

(c) Forany pxy, we have
Ren(pxy) = R(pxy)- @)
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Property 3 part a is stated as Lemma Al in Appendix B. Proof of this lemma is given in this
appendix. Proofs of Property 3 parts b and c are given in Appendix C. Set

Qpyix) =1{9=quxy: U] < |X[,U < X <Y, pyx = qyx}-
For (y,a) € [0,1]% and for g = quxy € Q(py|x), define

11X|u(x|u)
px(x)

) qx(x)

Wals (x,y|u) := &log oy (%) +a

ulog +jilog

=

1

W\u(]/|“) '
(,a0) . (na)

Sl e, ylun) = exp { —eolfi (x,ylu) }

Q) (glpx) i= ~logEy [exp { ~wl (X, YU }], Q¥ (pxy) = min  Q0)(glpx),

7€Q(py|x)
P(WX)( Ri + iR |pxy) == Q) (pxy) — a(uRy + fiRy)
U1 T~ U2 |pPxY) * 2+ ap ’
F(Ry, Rolpxy) = sup FU*)(uR; + fiRo|pxy).

(na)€f01]?

We next define a function serving as a lower bound of F(Ry, Ry|pxy). For A > 0 and for pyxy €
Psn(pxy), define

~ (1) L pX|U(x|u) _

@y (x,ylu) := ulog ———— +jilog ——,

Pl = og =) Gy TR )

Q(V'/\)(p) := —logE, [exp {fAcD,S,”)(X,YW)H ,O(W‘)(pxy) =  min ()(”'A)(p).
PEPsh(pxy)

Furthermore, set

QWM (pxy) = A(uRq + fiR2)
2+ A5 —p) !

E(Ry,Ralpxy) == sup FM(uR; + iRy |pxy).
A>01€[0,1]

EWN) (uRy + iRy |pxy) =

We can show that the above functions satisfy the following property.

Property 4.

(a)  The cardinality bound [U| < |X|in Q(py|x) is sufficient to describe the quantity QW) (pgy).
Furthermore, the cardinality bound |U| < |X| in Pg(pxy) is sufficient to describe the
quantity QWD (pxy).

(b)  Forany Ry, Ry > 0, we have

F(Ry,R2|pxy) > E(Ry, Ra|pxy)-
(c) Foranyp = puxy € Psn(pxy) and any (u,A) € [0,1]?, we have
0 < QWY (p) < plog|X| + log |V). ®)

(d) Fixany p = puxy € Psn(pxy) and u € [0,1]. For A € [0,1], we define a probability distribution

A
PN = py by
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p(u,x,y) exp { ~A@)" (x,ylu) |
E, [exp {—m;”)(x,y\u)}]

p™M (1, x,y) =

Then, for A € [0,1/2], QA (p) is twice differentiable. Furthermore, for A € [0,1/2], we have

4 30 () = E @ (x, Y] & A () = —var (@ (x, ||
dA P)=Ep [Wp {2 " dA2 P p) [@p (2 '

The second equality implies that QUA) (p|pxy) is a concave function of A € [0,1/2].
(e)  Forevery (u,A) € [0,1] x [0,1/2], define

(n2) = max Var , oW X, y|u)|,
X0 = o rxr o @3 Y1)
QM) (p) =M (pxy)

and set

= = (A) )
p = p(pxy) (e /2]p (pxv)

Then, we have p(pxy) < oo. Furthermore, for any (u,A) € [0,1] x [0,1/2], we have

~ A?
QU (pxy) = ARW (pxy) = -p(pxy). ©)

(f)  Forevery T € (0,(1/2)p(pxy)), the condition (Ry + T, Ry + T) & R(pxy) implies

e(pxy) o ( T )
F(Ry,R S ) >0,
F(Ry, Ro|pxy) r 8 ploxy)

where g is the inverse function of 8(a) = a + (5/4)a%,a > 0.

Property 3 part a is stated as Lemma A2 in Appendix B. Proof of this lemma is given in this
appendix. Proof of Property 4 part b is given in Appendix D. Proofs of Property 4 parts c, d, e, and f
are given in Appendix E.

Our main result is the following.

Theorem 3. For any Ry,Ry > 0, any pxy, and for any (q)gn), q)gn), ") satisfying (1/n)log | |(p§n> || <
R;, i = 1,2, we have
P (9", 95", ") < Bexp {—nF(Ry, Ralpxy)} (10)

It can be seen from Property 4 parts b and f that F(R1, Ro|pxy) is strictly positive if (R, Rp) is
outside the rate region R (pxy). Hence, by Theorem 3, we have that, if (Ry,R;) is outside the rate
region, then the error probability of decoding goes to one exponentially and its exponent is not below
F(R1, Ra|pxy)- It immediately follows from Theorem 3 that we have the following corollary.

Corollary 1.

G(Ry,Ralpxy) > F(Ry, Ra|pxy),
G(pxy) € G(pxy) = {(R1,R2,G) : G > F(Ry, Ra|pxy)}-
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Proof of Theorem 3 will be given in the next section. The exponent function at rates outside the
rate region was derived by Oohama and Han [5] for the separate source coding problem for correlated
sources [4]. The techniques used by them is a method of types [21], which is not useful to prove
Theorem 3. Some novel techniques based on the information spectrum method introduced by Han [22]
are necessary to prove this theorem.

From Theorem 3 and Property 4 part e, we can obtain an explicit outer bound of R axw (€| pxy)
with an asymptotically vanishing deviation from R axw (pxy) = R(pxy). The strong converse theorem
established by Ahlswede et al. [6] immediately follows from this corollary. To describe this outer
bound, for ¥ > 0, we set

R(pxy) —«(1,1) := {(R1 —x,Ry —x) : (R1,R2) € R(pxv)},

which serves as an outer bound of R(pxy). For each fixed € € (0,1), we define x,= x, (¢, p(pxy)) by

kn 2= p(pxy)? <\/wém log (15_8>> (1)
@ 2\/P(any) log (158> + glog <15£> .

Step (a) follows from ®(a) = a + (5/4)a®. Since k, — 0 as n — oo, we have the smallest positive
integer ng = no(e, p(pxy)) such that x, < (1/2)p(pxy) for n > ny. From Theorem 3 and Property 4
part e, we have the following corollary.

Corollary 2. For each fixed € € (0,1), we choose the above positive integer ng =ng (e, p(pxy)). Then, for any
n > ngy, we have

Raxw(n,elpxy) € R(pxy) — xn(1,1).

The above result together with

Rakw (€lpxy) = cl ( U N RAKW(”/€|PXY)>

m>1n>m
yields that, for each fixed e € (0,1), we have
Raxw (e[pxy) = Rakw(pxy) = R(pxy)-
This recovers the strong converse theorem proved by Ahlswede et al. [6].
Proof of this corollary will be given in the next section.

4. Proof of the Main Result

Let (X", Y") be a pair of random variables from the information source. We set S = (pgw (Xm).
Joint distribution pgxnyn of (S, X", Y") is given by

n
psxnyn (s, X", y") = pg|xn(s[x") H Py, (X, Yt)-
=1

It is obvious that S <+ X" <+ Y. Then, we have the following lemma, which is well known as a single
shot infomation spectrum bound.
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Lemma 1. For any n > 0 and for any (q)gn), goé”), M) satisfying (1/n)log | |(p§”) [| <R;,i=1,2, we have

n 1 Goxnyn (S, X™, Y™
P (91", 3", ) < Psan{ 0= Ziin};nés X”,Y”; -1, (12)
1 Qxn(X")
0> -1lo —, 13
1 an|s(Xn|S)
Ri > -1lo , 14
1= n g an(X”) ( )
Ry> tlog—t — —y by gem (15)
2= 0 8 ps(vels) '

The probability distributions appearing in the three inequalities (12), (13), and (14) in the right members of (15)
have a property that we can select them as arbitrary. In (12), we can choose any probability distribution §gxnyn
on SxX"xY". In (13), we can choose any distribution Qxn on X™. In (14), we can choose any stochastic
matrix Qxujyn: X" — U

This lemma can be proved by a standard argument in the information spectrum method [22].
The detail of the proof is given in Appendix F. Next, we single letterize the four information spectrum
quantities inside the first term in the right members of (15) in Lemma 1 to obtain the following lemma.

