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Abstract: Consider y a probability measure and P, the set of p-equivalent strictly positive probability
densities. To endow P, with a structure of a C*-Banach manifold we use the ¢-connection by an
open arc, where ¢ is a deformed exponential function which assumes zero until a certain point
and from then on is strictly increasing. This deformed exponential function has as particular cases
the g-deformed exponential and x-exponential functions. Moreover, we find the tangent space of
P, at a point p, and as a consequence the tangent bundle of P,. We define a divergence using
the g-exponential function and we prove that this divergence is related to the g-divergence already
known from the literature. We also show that g-exponential and x-exponential functions can be used
to generalize of Rényi divergence.

Keywords: deformed exponential manifold; statistical manifold; ¢-family; information geometry;
exponential arcs

1. Introduction

Let P, be the set of p-equivalent strictly positive probability densities, where p is a given
probability measure. In order to build a structure to 7, Amari considered the parametric case,
where the construction depends on a parameter belonging to the Euclidean space [1,2]. The case of
non-parametric statistical models was initially studied by Pistone and Sempi [3]. In this case, P;, was
equipped with a structure of a C*-Banach manifold using the Orlicz space associated to an Orlicz
function. In a later work [4], Pistone and Cena proved that the probability distribution z belongs to the
maximal exponential model to the probability distribution p, if and only if, z is connected to p by an
open exponential arc. Moreover, the new manifold structure obtained from the connection by an open
exponential arc is equivalent to the one defined in [3,5]. Results involving conditions connecting two
probability densities by an open exponential arc were recently studied in [6].

The deformed exponential function was first introduced by Naudts in [7] and studied in more
details later in [8,9]. In [10], the authors propose a generalization for the exponential family £, based in
the replacement of the exponential function exp by a deformed exponential function ¢. It is then
proposed a ¢-family of probability distributions denoted by F, with p = ¢(c). The described family
was modeled on Musielak-Orlicz spaces and a Banach manifold structure to P, is obtained. As a
consequence of such model, a more general form of the Kullback-Leibler divergence was obtained and
called ¢-divergence. Furthermore, the arcs for the deformed exponential function were investigated
and it was provided the necessary and sufficient conditions to connect by a g-arc any two probability

Entropy 2019, 21, 496; d0i:10.3390/e21050496 www.mdpi.com/journal/entropy


http://www.mdpi.com/journal/entropy
http://www.mdpi.com
https://orcid.org/0000-0003-2474-7179
https://orcid.org/0000-0002-2255-2194
https://orcid.org/0000-0002-4198-4064
http://dx.doi.org/10.3390/e21050496
http://www.mdpi.com/journal/entropy
https://www.mdpi.com/1099-4300/21/5/496?type=check_update&version=2

Entropy 2019, 21, 496 2 of 19

distributions [11]. This result was generalized later by [12,13]. A generalization to exponential arcs
was defined in [14] and it also proved that the probability distribution z belongs to the ¢-family F if,
and only if, z is connected to p by an open ¢-arc.

An example of deformed exponential function is the g-exponential one that it was used by Loaiza
and Quiceno [15] to define an atlas modeled on essentially bounded function spaces. The charts for
the given atlas are defined in terms of connections by an one-dimensional g-exponential model and of
the g-deformations of cumulant maps [4]. Moreover, using equivalence class it was constructed the
tangent space and the tangent bundle.

In this paper we endow P, with a structure of a C**-Banach manifold using a deformed exponential
function. This deformed exponential function has zero value until a certain point and from then on has
the behaviour similar to the “classical” exponential function, which is strictly increasing. Particular cases
of that function are: g-deformed exponential and x-exponential. In order to build this structure, as in [15],
we divide P, into equivalence classes using the connection provided by generalized exponential arcs
as defined in [14]. Also, we define a set A?, that is the connected component of P, and will be
the generalized ¢-family of probability distributions. Moreover, by means of the derivative of the
transition map, we find the tangent space and, consequently, the tangent bundle. In addition, we define
a divergence using the g-exponential function which is related with the g-divergence defined in [15].
Finally, we show that the x-exponential and g-exponential functions can be used in the generalization of
Rényi’s divergence.

The rest of the paper is organized as follows. In Section 2 we revisit some important results
about the g-exponential statistical manifold and provide a brief introduction about Musielak-Orlicz
spaces. In Section 3, we have our main results. We discuss generalized open exponential arcs and build
generalized @-families of probability distributions. Alterwards, in Section 4, we find the derivative of
the transition map and, as a consequence, the tangent space and tangent bundle. Moreover, in Section 5
we define a divergence using the g-exponential function and we use those results to prove that the
g-exponential and x-exponential functions can be used to generalize Rényi’s divergence. Finally,
in Section 6 our conclusions and future perspectives are stated.

2. Background and Preliminary Results

The deformed exponential function that we will use to equip P, with a structure of a C*-Banach
manifold has as a particular case the g-exponential function and the parametrization domain is
obtained from a Musielak—-Orlicz space. For this reason, the purpose of this section is to make a brief
presentation of the results involving the g-exponential manifold and the Musielak-Orlicz spaces.

2.1. A q-Exponential Statistical Banach Manifold

In the same way as in [15], we consider (T, %, u) a probability space and g € (0,1). The g-deformed
exponential function is given by [16]

¢ = (1+ (1= )07, where - < x w

Definition 1. We say that p, z € P, are connected by an one-dimensional q-exponential model if there exists
r € Py, u € L%(r.u), a real function of a real variable 1 and 6 > 0, such that for all t € (—6, ) the function f
defined by

£(8) = ey, @

satisfies that there are to, t € (=0,0), with f(to) = p, f(t1) = z and tu Oy P(t) := m,
forp(t) # (g—1)7".
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Consider the following partition of P, into equivalence classes: p, z € Py are related (p ~4 z)
if and only if there exists an one-dimensional g-exponential model connecting p and z, according to
Equation (2). As a consequence, the measures p.u and z.u are equivalent and the essentially bounded
function spaces L®(p.u) and L*(z.u) are equal.

