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1. Introduction

Shannon’s entropy power inequality (EPI) and its variants assert the optimality of the
Gaussian solution to certain extremal problems. They play important roles in characterizing the
information-theoretic limits of network information theory problems that involve Gaussian sources
and/or channels (see, e.g., [1-15]). Many different approaches have been developed for proving
such extremal results. Two notable ones are the doubling trick [16,17] and the monotone path
argument [18-21]. Roughly speaking, the former reaches the desired conclusion by establishing the
subadditivity of the relevant functional while the latter accomplishes its goal by constructing a monotone
path with one end associated with an arbitrary given point in the feasible region and the other associated
with the optimal solution to the Gaussian version of the problem. Though the doubling trick typically
yields simpler proofs, the monotone path argument tends to be more informative. Indeed, it shows not
only the existence of the Gaussian optimizer, but also the fact that every Karush-Kuhn-Tucker (KKT)
point (also known as the stationary point) of the Gaussian version of the problem is in fact globally
optimal. Such information is highly useful for numerical optimization.

Several years ago, inspired by the Gaussian two-terminal source coding problem, Courtade [22]
conjectured the following EPI-type extremal result for long Markov chains.

Conjecture 1. Let X and Z be two independent n-dimensional zero-mean Gaussian random (column) vectors
with covariance matrices Lx > 0 and Lz > 0 respectively, and define Y = X + Z. Then, for any u > 0,

inf I(X;U) — ul(Y; Iy, v —ul(X;V 1
wvdSE vy 16 W) = pI(GU) + I VIU) — pI (X5 VIU) ©)
has a Gaussian minimizer (i.e., the infimum is achieved by some (U, V) jointly Gaussian with (X,Y)). Here,
U+ X< Y« Vmeans U, X, Y, and V form a Markov chain in that order.

Later, Courtade and Jiao [23] proved this conjecture using the doubling trick. It is natural to ask
whether this conjecture can also be proved via the monotone path argument. We shall show in this
paper that it is indeed possible. Our work also sheds some light on the connection between these two
proof strategies.
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In fact, we shall prove a strengthened version of Conjecture 1 with some additional constraints
imposed on (U, V). For any random (column) vector S and random object w, let Dg),, denote the
distortion covariance matrix incurred by the minimum mean squared error (MMSE) estimator of S
from w (i.e., E[(S — E[S|w])(S — E[S|w])!]), where (-)! is the transpose operator. The main result of
this paper is as follows.

Theorem 1. For any u > 0,

avainf o XU A+ ph (YU + (= DRX|U V) = R(Y[V) +h(X]V) @)
(Ox)y,uPyx,v)€P

has a Gaussian minimizer, where D = {(Dy,Dyp) : 0 < D; < D1,0 < Dy, =< D} with Dy and D, satisfying

Remark 1. The objective functions in (1) and (2) are equivalent. Indeed,
Ix;u) —ul(y;Uu)+1
~ —h(X|U) + ph(Y|U

—(p+DRX|U) + (p+ Dh(Y|U
= —(u+DRX|U) + (1 + Dh(Y|U
+(

Y; V|U) — uI(X; VIU)

+R(Y|U) — h(Y|U, V) — ph(X|U) + ph(X|U, V)

—h(Y|U, V) + ph(X|U, V) + h(Y|X, U, V) = h(Y|X, V)
( — I(Y;X|U, V) + ph(X|U, V) — h(Y|X, V)

—(u+DhX|U) + (1 +Dh(Y|U) + (1 — DR(X|U, V) + h(X|Y, U) — h(Y|X, V)

—(u+ DRX|U) + (1 + DR(Y|U) + (¢ — DR(X|U, V) + h(X|U) — k(Y|U) — k(Y|X, V)

—ph(X|U) + ph(Y|U) + (¢ = Dh(X|U, V) = h(Y|V) + h(X|V),

(
)

%

Q

where “~" means that the two sides are equal up to an additive constant.
Remark 2. Conjecture 1 corresponds to the special case where Dy = Dyy and Dy = Dyx.