Lemma 2. For any n > 0 and for any (gog ), q)é”),tlj(”)) satisfying (1/n)log | |(pl(n) || <R;,i=1,2, we have

n
P (o, 95", M) < pxoyn{ 0> = Zl OelX) (16)
t:l pXt( )
1¢ Qx;sxt-1 (XelS, X1
Ry > =Y log =X —y, 17
' ”t:Zl 8 px, (Xt) 1 ()

1 1
Ry > =) log - Pl
”t; Py,jsxt-1yt-1 (V]S X1, i)

where for each t = 1,2, - - -, n, the probability distribution Qx, on X appearing in (16) and the stochastic matrix
QXH sxi—1 2 My x X1 — X appearing in (17) have a property that we can choose their values arbitrary.

Proof. In (12) in Lemma 1, we choose §sx»y» having the form
n
Gsxnyn (S, X", Y") = ps(S)[ | {th|sxt71yt(Xt|S, XY pyy sy (YilS, YH)} .
t=1

In (13) in Lemma 1, we choose Qx» having the form

Qxn(X") HQXt Xt).

We further note that

QX"\S(XH|S) L th|sxt—1 (Xt|S,Xt71)

n
= L oynie(Y"S) = (Y8, YD),
PX"(X”) E PX,(Xt) Py \S( | ) ngt\SYf 1( f‘ )

Then, the bound (15) in Lemma 1 becomes
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n pY,|SYt*1 (Yt|5, thl)

() () ) () { 1 —
PC , , < nyn 0> I ’
(917 93 ™) < psxny Z t; 08 Py sxi iyt (]S, X1, YFT) U

1 ¢ Qx, (Xt)
0> 2y log =X\
= los g

og Qx;sxt-1 (XelS, X1 y
ni4 pXt(Xf) ’

! } +4e™ ™M
Py,|syt- 1(Y4]S, Y1) -

1
18 Ox (X
o foo L F 08,
t=1

Ry >

V
\
M =

Ry

[\
S|~
HM:

n pXt Xt)
18 Qxysxr1 (XS, X1
Ry > = o ! -7,
12y Lle ) 7

L 1
Ry, > lo — 21 » +4e7 M,
£e t; 5 Pysxi-1y-1 (YelS, X1yt 17}

completing the proof. O

As in the standard converse coding argument, we identify auxiliary random variables, based on
the bound in Lemma 2. The following lemma is necessary for such identification.

Lemma 3. Suppose that, for each t = 1,2, - - - ,n, the joint distribution pgxty+ of the random vector SX'Y! isa
marginal distribution of psxnyn. Then, we have the following Markov chain:

SX' 1o X oV (18)
or equivalently that 1(Yy; SX*~1|X;) = 0. Furthermore, we have the following Markov chain:
Yl o sx o (X, 1) (19)

or equivalently that I(X;Yy; Y!=1|SX!~1) = 0. The above two Markov chains are equivalent to the following
one long Markov chain:
Yl o sxXl o X o Y (20)

Proof of this lemma is given in Appendix G. Fort =1,2,--- ,n, setU; := M, x Xt~1. Define a
random variable U; € U; by U; := (S, X*~1). From Lemmas 2 and 3, we identify auxiliary random
variables to obtain the following lemma.

Lemma 4. For any n > 0 and for any ((pgn), goé"),lp(")) satisfying (1/n)log | |(p§n) || < R;,i=1,2, we have

P (o) ol 0y < p do s Ly o (X0 o1
(91" 93" ¢ )_Psxy{ _“t; 8o X) ! )
1 & Qg (XelUr)
R, > = log =22 77 , 22
1_"; & px (X0 1 22
1

1 n
R, > — log—M——— —2 +4e~ ™M, (23)
n 8 ) ’7}
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where, for each t = 1,2,--- ,n, the probability distribution Qx, on X appearing in (21) and the stochastic
matrix th‘ut 1 Uy — X appearing in (22) have a property that we can choose their values arbitrary.

Now, the challenge is that, although the quantities inside the first term in the right members
of (23) in Lemma 4 have n sum of information spectrum quantities, the measure psxny» does not have
an i.i.d. structure in general. To resolve this, we first use the large deviation theory to upper bound the
first quantity in the right members of (23). Foreacht =1,2,--- ,n,set Q, := (Qx,, QXt|ut>' Let Q,bea
set of all Q,. We define a quantity which serves as an exponential upper bound of p) (q)g”), qu”), Ppm),
Let P(") (pxy) be a set of all probability distributions pgxry» on M; x X" x V" having a form:

n

psxnyn (s, X", y") = pgjxn (s]x™) [ T xy (xe, ye)
t=1

for (s, x",y") € Mg x X" x Y".

For simplicity of notation, we use the notation p(”) for psxnyn € P (pxy). Foreacht=1,2,--- ,n,
Pu:X,v; = Psxty, is a marginal distribution of p". Fort=1,2,---,n, we simply write p; = PUX, Y,
For u € [0,1], x € [0,1), p™) € P (pxy), and Q" € Q", we define

. na na
Q) (57, Q" |y ) = —log By | TT P, (%) P X0y, (Y1)
= P t=1 Qg‘(t(Xf) Qi‘{f‘ut(XtIUt)

7

where for each t = 1,2,---,n, the probability distribution Qx, and the conditional probability
distribution Q x;|u; appearing in the definition of Q) (ptn), Q") can be chosen as arbitrary.
The following is well known as the Cramer’s bound in the large deviation principle.

Lemma 5. For any real valued random variable Z and any « > 0, we have
Pr{Z > a} < exp[— (aa —logE[exp(aZ)])].
By Lemmas 4 and 5, we have the following proposition.

Proposition 1. For any (p,a) € [0,1> any Q" € Q", and any ((pgn), qoén),lp(”)) satisfying

(1/n) log||(pf")|| < R;,i = 1,2, there exists p") € P") (Wy, W) such that

n n n =1 1 o n n —
P 6,9 < Sexp{ —nl2 - an] | QW (), Q) s + R .

Proof. By Lemma 4, for (u,a) € [0,1]?, we have the following chain of inequalities:
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(1) ( (1) o) () 1¢ % (X))
I:)C ’ ’ S nyn OZ 10 T 14 ,
(P17 93 " 9") < psxny { ln t; g v, (X0 n

=

iRy > LY 1o el XU
R B 100

Py, (X4) P, (X0l (Yelt)
QXt( ) Q?{T‘ut(xﬂut)

} 4 4e M

> — [a(uRy + fiR2) + (1 + aﬁ)q]} 4 de

< psxnyn {“(ﬂRl +ARy) + (1 +af)y > —— Zlog

pk, (X )sz(Xf)Py\u (Ye|U:)
xt(X) Ol (Xeltr)

1 n
= Psxnyn P ;

(a)
< exp [n {a(le + jiRy) + (14 aji)y — nQ(V"")(p(n),Q”|pxy)H 1 4e M, (24)

Step (a) follows from Lemma 5. When Q%) (p("), Q"|pxy) < na(uR; + fiR,), the bound we wish to
prove is obvious. In the following argument, we assume that Q%) (p("), Q" |pxy) > na(uRy + fiRy).
We choose 77 so that

1
=1 = a(uRy + fiRy) + (1+aqr)y — — QW (p™), Q" pxy). (25)
Solving (25) with respect to #, we have

(1/n)Q®) (p(), Q" pxy) — a(uRy +#R2)
2+ aji

]’l:

For this choice of # and (24), we have

n n n _ - 1 B
Pé )(q)g ),q)é ),I/J(”)) < B5e M = 5eXp{—n 2+ aji] 1 [nQ(}l,a)(p(n)lQn|pxy) — a(uRy "’VRZ)] }’
completing the proof. O
Set

1
() — i i L ama) (), o
Q¥ (pxy) : égflpﬂlﬁn@q‘é‘énnﬂ (P, Q"px).

By Proposition 1, we have the following corollary.