We need to define a family of g-deformations of the moment-generating functional denoted by
MZ, it means,

M} : Dy — (0,0,

M) = [ eian,
where )
— o0 A (1)
DMZ—{uGL (p.y),l_q<u,/Teq dy<oo}.
Also, we define a family of cumulant generating functional

K} : Bpeo(0,1) — [0, 09]

where
KZ(M) =1Iny [MZ}

Notice that B (0,1) C D Ml where By, (0, 1) is the open unit ball in L®(p.y) . Some properties

of the functional KZ are described in the theorem below.

Theorem 1 ([15], Theorem 9). The cumulant generating function KZ satisfies:

q
(1) The function z = e:;qu”(u)p is a probability density on Py, since u € By, (0,1);

(2) K} is infinitely Fréchet differentiable and its n-th derivative evaluated at the directions (v1,...,04) €
Bp,eo(0,1) X ... X Bpeo(0,1), is of the form

D”Kg(u).(vl cUp) = [MZ(u)]lqun(q)/T(vl . oop)dy;
(3) The functional K‘Z, is analytic in By (0,1).
The function KZ is used to define the g-exponential models

eq,p : Vp — PV’

where ,
eq,p (1) = eg T 3)
Moreover, the set
B, = {u € L“(p.y);/Tupdy = 0} (4)
is a Banach space and
Vp = {u € By; ||ullpe <1} ®)
is the open unit ball of By,. Since |[u|[p0 < 1, we obtain % < u.  Therefore
_ —K] (uSgKh(u)) . .
ﬁ < % = Uy KZ(u) and consequently e; , (1) = e, "7 pis well defined.
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The inverse of e, is given by [15]

In, (%) - /Tlry7 (:) pdu
14 (1 —q)/Tlnq (;) pdy

The transition map e{;;z 0 qpy t €qp, LUy, NUp,) — €52 ! Uy, NU,,), where U, is the range of ¢,
is expressed as [15]

e,;;(z) =

w1+ (1—q)u }1nq(p2)—/Tu+[1+(1—q) ]lnq<zz)Pzd;¢
1+(1—q)/Tu+[1+(l—q) | In, (Zz)pgdy

epz (Cqp (1)) =

7

where py, py € Py with Uy, Uy, # Dand u € e} (Up, NUp,).
The map eyp is injective and the sete, , (Z/{p1 N Uy, ) is open in the By, -topology, where py, p2 € Py.
Hence, the transition map e,;rl,z o eq,p, is a topological homeomorphism and consequently the collection

of pairs { (Up, e, ;) }peP,, is a C*-atlas modeled on By,. Then, P, is a C*-Banach manifold, since ¢, ,

is a parametrization.
There exists a relation between the constructed manifold and the Tsallis relative entropy. In fact,
let us consider, for t # 0 and 0 < g < 1, the following function

£(t) = —tIn, <1>

where Ing(x) = xl{ jq_l , if x > 0. Given p and z in P, the Tsallis divergence, also called g-divergence
of z with relation to p, is expressed by

7 = / Z) du. 6
llp) = [ f () o ©)
Proposition 1 ([15], Proposition 16). Taking p, z in Py, we obtain

(1) 1 (z||p) > 0, withequalityijfp:z.
@10 < frc=p)f (2 ) du

2.2. Musielak—Orlicz Spaces and ¢-Families of Probability Distributions

Consider (T, %, 1) a o-finite, non-atomic measure space. Let P, = {p € L% p > 0and [, pdu =1},
where LU is the linear space of all real-valued, measurable functions on T, with equality p-a.e. t € T. The
map @ : T x [0,00) — [0, 0] is a Musielak—Orlicz function if, for y-a.e. (almost everywhere) t € T, the
following conditions hold [17]:

(1) @(t,-) is convex and lower semi-continuous;

(2) ®(t,0) = lim,, o P(t,u) = 0 and D(t,0) = oo;

(3) ®(-, u) is measurable for each u > 0.

Since the items (1) and (2) occur, it follows that d(t,.) is not equal to 0 or oo in the interval (0, o).

Consider the functional Ip(u) = [; P )du, for any u € L°. The Musielak-Orlicz space,
Musielak—Orlicz class, Morse—Transue space assoc:lated the a Musielak—Orlicz function ® are defined,
respectively, by

¢ — {ue LY; Ip(Au) < oo foreach A € (—¢,¢), there exists e > 0},
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L? = {uc L% Ip(u) < oo}

and
E® = {u e L% Ip(Au) < oo forall A > 0}.

