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Abstract: In this paper, analogous to the no-signaling-in-time (NSIT) conditions, a series of equalities
for the change of conditional and average energy of a quantum system are given to test macrorealism.
These equalities are named no-signaling-in-time conditions for conditional energy (CNSIT) and
no-signaling-in-time conditions for average energy (ANSIT), respectively. Then, we investigate the
violations of the NSIT conditions, the CNSIT conditions and the ANSIT conditions for a qubit in the
following scenarios: pure coherent dynamics, dynamics with drive, dynamics under dissipation and
dephasing. For the pure qubit, when the NSIT conditions or the CNSIT conditions are not violated,
the ANSIT conditions can not be violated, and a suitable conjunction of the CNSIT conditions and the
NSIT conditions may be better for testing macrorealism. While for the driven qubit, the non-violation
of the CNSIT conditions implies the non-violation of the NSIT conditions, which in turn implies
the non-violation of the ANSIT conditions. For dephasing and dissipative qubits, the relationships
among the NSIT conditions, the CNSIT conditions and the ANSIT conditions are similar to those of
the pure and driven qubits, respectively. While the degree of violations of the NSIT conditions, the
CNSIT conditions and the ANSIT conditions is decreased with the increasing time interval between
measurements; and if this time interval tends to a very large number, all three kinds of conditions
are satisfied.

Keywords: no-signaling-in-time conditions for conditional energy; no-signaling-in-time conditions
for average energy; no-signaling-in-time conditions

1. Introduction

Conceptually and mathematically, quantum physics is incompatible with a view of classical
world. Contrary to our classical intuition, the quantum superposition principle describes that an object
can be in two different states simultaneously. And how macroscopic classical world emerges from
the framework of quantum mechanics has always been a topic of foundational interest. In order to
distinguish between classical and quantum behavior, two fundamental concepts for classical physics
have been established: local realism [1] and macroscopic realism (or macrorealism) [2]. The local
realism, which limits the power of classical experiments to establish correlations over space, has
been formulated in the form of the well known Bell inequality [1]. The other fundamental concept,
macrorealism, was proposed by Leggett and Garg in 1985, and can be described as [2]: (1) Macrorealism
per se (MRps): A macroscopic object which has two or more macroscopically distinct states is in a
definite one of those states at any given time; (2) Non-invasive measurability (NIM): In principle,
it is possible to determine which of these states the system is in without any influence on the state
itself or on the subsequent system dynamics. Based on these assumptions and analogous to Bell’s
theorem [1], the Leggett—Garg inequality [2—4] was proposed to test quantum correlations in time
by Leggett and Garg. Since then, a number of experiments for violations of Leggett-Garg inequality
have been performed, and the quantum behaviour can be now confirmed experimentally [5-10]. The
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spatial Bell inequality tests entanglement between spatially-separated systems, while the Leggett-Garg
inequality probes the correlations of a single system measured at different times. In addition, the Bell
inequality places bound on correlations between measurements for the spatially-separated systems,
and the Leggett—Garg inequality places bound on the separation between measurements in time.
Therefore, the Leggett-Garg inequality is often referred to as the temporal Bell inequality [11].

Recently, no-signaling-in-time (NSIT) condition has been proposed as another criteria to test
macrorealism [12-15], i.e., to test incompatibility between the classical world view of macrorealism
and quantum mechanics. And the NSIT condition is considered as a better candidate for testing
macrorealism than the Leggett—Garg inequality [13,14,16], and the former usually can be violated
for a much wider parameter regime than the later. Local realism implies the Bell inequality and the
no-signaling (NS) condition. The NS condition ensures that probabilities of outcomes for one party
must be independent of the setting of the other party in case the relevant events are spacelike separated.
The NSIT condition is analogous to the traditional NS condition of the Bell scenario, while it ensures
that a measurement does not change the outcome statistics of a later measurement, i.e., it assumes
that the probability of obtaining an outcome for subsequent measurements, can not be affected by
the prior measurements. And it is obeyed by all macrorealistic theories, and can be regarded as a
statistical version of one of macrorealism assumptions, i.e., NIM. When one of the NSIT conditions
is violated, macrorealism is violated, i.e., the subsequent measurement is invaded by the relevant
prior measurement.

Measurement plays a significant role in quantum mechanics, for example, it can produce an
unavoidable stochastic change of system state, and thus modify the quantities of many physical
observables. In the framework of physics, there are many physical observables, among which energy
is one of the most important. When the system is measured, its energy content may change. And
in Reference [17], Chanda et al. investigated the average energy cost of the process associated with
the Leggett—Garg inequality, and showed that the maximal violation of Leggett-Garg inequality in
the energy constraint, is realized, when the average energy of this process equals to the negative of
the energy of the initial state, in noiseless and in certain noisy scenarios. In fact, the NSIT condition
takes the measurement probability as a tool to test macrorealism. Here, we are interested in the
conditions satisfying macrorealism for energy change in the same scenarios as that of original NSIT
conditions. When a measurement is performed, the system may undergo different trajectories, and
energy may become trajectory dependent and stochastic [18-20]. The average energy change has been
well understood, which is simply given by measuring the difference between the average energy of the
system before and after the measurement. However, there was a lack of a universal answer to quantify
the energy change conditioned on observing a given measurement result until Mohammady et al. [21]
provided a definition of conditional energy change. The conditional energy change introduced by
Mohammady et al. [21], is the energy change of system before and after the measurement process for
a specific outcome, which is suitable for general quantum measurements and arbitrary initial state
of system.