Corollary 3. Forany (u,a) € [0,1]? and any (q)gn), q)én),tp(”)) satisfying (1/n)log | |q)§") | <R;i=1,2,
we have

(o) — w(uRy + iR
P (o) o) 1)) < 2 (pxy) — a(pRy + Ry)
(17,95, V") <5exp{ —n 2T an .
We shall call Q%) (pyy) the communication potential. The above corollary implies that the
analysis of O (15%) ( pyy) leads to an establishment of a strong converse theorem for the one helper source
coding problem. Note here that Q") (pyy) is still a multi letter quantity. However, we successfully
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single letterize this quantity. This result which will be stated later in Proposition 2 is a mathematical

core of our main result.

In the following argument, we drive an explicit lower bound of Q) (pxy). For each

t=1,2,--,n,setu; = (s,x!~1) € U and
‘Ft = (pxt’prYt‘ut’Qt)’ ‘Ft = {‘Fl}f:1
Fort=1,2,---,n, define a function of (uy, x¢,y;) € Uy XX xY by

P, (xt) P (x DPy,u, Welut)

FE Con ) =
Fi trYt|Ut %{r( ) th|ut(xt|ut)

By definition, we have

exp{_Q(}"a)(p(n),Qn“jXY } Z psxnyn S, x ,y Hf]:t xt/yt|ut)'

an n

Foreacht =1,2,.--,n, we define the probability distribution

() ._{ (n,a0) bt }
Psxtyt,rt *=  Psxtyt,rt (s, y") (5,61 yt) EMy x Xt x Pt

t
Pt i (5,20, y') 1= C  psyva (s, 2,y T LA (i il i),

i=1
where

3
Cri= ), psxvi(s,x'y )Hf(w)(xu}/z)
s xtyt i=1

are constants for normalization. Fort = 1,2, - - ,n, define

o) = c,c; Y,

where we define Cy = 1. Then, we have the following lemma.
Lemma 6. Foreacht =1,2,--- ,n, and for any (s, x',y') € My x Xt x V!, we have

P (s, )

= (@) ) (5 Ly ) s tye (e gl 1Ly £ (e ).

Furthermore, we have

q)g%"‘) t—1

s,xtyt
Proof of this lemma is given in Appendix H. Define

pl(zo_;_zt 1( ) péxt)l Ft— 1 Z psxt lyt— 1]:t 1( xt_lfyt_l)‘

Y. psxt WRPIRICE: VN Pxvsxey-1 (xe vils, 'y )f(% (xt, ye|uy).

(26)

(27)

(28)
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Then, we have the following lemma, which is a key result to derive a single letterized lower bound of
Q) (pxy).

Lemma 7. Forany p") € P (pxy) and any Q" € Q", we have

n
Q) (p"), Q" |pxy) = (=1) ) log @}, (29)
t=1
o = ) () () (e £ e ). (30)
Ug,Xt, Yt

Proof. We first prove (29). From (26), we have
log CIDEW‘) = —logC; +1log Cy_1. (31)
Furthermore, by definition, we have
Qb (p™, Q" pxy) = —log Cu, Co = 1. (32)

From (31) and (32), (29) is obvious. We next prove (30). We first observe that for (s, x,y’) € S x X! x V!
andfort=1,2,---,n,

PXthISXfflytfl(xt,yHS, xt_lfyt_l) = PXt\SXfflytfl(xt|5/ xt_lfyt_l)pl/zISX’YH (yes, xt’yt_l)

(a) -
= pXt‘SXr71 (Xt|5, xt 1)PY}|X,§ (yt|xt)'

Step (a) follows from Lemma 3. Then, by Lemma 6, we have

=) Pé@’ﬁ lyt-1, 7t 1 (5, xt_lzyt_l)l’xm\sxtflytfl(xtul/t|5/xt_lfyt_l)fg'“)(xt/yt|”t)
s,xty

s,xty

=X {Z ps})‘(?)lyt 11 (S xtlfytl)} Px,|sxt-1 (xt|5rXH)met(yt|xt)f%'“)(xtryt|“t)

= 2 P (5 et (s 2V g, (vl £ (e e,

s,xty;
completing the proof. O
The following proposition is a mathematical core to prove our main result.

Proposition 2. For any u € [0,1] and any a > 0, we have

Q) (pyy) > QW) (pyy).

Proof. Set
Qu(pyix) ={q = quxy : [U| < [IM|X" | Y" ], gy x = pyjx, U & X < Y},
O (pxy) == min Q) (glpxy).

7€Qn(py|x)
Foreacht=1,2,---,n, we define q; = q,x,v,z, by

qu, () = PSS (0e), G, (o ) = pigu, (ol P (e ). (33)
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Equation (33) implies that g: = qu;,x,v, € Qn(py|x)- Furthermore, for each t = 1,2,--- ,n, we choose
Q, = (Qx,, Qx,|u,) appearing in

P, (xe) P, (xe)p, g, (velue)

(1,0 x Ur) = —
fr Gyl ) %, (xt) Qx\u(xtwt)

such that Q, = (Qx,, QXr|Ur) = (9x,,9x,|u,)- For this choice of Q,, we have the following chain of
inequalities:

L (X WX)IX (Ye|Ur)
() ( (1.0) (b) pat( 2 pr( )Py u, \ T
P, = E X, Yi|lUy)| = E =

o {f (Xl t)} o qax,(xt) q;;i‘“[t(XHUt)

= exp {_Q(V'Q)(qthﬂxt)} D exp {_Q(W)(qt|pX)}

< exp Q) (i)} £ exp {009 () }. o4

= By ) (%, vl

Step (a) follows from Lemma 7 and (33). Step (b) follows from the choice (Qx,, th‘ut) = (9%, 9x,|u;)
of (QXwQXt\uf) fort =1,2,---,n. Step (c) follows from px, = px fort =1,2,-- -, n. Step (d) follows

from g¢ € Qu(py|x) and the definition of (A),(f “8) (pxy)- Step (e) follows from Property 4 part a. Hence,
we have the following;:

—_

n (b)
max, 00 (o, Q" pxy) > O (p), Q"pxy) 2 Y log @) 2 Q) (pxy). (35)
Q t=1

Step (a) follows from Lemma 7. Step (b) follows from (34). Since (35) holds fo any n > 1 and any
psxnyn satisfying S <+ X" <» Y, we have that, for any (y,a) € [0,1]?,

Q) (pyy) > QW) (pxy).

Thus, Proposition 2 is proved. [J

Proof of Theorem 3. Forany (y,a) € [0,1]%, forany Ry, R, > 0and for any ((p§”), gpé”), (") satisfying

(1/n)log | |(p£n) || < R;,i=1,2, wehave the following:

1log{ 5 } @ Q") (pxy) — (iR + fiRs) & QU (pyy) — a(uRy + iRs)
(n)((pgn),q)gn),lp( ) 2+ ajfi 2+ af

= F#) (uRy + fiRo|pxy).

Step (a) follows from Corollary 3. Step (b) follows from Proposition 2. Since the above bound holds for
any p € [0,1] and any &« > 0, we have

5

1
log{ } > F(Ry, R2|pxy)-
n Pgn)((Pgn)r(Pgn)/lp(n))

Thus, (10) in Theorem 3 is proved. O

Proof of Corollary 2. Since g is an inverse function of ¢, the definition (11) of x, is equivalent to

§ (p(z:xy)) - \/”P(??XY) log (15€>' (36)
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By the definition of ng = ny(¢, p(pxy)), we have that x, < (1/2)p(pxy) for n > ny. We assume that,

for n > ng, (R, R2) € Raxw(n,€|pxy). Then, there exists a sequence {((pgn), goén), M) }ysn, such
that, for n > ngy, we have

1 ,
~log|lg/"|| < Rii=1,2,1—¢ <P (9", 91", p)). (37)
Then, by Theorem 3, we have

1—e <P (", o8, 9) < 5exp {—nF(Ry, Ro|pxy)} (38)

for any n > ngy(e, p(pxy)). From (38), we have that for n > ny(e, p( pxy)),

1 5 \ @ plpxy) o ( Kn )
, < Z1 = . .
F(R1, Relpxy) < 7 log (1 ) 8 \olpxy) %)

Step (a) follows from (36). Hence, by Property 4 part e, we have that, under «;, < (1/ 2)p( ny), the
inequality (39) implies
(R1,R2) € R(pxy) +xn(1,1). (40)