Consider the Luxemburg norm

|u]| = inf {/\ > 0; Ip (%) < 1},

and the Orlicz norm

[ullo0 = sup {‘/ wodp| ; v e L and Ip- (v) < 1} ,
T
where ®*(t,v) = sup,o(uv — ®(t,u)) is the Fenchel conjugate of ®(¢, -). The Musielak-Orlicz space
L® equipped with one of these two norms is a Banach space. The norms above are equivalent and the
inequalities ||u||¢ < ||u||eo < 2||u||e hold for all u € L. For more details see [18,19].
Define the Musielak—Orlicz function as

De(t,u) = @t c(t) +u) = o(t,c(t), )

where ¢ : T — R is a measurable function such that ¢(t,c(t)) is y-integrable and we write LY, Lf and
E?, in the place of L®, L®< and E®¢ respectively. In [10] it was defined the parametrization

o B — F2,

where
¢c(u) = g(c+u—9p(u)uo), ®)
foreachu € BY = B! nK?, and
Bf = {u e Lt / ug'y (c)dp = 0}, ©)
Jr
K¢ = {u cLf; / @(c+ Au) < oo for each A € (—¢, 1+ ¢), there exists € > 0}. (10)
T

The application ¢ : B — [0,0) is called the normalizing function and it is defined in such a
way that ¢c (1) = @(c +u — p(u)ug) is in P,,. We have that U{F{; ¢(c) € Pu} = Py, ¢, (FE N FY)
and cpc’zl(}'ﬁi N FZ) are open for any c1,¢; : T — R measurable such that ¢(c1) and ¢(c,) are in Py
The transition map is a C*-isomorphism and consequently ¢ is a parametrization.

In the next section, we will use the generalized open exponential arcs to build a parametrization to P,.

3. Construction of Generalized ¢-Families of Probability Distributions

Let (T,%, ), be a o-finite, non-atomic measure space and consider a deformed exponential
function ¢ : T x R — [0,00). In other words, ¢(t,-) is convex for y-a.e. t € T and the limits
limy o @(t,u) = 0, limy 0o ¢(t,u) = oo for p-a.e. t € T hold. In this work we consider two
additional conditions on the deformed exponential ¢:

(al) ¢(t,x) =0, for all x < ay, where ay, = inf {x € R; ¢(x) > 0};

(a2) given a measurable function c: T — R such that [ ¢(t,c(t))du = 1, we have

/ @t c(t) +A)du < oo, forall A > 0. (11)
T
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For a measurable function g : T — (0,1), we define the g-deformed exponential function
exp, : T x R — [0,00) as exp, (t, u) = exp, (1), where

exp, () = [1+ (1 —q)u] /"7,

and [1+ (1 —¢q)u]+ = max{1+ (1 —q)u,0}. In this case, the g-deformed exponential function satisfies
the condition (al) with a, = ﬁ In the next example, we prove that the g-deformed exponential
function satisfies the condition (a2) for 0 < g < 1.

Example 1. Given a > 1, we consider two cases:
If u <0, we have that au < u. Then,

If u > 0, we obtain

= a7 (4 (1 - q)u)) T
< a1+ (1= g)u)
— T equ(u)

By the convexity property of exp,(t,.), we obtain for any A € (0,1) that

exp,(c+u) < /\equ()ﬁlc) + (1= A)exp, ((1- A) ")
< A-1/(-9) exp,(c) + (1 — A)1-1/(-9) exp, (1)

Then, any positive function uy : T — (0,00) such that fTequ(uO)dy < oo satisfies
Jrexp,(c+ Aug)du < oo for all A > 0.

Now, we provide an example of a deformed exponential function that satisfies condition (al),
but does not satisfy condition (a2).

Example 2. Consider the function

e(u+l)2/2/ u>0
p(u) =1 e2(u+1), -1<u<0,
0, u< -1

where the measure y is o-finite and non atomic. Note that ¢ is convex, and satisfies ¢(x) = 0, for all x < a,
where ap, = inf{x € R; p(x) > 0} and limy ;00 ¢(u) = co. We will find a measurable functionc : T — R
with [ ¢(c)dpu < o, but [+ ¢(c+ A)du = oo, for some A > 0. For each m > 1, we consider

ou(t) = (mlog(2) - 3 ) 16,0,

1, t€En(t)

0, t¢En(t) Since vy, T 0o, we can find a

where Eyy = {t € T; mlog(2) — g > 0} and 1g, (t) = {

subsequence {vy, } such that
/ e(Omn +2)2/2171;4 > 2"
Emn
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According to [17], there exists a subsequence wy = v, and pairwise disjoint sets Ax © Ep, for which
/ e(v"’"+2)2/2dy =1.
J A

Let us define ¢ = ¢l a + Y321 wxla, where A = 2| Ay and ¢ is any measurable function such that
p(e(t)) >0fort € TN Aand [;_, ¢(¢)dpu < co. Observing that

ewk()+2)2/2 _ zmnke(wk(t)“)z/z, fort € Ay,
we obtain

1
S for every m > 1.

(we(H+1)*/23,, —
X g

Hence, we can write

i = / Sduty / (wi())+1)2/2¢
/Tfp(C) H= fpa 0@t e "

On the other hand, we also have
D= [ g@du+ ). [ eln1272
/T¢(C+ = | 9@ ;Hk; n p

:/T\A go(E)de—il

k=1
:OO,

which shows that (a2) is not satisfied.

Definition 2. We say that p and z in ‘P, are ¢p-connected by an open arc, if there exists an open interval
I D [0,1] and a constant x(«), such that

(1 —a)g ' (p) +ap ' (z) —x(a)) € Py, (12)

for each a € I, where k() depends of «, p and z.

According to the proof proved in [11], we have that x(«) < 0 for each « € [0,1]. Indeed,

e fora = 0,1, we have clearly that x(a) = 0;

e fora € (0,1), the convexity of the function of the ¢ ensures that 0 < ¢((1 —a)e~!(p) +
a¢p~1(z)) < (1 —a)p + az. Integrating the inequality we obtain

0< [ _o((1=a)p™ (p) + g™ () < 1.
Since x (a) satisfies
[ o =a)9 () + a9 (2) — x(e)d = 1,

then x(a) <0, fora € [0,1].
Now we will define, by using generalized exponential arcs, important sets for the construction of
generalized ¢-family of probability distributions. Let us define
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%(a) = sup {A > 0;3e > 0where (1 —a)p (p) +ap 1(z) — A > ag, p-ae. teT, foreachw € (—¢, 1+ e)}

as p and z are @-connected by an open arc, we have that (1 — )¢~ (p) + ag~1(z) — x(x) > ay, for
each a € I. Hence, x(a) < k(a), i.e., k(a) € [—00,%(a)). For p € Py, where p = ¢(c), consider the set

RY = {q € Py; 3 e > 0 where (1 — ®)e 1(p) +ap (z) — K(a) > ay, p-ae. teT, foreacha € (—¢, 1 +£)} .