In this paper, we want to use the conditional energy change and average energy change to test
macrorealism. Analogous to the NSIT conditions, a series of equalities for the conditional and average
energy changes are given to test macrorealism, which are called no-signaling-in-time conditions
for conditional energy (CNSIT) and no-signaling-in-time conditions for average energy (ANSIT),
respectively. When one of the CNSIT conditions or the ANSIT conditions is violated, NIM is violated,
so macrorealism can not be satisfied. We consider a qubit in the following scenarios: pure coherent
dynamics, dynamics with drive, dynamics under dissipation and dephasing. And two kinds of initial
states are considered: mixed and pure states. In the case of coherent dynamics, for both initial mixed
and pure states, the non-violation of the ANSIT conditions implies the non-violation of the NSIT
conditions and the CNSIT conditions. And the non-violation conditions of the NSIT conditions and
the CNSIT conditions do not contain each other, i.e., a suitable conjunction of the CNSIT conditions
and the NSIT conditions is tighter for testing macrorealism. Next, for coherent dynamics with drive, in
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the case of the initial mixed and pure states, when the CNSIT conditions are not violated, the NSIT
conditions must not be violated; and when the NSIT conditions are not violated, the ANSIT conditions
must not be violated. Next, for both initial mixed and pure states, the relationship among the NSIT
conditions, the CNSIT conditions and the ANSIT conditions for the dissipative qubit is similar to that
of the driven qubit; and for the dephasing qubit, the relationship is similar to that of the pure qubit.
While for dissipative and dephasing qubits, the dissipation and dephasing decrease the degree of
violations of the NSIT conditions, the CNSIT conditions and the ANSIT conditions, with the increasing
time interval between measurements; and if this time interval tends to very large values, all three
kinds of conditions can not be violated.

2. NSIT Conditions, CNSIT Conditions and ANSIT Conditions

2.1. Conditional Energy Change

Let us briefly review the concept of conditional energy change. The conditional energy change
was introduced by Mohammady et al. [21], who described the energy change of the system before and
after the measurement process when a specific measurement outcome is given. And it is suitable for
general quantum measurements and arbitrary initial state. Consider an observable Q of the system.
The conditional energy change of the system before and after the measurement process at t for a given
measurement outcome n, AE"(t), can be described as

A () =T () - I OO0, g

where H(t) and Q(t) are the Hamiltonian and observable of the system at t, respectively. Here, p(t)
and p’(t) are the pre-measurement state and the post-measurement state at t, respectively, p’(t) =
Q' (H)p(t)Q™(1)t/P(Q™(t)), and P(Q™(t)) = Tr[Q"(t)p(t)Q"(t)'] is the probability of obtaining
outcome #n by measuring at t. This definition is different from the previous way of calculating energy
change before and after the measurements, i.e.,, AE(t) = Tr[H(¢)p'(t)] — Tr[H(t)p(t)] which has been
successfully used in some instances [22-28], but breaks down sometimes even in a classical probabilistic
process [21]. The difference between them is that the conditional energy change quantifies the change
of energy conditioned on observing a given measurement outcome. And the conditional energy change
(Equation (1)) uses the conditional energy of the initial state for a given measurement outcome, instead
of the unconditional one, Tr[H(t)p(t)]. It is noted that the increase of average conditional energy
equals to the increase of average energy, i.e., Y, P(Q"(t)) Re{Tr[%Zg,zg)()t)p(t)]} = Tr[H(t)p(t)]. In other
words, we multiply the change of conditional energy (Equation (1)) by its probability, sum all results,
and then obtain the corresponding change of average energy AE(t). And this average energy change
equals to the corresponding energy change before and after a blind measurement at t, AEy;,4(t),
which can be expressed as

A Epiing(t) = Te[H(1) (22 Q" ()p(H)Q™ (1))] — Te[H(1)p(1)]. @)
Therefore, },, P(Q"(t)) A E"(t) = AE(t) = AEp,;, 4 (F).

2.2. NSIT Conditions

Now, we briefly review the NSIT conditions [12-15], which provide a useful tool for testing

macrorealism. The two-time NSITE?))].m conditions, can be expressed as

NSIT(™ : PQ"™ (1)) — L P(Q" (1), Q"(1))) =0. ©
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Here, i = 0,1,2 and j = 1,2 with i < j, m and n are outcomes of the observable, P(Q" (¢ )) is
the probability of obtaining outcome m by measuring at ¢;, and P(Q"(t;), Q™ (t;)) is the probablhty
of obtaining outcomes n and m by measuring at t; and ¢}, respectively. In fact the two-time NSIT
conditions compare the probability of a single observable measured at one time step (P(Q™ (t;))) with
that measured at two time steps (P(Q"(t;), Q" (t;))). And the two-time NSIT conditions are satisfied
when by measuring Q(¢;), we can not detect whether a measurement of Q(¢;) has been performed, i.e.,
the measurement of Q(t;) is not disturbing the statistics of Q(t;).

Then, similarly, the three-time conditions NSITE")) ! and NSIT (( )) are respectively given by

NSITE

Wy PQM(1),Q (k) - L P(Q" (1), Q" (1), Q' (1)) = 0, )

n

l

NSITS(({’;; : P(Q"(t), Q' (R2)) = Y, P(Q"(t), Q" (1), Q' (2)) = 0, (5)

m
where similar to 7 and n, | is also the outcome of observable, and P(Q"(ty), Q" (t1), Q'(t2)) is the
probability of obtaining outcomes m, n and [ at ¢, t; and t;, respectively. NSIng)) {" él denotes that the
probability of obtaining measurement outcomes at t; and ¢, is not affected by the prior measurement
at tg, and similarly for NSITO((T;)ZZ
subsequent measurement, a NSIT condition can be violated [29]. And it is noted that when one of the

In other words, if the relevant prior measurement invades the

NSIT conditions is violated, macrorealism is violated.

2.3. CNSIT Conditions

As we know, the conjunction of all the NSIT conditions ensures the existence of a global joint
probability distribution. In fact, the NSIT condition tests macrorealism by whether the probability
of obtaining an outcome of measurement is affected by the prior measurement or not. Similar to
the probability of measurement, measurement may modify physical quantities. When the system is
measured, its energy content may change. In this paper, we are interested in the conditions of satisfying
macrorealism for energy change. Therefore, we want to investigate whether the energy change is
independent of that any prior measurement has or has not been performed. According to NIM, we
use energy, i.e., the energy change of the whole process, instead of the measurement probability to
test macrorealism. Therefore, analogous to the NSIT conditions, a set of equalities for the change of
energy is given. We consider the conditional energy change and average energy change, i.e., energy
change of a trajectory for a given measurement outcome and an average energy change of different
trajectories, to test macrorealism. And when one of the ANSIT conditions or the CNSIT conditions is
violated, NIM is violated, and macrorealism is violated.

Analogous to NSIT conditions, the two-time and three-time CNSIT conditions can be expressed as

A Eg N ZAE = )
1 A pm ol _
A Egg))ffz L AEM - Z AERT =0, @)
AEGY L AERL - Y AT = 0. @®)
m

For simplicity, we take AE Eg;;n 2’l (Equation (7)) as an example to illustrate the CNSIT conditions.