Since (40) holds for any n > ng and (R1, R2) € Raxw (1, €|pxy), we have

Rakw (1, €[pxy) € R(pxy) +xa(1,1) for n > no,
completing the proof. O

5. One Helper Problem Studied by Wyner

We consider a communication system depicted in Figure 4. Data sequences X", Y”, and Z",

respectively are separately encoded to (pgn) (xm, goén) (Y"), and (pém (Z™). The encoded data (pgn) (X™)

and gogn) (Y™) are sent to the information processing center 1. The encoded data (pgn) (X") and (p:g”) (ZM)

are sent to the information processing center 2. At center 1, the decoder function ¢(") observes
(q)gn) (XM, q)gn) (Y™)) to output the estimation Y" of Y. At center 2, the decoder function ¢(") observes
(gogn) (X™), (pgn) (Z™")) to output the estimation Z" of Z". The error probability of decoding is

P (o) o), ol ), (M) = Pr (¥ %YM or 27 £ 27},
where 7 = ¢ 91" (X"), 5" (v")) and 2" = ) ( 9" (X"), 5" (27)).

zn gn) (Z”)
95"
3 | rate R3

ol (xm)

Figure 4. One helper source coding system investigated by Wyner.
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A rate triple (R, Ry, R3) is e-achievable if, for any § > 0, there exist a positive integer ny = ny(e, d)
and a sequence of three encoders and two decoder functions {(gogn), q)é"), cpg"), P, p0N},5 0 such
that, for n > ny(e, d),

1 . n n
;log||(pl(n)|| < Rj+dfori= 1,2,3,P§n)(q)§n),(pé”),<p§n),lp( ),¢>( ) <e.

The rate region Ry (¢|pxyz) is defined by
Rw (elpxyz) = {(R1, Rz, R3) : (Ry, Ry, R3) is e-achievable for pxyz}.

Furthermore, define

Rw(pxyz) = ) Rwlelpxyz)
e€(0,1)

We can show that the two rate regions Ry (¢| pxyz), € € (0,1) and Rw(pxyz) satisfy the following
property.
Property 5.

(a)  The regions Rw(e|pxyz), € € (0,1), and Rw( pxyz) are closed convex sets ofRi.
(b)  We set

Rw(n, elpxyz) = {(R1, Ry, R3) : There exists (q)g"), (pén), q)g"),lp(”)) such that
1 ) n
~log|lp)" || < Riyi =1,2,3,P¢" (9", 93", 91", ") <},

which is called the (n, €)-rate region. Using Rw(n, €|pxyz), Rw(€|pxyz) can be expressed as

Rw(e|pxyz) = cl ( U N Rw(”zelﬂxyz)> :

m>1n>m

It is well known that Rw (pxyz) was determined by Wyner. To describe his result, we introduce
an auxiliary random variable U taking values in a finite set /. We assume that the joint distribution of
(U,X,Y,2)is

puxy(u,x,y,z) = PU(M)PX\U(XW)PYZ\X(%Z|x)-
The above condition is equivalent to U <+ X <+ YZ. Define the set of probability distribution on &/
xX xY xZ by

P(pxyz) ={p = puxyz : [U| < |X|+2,U < X < YZ}.

Set
R(p) = {(Rl,Rz,Rg,) : Rl,R2,R3 2 0,
Ry > I,(X;U), Ry > Hp(Y|U), R > Hy(Z|U)},
R(pxyz):= U Rp).

PEP(pxyz)
We can show that the region R (pxy) satisfies the following property.
Property 6.

(a)  The region R(pxyz) is a closed convex subset of R..
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(b)  Forany pxyz, and any y € [0,1], we have

min Ry + YRy + YR3) = YH,(Y) + vH,(Z). (41)
(leRZ'R3)€R(ny)( ) p(Y) p(Z)

The minimun is attained by (R, Ro, R3) = (0, Hy(Y), Hy(Z)). This result implies that

R(pxyz) € | [) {(Ri,R2,R3) : Ry + ¥Ry + R = ¥H,(Y) + vHp(Z)} | NR3.
v€[01]

Furthermore, the point (0, Hy(Y), Hy(Z)) always belongs to R(pxyz).
The rate region Ry (pxyz) was determined by Wyner [2]. His result is the following.
Theorem 4 (Wyner [2]).
Rw(pxyz) = R(pxyz)-
On the strong converse theorem, Csiszar and Korner [21] obtained the following.
Theorem 5 (Csiszar and Korner [21]). For each fixed € € (0,1), we have
Rw(elpxyz) = R(pxyz).

To examine a rate of convergence for the error probability of decoding to tend to one as n — oo
for (R, Ry, R3) ¢ Rw(pxyz), we define the following quantity. Set

P (1", 8", 98", ", ) i= 1 PL (9", @, ol p ), ¢,

: 1 n n n n n n
G (Ry, Ry, Ralpxyz) i=  min ()logl’ﬁ)(qvg%pé),qoé),nb(w( ),
("o o, N T
(1) ()
(1/n)log o™
<R;i=1,2,3

G(R1, Ry, R3|pxyz) := lim G (Ry, Ry, R3|pxyz),
G(pxyz) == {(R1,R2,R3,G) : G > G(Ry, Ry, R3|pxyz) }-

By time sharing, we have that

Gl+m) nRq +mR} nRy +mR) nRp + mR)
n+m ' n+m ' n+m

PXYZ)

< nG" (Ry, Ry, Rs|pxyz) + mG™ (R{, Ry, RS |pxyz)

- n+m ' 42)

Choosing R = R’ in (42), we obtain the following subadditivity property on
{G"(Ry, Ry, Ralpxyz) Inz1:

(M) (Ry, Ry, R ) +mG™ (Ry, Ry, R3] )
(n-+m) < NG (R, Ry, Rs|pxyz 1, R2, R3|pxyz
G (R1, Ry, Rs|pxyz) < - ,

from which we have that G(Ry, Ry, R3|pxyz) exists and satisfies the following:

G(Rq, Ry, R3|pxyz) = gfl G (Ry, Ry, R3|pxyz)-
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The exponent function G(R1, Ry, R3|pxyz) is a convex function of (Ry, Ry, R3). In fact, by time sharing,
we have that

(nim) [ 7R1+mR] nRy+mRy nRy+mR)

G , , pPxyz
n+m n+m n+m

_ nG"(Ry, Ry, Rs|pxyz) + mG™ (R}, Ry, Ry|pxvz)

= n4m '

from which we have that for any « € [0,1]
G((XRl + EéRll,tXRz + JCRIZ, aR3 + &Ré|pxyz) < OCG(Rl,Rz, R3|pxyz) + ECG(R/,RQ, RéleYZ)-

The region G(pxyz) is also a closed convex set. Our main aim is to find an explicit characterization
of G(pxyz)- In this paper, we derive an explicit outer bound of G (pxyz) whose section by the plane
G = 0 coincides with Rw (pxyz). We first explain that the region R (pxyz) has another expression
using the supporting hyperplane. We define two sets of probability distributions on i/ x X" x) x Z by

Psn(pxyz) == 1{p = puxyz : U| < [X[,U & X < YZ},
Q(pyzx) = {9 = quxyz : U] < |X], pyzix = qyzx, U < X <> YZ}.

For (u,7) € [0,1]%, set

R (pxyz) = max  {ul,(X;U)+ a(7H,(Y|U) + yHy(Z|U))} .
PEPn(Pxyz)

Furthermore, define

Rean(pxyz) = () {(Ri,Ro,Rs) : Ry + fi(FR2 + YR3) > RUY) (pyyz) ).
(n7)€l01]?

Then, we have the following property.

Property 7.