We will show that the set
A? = {q € RY;3 & > 0 where /T(p((l —a)p Y(p) +apl(z) —%(a))du < 1, foreach a € (—¢,1 +s)} (13)

is a generalized ¢-family of probability distributions.

Consider the partition of P, into equivalence classes using the following relation: given p, z € Py
we say that p ~ z if and only if p and z are g-connected by an open arc. This equivalence relation is
necessary to define an atlas modeled on Banach spaces.

Consider then L{ be the Musielak-Orlicz space, given as

LY = {u € L% 3 e > 0 where / ¢(c+ Au)du < oo, foreach A € (—s,e)}
T

and the set

NS = {u € Lf;3e€ (0,1) where ¢+ Au > ay, foreach A € [—e,e],}.

Lemma 1. The set N is a closed subspace.
Proof. Clearly 0 € NV. Given u,v € N, there exist e1,€2 € (0,1), such that
c+Au > ay, p-ae., foreach A € [—eq¢q]

and
c+Av > ay, p-ae., foreach A € [—e3¢s].

Considering e = min{e £5}, we have that u + v € N. Finally, given « € R we obtain au € N,
since ¢ + A(au) > ay, p-ae., foreach A € [—5L, 2.

The fact that remains to show is that N is closed. For this, let (uy) € NZ, convergent ji-a.e.
foru e LZP . This implies that there exists a subsequence (u), such that ¢ + Au, — ¢ + Au, p-a.e. t € T.

Then, for eachn € Nwe can find e, € (0,1), withc+ Au, > ag, p-ae. t € T, foreach A € [—¢; €,].

The compactness of [—¢,, €, | ensures that the coverage {(—&, — J,€, +J);n € N} admits a finite
undercoverage. Let {—&; —J,e1 +0,..., —€y, — J,€, + 0} the set of the elements that constitute
the finite undercoverage. Taking € = min{—& — J,& +4,..., —&;, — 6,&,, + ¢}, it follows that
¢+ Auy > ag, p-ae. t € T, for each A € [—E].

Passing to the limit, we obtain ¢ + Au > a,, p-a.e. t € T, for each A € [—&,¢|. Therefore, u € NY
and consequently N is closed. [J

Define the set

Kf = {u e N¥; 3e € (0,1), such that / ¢(c+ Au)dy < oo, foreach A € (—¢,1 —1—3)}. (14)
T

Lemma 2. The set /Ef}’ is open in NY.
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Proof. Let u € K¢. Then, there exists ¢ € (0,1), such that Jro(c+au)dy < oo for
each a € [—¢,1+¢landu € Nf. Considering § = [2(1+¢) (1+ %)]_1, we have that for any
v E Bs = {w e N l|wl|o, < (5} it occurs Ip, (§) < 1 and consequently [r ¢ (c—!— %|v|) du < 2.
Givena € (0,1+ §) we denote A = 4. The inequality

« bt 1+5 2 € 1
= S EI*(1+€) 1+7 = =
1—-A 1_%&-5 1_11':5 € ( 2) 1)

implies oleta(uta) <o (/\q) (c+ %) +(1-A)e (C+ 1f)\v>>

gx\fp(c—ki)—k(l—)»)(p(c—klﬁ)\v)

<Agp(c+(A+eu)+(1—-A)g <c+ (15|v|> :

For a € (—%,0), we can write

1 1
plc+a(u+o)) < qu(c + 2au) + 59 (c+2av)

1 1
< qu(c +2au) + 59 (c+|v]).

Then, we have

/T(p(c +a(u+0))du < oo,

forany o € (—%, 1+ %) Hence, u + v € K and since N is a subspace, we obtain u 4+ v € K?. Asa
consequence, Bs(u) is contained in K¢ and therefore the set K¢ is open. U

The set K¢ defined in (14) is important to guarantee that ¢(c + au) may be in P, Now, we establish
a relationship between the connection by an open arc and K¢ similar to that was proved in [14].

Proposition 2. Fix p € Py,. We say that z € Py, is ¢p-connected to p by an open arc, if and only if, there exists
an open interval I > [0,1] and a random variable u € LE, such that p(a) o @(c + au) € Py, foreach o € 1
and p(0) = pand p(1) = z.

Proof. Since that z is ¢-connected to p by an open arc, there exists an interval I D [0, 1], such that
Jro((1—a)e~1(p) + ap~1(z))du < oo, for each « € 1. Considering u = ¢~ 1(z) — ¢~ 1(p), we have

[ ote+aan = [ (o7 () +alo7(z) = 97 (p)))dp

- /Tq)((l — )¢~ (p) +agp~(2))dn,

where u = ¢~ 1(z) — ¢~ (p) and ¢(c) = p. Therefore u € L{. Another conclusion that arises from
the fact of g is g-connected to p by a open arc is that (1 — )¢~ !(p) + a9~ !(z) — x(a) > a,. Hence,
p(a) o< ¢(c +au) € Py, for eacha € Tand p(0) = pand p(1) = z.