Here, AE'{ZI in Equation (7) is the energy change of the system in the whole process, when a single

observable is measured at two time steps. And the energy change of the whole process AETél contains:
L. the energy change during the evolution from t = 0to t = t1, AEeyo(0 — £1);
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II. the conditional energy change AE™ (t;), which is the difference of energy before and after the
measurement at t = {1 given outcome m;
I1I. the energy change during the evolution from t = t; to t = t,, AE[ (t1 — t2);

IV. the conditional energy change before and after the measurement at f = f, given outcome /,
NE"™H(t, 1),

Thus, AETQZ = AEepo(0 = t1) + AE™(t1) + AER (1 — tp) + AE™!(t,t5), which can be seen from
Figure 1. Here, the change of energy during the evolution from t = ¢; to t = t; can be written as

A Eewo(ti — t) = Te[H(t)p(t;)] — Te[H(t;)p(t;)], )

where H(t;) and H(t;) are Hamiltonians at t = t; and = t;, respectively, p(t;) is the density matrix at
t = t; and p(t;) is the density matrix at ¢ = t; which is evolved from p(t;). Then, AEey, (0 — t1) and
AE (t; — tp) can be obtained from Equation (9), AE™ (t1) and AE™!(t1,t,) can be derived from
Equation (1).

"7 AE(0—> tg) “AEglJo(tl_) tzH |
“—AE™ (tl)g" «AEm'l (tll tz)*‘

Figure 1. Schematic diagram for the energy change AE;’ZI . Here, we take a general dichotomic
measurements QT as an example with 7,1 = +1 being the measurement outcomes, and « is the system
propagator p — £(p).

Similarly, ), AE&'&I in AE Eg));ﬂ z’l (Equation (7)) is the energy change of the whole process, when a
single observable is measured at three time steps. The energy change of the whole process ), AEgI’TZ’l
of Equation (7) includes:

L. the change of energy during the evolution from t = 0 to t = ty, AEeu (0 — tp);

II. the change of energy before and after blind measurement at t = to, AEy;,4(to);

I1I. the change of energy during the evolution from t = t to t = t1, AEw (to — t1);

IV. the change of conditional energy before and after measurement at f = t; given outcome m,
AE™(to, t1);

V. the change of energy during the evolution from t = t; to t = tp, AEJ,, (t1 — t2);

VL. the change of conditional energy AE™!(t, t;,t,), which is the difference of energy before and
after the measurements at t = t, given outcome /.
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Thus, Y, AE(YJL,’TZ’Z = AEeyo(O — to) + AEblind(tO) + AEevo(tO — tl) + AEm(to, tl) + AE%O(fl —

to) + AE™ (tg, t1,t). Here, AEepo(0 — tg), AEeyo(tg — t1) and AEey(t; — tp) can be obtained from
Equation (9), AE™ (o, t1) and AE™!(tg, t1,t5) can be derived from Equation (1). And AEy;,4(to) can
be obtained from Equation (2). If AE'&I Y, AES’/’{'ZZ # 0, macrorealism can not be satisfied. The
meanings of terms in Equations (6) and (8) are similar to those corresponding terms in Equation (7).

When the CNSIT conditions are satisfied, the energy change of the system in the whole process
does not depend on whether any prior measurement has been performed or not. In fact, the CNSIT
conditions are based on comparing the conditional energy change of the system in the whole process,
in the cases where a previous measurement has or has not been performed at some time. And similar
to the NSIT conditions, the violation of one of the CNSIT conditions means the violation of NIM, which
implies the violation of macrorealism. That is to say, when one of the CNSIT conditions is violated,
macrorealism is violated.

2.4. ANSIT Conditions

It is noted that multiplying the change of conditional energy by its measurement probability and
then summing all results, we obtain the corresponding change of average energy. Next, analogous to
the CNSIT conditions, the two-time and three-time ANSIT conditions can be given as

AEgyp: AEp — AEg12 =0, (11)
N Egpyp: AEgp — AEgp2 = 0. (12)

Similarly, we also take AE(O)LZ in Equation (11) as an example to explain the ANSIT conditions (see
Appendix A). AE15 and AEg; in AE ()1, (Equation (11)) are the average energy change of the
system in the whole process, when a single observable is measured at two time steps and three time
steps, respectively. And both AE;); and AE(y) , of Equations (10) and (12) are similar to AE(g)q 5.

Similar to the CNSIT conditions, the ANSIT conditions compare the average energy change of the
whole process in the cases that a measurement previously has or has not been performed at some time.
And when the ANSIT conditions are satisfied, the average energy change of the system in the whole
process is not dependent on whether any prior measurement has been performed. The violation of one
of equalities in Equations (10) to (12) means that the assumption of NIM is not satisfied. And in this
situation, macrorealism is violated.

3. A Pure Qubit

Firstly, we consider coherent dynamics of a qubit described by a Hamiltonian H = %wcfz (h=1),
where 0, and w are the Pauli operator and the energy gap of the qubit, respectively. We suppose
that the measurement of a dichotomic observable is equivalent to a measurement of the Bloch sphere
component along a direction of § and ¢, i.e., Q(6,¢) = Q" (6,¢) — Q™ (6, ¢). Here,

Q (6,9) = [n(6,9)(n"(6,9)], (13)

Q (6,¢) = [n(6,4))(n (60,9) (14)

where |n7(0,¢)) = cos §|0) + ¢ sin §|1) and [n7(6,¢)) = sin§|0) — e cos §|1) (0 € [0,7), ¢ €

[0,277)), with |0) and |1) being the eigenstates of the Pauli operator 0. Therefore, these probabilities
P(Q™(t;)), P(Q"(t:),Q™(t;)) and P(Q"(t0), Q™ (t1), Q!(t2)) in Equations (3) to (5) can be written as

P(Q™(t))) = Te[Q™ (t)U(t;, 0)p(0)U* (t;,0)Q™ (1)), (15)

P(Q"(t:), Q" (¢))) = Te[Q™ (¢)) U (t;, ) Q" () U(t;, 0)p(0)U" (£, 0)Q™ (1)U (8, £:) Q™" (¢))],  (16)
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P(Q"(t), Q"(t1), Q' (t2)) = Tr[Q' (t2)U(t2, 1) Q"™ (t1)U(t1, t) Q" (t0) U t, 0)p(0)
x U (to,0)Q™ (to) U™ (11, t0) Q™ (1)U (2, t1) Q" (12)], (17)

where n,m,1 = %1, p(0) is the initial state, and U(t,0) = exp[—Ziwost] is the unitary operator.
Without loss of generality, in the subsequent analysis, we suppose tg = O and t, —t; = t; —tg =
(1/2)(1’2 - t()) = T.