(a) The bound |U| < |X| is sufficient to describe R ( pxyz).
(b)  Forevery (u,) € [0,1)2, we have

i Ry + @i(FRy + yR3)} = RWY) .
(erszRISIGI}R(PXYZ){V 1+ AR+ 7Rs)} (pxyz)

(c) Forany pxyz, we have
Rsn(pxyz) = R(pxyz)- (43)
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For (u,v,a) € [0,1)3, and for g = quxyz € Q(pyz|x), define

(mra) - gx(x) L]X|u(x|”) . 1 1
w x,Y,z|u) := alo +a |ulog ——— + log——— +ylog———— | |,
A (E R [ T R U TP LT PER
fol®) g, 2lu) 2= exp { eyl (x,y,21w) },
Q(#z%“)(q|px) = 7logEq [f‘;‘lz)':ﬂ)(xr Y,Z|U)} ,Q(V/'Y,a)(pXYZ) = min Q(]l,’y,lx) (qlpx),
7€Q(pyz|x)
Q) (pyy7) — a[uRy + fi(§R2 + YR3)]
() - — Pxyz Py + plyka + 73
F (le + 9Ra + ¥R3) : 2+ ai ,
F(Ry, Ry, Ralpxyz) == sup  FPY®)(uRy + fi(7Ry + vR3)|pxvz)-
(mrm)€l01]?,

We next define a function serving as a lower bound of F(Ry, Ry, R3|pxyz). For each p = pyxyz €
Pan(pxvz), define

~(1y) L pX|LI(x|”) I 1 1

w x,vy,zlu) ;= ulog —————= + log——— +vylog ——— |,

p o) = o Gy T8 L T8 Gl

QWA (p) = —logE, {exp {—/\wr(,”’ﬂ(X, Y,Z|U)H ,Q(V’%A)(pxyz) = min Q(V’W\)(p).
PEPh(Pxyz)

Furthermore, set

QEIN (pxyz) — AuRy + f(FR2 + YR3)]

FWN) (uRy + ¥Ry 4+ YR3|pxyz) i=

24+ A5—pn) !
E(Ry, Ry, R3lpxyz) := sup  FWIYM(uRy + 7Ry + YR3|pxyz)-
(m/)\€> [8,1}2,

We can show that the above functions and sets satisfy the following property.

Property 8.

(a)  The cardinality bound [U| < |X|in Q(py|x) is sufficient to describe the quantity Q9 (pxy).
Furthermore, the cardinality bound [U| < |X|in Q(pyzx) is sufficient to describe the quantity

QW) (pyyz).
(b)  Forany Ry, Ry, R3 > 0, we have

F(Rq, Ra, Rs|pxyz) > E(Rq, Ry, Ra|pxyz)-
(c) Forany p = puxy € Psn(pxy) and any (u, v, A) € [0, 1]3, we have
0 < QU (p) < plog | X[ + plog(|V[7|Z]7). (44)

(d) Fixany p = puxyz € Psu(pxyz) and (u,v) € [0,1]>. We define a probability distribution

pM) = p(L?))(YZ by

p(u,x,y,z)exp {—Aw;(f"w (x, y,z|u)}
E, {exp {—)\w;(f"y)(X, Y,Z|U)H

p()‘)(u, X,Y,z) =
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Then, for A € [0,1/2], QYA (p) is twice differentiable. Furthermore, for A € [0,1/2], we have

d <) (1) d ~ (11,7, (m)
AN (p) = B [w,, (X,Y,Z|U)],WQ M) (p) = —Var [wp (X,Y,Z|LI)].

The second equality implies that QU (p) is a concave function of A € [0,1/2].
(e) For (u,7v,A) €[0,1)% x [0,1/2], define

(w7.A) = v o/ (XY, 2

Yz): max ar,w) |w Y, ZIU)|,

p (pxrz) (v,p)€[0,A] X Pap (pxyz): P [ ' ( ]
QAT (p)=QIrN (pyyz)

and set

= = (v A) i
p = p(pxyz) T AL (pxvz)

Then, we have p(pxyz) < co. Furthermore, for any (u,v,A) € [0,1]? x [0,1/2], we have

QM (pxyz) > ARWY) (pxyz) — 7P(nyz)-

(f)  Foreveryt € (0,(1/2)p(pxyz)), the condition (R1 + T, Ry + T,R3 + T) ¢ R(pxyz) implies

p(pxyz) ( T )
F(Ry, Ry, R > ' =0
(R1, Rz, R3|pxyz) 4 $ \plpxrz)

Since proofs of the results stated in Property 8 are quite parallel with those of the results stated in
Property 4, we omit them. Our main result is the following.

Theorem 6. For any Ry,Ry, R3 > 0, any pxyz, and for any (q)gn), (pgn), (pé”), ), () satisfying

(1/n)log ||9\™|| < Ry, i = 1,2,3, we have

Pg")(q)gn)/ 9", (Pgn)rl/’("):¢(")) < 7exp {—nF(Ry, Ry, Rs|pxyz)} -

It follows from Theorem 6 and Property 8 part d) that, if (Rq, Ry, R3) is outside the capacity
region, then the error probability of decoding goes to one exponentially and its exponent is not below
F(R1, Ra, R3|pxyz). It immediately follows from Theorem 3 that we have the following corollary.

Corollary 4.

G(R1, Ry, R3|pxyz) > F(R1, Ry, R3|pxyz),
G(pxyz) € G(pxyz) = {(R1,Ra,R3,G) : G > F(Ry, Ry, R3|pxyz)} -

Proof of Theorem 6 is quite parallel with that of Theorem 3. We omit the detail of the proof.
From Theorem 6 and Property 8 part e, we can obtain an explicit outer bound of Ry (¢|pxyz) with
an asymptotically vanishing deviation from Rw(pxyz) = R(pxyz). The strong converse theorem
established by Csiszar and Korner [21] immediately follows from this corollary. To describe this outer
bound, for k > 0, we set

R(pXYZ) - K(ll 1/1) = {(Rl - K/RZ - K/R?) - K) : (R1/R2/ R3) € R(pXYZ)}/

which serves as an outer bound of R (pxyz). For each fixed ¢ € (0,1), we define &,= & (¢, p(pxyz)) by
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R := p(pxy)? <\/np(;lxy) log (L)) (45)
@ 2\/P(any) log (1:0,) + Zlog <1i£) .

Step (a) follows from ¢(a) = a + (5/4)a®. Since &, — 0 as n — co, we have the smallest positive
integer 11 = n1 (¢, p(pxyz)) such that &, < (1/2)p(pxyz) for n > ny. From Theorem 6 and Property 8
part e, we have the following corollary.

Corollary 5. For each fixed ¢ € (0,1), we choose the above positive integer ny =n1 (e, p(pxyz)). Then, for
any n > ny, we have

Rw(e|lpxyz) € R(pxyz) — % (0,1,1).

The above result together with

Rw(elpxyz) = cl < U N RW(”/£|PXYZ)>

m>1n>m

yields that for each fixed ¢ € (0,1), we have

Rw(elpxyz) = Rw(pxyz) = R(pxyz)-

This recovers the strong converse theorem proved by Csiszdr and Korner [21].

Proof of this corollary is quite parallel with that of Corollary 2. We omit the detail.

6. Conclusions

For the AWZ system, the one helper source coding system posed by Ahlswede, Kérner [1] and
Wyner [2], we have derived an explicit lower bound of the optimal exponent function G(R1, Ra|pxy)
on the correct probability of decoding for (Rq,Ry) ¢ Rwz(pxy). We have described this result in
Theorem 3. Furthermore, for the source coding system posed and investigated Wyner [2], we have
obtained an explicit lower bound of the optimal exponent function G(R1, Ry, R3|pxyz) on the correct
probability of decoding for (Ry, Rz, R3) ¢ Rw(pxyz). We have described this result in Theorem 6.
The determination problems of G(R1, Rz|pxy) and G(Ry, Ry, R3|pxyz) still remain to be resolved.
Those problems are our future works.

Funding: This research was funded by JSPS Kiban (B) 18H01438.