Reciprocally, taking p(1) = g, we get ¢(c + 1) = z, and consequently u = ¢~1(z) — ¢~ !(p) with
p(c)=p=p(0). O
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One should notice that as a consequence of Proposition 2, given p, z € P, ¢-connected by
an open arc, the random variable u € lEf = K NN, In fact, this follows from two reasons: as
p, z € Py it follows that 9~ 1(p), ¢ 1(z) > a, and as z is p-connected the p by an open arc we have
J7@(c+au)du < ooforeacha € (—¢,1+¢).

Remark 1. Since the function @-arc is injective, in the Proposition 2 only the case z # p is considered.
Therefore, there exists z € AY such that z # p.

Lemma 3. Let z € A ¢-connected to p by an open arc. The map

/90 (1 =a)p~ (p) + g™ (z) = A)dp
is then well defined. Moreover, V(A) is strictly increasing.

Proof. Proposition 2 ensures that p(a) o« ¢(c + au) € Py, where u = ¢~ 1(z) — ¢~ (p) € K¢ and
@(c+u) = z. Then, we can find ¢ > 0 such that ¢(c + (1+¢)(¢~1(z) — ¢~ 1(p))) is p-integrable.
Givena € (—¢,1+¢), taking A = 7%, we obtain

P((1=a)g7 () +ag =) = (T(c+ 50 - )+ M (e+1550))

gx\(p<6+i((p1() ¢ (P> >(P<C+1_/\/\)

and consequently ¢((1 —a)¢~!(p) + ap~1(z) — A) is p-integrable, for every A € R and for each
a € (—¢1+¢€). This proves that V(A) is well defined. By the dominated convergence theorem,
themap A — V(A) = [1¢((1—a)e (p) + a9~ (z) — A)dy is continuous, limy_, V(A) = 0 and
lim)_,_« V(A) = co. Hence, given A € {A € R;(1—a)¢ '(p) +ap ' (z) = A > ay, p-ae t €T,
foreach w € (—¢,1+¢€)}, we have that V(A) is strictly increasing. [

Proposition 3. Fix p = ¢(c) € Pyand z € RY. Then, z € AL if, and only if z is g-connected the p by a
open arc.

Proof. Given z € A{ there exists ¢ > 0, such that Jro((1 =)~ (p) + ap~(z) — k(a))du < 1
and (1 —a)p~Y(p) + ap~1(z) —%(a) > ay, p-ae. t € T for each « € (—¢1+¢). Then,
Jro((1—a)e 1 (p) +ap~1(z))du < oo for each « € (—¢,1+ ¢) which ensures that g is ¢-connected
to p by an open arc.

Reciprocally, take z € R¢ p-connected to p by an open arc. In this way there exists ¢ > 0, where
Jro((1—a)p (p) + ap~1(z) — x(a))du = 1and (1 —a)p ' (p) + ap~'(z) — x(a) > ag, for each
a € (—¢ 1+ ¢). Note that

IN

[ o=~ () + gl (z) [ o1 =g (p) +ap @) —w@di o
1,

because x(a) < X(a), for each & € (—¢,1+¢) and ¢ is non-decreasing. Suppose that z ¢ A¢, there
exists w € (—¢, 1+ ¢) such that

L o(1=09 (p) + a9 (z) —F(w)dp = 1 (16)
The Equations (15) and (16) ensure that [ ¢((1 — )¢~ !(p) + a¢p~1(z) — ¥(a))du = 1 for each

& € (—¢,1+ ¢). Therefore, by Lemma 3 it exists a unique Ay satisfying (1 — a)¢ 1 (p) + a9~ 1(z) — Ag > aq,
p-ae. t € T, such that V(o) = 1. Since «(«) is such that (1 — )¢~ (p) + ap~1(z) — x(a) > ay, p-ae.t €
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T, foreach o« € (—¢,1+ ¢), it follows that Ag = x(«) and consequently x(«) is unique. Hence, x(«) = %(«)
foreach w € (—¢,1+¢), thatis an absurd. O

By Corollary 3 the sets .A¢ are the connected components of Py Then, we need to find a domain
for the parametrization in such a way that the image is A¢.

We will make some similar considerations to the ones present in [10]

Remark that, for u € K, ¢(c + 1) is not necessarily in Py, Define ¢ : K¢ — R, such that the density

pc(u) = @lc+u—ip(u)) (17)

is contained in P,. We have that the open domain maximal of ¢ is contained in K¢. Note that  is
well defined, since ¢ +u — 1p(u) > ay, p-a.e. t € T. It can be then proved that ¢ K¢ — Ris convex,
and as a consequence ¢ : K¢ — R is continuous, since K¢ is open by Lemma 2.

Let ¢/, be the operator acting on the set of real-valued functions u : T — R given by
¢, (u)(t) = ¢’ (t,u(t)), where ¢/ (t,.) is the right-derivative of ¢(t,.). Also, notice that the function

i : K — R can assume both positive and negative values. Consider the closed subspace
Bf = {u € J\/C(P;/ ug!, (c)dy = 0}.
T

Observe that the image of i will be contained in [0, c0), since the domain of ¢ is restricted to a BY.
By the convexity property of ¢(t,.), we have

ug, (t,c(t)) < @(t,c(t) +u) — @(t,c(t)) forall u € R.

Hence, we have that
1= /urpﬁr(c)d‘u—i—/qo(c)dy < /q)(c—i-u)dy < coforanyu € K¢ NBY = BY.