3.1. NSIT Conditions, CNSIT Conditions and ANSIT Conditions for Initial Mixed and Pure States

Next, we take the initial state as a mixed state, such that

1-6 1+6
p(0) = =-210) (0] + -~ 1) (1], (18)

where 0 < § < 1. From Equations (3) to (5), and (13) to (18), we obtain the NSIT conditions in
Equations (3) to (5) (see Appendix B). Next, from Equations (1), (2), (6) to (9), (13), (14) and (18), we
obtain two-time and three-time CNSIT conditions in Equations (6) to (8) (see Appendix C). The ANSIT
conditions in Equations (10) to (12) can be obtained from Equations (2), (9) to (14), and (18), (see
Appendix D). Then, we list non-violation conditions of the NSIT conditions, the CNSIT conditions and
the ANSIT conditions in Table 1. It is noted that when T = 2%, the NSIT conditions can not be violated.

w
2kt

And the evolution of this system is unitary, thus when 7 = =% (k=1,2,3...), the NSIT conditions are
satisfied. For simplicity, we suppose T € [0, %"] in the following.

It is noted that when measurement operators Q* and Q™ are performed on arbitrary state, the
post-measurement states are |n" (6, ¢))(n*(6,¢)| and [n~(0,¢))(n"(6,¢)|,ie, QT and Q (Egs. (13)
and (14)), respectively. Comparing the non-violation conditions of the NSIT conditions, the CNSIT
conditions and the ANSIT conditions, we find that the ANSIT conditions can not be violated for a
wider parameter regime than the NSIT conditions and the CNSIT conditions. And it is interesting to
find that the non-violation conditions of the NSIT conditions and the CNSIT conditions do not contain

each other, which can be seen from Table 1. This can be explained as following:

1. When T = %", the NSIT conditions are satisfied, while the CNSIT conditions are not.

For the NSIT conditions, we take P(Q7 (1)) — Y. P(Q* (ty), QT (t1)) (Equation (3)) as an example
to explain it. It is noted that when v = %", the unitary operator is the identity operator, i.e.,
the unitary operator has no effect on the state. Therefore, P(Q" (1)) = P(Q" (ty), Q" (1)), and
P(Q (t0), Q" (t1)) = 0,50 P(Q*(t1)) — =4 P(Q*(tg), Q" (t1)) = 0. And other NSIT conditions are
similar to it. Then, for the CNSIT conditions, we take AE;r -y AEOi,iJr in Equation (6) as an example.
Because the unitary operator has no effect on the state, the energy change of evolution is zero. And the
energy change before and after the second measurement at t = t; is zero, thus, } . AEéfiJr is decided
by the energy change before and after the blind measurement at t = g, i.e., ) 4 AEéfiJr = AEpina(to)-

While for AET (Equation (6)), we find that AET # AEpina(to), ie., AE{" Y. AEST‘, thus, when

T= %T, AE Egt))lJr(Equation (6)) is not satisfied, and other CNSIT conditions are similar to it.
2. When 6 = %, the CNSIT conditions can not be violated, while the NSIT conditions are violated (T #* g and
T # 20),

For the CNSIT conditions, we also take AEl+ Y AEéEiJr (Equation (6)) as an example. It is
noted that when 6 = 7, the measurement operator is in the x-y plane of the Bloch sphere, and both
diagonal elements of post-measurement states by blind measurement (¢ = 7) for arbitrary state are %
And then the diagonal elements of post-measurement states can not be affected by the subsequent
measurements. Therefore, the energy change before and after the second measurement at t = ¢; for
Y4 A]EOi,iJr is zero, and ), AEST’ in Equation (6) equals to the energy change before and after the

blind measurement at t = ty. Similarly, ). AESfﬁ = AEpna(to). Then, for AE; (Equation (6)),
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we find that AE = AEya(te) = Ly AEy;T, so AEf — Y4 AES—tﬁ = 0. Therefore, when 6 = 7,

01
AE E;E));r in (Equation (6)) is satisfied, and other CNSIT conditions are similar to it. While for the NSIT
conditions, when 6 = 7, except for T = Z (the unitary operator is the Pauli operator ¢;) and 7 = %”,

they are violated. Then, we take P(Q* (t9), Q" (t2)) — L+ P(Q* (t0), Q*(t1), QT (t2)) in Equation (5)
as an example. When 6 = Z, P(Q* (ty), Q* (t2)) — L1 P(Q* (tg), QF(t1), Q*t (t2)) = — 1 sin? Tw, so
for@ = Z,only when = Z (22), P(Q*(ty), Q* (t2)) — L P(Q* (t9), Q*(t1), Q* (t2)) = 0. And other
NSIT conditions are similar to it. The reason of this phenomenon is that the NSIT conditions consider
the probability of measurement, while the CNSIT conditions consider the change of energy.

Now, we consider a pure state

[p) = cos [0) +siny|1), (19)

where ¢ € [0, 7). Notably, for the initial pure state, it is too cumbersome to list every term of the NSIT
conditions, the CNSIT conditions and the ANSIT conditions (Equations (3) to (5), (6) to (8), and (10) to
(12)). Therefore, for the sake of simplicity, we only list non-violation conditions of the NSIT conditions,
the CNSIT conditions and the ANSIT conditions in Table 1.