Acknowledgments: The author is very grateful to Shun Watanabe and Shigeaki Kuzuoka for their
helpful comments.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. Properties of the Rate Regions

In this appendix, we prove Property 1. Property 1 part a can easily be proved by the definitions of
the rate distortion regions. We omit the proofs of this part. In the following argument, we prove the
partb.
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Proof of Property 1 part b: We set

Raxw(m, elpxy) = (] Raxkw(n, €lpxy).

n>m

By the definitions of Raxw(m, e|pxy) and Raxw(e|pxy), we have that Raxw(m, €lpxy) C
Raxkw (€|pxy) for m > 1. Hence, we have that

U Raxw(m, elpxy) € Raxw (elpxy)- (A1)

m>1

We next assume that (R, Ry) € Raxw (€|pxy)- Set

R,(A(SI)<W<‘C"pXY> = {(R1 +6,Ry +9) : (R, Ry) € Raxw(elpxy)}-

Then, by the definitions of Raxw (1, € |pxy) and Raxw/( €|pxy), we have that, for any 6 > 0, there
exists 1 (¢, §) such that for any n > ng(e,d), (R1 + 6, Ry + ) € Rakw(n, €|pxy), which implies that

RO wElpxy) € () Raxw(nelpxy) = Raxw(no(e 8),elpxy)

n>ng(e,0)
Cd ( U RAKW(’”/€|PXY)> . (A2)
m>1
Here, we assume that there exists a pair (R1, Rp) belonging to R axw (¢|pxy) such that
(R1,R2) ¢ cl ( U RAKW(mISPXY)) . (A3)
m>1

Since the set on the right-hand side of (A3) is a closed set, we have

(R1+6,Ry+6) ¢ cl < U RAKW(mI€|pXY)> (A4)

m>1

for some small 6 > 0. On the other hand, we have (R; +6,R, + ) € RX)—I)(W(S| pxy), which contradicts
(A2). Thus, we have

U Raxw(m, elpxy) € Raxw (elpxy) C ( U RAKw(m/€|PXY)> - (A5)
m>1 m>1
Note here that Raxw (¢|pxy) is a closed set. Then, from (A5), we conclude that
Rakw (e]W) =l < U RAKw(m,€PXY)> =d < U N RAKW(”/5|PXY)> ,
m>1 m>1n>m
completing the proof. [

Appendix B. Cardinality Bound on Auxiliary Random Variables

We first prove the following lemma.
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Lemma Al.

RW(pxy) == min {ul,(X;U)+ pH,y(Y|U)}
PP (pxy)

— RW(pxy):i= min {ul,(X;U)+aH,(Y|U)}.
pEPh(pxy)

Proof. We bound the cardinality |U/| of U to show that the bound |/| < |X| is sufficient to describe
R (pxy). Observe that

ZZ;JPU )Pxju(xlu), (A6)
ulp(X;U) + Hy, (Y[U) = Zupu m(pxqu(-lu), (A7)
where
px|u( | ) - _ -
”(PX\U('W)) = Z PX|U(x|u)pY\X(y|x>10g Z PY\X(y|x)PX|U(x|u) .
(xy)eXxy ( ) reX

For each u € U, m(pxu(-lu)) is a continuous function of pxy;(-|u). Then, by the support lemma,
U] < |X|—1+1=|X]is sufficient to express | X'| — 1 values of (A6) and one value of (A7). [

Next, we prove the following lemma.

Lemma A2. The cardinality bound [U| < |X|in Q(py|x) is sufficient to describe the quantity QY (pyy).
The cardinality bound |[U| < |X| in Pg,(pxy) is sufficient to describe the quantity QW) (pxy).

Proof. We first bound the cardinality [U/| of U in Q(py|x) to show that the bound [U/| < |X| is
sufficient to describe Q) (pxy). Observe that

=) qulu )axu(x|u), (A8)
ueld
exp{ Q) (glpx) } = ¥ qu()1*) (5, gy l0)), (A9)
ueld
where
() o (HA)
(quqXY\U( Z ‘JXY\U x,ylu)exp | — Walpx (x,ylu) ¢
(xy)
ceXxy

The value of gx included in H(f""‘)(qx,qu‘uﬂ -lu)) must be preserved under the reduction of U.
For each u € U, TT(+%) (g, axy|u (-, -[u)) is a continuous function of gy ( -, -[u). Then, by the support
lemma, |U| < |X| —1+1 = |X| is sufficient to express |X| — 1 values of (A8) and one value of (A9).
We next bound the cardinality |U/| of U in Py, (pxy) to show that the bound /| < |X| is sufficient to
describe Q("4) (pxy). Observe that

=Y pulw)pxu(xlu), (A10)

ueld

exp{ (P} = ¥ pul1 (px, pyu (-, l)), (A11)
ueld
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where

0N (o, pxeyiu (oo 1w) == Y pxviu(x,ylu) exp {_/\d);ﬂ)@’y'u)}'

(xy)
exXx)y

The value of px included in 1Y) (py, Pxy|u(’, -|u)) must be preserved under the reduction of U.
For each u € U, T1"Y) (py, pxy|u(*, -|u)) is a continuous function of pxy (-, -[u). Then, by the support
lemma, [U| < |X|—1+1 = |X] is sufficient to express |X| — 1 values of (A10) and one value
of (A11). O

Appendix C. Supporting Hyperplain Expressions of R (pxy)
In this appendix we prove Property 3 parts (b), (c). We first prove the part (b).

Proof of Property 3 part b: For any # > 0, we have the following chain of inequalities:

min ){yR1 + iRy}

(R1,R2)ER(pxy
. _ (a) . _ .
= min {ul,(X;U)+aH,(Y|U)} =  min  {ul,(X;U) + fH,(Y[U)} = R¥ (pxy).
PEP(pxy) PEPen(pxy)

Step (a) follows from Lemma A1 stating that the cardinality bound || < |X| 4+ 1 in P(pxy) can be
reduced to that || < |X|in Py, (pxy). O

We next prove part c. We first prepare a lemma useful to prove this property. From the convex
property of the region R(pxy), we have the following lemma.

Lemma A3. Suppose that (Ry, Ry) does not belong to R(pxy). Then, there exist € > 0 and pg > 0 such that
forany (Rq1,Rz) € R(pxy) we have

po(R1 — Ry) + 7ig(Ro — Ry) —e > 0.

Proof of this lemma is omitted here. Lemma A3 is equivalent to the fact that if the region R (pxy)
is a convex set; then, for any point (R, Ry) outside the region R(pxy), there exists a line which
separates the point (Ry, Ry) from the region R (pxy).

Proof of Property 3 part c: We first prove Rq, (pxy) € R(pxy). We assume that (Ry, Ry) & R(pxy)-
Then, by Lemma A3, there exist € > 0 and ;9 > 0 such that for any (R, Ry) € R(pxy), we have

‘u()Rl + %Rz < uoRy + 1Ry — €.

Then, we have

o A . _ (a) . _
R R, < R Ry} —e I,(U; X H,(Y|U)} —
HoR1 + o 2f(R1,R51€17g(pxy){Ho 1+ HoRy} —€ pegl(lprly){ﬂo p(U; X) +moHy (YIU) } — €

< min  {pol,(U; X) +FoHy(Y|U)} — e = RW0) (pyy) —e. (A12)
PEPsn(pxy)

Step (a) follows from the definition of R (pxy). The inequality (A12) implies that (Ry, Ry) & Ren(pxy)-
Thus Ren(pxy) € R(pxy) is concluded. O
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Appendix D. Proof of Property 4 Part b

In this appendix, we prove Property 4 part b. Fix g = quxy € Q(py|x) and p = puxy =
(Pujx, Pxy) € Psn( pxy) arbitrary. For B > 0, p € Pgn(pxy), and qy|y induced by g, define

oW (x,ylu) = ulo M—I—"lo _—
a0 Y1) 2= elog =) Gy o8 LT

QWP (p, gy ) = —log By [exp { —payly, , (X, YIU) } ]
Then, we have the following two lemmas.

Lemma A4. For any p € [0,1], « € [0,1), and any q = quxy € Q(py|x), there exists p = puxy €
Pen(pxy) such that

Q) (glpx) = &QW 0 (p, gy)y). (A13)

Lemma A5. Forany u,a satisfying u € [0,1], « € [0,1/2), any p = puxy € Psn(pxy), and any stochastic
matrix qy induced by quxy € Q(py|x), we have

1—2a«
&

O

P\Q

D (payy) > Q) (p). (A14)

From Lemmas A4 and A5, we have the following corollary.