The rest of the paper is organized as follows. Section 2 is devoted to the analysis of the Gaussian
version of the optimization problem in (2). The key construction underlying our monotone path
argument is introduced in Section 3. The proof of Theorem 1 is presented in Section 4. We conclude
the paper in Section 5.

2. The Gaussian Version

In this section, we consider the Gaussian version of the optimization problem in (2) defined by
imposing the restriction that (U, V) and (X, Y) are jointly Gaussian. Specifically, let U8 = X + N7 and
V8 =Y 4 Ny, where N; and N; are two independent n-dimensional zero-mean Gaussian random
(column) vectors with covariance matrices 1 > 0 and X, > 0, respectively. It is assumed that (N1, N>)
is independent of (X,Y); as a consequence, the Markov chain constraint U$ < X <> Y < V8 is
satisfied. Clearly,

— uh(X|UE) + puh(Y|US) + (u — 1)h(X|US, V&) — h(Y|VE) + h(X|V$)
~ —uh(X[Y, U8) + (p — D)h(X|UE, V&) — h(Y|X, V&)

u—1 1
> log [Dxus,vs| — 2 log [Dyx s |-

H
~ — 5 log[Dxjy,us| +
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Moreover,
Dyjyus = (Zx' + 270+ 7, 3)
Dyjxve = (E7' +Z,1) 7, )
Dx‘ugrvg - (Z;l + Z;l + (EZ + 22)71)71. (5)

Now, it is straightforward to write down the Gaussian version of the optimization problem in (2) with
X and X, as variables. However, as shown in the sequel, through a judicious change of variables,
one can obtain an equivalent version that is more amenable to analysis.

Given A € (0,1), we introduce two random (column) vectors Mx and My, independent of
(X,Y, U8, V8), such that the joint distribution of (Myx, My) is the same as that of

< 1XA<x_E[xmg,vg]),—\/Z<Y‘E[Y'”g’vg”>‘

Denote the covariance matrix of (M}, M{)! by Z(mt mt - We have

A A
51 _ 17l 0 (271 Lyl ) = 0
(M, M)t 0 _ %I (XYt (NE,NS)t 0 _ 1XAI
= (5 +2121 I 1-A Z:121 N E
Xz T(Ez +5)
Define Wy = X 4+ My and Wy =Y + My. Since
D = (Zd v + It v )
(X5, Y1) Wy, Wy (Xt Yt My, My
-1
1,51, A (y—1_, y—1  y—1
_ [ Ex tIz (I Iz +E) 0 ©)
0 ol BAES 2 ’

X and Y must be conditionally independent given (Wx, Wy). It can be verified that

— — -1 —1\-1 _ -1 -1 —-1y-1
D<)q( T Dx|wx,wy,ug - (Dx\wx,wY + ):‘1 ) - (1 - A)(ZX + ):‘Z + ):‘1 ) ’
— —_ -1 —1\-1 _ -1 —-1y-1
D%{ = Dyjwywy,vs = (Dy\wx,wy +I) T =AME )T

which implies

I = (1-A)Dy' -zt -z, 07 @)
T = (M(DY) "' —xz1) 7 ®
Substituting (7) and (8) into (3—(5) gives

1

Dxy,us = ﬁDi, )

1-—
1 5¢
Dle,Vg - XDY, (10)

1 _ 1 _ S\ !
Dyjus,vs = 7= ((Di) 1 Mzleizzl) . (11)
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Therefore, the Gaussian version of the optimization problem in (2) can be written as

. -1 _ 1 _ _
inf —glog|D§|—y2 log‘(D‘i) o —— 2 pdx.?

1
— ~log|D%|, (12)
(D§,DY)eD’ A(1—-A) 2 D]

where D' = {(D;,Dy) : 0 < D, < (1—A)Dy,0 < D, < AD,}. It is clear that the infimum in (12) is
achievable by some (Dj, Dy) € D'. Moreover, such (D, DY) must satisfy the following KKT conditions:

-1
~H(D3) "+ (= DR (D3) - g B D) (D e m =0, (3)

— -1
Mzil (<D?<>‘1 - ME#D?EF) £ = (DY) 1+ =0, (14)
II;(Dy — (1-A)Dy) =0, (15)
IT,(Dy — ADy) =0, (16)

where Iy, I, > 0.