In a word, we find that the non-violation conditions of the NSIT conditions for both initial mixed
and pure states are the same. While for the non-violation conditions of the CNSIT conditions and the
ANSIT conditions, they are both dependent on the initial state. And the CNSIT conditions for the
mixed state can not be violated for a wider parameter regime than that of the pure state. In addition,
we also find that whether the initial state is the mixed state or the pure state, the ANSIT conditions can
not be violated for a wider parameter regime than the NSIT conditions and the CNSIT conditions. And
the non-violation conditions of the NSIT conditions and the CNSIT conditions do not contain each
other. In other words, a suitable conjunction of the NSIT conditions and the CNSIT conditions may be
better for testing macrorealism (MR). Therefore, for both initial mixed and pure states, we summarize
the main result of this section as follows:

NSIT or CNSIT = ANSIT, NSIT N CNSIT "4" MR. (20)

And the relationship among the NSIT conditions, the CNSIT conditions and the ANSIT conditions
can be seen from Figure 2. Recently, Smirne et al. [30] gave a definite criteria to determine
when and to what extent quantum coherence is equivalent to non-classicality, i.e., a notion of
coherence-generating-and-detecting (CGD) dynamics. CGD means that the evolution does generate
coherence, and can also turn such coherence into the populations which is measured at a later time;
otherwise, the evolution is denoted as NCGD. Then, we find that for the initial mixed state, when
the NSIT conditions, the CNSIT conditions, and the ANSIT conditions are not violated, the evolution
of the system is NCGD, which means that the evolution does not generate coherence, and can not
also turn such coherence into the populations for subsequent measurements; while for the initial pure
state, when the NSIT conditions, the CNSIT conditions, and the ANSIT conditions are not violated,
the evolution of the system might be NCGD or CGD, i.e., the non-violations of these three kinds of
conditions and NCGD do not contain each other.
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Table 1. The non-violation conditions of the NSIT conditions, the CNSIT conditions and the ANSIT
conditions for coherent dynamics, dynamics under dissipation, and dynamics under dephasing, for

the initial mixed and pure states, respectively.

coherent dynamics

mixed state

pure state

NSIT conditions

1L.0=0 271=21 3¢0=ZFandt=273;

w’ w’
1.0=0;
1.6=0; 2.0=Z%and ¢ =0;

CNSIT conditions 2.0=15; 3.0=Fandyp=1%;
4.0=Fandyp=7;
5.9:%andlp:%”;

1.6 =0;

_0 _2
1.6=0; 2.1=7,
27, _ .
2.1=14, 3.0=175;

ANSIT conditions 3.0=15; 4d1=2¢p=Tandy=1%;

4.6=0; 50=2,¢=Zandy=3;
6.7T=2,¢= 377Tar1d1p= 5
7T=2,¢= 37”and1p: %T;
dynamics under dissipation

NSIT conditions 1.6=0; 20=Z%and7=2Z; 3.0=Fandt= %T;

CNSIT conditions 0 =0;

ANSIT conditions 1.0=0;, 20=7%

dynamics under dephasing

NSIT conditions 1.6=0; 20=Z%and7=2; 3.0=Fandt= %T,

1.6=0;
1.6=0; 2.0=Z%and ¢ =0;

CNSIT conditions 20=7% 3.0=7Fandyp =17,

40=Zandyp=75;

0=Fandy = %T”,

1.6=0;

2.0=15;

3t=Z,¢=Fandy=1%;
1.6=0; 41=2,¢=Fandyp=3;

ANSIT conditions 20=15; 5.1=2,¢= 37” and ¢ = 7;

3.6=0; 6.T:g,¢=37"and1p:%”,
7.T= %’T,cp: Zandyp = %;
8.T7T= %”,c[): Zand ¢ = %TH'
9. 1= %’T,cpz ‘%”andzp:%,
2

—_
I
S

|
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Figure 2. Schematic diagram for the relationship among the NSIT conditions, the CNSIT conditions
and the ANSIT conditions in the case of the pure qubit and the dephasing qubit, respectively.

4. A Driven Qubit
Next, we consider a resonant, periodic driven two-level system and its time-dependent
Hamiltonian is described as [31,32]

1
H(t) = SWOz + %[Ux cos wt + oy sin wt]. (21)

Here, 0y and oy are both Pauli operators, w > 0 is the energy gap of the qubit as before
and also the driving frequency of the two-level system, and ¢ € [0,w] is the driving intensity
quantifyin%the coupling to the external field. The system evolves under the unitary operator

U(t,0) = T exp[—i fg dtH(t)], where Tisa time-ordering operator. The unitary operator can
be expressed as [31,32]
e~ 21 cos (‘%t —ie~ 7 sin %)
ueo)=|{ . o b (et , (22)
—1e 2 sIin (7 e 2 Cos (7

which satisfies U'(t,0)U(t,0) = I and U(tj, ti)U(t;,0) = U(t;,0) with i < j. It is noted that the NSIT
conditions, the CNSIT conditions and the ANSIT conditions for the driven two-level system are very
complicated, we thus suppose ¢ = 0.1w, g = 0.5w and g = w to study the violations of them.

In short, we find that similar to the qubit without drive, the non-violation conditions of the NSIT
conditions for the initial mixed state are the same as that of the pure state; and the non-violation
conditions of the CNSIT conditions and the ANSIT conditions are both dependent on the initial state.
Furthermore, we also find that the CNSIT conditions can not be violated for a narrower range of
parameters than the NSIT conditions, and the NSIT conditions can not be violated for a narrower
parameter regime than the ANSIT conditions, for both initial mixed and pure states. The above
phenomenon is summarized as follows:

CNSIT = NSIT = ANSIT, (23)

which can be seen from Figure 3.
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Figure 3. Schematic diagram for the relationship among the NSIT conditions, the CNSIT conditions
and the ANSIT conditions in the case of the driven qubit and the dissipative qubit, respectively.

5. A Qubit Interacting with Environment

As we know, quantum systems inevitably suffer from unwanted interactions with environment,
so in this section, we study the effects of environment on violations of the NSIT conditions, the CNSIT
conditions and the ANSIT conditions. The time evolution of open system is different from the closed
system discussed in the previous sections, which in general can not be described by a unitary time
evolution. The dynamics of the system can be represented by an appropriate equation of motion for its
density matrix, i.e., a quantum master equation. In this case, the evolution of the system is provided
most generally by the Lindblad form master equation, which can be written as

do _ i[H t_gtr o gt

. (A1 + L [2LeoL — LiLip - pLiLd (24)
where the Hamiltonian H = %waz, as in the preceding section, represents the coherent part of the
dynamics, and Ly, is the Lindblad operator describing the coupling of the system to its environment.