Thus, it follows that (1) > 0 in order to ¢(c +u — p(u)) bein P, .
Given a measurable function ¢ : T — R such that p = ¢(c) is a probability density in 7P,. Consider
the set
ME = (ME)1 N (M),

where
(M) ={ue B c+a(u—p(u)) —%(a) > ap pae te T, foreacha € 1D [0,1]}
and
(M), = {u € gf;/T¢(c +a(u—1¢(u)) —«x(a)))du <1, foreacha € 1D [0,1]}.
Proposition 4. Given u € M, we have that ¢(c +u — p(u)) € AY.
Proof. Given u € MY, we have
c+a(u—(u)) +x(a)) >ap

and
/ plc+au— (ap(u) +x(a)))du <1, p-ae. t €T, foreacha € 1D [0,1].
T

Hence,

(=)~ (p) +ap™ (p(c+u—1p(u)) —&(w) = (1—a)c+alc+u—y(u)) —K(a) = c+a(u—p(u)) —K(a) > ag,
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for each & € T D [0,1], which implies in ¢(c + u — ¥(u)) € R. In addition,

o= () + a9 (plc+u—p(w) @) = [ gle+alu—p(w) —F@)dn <1,

for each a € I D [0,1] and therefore, p(c +u — p(u)) € A?. O
Proposition 5. The set M is open in BY.
Proof. Consider the sets
(M) ={ue B c+a(u—p(u)) —%(a) > ap p-ae te T, foreacha € I 5 [0,1]}
and
(MP), = {u € EZP;/Tq)(c+ a(u—1(u)) —x(a))du <1, foreacha €I D [0,1]}.

Define the functions
fla,u) =c+oau—ap(u) —x(a) and g(a, u) = /Tgo(c +ou —ap(u) —x(a))dp.

1.  The function f is well defined and continuous, since ¢ : K¢ — R is continuous;
2. The map g is well defined in (MY ), and continuous, since ¢ and ¢ are continuous.

Moreover, given u € M, in particular u € (M{); and u € (MY),. By the continuity of f and
g respectively, exist €1, &2 € (0,1), such that for each v; € B, (1) C Bf, we have f(v) > a, and for
each vy € Be,(u) C B, we have g(vp) < 1. Taking, ¢ = min {e1, e, }, we obtain that B(u) C M¢ and
consequently M¢ is open in BY. O

Clearly P, = U{AZ; ¢(c) € Py}. Consider the measurable functions cy,c; : T — R, where
p1 = ¢(c1) and pp = ¢(c2) belong to P;,. The parametrization ¢, : M¢ — AL and ¢, : ML — AL
have a transition map given as

P © @y 9 (AL NAL) = 91 (AL N AD).

Given y1 : M — [0,00) and 5 : M{, — [0, ) being the normalizing functions associated to c;

and ¢y, respectively, and the functions u € M¢ and v € M, are such that ¢, (1) = ¢, (v) € AL NAL.

So, we have

v=c1—cy+u—(u)+ya(v). (18)

Multiplying the Equation (18) by (¢)’, (c2) and integrating with respect to the measure 1, once
the function v is in /\/lf;’;, we obtain

0= [ (c1—cat (o) (ca)dn—pi(w) [ (o) (c2)dp+v2(0) [ (o)} (c2)dn,

and we can write
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Therefore

v=c1—c+u—(u)—

/gq—q+mwm@gw+wﬂw/4%ﬁmw3
' (c2)dp

/(@) (e2)an (p

T

Hence, the transition map (pc’zl © ¢, can be expressed as

[ (1= e2+w)(@) ()
/T(¢)'+(Cz)d#

P, 0 9c (W) =1 —cr+w— , (19)

for every w € qoc_ll (A?;ol N Ag) . Showing that w and ¢; — ¢, are in LY, and the spaces Lg and L, have

equivalent norms we obtain that this transition map will be of class C*.
In the next corollary we have that Musielak-Orlicz spaces are equal. The proof follows as the one
provided in [14].

Corollary 1. Let p,z € Py, g-connected by an open arc, where p = ¢(c) and z = ¢(¢). Then, LY = LY.

Proof. We have that z is ¢-connected to p by a open arc. Then, by Corollary 3, we have that ¢ =
¢ +u — p(u). The result follows immediately from [10]. O

It follows from Corollary 1 that (pc_Zl o @, is of class C*°, and consequently, the set (p{ll (AZO] N AZ’;)

is open in BY.
Proposition 6 ([14], Proposition 8). The relation given in the Definition 2 is an equivalence relation.

Proof. Since reflexivity and symmetry properties immediately follow from the definition, we will only
prove transitivity. Let be p, z, s € P, such that,

p(t) < p(c+tu), s(t) x p(c+tv), t € (—g, 1 +¢)

with p(0) = ¢(c) = p, p(1) = ¢(c+u) = 2,5(0) = ¢(c) = p,s(1) = g(c+v) =sand u, v € N.
Consider
z(t) < g(c+ (1 — thu + tv) & @(c +u+t(v —u))

is defined with c+u = ¢, p(t) « @(c+ t(v —u)), where z(0) = ¢(¢) = ¢(c+u) = z
z(1) = (¢ + (v —u)) = p(c+ v) = s. Therefore z and s are p-connected. [J

As a consequence of the Corollary 3 and of the Proposition 6 we have that the ¢-families A¢ are
maximal, in the sense that A¢ N Af =Qorif AY N Ag # @, then AY = Ag.
Hence, we can write the following proposition.

Proposition 7. The collection { (Mf , (pc) } » equip Py with a C*-differentiable structure.
4 "

(c)e

4. The Tangent Bundle

In the previous section, the expression of the transition application q);zl © ¢, was important to
garantee that P, could be equipped with a C*-Banach structure. Now, we will use the transition
application to find the tangent space of P, at the point p = ¢(c) and the tangent bundle.

Given p € Py, we consider the triple (Af;¢;1;v), where AY is the g-family, ¢ is the
parametrization and v is a vector in ¢z ' (A¢) which is contained in the vector space L%.
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Let us define the following equivalence relation:

(AL oo 0) ~ (AL o2 L w) < (97 0 90) (9c(p)) (v) = w.