Corollary Al. Forany u,wa satisfying u € [0,1], « € [0,1/2), and any q = quxy € Q(pY|X)/ there exists
P = Puxy € Psh(pXY) such that

QF (glpx) > (1 - 20)Q0 T (p). (A15)
From (A15), we have that for any u € [0,1], « € [0,1/2), we have
QF) (pxy) > (1 - 20) QW T3 (pyy ). (Al6)

Proof of Lemma A4: We fix (u,&) € [0,1)? arbitrary. For each ¢ = quxy € Q(py|x), we choose
P = puxy € Psn(pxy) so that pyyx = qyx- Then, we have the following:

pL(x) [ PX(0dg, (Y1)
7% (X) X|u)

exp { Q") (glpx) } =

%qu(

g, |{pa A G000 | [ X0 |
R EE I R G

Pxju
@ (4 pux(U,X) PX' (X )qy‘u(Y“l) . Pheyu (X1
— U7 qux (U X) PX|u(X|U) " (x1U)
= exp { 2O (p, gypy) b A%, (A17)

where we set
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Step (a) follows from Holder’s inequality. From (A17), we can see that it suffices to show A < 1 to
complete the proof. When y = 1, we have A = 1. When y € [0,1), we apply Holder’s inequality to A

to obtain
I
) -1

Proof of Lemma A5: We fix u € [0,1], « € [0,1/2), arbitrary. For any p = puxy € Psn(pxy), and any
q = quxy € Q(py|x), we have the following chain of inequalities:

Pl (XIU)

A=E, |25~
q
Ty (XI)

pu(XIU)
= <Eq [QXU(XW)

Hence, we have (A13) in Lemma A4. O

exp {—Q(”’%)(Pr ‘1Y|u)} =Ep

P (XIU)

PX T (X)py I (YIU) {qiumm }
X|u

(@) 2y s ELn]\* 2u .
< exp{_l &2“Q(V/1_za>(p)} (Ep [qiu) ) _exp{_l _zaQ(V'l—sz)(p)}Bzx’ (A18)

where we set

I
.— q —
P (YIU)

Step (a) follows from Holder’s inequality. From (A18), we can see that it suffices to show B < 1 to
complete the proof. In a manner quite smilar to the proof of A < 1 in the proof of (A13) in Lemma A4,
we can show that B < 1. Thus, we have (A14) in Lemma A5. O

Proof of Property 4 part b: We evaluate lower bounds of F(Ry, Ry|pxy) to obtain the following chain
of inequalities:

(@) 1—2a)Q %) — a(uRy + iR
F(R1,R2|ny) > sup ( ) Z(PXYE (V 1T H 2)
uelo], T op
x€[0,1/2)
~ sup (1 —20)Q" Y (pxy) — a(uR + iR2)
nepl], 2+ o
w€[0,1/2),
A=1ty
(b) sup (1 —20)Q"M (pxy) — a(uRy + fiRy)
nefo], 2+ap
a:ﬁ,/\zo
(© QEM (pxy) — MRy + iRy) (1) _
= sup = sup EWY(uRy+ aRz|pxy). (A19)
#el0,1],A>0 2+ A(5—p) uel0,1],A>0

Step (a) follows from the definition of F(Rj, Rz|pxy) and (A16) in Corollary Al. Steps (b) and (c)
follow from that

4 @AEO,a:L.

#€01/2)d =175, 1+2A
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From (A19), we have

F(Ry, Rolpxy) = sup  EWN(uRy + fiRo|pxy) = E(Ry, Ra|pxy),
uel0,11,A>0

completing the proof. O

Appendix E. Proof of Property 4 Parts ¢, d, e, and £

In this appendix, we prove Property 4 parts ¢, d, e, and f. We first prove part c and then prove
parts d and e. We finally prove part f.

Proof of Property 4 part c: We first prove the second inequality in (8) in part c. We first observe that

A i\
P?{ (X)Pg\u(ﬂu)

A
P?qu(}qu)

exp[—Q#N (p)] = E, (A20)

Let px be the uniform distribution on X" and let py be the uniform distribution on ). On lower bound
of exp[— QM (p)] for p € Pen(pxy) and (i, A) € [0,1]?, we have the following chain of inequalities:

il
ANy L o m {px(X)}”A pyju(YIU)
xp[= PP = oy B | Pxi XU 5 %) ()
91 {ﬁx(X)}_’” v "
Z TR | px(X) pr (Y1)
—HA —fiA
®) 1 px(X) py(Y) 1
_ | E E,| ———— = A21
= Tr | B | px (%) Py (V1) X (821)

Step (a) follows from that A € [0,1] and px;;(x[u) <1 forany (u, x) € U x X. Step (b) follows from
the reverse Holder’s inequality. The bound (A21) implies the second inequality in (8). We next show
that Q) (p) > 0 for A € [0,1]. On upper bounds of exp[—Q#) (p)] for p € Pen(pxy) and A € [0,1],
we have the following chain of inequalities:

uA

5 (a) X " (b) X
_amA) _rx(X) _px(X) _
exp[—QFN (p)] < B, {P)qu(Xu)} << E, P (X1 =1. (A22)

Step (a) follows from (A20) and pyy;(y|u) < 1forany (u,y) € U x Y. Step (b) follows from uA € [0,1]
and Holder’s inequality. O

Proof of Property 4 parts d and e: We first prove that, for each p € Py, (pxy) and u € [0,1], QY (p)
is twice differentiable for A € [0,1/2]. For simplicity of notations, set

a:=(u,xy),A=UXY),A=UXxXX]),
o) (x,ylu) == ¢(a), AWM (p) := E(A).

Then, we have

Q0N (p) = (1) = ~log

pA(a)eAG(”)] . (A23)
acA
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The quantity p(*) (a) = pg\) (a),a € Ahas the following form:

By simple computations, we have

) P(ﬂ)g(a)eAQO”] = Jip(A)(ﬂ)g(g),

ac A a
C://(/\) _ _ezg(A) p(ﬂ)PA (h) {Q(ﬂ) - G<b)}2 ef)x{g(g)vtg(b)}
abeA N 2
2
= ¥ W @pW Oy 0w 1 | T p @] <o (a2
abeA acA acA

On upper bound of —¢”(A) > 0 for A € [0,1/2], we have the following chain of inequalities:

) 2 Y V020 Y Y pla)(@)e @D — D) Y p(a)ve 2@, [ei(g)

acA acA acA
(c) (d)
< VEWTEY [V p()gt(a) < VeED [ pla)et(a). (A26)
acA acA

Step (a) follows from (A25). Step (b) follows from (A24). Step (c) follows from Cauchy-Schwarz
inequality and (A23). Step (d) follows from that ¢(2A) > 0 for 2A € [0, 1]. Note that (A) exists for
A € [0,1/2]. Furthermore, we have the following:

Y. pla)c*(a) < oo.

acA

Hence, by (A26), " (A) exists for A € [0,1/2]. We next prove part e. We derive the lower bound (9)
of O (pxy). Fix any (u,A) € [0,1] x[0,1/2] and any p € P, (pxy). By the Taylor expansion of
E(A) = QD) (p) with respect to A around A = 0, we have that for any p € Pg,(pxy) and for some
ve0,A]

AEN (p) = £(0) + & (0)A + %g”(v))\Z = By @ (X, Y|u)| ~ /\;Varp(y) @ (x, Y|u)]
(?ARW)(pXY) - %ZVarp(v) [w}j‘)(x, Y,z|u)} : (A27)
Step (a) follows from p € Py, (pxy),
By [@ (X, YIU)| = ulp(X; 1) + fiH, (Y|U),

and the definition of R (pxy). Let (Vopts Popt) € [0, A] X Pgn(pxy) be a pair which attains o) (pxy).
By this definition, we have that

OV (pop) = O (pxy) (A28)
and that, for any v € [0, ],

V&ur]ﬂw)t [w%) (X,Y|U)} < Var () [w(”) (X,Y|U)} = p(V”\)(pr). (A29)

pt Popt
op opt
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On lower bounds of Q(*4) (pxy), we have the following chain of inequalities:

A ) AN (5 D AR A2 (1)
O (pxy) = QD (popr) 2 ARW (pxy) = 5 Var o) [, (X, YIU)|

(0 A0 () S ARW) o
= AR (pxy) = 5" (pxy) 2 ARW (pxy) = Z-p(pxy)-

Step (a) follows from (A28). Step (b) follows from (A27). Step (c) follows from (A29). Step (d) follows
from the definition of p(pxy). O

To prove part f, we use the following lemma.