5.1. A Dissipative Qubit

We consider the first case, that the Lindblad operator is Ly = /Y0, where v > 0 is the rate
of spontaneous emission, and o = |1)(0| is the atomic lowering operator. The master equation
describing this process can be rewritten as

d _

i —i[H,p] +v [ZU,pUi —olop— p(fim] : (25)

From Equations (3) to (5), (13) to (18), and (25), we obtain all the NSIT conditions for the initial mixed
state. For simplicity, we give two examples for the NSIT conditions in the following. According

to NSITg(J)_r))lJr (Equation (3)) and NSITSL((;)_LZ)Jr (Equation (5)), we can respectively obtain P(Q" (1)) —

L. P(Q*(t), Q" (t1)) and P(Q* (to), Q* (t2)) — L P(Q* (), Q* (1), Q" (2)) as
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P(Q*(h)) — Y P(Q*(t), Q (1)) = %5 sin 0 sin 20e~7 (—2e*” e 4 eim) . (26)
+

P(Q" (), Q" (t2)) — ;P(QJ“(fo), Q*(t1), Q" (t2))

_3i2 (5 cos @ — 1)6—471'—21'Tw Sinz 9[_46T(’Y+iw) _ 262T(’y+iw) + 3621'('y+2iw) + 36271 _ 4e’r(’y+3iw)

446279 _ 00520 (eT('y+2iw) 40T — 261’1’0.1)2 +4cosh (6277 _ 1) A (eT(’y+2iw) 40T — zeirw)}. 27)

Other NSIT conditions are similar to Equations (26) and (27), respectively. It can be found from
Equation (26) that when = 0and 6 = 7, NSITESS);r is satisfied. For NSITSF((JQ * (Equation (27)), when
6 = 0, it is satisfied. However, when 6 = Z, P(Q"(t9), Q" (t2)) — L+ P(Q" (to), QF (t1), QT (t2)) =

—1e 7 sin?(1w), ie., NSIT %)% is not satisfied. And it can not be violated if § = Zandt=Z ().

0(1)2
Then, considering other NSIT conditions, we find that all the NSIT conditions can not be violated
when one of the conditions is satisfied: (1) 0 = 0;(2) 0 = 7 and T = 7 %”). Furthermore, we find that

for all the NSIT conditions, there is a factor e~77, which can be seen from Equations (26) and (27). That
is to say, the degree of violation of the NSIT conditions is decreased by dissipation with time interval
between measurements T increasing. And when T — oo, all the NSIT conditions are satisfied, which
also can be seen from Equations (26) and (27). It has been mentioned in Section 3 that when T = 2"7”
(k=1,2,3...), the NSIT conditions are satisfied for the pure qubit (see Table 1). While in the presence of
dissipation, the evolution of the system is not unitary, thus the NSIT conditions are not satisfied when
T= 2]‘7” (k=1,2,3...). In addition, we find that similar to the NSIT conditions, the degree of violations
of the CNSIT conditions and the ANSIT conditions is decreased by dissipation with T increasing. And
when T — oo, the CNSIT conditions and the ANSIT conditions can not be violated.

Then, we obtain the non-violation conditions of the NSIT conditions, the CNSIT conditions and
the ANSIT conditions for the initial pure state, which are the same as that of the initial mixed state
and are listed in Table 1. In addition, we find that similar to the driven qubit, the non-violation of
the CNSIT conditions implies the non-violation of the NSIT conditions, which in turn implies the
non-violation of the ANSIT conditions, i.e.,

CNSIT = NSIT = ANSIT, (28)

which also can be seen from Figure 3. For driven and dissipative qubits, the energy changes due to
coupling to the external field and the environment, which might be the reason why the relationship
among the NSIT conditions, the CNSIT conditions and the ANSIT conditions for the dissipative qubit
is similar to that of the driven qubit.

5.2. A Dephasing Qubit

Let us consider the second case, i.e., the Lindblad operator is Ly = /70;. And the Lindblad
master equation which describes this process, can be rewritten as

ao _

i —i[H,p] + v {Zazpa; — 0ol — pO’;(TZ} . (29)

Similarly, we list the non-violation conditions of the NSIT conditions, the CNSIT conditions and
the ANSIT conditions for both initial mixed and pure states in Table 1. We find that the non-violation
conditions of the CNSIT conditions and the ANSIT conditions depend on the initial state, which is
different from dissipation. The reason is that dephasing only removes the non-diagonal elements of
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the initial state, while its diagonal elements do not change. Then, for both initial mixed and pure
states, we find that the relationship among the NSIT conditions, the CNSIT conditions and the ANSIT
conditions is similar to that of coherent dynamics (see Figure 2), i.e.,

NSIT or CNSIT = ANSIT,NSIT NCNSIT "¢ MR. (30)

The reason of above phenomenon might be that for dephasing, the energy of the system conserves,
which is similar to the pure qubit.

In addition, we also find that similar to the dissipative qubit, when 7 = 2"7” (k=1,2,3...), the
NSIT conditions for dephasing are violated; with T increasing, the degree of violations of the NSIT
conditions, the CNSIT conditions and the ANSIT conditions is also decreased by dephasing; and
when T — o0, the NSIT conditions, the CNSIT conditions and the ANSIT conditions are also satisfied.
Furthermore, comparing the dephasing qubit with the dissipative qubit, we find that when the NSIT
conditions, the CNSIT conditions and the ANSIT conditions for dissipation are not violated, these
three kinds of conditions for dephasing must not be violated, respectively, for both initial mixed and
pure states.