3. The Key Construction

Let (X*,Y*) be an identically distributed copy of (X,Y). Moreover, let Nj and N3 be two
n-dimensional zero-mean Gaussian random (column) vectors with covariance matrices £} and X7,
respectively. It is assumed that (X*, Y*), N7, and Nj are mutually independent. Define U* = X* + N7
and V* = Y* + Nj. We choose ] and X such that (cf. (9)—(11))

1

1
Dy*‘x*’v* == XD?, (18)
1 s\—1 1 eyt
Dyxjueve = 17— ((Px)7 — mzz DyZ; (19)

for some (Dy, DY) € D’ satisfying the KKT conditions (13)—(16).

Let U and V be two arbitrary random objects jointly distributed with (X,Y) such that U <> X <»
Y <> V and (Dxjy,, Dyx,v) € D. ltis assumed that (X, Y, U, V) and (X*,Y*, U", V*) are mutually
independent. We aim to show that the objective function in (2) does not increase when (X,Y, U, V)
is replaced with (X*, Y*,U*, V*), from which the desired result follows immediately. To this end, we
develop a monotone path argument based on the following construction.

For A € [0,1], define
Xy ) VAL V1-AI X
X, ] \ VI=AI —VAI X+ |’
Y, | VAL V1-A1 Y
Y, ] \ VI-AI —VAI Y |
It is easy to verify the following Markov structures (see Figure 1a):

(UU) & (XX & (X Ya) & (YY) o (v,v, e (20)

{ (U, U") < (X,X*) < (X0, Ya) < (Y, Y*) < (V, V),
Note that, as A changes from 0 to 1, X, (Y,) moves from X* (Y*) to X (Y) while X, (Y,) moves the other
way around. This construction generalizes its counterpart in the doubling trick, which corresponds to
the special case A = 3.



Entropy 2019, 21, 276

50f 12
For A € (0,1), define Wy = X + M} and W3 = Y + My, where
1-A
My = ) (X* —E[X*|U*, V*]),
* A * * * *
My = — (Y —E[Y*|U*, V*]).
1—A
In view of (6), we have the following Markov structure (see Figure 1b):
U X (W, Wy) Y V. (21)
Define Dx = Dyx, v, u,u- and Dy = Dyx_ y, v,v+- It can be verified that for A € (0,1),
Dx = DX|XA,Y)\,U,U*,V,V* (22)
= Dxqwy, wy uus,v,ve (23)
= Dxjwg,wi,u,v (24)
= Dxjwy,wi,u 25)

where (22) is due to (20), (23) is due to the existence of a bijection between (X,,Y,, U*, V*) and
(W5, W, U, V*), (24) is due to the fact that (U*, V*) is independent of (X, Wx, Wy, U, V), and (25) is
due to (21). Similarly, we have Dy = Dyw; wy v for A € (0,1).

Figure 1. Illustrations of the Markov structures in (20) and (21).

4. Proof of Theorem 1

The following technical lemmas are needed for proving Theorem 1. Their proofs are relegated to
the Appendices A-D.

Lemma 1. For A € (0,1),

d * * n 1 -1

AU v, v = T2A—A) 2= A)ztr (Dx*|u*,v*Dxle,u,u*,v,v*> , (26)
d - o n 1 9

OO U) = =5 5t (Pxy- - Dx) 27)
d C % n 1 -1

Lemma 2. For A € (0,1),

DXlXA,U,U*,V,V* t A - 0,
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where

-1
1

1 -1
-1 -1 -1

Lemma 3. (B~! — A~1)~!is matrix convex in (A, B) for A = B = 0.