The class [AY; ¢ 1; ] is called the tangent vector of Py in p and the set of all classes is called the
tangent space and is denoted by T, (P). For more details we refer the reader to [20].

The vector v € ¢! (AZD ) is the velocity vector of a curve in the parametrization domain. In fact,
consider (A?, (pgll) and (.A?;,go;zl) be charts about p € P, and g : I C T — Py a curve such that
g(to) = p, for some tg € T. Taking g(t) = @c, (1) = ¢(c1 + u; — p(u1)), we have that u;(t) =
¢, (g(t)). Moreover, g(t) = ¢, (u1) and us(t) = ¢,'(g(t)). Using random variables we have that
uz(to) = 95, (8(t)) = @5,' © @, (u1(to)). Hence, by the chain rule we can write

uy(to) = (95, © 9e)' (w1 (ko)) i (o) = (95" © 9e,)' (9, (p))i (to)-

We will denote 7(P,) as the tangent bundle, which is defined as the disjointed unity of T, (P, ),
that is,
pEPy

Proposition 8. The local representation of the tangent bundle T(Py) is of the form

[ (@) (c2)dp
./T((P)QL(Cz)dV

(u1,01) — (p;zl © @ (u1), v1 — € I%é’; X Lff;. (20)

Proof. Givenw € goc_ll (AZ N Ag) , we have that the derivative of the map (pc_zl o @c, evaluated at w

in the direction of v € LY is of the form

Sogn) wp=o- il 1)
(9t 000) (@ =2 [ (o

In fact, by the convexity of ¢, we have that
[ (e =+ w)(o)(e2)dn < [ Tpler +w) + plea)ld

Since w € ¢! (.A?; N .Af;’;) C K?, we have that ¢(c; + w) is p-integrable, and consequently,

Jr(c1 —c2 4+ w) (@), (c2)dp is p-integrable. Then, from the dominated convergence theorem follows
that (21) occurs.
The tangent bundle is then denoted by

T(Pu) = {(9c(u),v); ¢c(u) € A? C Py and v is a tangent vector to ¢ (u)}.

Its charts are expressed as

[ 2@ (c2)in
/T(¢)’+(C2)dﬂ

7

(v,u) € T(Af) — (p;zl(v), v—

which was defined in the collection of open subsets .Aéﬁ X 16?; of Py, x Lé’;. Then, since Equation (21)
occurs, the transition mappings are given for (11 v1) € le;ol X Lfl by
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y [ plokear)
(ul,Z)l) = Pc, © q)fl(ul)r U1 — / ( )/ ( )d € ICCZ X LC2‘ (22)
P)L\C2)ap
T

O

5. Divergence in Statistical Manifolds

This section will be divided into two parts. The first one is responsible by the definition of
the ¢-divergence for the case where ¢ is the deformed exponential defined in Section 3 and to
define a divergence using the g-exponential. In the second part, we prove that the g-exponential and
x-exponential functions can be used to generalize the divergence of Rényi [13,21].

5.1. The @-Divergence and g-Divergence

To define the divergence associated to the normalization function ¢ : K — R is necessary the
convexity of . This is guaranteed by the fact that N is a subspace and ¢ : K¢ — R is convex [10].
In this way, the Bregman'’s divergence By : BY x B{ — [0, 0) associated the ¢ : B — [0, 0) is given
by [22-24]

By (v, u) = (v) = p(u) = 9+ p(u) (v — u). (23)

Then, we can define the divergence Dy : BY x Bf — [0,0) related the generalized ¢-family A¢
as Dy(u,v) = By(v,u).

Given u,v € Bf, we have that ¢(c 4+ u — (1)), ¢(c+v—¢(v)) € P, and as a consequence
c+u—1(u), c+v—1(v) > a,. Supposing ¢ is continuously differentiable, it follows that the
divergence Dy does not depend on the parametrization of A& This allows us to define the divergence
between the probability densities p = (1) and z = ¢(v), for u, v € B as

o (p)—pc'(2)
ey 24

D(p || 2) = Dy(u,0) = p
Jr Gy K

Note that the divergence is well defined inside the same ¢-family. The condition D(p || z) = oo if
p and z are not in the same ¢-family extends the divergence for ;. We will denote those divergence
by D, and called it ¢-divergence [10].

Givenu, v € gf , we have that u, v > a,, then ¢(t,.) is strictly convex in l?é” , and therefore D,
is always non-negative and Dy (p || z) is equal to zero if and only if p = z. In the following example,
we find the ¢-divergence for the case in which the deformed exponential function ¢ is the g-deformed
exponential function.

Example 3. Consider the q-exponential exp, (t,u) = expy () (u) instead of ¢(t, u), whose inverse ¢~ (t, u)
is the q-logarithm Ing(t, u) = Iny ) (u). Then, we have

fT Ing(p)—Ing(z) d“l/l

Ing (p)
Dipz) = ——4"—,
T i) F
where Ing(p) denotes Ing ;) (p(t)). Since the q-logarithm Ing(u) = ”1{j;1, has as derivative ln;(u) =1,

we have that
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plqul Zl—q71

Ing (p) —Ing(2) T T a(pl=1 — 211
/ (p) —Ing dy:/ . qu:/p(P - )dy
T Ing(p) T o7 T I—q

1 1 :
. :/—dy:/ m
/Th’l‘;(p) =) P

1
p‘l

and

Therefore

q(pl—1_z1—q
fT Lt 17qz *)dﬂ
Jrpidp

The divergence D(p || z) in (25) is related with the g-divergence defined in (6). In fact,

D(p | z) =

(25)

dp
n Z?— ng(p)
N _/TP (11+q((1 q; lﬂm) ?