Lemma A6. When t € (0, (1/2)p], the maximum of

1 2
Tran N T
for A € (0,1/2] is attained by the positive Ay satisfying
8(Ao) = Ap+ A2 = L. (A30)
4 P
Let g(a) be the inverse function of 9(a) for a > 0. Then, the condition of (A30) is equivalent to Ay = g(%) The

maximum is given by
L [ b PP (T
2+ 51 { 2A0+TA°} =M= 88 ,)

By an elementary computation, we can prove this lemma. We omit the detail.

Proof of Property 4 part f. By the hyperplane expression Ry, (pxy) of R(pxy) stated Property 3 part
b, we have that, when (R; + 7, Ry + T) ¢ R(pxy), we have

R#0) (pxy) — (oR1 + FigR2) > T (A31)

for some pg € [0,1]. Then, for each positive T, we have the following chain of inequalities:

_ O M) — AuoRy + 1R
F(Ry,Rolpxy) > sup E¥0M(uoRy +JigRa|pxy) = sup (pgi)A(S (ol + Foke)
A€(0,1/2] A€(0,1/2] — 1o)

(@) 1
> sup —*/\2 + /\R(HO)(pxy) — )L("l/l()Rl —1—]40R2)}
Ae(0,1/2]2+5/\ { 2

®) 1 £,2 ©p2(T
> sup —SATHTA = g = ).

Step (a) follows from Property 4 part d. Step (b) follows from (A31). Step (c) follows from
Lemma A6. [

Appendix F. Proof of Lemma 1

To prove Lemma 1, we prepare a lemma. Set

1. psxnyn(s, x",y") }
A ::{ s,x", ") —log 22 T 1T Ly b
" ( y ) n g qunyn(S,xn,yn) T]
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Furthermore, set
B, = {x" Lo P () ;7} By = By x My x V", B = BS x My x V",
n an( )
Ci={(5,x") : s = @\ (x"), Qs (x]s) < My pxn(x)},Cp := G X Y, C5 1= €5 x V",
Dy = {(s,x",y") - s = " (x"), pyus (y"[s) = (1/M2) iy,

Eni=1{(s,2",y") s s = 9" (x"), ™ (9" ("), 9" (")) = y"}.
Then, we have the following lemma.
Lemma A7.
psxmyn (Ay) < e, psxnyn (By) < e, psxmyn (Cy) < e, pgxnyn (D N Ex) < e,
Proof. We first prove the first inequality.

psxryn(Ag) = Y. psxnyn(s, X", y")
(s,x,ym)eAg
a
< Z e Mgsxnyn (s, x",y") = e MGsxnyn (AS) < e M.
(s,x"ym) €A

—
Natd

Step (a) follows from the definition of .A,. In the second inequality, we have

(a) -
Psxnyn (B ) = PX” Z PX,, S 2 einﬂan (Xn) = e*"”an (82) < e ™M,

x1eBS x"eB

Step (a) follows from the definition of B,. We next prove the third inequality:

pssos (€5) = psxa (C) = ¥ y o ()
seMq x”:(p%w(x”):s
pxn (¥ <(1/ My )
xQxn|s(x"|s)

1 ~ 1
S ﬁeinr] Z E anls(xn|s) S ﬁein;”Ml‘ =e M,
1 seMy x”:<p§")(x”):s 1
pion (¥)=(1/My)e
xQxn|s(x"]s)

Finally, we prove the fourth inequality. We first observe that

n(x™
ps(s) =), pxe(x"), pxns(x”]s) = pxe ()
n.(P(")( n), Ps(S)
X"y (x")=s



Entropy 2019, 21, 567 33 of 36

We have the following chain of inequalities:

psxryn (D NE) = Y ps(s) Y, pxus(x"]s) Y. pynxn (" [x")

seM; x”:gog”)(x”):s yn:lp(n)(s,q);")(yn)):yn

pynis(y"1s)<(1/Mp)e "
= 2 ps(s) )» pyns(y'ls)
seMy (n ( ( )=y

PY"\s(y \5) (1/M2) -

< ¥ psloge

seMy

(a) 1 B
{y l/’n)(s §"§ )(y ) :yn}‘ < Z PS(S)HG "My =e M.
seEMq 2

Step (a) follows from that the number of y” correctly decoded does not exceed M,. O

Proof of Lemma 1: By definition, we have

Then, for any (gogn), q)gn),tp(”)) satisfying (1/n) log | |(p5") || <R;i=1,2, wehave

1 Psxnyn (S Xn Yn)
psxryn (An N By NCyp NDy) < psxnyn {nlo Goxry (S, X, Y1) > -1,

1 Qx»(X") )
0> —-1lo -1,
T n Exn(X”) 1
a1 (XS
Ry 5 Ligg QosX1S)
n PX;Z(X”)
1

Hence, it suffices to show

P (@, @, M) < pgxoryn (An N By 01 Cy N D) + 4

to prove Lemma 1. By definition, we have Pé") (cpg ), q0§">, (M) = psxnyn (Ex) . Then, we have the
following.

P’ )(ng )r(Pgn)ﬂP( )) = psxryn (En)
= psxnyn (An N By NCi N Dy N Ey) + psxnyn ([An N By NCy N Dy N Ey)

< psxeyn (An 0By 0 Ci N D) + psxmyn (A3) + psxryn (By) + psxnyn (Cy) + psxnyn (Dy N En)
(%) psxryn (An N By NCy N'Dy) + 4™

Step (a) follows from Lemma A7. O

Appendix G. Proof of Lemma 3

In this appendix, we prove Lemma 3.
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Proof of Lemma 3: We first prove the Markov chain SXt~1 & X; <+ Y} in (18) in Lemma 3. We have
the following chain of inequalities:

I(Y; SXFYXy) = HYG|Xy) —

a

Y H(Y|X) — H(Y,|X")

H(Y;|SX!71X;) < H(Y|X¢) — H(Y;|SX™)

~—

—
Nasd
—

o
=

H(Y;|X;) — H(Y;|X;) = 0.

Step (a) follows from that S = (pgn) (X™) is a function of X". Step (b) follows from the memoryless
property of the information source {(X;, Y¢)}$°,. Next, we prove the Markov chain Y/~1 «» SX!~1
(Xt,Yt) in (19) in Lemma 3. We have the following chain of inequalities:

(XY YL sXEh) = H(Y L sX ) — H(Y!HSX!IXyy) < H(Y LX) — H(Y! 1 X"SY;)

@ Byt xt) - B Xy &

=

HYH X - HY' ! x1y) =o.
Step (a) follows from that S = (pgn) (X™) is a function of X". Step (b) follows from the memoryless
property of the information source {(X;, ;) }{>,. O

Appendix H. Proof of Lemma 6

In this appendix, we prove Lemma 6.

Proof of Lemma 6. By the definition of péx,&, it (s, x!,y"), fort =1,2,--- ,n, we have

t
Pt ri (5,30 = C ey (s, 6,y ) T LA™ (i i) (A32)
i=1

Then, we have the following chain of equalities:

, @ T
Pég})mﬂ (s, x, ") = C; 'psxry (s, %', y/) Hfg: a)(xi’y"‘ui)
i=1

:C Pgxt—1yt— 1 H ;tvc xl,yi|ul~)

X Py, |sxt-1yt-1 (xe,yels, x' 1yt )f]—'t/ )(xtr]/t|”t)
® , o ) ,
=G 1Ct*1pg;£zlyt—l(s/xt Ly P sxi-1yi-1 (e yels, 'y )f(y (e, yeue)

= (@) e (5 Ly ) s vy (e el XLy Y U (e ). (A33)

Steps (a) and (b) follow from (A32). From (A33), we have

B, (554 (439
pé@(?)lyt 11 (S s, 2Ly Py sxe-yie (xtfyt|5/xtflrytil)f}t'a)(xt/yt|”t)- (A35)

Taking summations of (A34) and (A35) with respect to s, x*, !, we obtain

-1 -1 —1 =1y (1
M 2 , Ps};‘ lyt-1, 7t (s, 6Lyt )thmsxfflwfl(xt/]/t|5/xt Y )f%l a)(xt/yt\ut)/
s,xt,y

completing the proof. [
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