Lemma 4. Let X be a Gaussian random vector and U be an arbitrary random object. Moreover, let N1 and
Ny be two zero-mean Gaussian random vectors, independent of (X, U), with covariance matrices £y and Xy
respectively. If Xy = X1 > 0, then

-1
~1 ~1 -1
Dxix+Npu = (DX|X+N1,LI T -4 )
Now, we are in a position to prove Theorem 1. Define

hy = —uh(X) [ Xy, U, U*) + uh (YA | Xy, U, UY) + (n— DR(X3 X, U, U, V, V)
—h(Y)\|X/\, V, V*) -I—h()_()\‘X)\,V, V*)

Clearly,

haly=o = —ph(X|U) + ph(Y|U) + (1 = DR(X|U, V) = h(Y[V) + h(X]V),
haly=r = —ph(XFUT) + ph (Y [UT) + (¢ = DROXT|UT, V) = (YT [VT) + h(XT[VT).
Therefore, it suffices to show % <0forA € (0,1). Note that

hy = — uh(Xp, Xa |U, U*) 4+ ph(Xp, YA U, UY) + (1 — 1)h(Xy, X, U, U, V, V)
= DROGU, UV, V) — (X, Ya |V, V) + h(X, Ko |V, V).

Since h(Xy, Xa|U,U*) = h(X,X*|U,U*), h(Xy,Xa|U, UV, V") = h(X,X U U*,V,V*),
and h(X,, X, |V, V*) = h(X,X*|V, V*), we have

d _
—h(Xy, X, U, U*) =0,

dA

) o
ﬁh(x)ux)\‘u/u ,V, V*) =0,
e ey e
(X XV, V) =0,

which, together with Lemma 1, implies

dhy n 4 -1 1 —1
R R (Px - Px) + 2" (Py!x.v-P) -
-1 (o1 b @
Combining Lemma 2 and (29) shows
dh n 1
—A < ————— — ~f(Dx,Dy), (30)
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where
_ H -1 1 -1 (n—1) -1
f(DX/ DY) - _mtr <DX*|Y*,U* DX) - ﬁtr (Dy*‘x*’v*DY) + mtr (Dx*‘u*,v*A> .
We shall derive a lower bound for f(Dx, Dy). To this end, we first identify certain constraints on Dx
and Dy. Let W = X + Z, where Z is a zero-mean Gaussian random vector, independent of (X, u),
with covariance matrix X5. We shall choose X5 such that D = Dyw= wz, which implies

Z V4 X|W X|Wi, W

Ly <Xz, (31)
Dxjw,u = Dxjwy,wy,u- (32)
It can be verified (cf. (6)) that
A -1
Zp= (2 + Ty 2 D)D)
B (33)

= (zz'+203) ™)
In view of (25), (31), (32), and Lemma 4,

Dyjyu = (D§1 + ):21 - };El)ﬂ ,

which, together with (33) and the constraint 0 < Dyy ;; = Dy, implies

Dx < (D! +A(Dy) ")
Similarly, we have

Dy < (Dg1 +(1- A)Dyl) - (34)

_ -1 _ -1 _
Define D; = (D;1 + /\(D;)—l) D, = (D;1 +(1- )\)D;‘fl) ,and D = {(D,,D}) : 0 < D, =
Dl,O <Dy = Dz} Consider

min Dy, Dy),
(Dx,Dy)EBf( X Y)

which is a convex semidefinite programming problem according to Lemma 3 (in view of (34) and
Lemma 2, we have Dy < ﬁD;‘{ and A > 0). Note that (Dx, Dy) € D is an optimal solution to this
convex programming problem if and only if it satisfies the following KKT conditions:

p -1 (H=1) ([ —1xy-1 -1 _
~ G Xt (DX ADL} . . ADx ) I, =0 (35)
lpa o=l ((D* — (1-M)Dy) DY, 1ADLL AR IDY (DY — (1—A)D )*1>
A2 T YH|XE, Y (1 _ /\)2 Y Y Y<Z X*|U=,v* z “Y\FY Y
+1I5 =0, (36)
1} (Dx — D) = 0, (37)

I1,(Dy — D) = 0, (38)
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where IT|, I}, = 0. Let Dx = Dy, Dy = D3, IT} = ﬁﬂl, and IT) = L11,. One can readily verify by
leveraging (17)—(19) that (35)—(38) with this parti_cular choice of (Dx, Dy, IT}, IT}) can be deduced from
(13)—(16); it is also easy to see that (D}, Dy ) € D. Therefore,

i Dy, Dy) = f(D%,DY). 39
(Dxl%lyr;e@f( x,Dy) = f(D, Dy) (39)

Combining (30), (39), and the fact that f(Dx, D3) = shows % < 0, which completes the proof.