6. Conclusions

As we all know, the Leggett-Garg inequality can not provide the necessary and sufficient
conditions for macrorealism, and the NSIT conditions are also necessary conditions for macrorealism.
The Leggett-Garg inequality puts limits on temporal correlation functions of pairs of consecutive
measurements on the same quantum system fulfilled macrorealism, and the NSIT conditions say that
a measurement does not change the outcome statistics of a later measurement. In this paper, we probe
the boundaries of classical and quantum physics from a new perspective. We use energy change to
test macrorealism, and analogous to the NSIT conditions, we give a set of equalities for the change of
energy. In this paper, we consider a qubit in four scenarios: with drive, without drive, in the presence
of dissipation, and in the presence dephasing to investigate the violations of the NSIT conditions, the
CNSIT conditions and the ANSIT conditions. From this simple model, we find that the non-violation
conditions of the CNSIT conditions and the ANSIT conditions both depend on the initial state (except
for dissipation), while the non-violation conditions of the NSIT conditions for the initial mixed state is
the same as that of the initial pure state. For coherent dynamics with and without drive, the dynamics
under dissipation and dephasing, the ANSIT conditions are satisfied for a wider parameter regime
than that of the NSIT conditions and the CNSIT conditions, whether the initial state is mixed state or
pure state. While for the non-violations of the NSIT conditions and the CNSIT conditions, the four
scenarios fall into two groups: one is that the non-violation conditions of the NSIT conditions and
CNSIT conditions do not contain each other for the pure and dephasing qubits; the other is that the
NSIT conditions can not be violated for a wider parameter regime than that of the CNSIT conditions
for the driven and dissipative qubits. Therefore, we find that the NSIT and CNSIT conditions are
not equivalent, i.e., the NSIT conditions and the CNSIT conditions complement each other, and the
conjunction of them can be better to test macrorealism. The above phenomena might because that for
the former the energy of the system is conserved, while for the latter it is not. We guess that this might
be a general result, but needs further study. In the future, we will gain some insight into it, and hope to
find a more general proof of the logical connection among these three kinds of conditions. Comparing
dissipative and dephasing qubits, we find that the non-violation conditions of the CNSIT conditions
and the ANSIT conditions for dissipation do not depend on the initial state, while for dephasing,
non-violation conditions of these kinds of conditions depend on the initial state. This is because
dephasing only removes the non-diagonal elements of the initial state, but its diagonal elements do
not change. Furthermore, we find that when the non-violations of the NSIT conditions, the CNSIT
conditions and the ANSIT conditions for dissipation, are satisfied, these three kinds of conditions for
dephasing must be satisfied, respectively. In addition, dissipation and dephasing both decrease the
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degree of violations of the NSIT conditions, the CNSIT conditions and the ANSIT conditions, with
time interval between measurements 7 increasing; and when T — oo, the NSIT conditions, the CNSIT
conditions and the ANSIT conditions are satisfied.

In quantum information and computation, coherence and entanglement are the essential
ingredients, which both arise from quantum superposition principle. And quantum coherence is
a more basic trait in quantum mechanics, which allows us to distinguish between classical and
quantum phenomena. The Bell inequality is related to quantum correlations, while the Leggett-Garg
inequality is related to coherence. Quantum coherence is a more basic resource in quantum-information
processing. The Leggett—Garg inequality, the NSIT conditions, the CNSIT conditions and the ANSIT
conditions are all used to observe when physical systems stop to behave quantumly and begin to
behave classically. In other words, they can help us to know in a quantum dynamical process when
quantum resource can be used and when it is not.
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Abbreviations

The following abbreviations are used in this manuscript:

NSIT no-signaling-in-time

CNSIT  no-signaling-in-time conditions for conditional energy
ANSIT  no-signaling-in-time conditions for average energy
MRps Macrorealism per se

NIM Non-invasive measurability

NS no-signaling

MR macrorealism

CGD coherence-generating-and-detecting

Appendix A. ANSIT Conditions

The average energy change AE; , of Equation (11) is consist of:

L. the change of energy AE. (0 — t1) during the evolution from t = 0 to t = ty;

IL. the change of average energy AE(t;), which is the difference of average energy before and
after blind measurements at t = ty;

III. the change of energy AEy(t; — t») during the evolution from t = t; to t = t;

IV. the change of average energy AE(t) before and after blind measurement at t = 5.

Therefore, AELZ = Afew(o — tl) + AE({’]) + AEgvo(tl — tz) + Af(tz), where Afevo (0 — t]) and
AEew(t — tp) can be obtained from Equation (9), AE(t;) and AE(t,) can be derived from
Equation (2).

Next, the average energy change AE ; ; of Equation (11) includes:

L. the energy change AEy, (0 — to) during the evolution from t = 0 to t = t(;

IL. the average energy change AE(t)) before and after blind measurement at t = f;
IIL. the energy change AEey,(tg — t1) during the evolution from t = ty to t = ty;
IV. the average energy change before and after blind measurement at t = t;, E(t1);
V. the energy change AEy(t; — t2) during the evolution from t = t; to t = t;

VL. the average energy change AE(t;) before and after blind measurement at t = 5.
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Therefore, AEg12 = AEewo(0 — to) + AE(tg) + AEeoo(to — t1) + AE(H) + AEewo (Bt — 1) +
NE(tp), where AEey (0 — t), AEeno(to — t1) and AEeyo(t; — t2) can be derived from Equation (9),
NE(tg), AE(t1) and AE(t;) can be obtained from Equation (2).

Appendix B. NSIT Conditions for Mixed State under Coherent Dynamics

. (n)m (n)ym,1 n(m)l
According to NSIT ;i NSIT ;17 and NSIT ;) ,

obtain the following quantities

from Equations (3) to (5), and (13) to (18), we

P(Q"(t)) — ;P(Qi(tO)IQ+(tl))

= —[P(Q™ (1)) — Y. P(Q*(to), Q™ (11))]

T
= P(Q* (1)) — ;P(Qi(h), Q" (1))
= —[P(Q (t2)) — ;P(Qi(tl),Q’(tz))]
= —&sin? 6 cos 0 sin® (%) , (AD)

P(Q* (k) — Y P(Q"(t0), Q" (t2))

+

= —[P(Q(2)) — Y. P(Q*(t), Q™ (t2))]

+

= —§sin’ 0 cos B sin? wT, (A2)

P(Q* (1), Q" (r2)) = Y P(Q™(t), Q" (t1), Q" (t2))

+

= —[P(Q" (1), Q (2)) = 3 P(Q™(t), Q" (1), Q" (t2))]

+

_ 10 2 (WT L2
= Zésm 0 cos 0 sin <7> (C0529+25m 9cosz+3>, (A3)

P(Q ™ (h1), Q" (t2)) — Y P(Q* (), Q  (h), Q" (t2))

+

= —[P(Q"(h), Q" (2)) = 3 P(Q™(to), Q" (1), Q™ (t2))]

+

= §sin* 6 cos 0 sin* (%) , (A4)