_ */TP ((zlq —pi1) /(1—9) o

1-q_1
L+ (=)

_ )
/qu< = )d”'

(@)
ThenD(p || z) = Lp Il z) and we can define the metric g : X(Py) x X(Py) — F(Py) as

Jrpidp
q J; Fdu

su0) = HIEEE, 26)

where X(P,) is the set of vector fields u : AY — T,(Af) and F(P,) the set of C* functions f : AY — R.
This map is well defined, since (%) D(p || z)|p=2 = 0and (%) D(p || z)|p== = 0.
p p
Notice that considering [, p7dy =1 we will have that divergence in (25) coincides with the

g-divergence defined in [15], the metric in (26) coincides with the metric given in [25] and the family of
covariant derivatives (connections) given by

C
ﬁr

0 1—

Viu:%u—( rq)MZU*I’%B*w

where A = fT z9dy, B = (%) Alp=z and C = (%) A|p=; coincides with the family of covariant
P P

derivatives (connections) given in [25]. The notation (%) A|p=; means the derivative of A in the
P

direction of w in the point z when p = z.

5.2. Generalization of Divergence of Rényi and exp,

Now, we will recall that the Rényi divergence is related with the ¢-divergence and we will see
that a necessary and sufficient condition for the existence of generalization of Rényi divergence is the
condition (a2). Consequently, we prove that the g-deformed exponential and x-exponential functions
can be used in the generalization of Rényi divergence.
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In [12] was defined a generalization of the Rényi divergence of order « € (0,1) as

DR 12) = iy @)

where «(«) satisfies the Equation (12). This generalization in the case « € {0,1} is defined as the limit

DR Il 2) = lim DY) (9 ] 2) 28)

and
DY) = lim D) 29
R,(p(p || Z) “L}n} R/(P<p H Z). ( )

The limits in (28) and (29), under some conditions, are finite-valued and converges to the
@-divergence:
0 1
DY) (z |l p) = DRp(p | 2) = Dy(p | 2) < oo.

’

In the next proposition we have that a necessary and sufficient condition to connect two probability
densities of P, by an open arc is the condition (a2).

Proposition 9 ([12], Proposition 1). Let u be a non-atomic measure. Consider ¢ : R — [0, 00) be a positive,
deformed exponential function. Fix any a € (0,1). The condition (a2) is satisfied if, and only if, given p and z
in Py, there exists a constant x(«) := x(w; p, z) such that

ol =g (p) + a9} (2) — x(w)dp = 1. (30)

In the Example 1, where the measure y was assumed to be non-atomic, we have that the
g-exponential function satisfies the condition (a2). Then, by Proposition 9 and Equation (27),
we conclude that this function can be used in the generalization of Rényi divergence. Analogously,
the function given in the Example 2 cannot be used in the generalization of Rényi divergence.

Supposing that p is non-atomic, it is presented on the next proposition an equivalent criterion for
a deformed exponential function ¢ to satisfy condition (a2).

Proposition 10 ([12], Proposition 3). Let ¢ : R — [0, ) be a deformed exponential function. Then (a2) is
satisfied if, and only if,
limsup — 204

< oo, for some Ay > 0.
1U—00 q)(u - /\O) f 0

In the next example, we will show a class of deformed exponential functions that can be used in
the generalization of Rényi divergence.

Example 4. We will show that the Kaniadakis x-exponential exp,(.) satisfies the condition (a3).
The x-exponential exp,. : R — (0, c0) for k € [—1,1] is defined as [26,27]

1
2 2 K .
exp, (i) = (Ku—i-\/l—i-xu) , ifx #0,
exp(u) ifxk =0.
Its inverse, the so called x-logarithm log, : (0,00) — R, is given by

v -7
5 fr#FO,
In(v) ifx =0.

log, (u) =
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We will verify that there exists & € (0,1) and A > 0 for which

A <log, (v) —log, (xv), forallv > 0. (31)

Some manipulations imply that the derivative of log, (v) — log, (av) is negative for 0 < v < v and

positive for v > vy, where
1
=1\ =
v = | ——— > 0.

Consequently, the difference log, (v) — log, (av) attains a minimum at vy. Given a € (0,1), inequality
(31) is satisfied for some A > 0. Inserting v = exp, (u) into (31), we can write

wnexp, (u) < exp (u—A), forallu € R. (32)
If n € Nis such that nA > 1, then a repeated application of (32) yields

a"exp, (u) < exp, (u—nA) <exp, (u—1), forallu € R.

Then,

| pu) . expy) _ 1
limsup ————— = limsup ——~—— < limsup — < oo.
u%oop (P(u - )\O) u%oop epr(u - 1) u%oop ah
Therefore, by Proposition 10 Kaniadakis x-exponential exp, (.) satisfies the condition (a2).
As consequence of the Example 4 and Proposition 9, we have that exp, (#) can be used in the
generalization of Rényi divergence.

6. Conclusions

In this paper we constructed a parametrization of the statistical Banach manifold using a deformed
exponential function. We have found the tangent space of P, in p and we also constructed the tangent
bundle of P,. We defined the ¢-divergence where ¢ is the g-exponential function and we establish a
relation between this divergence and the g-divergence defined in [15]. Another important contribution
is that the g-exponential and x-exponential functions can be used to generalize the divergence of Rényi.
The perspective for future works is to define the parallel transport, once we find the tangent plane.
We also intend to construct a parametrization for P, using a deformed exponential function satisfying
(al) in the case where for each measurable function ¢ : T — R, with [ ¢(c)du = 1, there exists a
measurable function ug. : T — R, such that fT @(c + Auge)dp < oo, for each A > 0.
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