__n
A(1=N)
5. Conclusions

We have generalized an extremal result by Courtade and Jiao. It is worth mentioning that recently
Courtade [24] found a different generalization using the doubling trick. So far, we have not been
able to prove this new result via the monotone path argument. A deeper understanding of the
connection between these two methods is needed. It is conceivable that the convex-like property
revealed by the monotone path argument and the subadditive property revealed by the doubling trick
are manifestations of a common underlying mathematical structure yet to be uncovered.

Author Contributions: Methodology, ] W., ].C.; writing—original draft preparation, ] W.; writing—review and
editing, J.C.
Funding: This research was funded by the National Science Foundation of China grant number 61771305.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Proof of Lemma 1

Note that
4o uut, v, ve) = 2 " log A + dh(X+M*|u V)
arA ax LR X1
d
ot —h(X+Mx|U,V
_ ﬁ Fir (V2M§h(X+MX|U, V)VA}:M;()
n 1 *
where Ty = %Dxﬂu*,v*- We have
1
Vi, HX+ MRIU, V) = SJ(X+ MU V) (A2)
X

_ %J(XMU, ur, v, v, (A3)

where J(-) denotes the Fisher information matrix, and (A2) is due to ([25], Theorem 4). Substituting
(A3) into (A1) gives

d

* N 1 * *
ShOGIU UV, V) = 2% — (DX*|U*,V*](XA|U,U V,V )), (A4)

which, together with the fact ([26], Lemma 2) that

1D1 A

-1 -1
J(X/\|u/ u*r Vr V*) Y X*|u* Ve WDx*‘u* V* DX‘XA,L[,U*,V,V*D *‘u*’v*/ (AS)

proves (26).
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It remains to prove (27) since (28) follows by symmetry. Note that

X\ _ VAI 0 X N Nx
Y, 0 v1—AI Y Ny ’
where Nx = %X* and Ny = —,/ ﬁY*. Define

Nx = Nx — E[Nx|U"],
Ny = Ny — E[Ny|U"].

Denote the covariance matrix of (N%,N{)! by & (Ni,N, )i It can be verified (cf. (A4) and (A5)) that

d i 20 1 L
(X, VAU, U”) = M St (vAz(Nt R tJ((xt,\{f)f+(Nt,NtY)*|u)), (A6)
J (XYY + (NS, N U) = z(l\}t N ):(1\}t N D(Xtrwy‘xmymuru*}:(—ﬂ}; N (A7)
Since
XNt NEYE = X DX*“J* _DX*|U*
(NX NY) _DX*‘U* ﬁ(Dx*lu* + ZZ) !
we have
A -1 —1 -1
g1 _ [ =aDxptEz) Iz
NN ;! Tt )

1
—fDx* u* 0
VaEmeay = * o5
A (NN ( 0 Gy A) 7(Dx+u+ +Zz)

which further implies

1
St (VAZ(—t D E N )t) —0. (A8)

Combining (A6)—(A8) gives

d : 1-20)n 1. /oy .
d/\h(XA,Y)JU, u*) = M) — Etr (Z(N';(,Ng()tv)\z‘(N§(,N§()"Z(N&,Ng{)tD(X",Y")‘|XA,YA,U,U*) . (A9)
In view of (20),
Dy 0
D Y = . A10
(XLYOHX,, Y U U < 0 Dy, ) (A10)
Moreover,
-1 -1 = A)Z (Dx*1|u* +Z71) 0
B (RN VAR NN) E R R ) 0 1y
1
— ( (1- /\)ZDX*|Y* ux 0 (A11)
0 Lx?
252
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Substituting (A10) and (A11) into (A9) yields

doo o
Sh U U =

(1-2A)n 1 (

1
-1 1 B
2A(1—A) + 2(1— A)ztr Dx*|Y*,u*DX) ~ ot (Zz DY\X/\,YA) - (A12)