P(Q* (to), Q" (t2)) — Y_P(Q* (to), Q* (t1), Q" (t2))

+

= —[P(Q"(t), Q (f2)) — Y_P(QT (to), Q" (t1), Q" (t2))]

+
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1
=1 sin? 6(5 cos 6 — 1) sin? (%) {2 sin? 6 + (cos 20 + 3) cos w‘c} , (A5)

P(Q (t), Q" (t2)) — Y_P(Q (t0), Q¥ (1), Q" (1))

g
=—[P(Q (t), Q (t2)) — ;P(Q_(to)r Q" (h),Q (1))]
= i sin?0(8cos 6 +1) [2 sin? wT — sin? (%) (C0529 + 2sin? 0 cos wT + 3)} . (A6)

Then, from Equations (A1) to (A6), we find that when one of the following conditions is satisfied: (1)
0=0,1271= %" ;(3)0 = 7 and T = 7, the NSIT conditions can not be violated, i.e., Equations (3) and
(5) can not be violated.

Appendix C. CNSIT Conditions for Mixed State under Coherent Dynamics
From Equations (1), (2), (6), (9), (13), (14) and (18), according to the two-time CNSIT conditions,
ie., AEgl.");’m of Equation (6), AE}” Y, AE?JK’” can be obtained as

4 _ +,4
AES —;AEO,1 = AES —;AELZ

2 v 2(8cos 0—1)2 )
— w cos ((5 o528 — & 20 cos 0 + 8 cos3 046 sin? 0 cos 6 cos wT—1 +2 (A7)

4(6cosf—1) ’

— i’_ _ _ i’_
AE; f;AEoll = AE, —;AELZ

1 1—06? Jcosf +1 >
~wcosf | —————— 4+ dcosf — , A8
2 ((5C089+1 8 cos3 6 + §sin? 6 cos 0 cos wT + 1 (48)
2 52 2(8 cos —1)?
AET — ZAEi’+ _ w cos 0 (5 0s20 — 6 20 cosf + J cos3 0+ sin? 6 cos 0 cos(2wT)—1 +2> (A9)
2 02 4(6cosf —1) ’
| 1— 62 §cosb + 1
AE; =Y AES :wcos9<+5cost9 )
2 ; 02 2 Jcosf+1 5 cos3 0 + &sin? 0 cos  cos(2wT) + 1
(A10)

Then, according to the three-time CNSIT conditions AE Eg))iﬂ él

(7), (9), (13), (14) and (18), AE’{f’zl Y, AES’,’&Z can be derived as

in Equation (7), from Equations (1), (2),

)
AETI? — ;:AEi’+’+ = @ {—2sin6 cos 6

012 16(0cos® — 1) (6 cos® 0 + dsin® 0 cos O cos wt — 1)

X [(3(52 + 4) cos 0 + (6 cos30 — 2 cos 260 — 6)} +sin?(26) (52 0526 — 6% — 26 cos 6 + 2) coswt}, (All)

_ _ 1 1— 62 dcosf+1
ANE Y AET T = Zweost (7+5c0s9— ), Al2
1.2 ; 012 2 dcosf+1 5cos3 6 + 6sin? 6 cos f cos wt + 1 ( )
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2 2 2(8 cos6—1)?
ANET— ZAEi+_ _ @ cosf (5 c0s20 — 0% — 26 cost) + Jcos3 0+0sin? 0 cos  cos wT—1 +2> (A13)
12 012 4(5cos —1) ’
AE]y — ZAEOifz/f = 0w 5 {—2cosfsin? 6
’ T o 16(6 cos 0 + 1) (8 cos® 6 + §sin® 6 cos 0 cos wT + 1)

X [(3(52 + 4) cos 0 + (6 cos 30 + 2 cos 260 + 6)} + sin?(26) (52 0526 — 6% + 26 cos 6 + 2) coswt}.  (Al4)

And according to AE”((")’)I of Equation (8), from Equations (1), (2), (8), (9), (13), (14) and (18),

AES’% ) A ”1"21 can be written as

1
E++ AE+:|:+_ 0 291_
Z 012 2{ cos(9+sin9tan9coszwr+cos [sin” 6(1 — cos w)
1+ 1—1
t + , Al5
c0s 20 + 2sin® @ cos wT + (1 + 2i) c0529+2sin29coswr+(1—21')]} (AL5)
ZAE012 wcos@(coszf).—f;sinzf)cosw‘r)z (AL6)
cos 260 + 2sin“ 0 coswT + 3
2
_ _ wcos()(coszf)—i-sinzf)cosw'r)
AEgy; AEgis ™ = - , A17
02 Z 012 c0s 20 + 2sin? 0 cos wT + 3 ( )
1
AEys =Y AE Ty = 0[sin® 0 -1
02 Z 01.2 2{COSG—f—sm()tan()c:oszcu'c—’—COS [sin” §(cos wr —1)
L - ). (A18)

" c0s20 + 2sin?f cos wT + (1+2i) " 0820 + 2sin? 0 cos wT + (1—2i)
From Equations (A7) to (A18), we can find that the CNSIT conditions can not be violated (i.e., Equations
(6) and (8) can not be violated), if one of the following conditions is satisfied: (1) = 0; (2) 8 = 7.
Appendix D. ANSIT Conditions for Mixed State under Coherent Dynamics

For the ANSIT conditions, according to AE;); (Equation (10)), AE (0)12 (Equation (11)), and
AEO 1)2 (Equation (12)), from Equations (2), (9) to (14), and (18), AE AE; i, AE1, — AEgs 2, and
AEO,Z — AEg 5, can be obtained as

1]/

AE; — NEgy = AEy — AEp = —dwsin? 6 cos? 0 sin® (%T) , (A19)
AE, — NEgp = —éwsin? 0 cos? 0 sin® wr, (A20)
NEyp— AEg1p = —i&a) sin?(26) sin? (%) (cos2 0 + sin® @ cos wT) , (A21)

AEogy; — AEg1 = féw sin?(26) sin (wz ) {Zsm 6 + (cos260 + 3) coswr} (A22)
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It can be found from Equations (A19) to (A22) that if one of the following conditions is satisfied: (1)
0=0,2) 1= %T ;(3) 8 = 5, (4) 0 = 0, the ANSIT conditions can not be violated, i.e., Equations (10)
and (12) can not be violated.
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