It can be verified that
D xt vty x,, ¥, = Dxt, vt x+Ny, Y+ Ny

- (s Eigs)
Oy T E NNy

(1-M(Ex' +Zz)" 0
0 AXz |7

which implies
DY|X/\,Y/\ = )\ZZ (A13)
Substituting (A13) into (A12) proves (27).

Appendix B. Proof of Lemma 2

It can be verified that E[W{|X, Y, Wy] = AX+Y — AWj}, where A = ﬁD;‘{Zil ; moreovetr,
Q := WY — E[W{|X,Y, W] is a zero-mean Gaussian random vector with covariance matrix Zg =
ﬁD;‘{, and is independent of (X, Y, W5, U, V). Define Y = AX + Y. We have

I 0 I At
Diyywewiuv = | o 1 ) Poevymwewyuv | o

(A14)
(T o0 Dx © I Af
LA I 0 Dy o I /)
On the other hand,
D(xt,Yt)f|w;;,w§,u,v = D(xt,Yt)t|w*,u,v,Y+Q

-1
0 0 (A15)

j Dil(» vt * + —1 7

(XLYO)H WUV 0 Zg

where (A15) is due to the fact that the distortion covariance matrix incurred by the MMSE estimator of
(X', Y')! from (W, U, V, Y + Q) is no greater than (in the semidefinite sense) that incurred by the linear
MMSE estimator of (X!, Y!)! from (E[(X!, Y})'|W%, U, V], Y + Q). Combining (A14) and (A15) yields

Dy +ADy'A  —ADy! \
D(xt Y4t WUV = X -1 Y -1 Yfl .
YOt WU, -Dy'A Dy! - Zg
Comparing the upper-left submatrices on the two sides of the above inequality gives Dxjwy,uyv = A,
which, together with the fact that Dxx, u,u+v,v: = Dx\w§(,u,vf proves Dxx, u,u+v,v+ = A. Moreover,
we have

0<D < Dy' +A'Dy'A —A'Dy!
(XY (W ULV) = ~-Dy'A Dy' -Zg' )’
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where the second inequality is due to (A14) and (A15). Therefore, A , which is equal to the inverse of
the upper-left submatrix of

-1 —1 -1 -1
Dy +ADy'A —ADy!
-Dy'A Dyl-Zg

must be positive definite.

Appendix C. Proof of Lemma 3

It is known [27] that BS !B is matrix convex in (S, B) for symmetric matrix B and positive definite
matrix S. The desired conclusion follows from the fact that (B~! — A~1)~! = B+ B(A — B)"'B and
that affine transformations preserve convexity.

Appendix D. Proof of Lemma 4

Without loss of generality, we assume that N, = Nj + N, where N is a zero-mean Gaussian
random vector with covariance matrix £ = X, — Z; and is independent of (X,N1,U). As a
consequence, E[N;|N;] = HN,, where H = (£;! + £71)71£~!; moreover, M := N; — E[N;|N;] is a
zero-mean Gaussian random vector with covariance matrix Zy = (X 1+ £-1)1, and is independent
of (X, Ny, U). Note that

JOX+ N7 X+ No, U) =] ((I-H)X+M|X+ Ny, U)

B . B B (Al6)
=+ 2 - Dxx N uEr
where the second equality follows by ([26], Lemma 2). On the other hand,
-1
J(X+N1|X+Np, U) = Dyiny XN u (A17)
— D—l
— P (I-H)X+M[X+N,U
-1
_ ((1 — H)Dyxyn,u(I— HY) + ZM) , (A18)

where (A17) is due to the conditional version of the Cramer—Rao inequality. Combining (A16) and
(A18) yields the desired result.
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