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Abstract: This paper formulates the properties of point reachability and approximate point
reachability of either a targeted state or output values in a general dynamic system which possess a
linear time-varying dynamics with respect to a given reference nominal one and, eventually, an
unknown structured nonlinear dynamics. Such a dynamics is upper-bounded by a function of the
state and input. The results are obtained for the case when the time-invariant nominal dynamics is
perfectly known while its time-varying deviations together with the nonlinear dynamics are not
precisely known and also for the case when only the nonlinear dynamics is not precisely known.
Either the controllability gramian of the nominal linearized system with constant linear
parameterization or that of the current linearized system (which includes the time-varying linear
dynamics) are assumed to be non-singular. Also, some further results are obtained for the case
when the control input is eventually saturated and for the case when the controllability gramians of
the linear parts are singular. Examples of the derived theoretical results for some epidemic models
are also discussed.

Keywords: controllability; reachability; nonlinear dynamics; linearization; biological processes;
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1. Introduction

Usually, real dynamic systems are neither time-invariant nor linear in their whole operation
rank since there are usually saturation and dead-zone type nonlinearities at the input, saturated
behaviors in the state and output variables and sometimes nonlinear dynamics. See, for instance [1-
3] and some references therein. However, very relevant information about their properties is often
obtained from the knowledge of their equilibrium points, or their equilibrium steady-state
oscillations, and the Jacobian matrices which describe the linearized trajectory solutions around such
point for small deviations of linearity. This is the case, for instance, in some biological problems
describing the species evolution through time [4] or in mathematically modelled epidemic models
described by either differential, difference or hybrid equations. In particular, most of the epidemic
models under current use and study possess at least one disease-free equilibrium point at which the
infective subpopulations are null and an endemic one at which the infective subpopulations are
non-null. A so-called reproduction number, which is calculated from the model parameters,
establishes if the infectious asymptotically vanishes converging to an asymptotically stable
disease-free attractor (if the reproduction number is less than unity) or it becomes endemic if such a
number exceeds unity. Some of the relevant properties of positivity and stability of epidemic models
are already qualitatively reflected in their linearized versions around their equilibrium points. See,
for instance, [5,6] and references therein. The background literature on epidemic models is very
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abundant, including the use of either vaccination or treatment controls as well as combinations of
both types of controls. See, for instance, [5-14] and the references therein. Such controls may reduce
the value of the basic reproduction number related to the case of absence of controls, so the average
number of contagions per each primary infectious case, and they are also able to change the
components of the equilibrium points, that is the numbers of each subpopulation at the equilibrium,
and the rates the convergence to such equilibrium points. The usual epidemic models are typically
based on differential, difference or mixed equations which describe the coupled dynamics of the
various subpopulation or, in general, they can include point and distributed delayed dynamics or to
be also formulated in a stochastic framework, [7,8,11]. There are also studies for models of networks
available which include different nodes which can represent different sets of interacting
communities [14,15], which combined control strategies which take into account the communication
links and population flows. Some of the models introduce appropriate either prediction or entropy
tools or game theory to discuss the increase of disorder associated to them. See, for instance [11-14].
In particular, the entropy aspects are focused on deciding the various probabilities of different
steady-state behaviors or to elucidate if the mathematical model is working properly, that is, if the
entropy is non-negative [11].

The main objective of this paper is the study of the point reachability and point
output-reachability and their approximate counterparts in the presence of uncertain dynamics, at a
prescribed time instant, of either a targeted state or targeted output value in a dynamic system
which has a linear time-varying dynamics with respect to a given nominal one and an unknown
structured nonlinear dynamics with a known upper-bounding function. The results are given for the
case when the time-invariant nominal dynamics is known while the time-varying deviations and the
nonlinear dynamics are not precisely known and for the case when only the nonlinear dynamics is
not precisely known. In the first case, the controllability gramian of the nominal linearized system
with constant linear parameterization is assumed non-singular. In the second case, the current
linearized system (which includes the time-varying linear dynamics) is assumed to be non-singular.
Later on, some formal extensions are given for the case when the control input is saturated and for
the case when the above mentioned controllability gramians are singular under certain ad hoc
algebraic type constraints on the targeted state or targeted output. Some applications of the derived
theoretical results for some epidemic models are also discussed. The paper content is organized as
follows. Sections 2 and 3 of this paper are concerned with the study of general dynamic system
whose linear part is time-varying, formulated as a deviation from a constant nominal behaviour, and
the nonlinear dynamics are introduced through unstructured functions which are, in general,
dependent on the state and output. The state and output trajectory solutions are given analytically
through closed formulas. Two key simplified auxiliary linear systems, which are linearized versions
of the whole nonlinear system, are introduced and discussed, namely: (a) that describing the
nominal linearized dynamics, in which the time-varying deviation of the linear dynamics respect to
their nominal values and the nonlinear contributions are deleted; (b) that describing the linear time
varying dynamics by neglecting the nonlinear contributions to the dynamics. The controllability and
reachability properties of those auxiliary systems are formulated based on the corresponding
controllability gramians. It is also examined and quantified to what extent the reachability of the
whole nonlinear system is achievable in an approximate way provided that the linearized system
versions are reachable. The (state) reachability is discussed at the levels of point-reachability (the
targeted state in finite time is prefixed) or general reachability (the targeted state is arbitrarily fixed).
The tolerances, in term of worst-case targeting errors related to a targeted state, of the approximate
point-reachability of the whole nonlinear system are discussed provided that either the nominal or
the current linearized systems are point-reachable. In particular, the analysis of Section 3 is
performed on the whole nonlinear dynamics under the assumptions that the auxiliary linearized
systems are point-reachable. It has to be pointed out that the controls used for approximate state
targeting of the whole nonlinear system are those used for reachability of the linearized
counterparts. Special attention is paid to the case when the norms of the nonlinear contributions to
the dynamics are upper-bounded by weighted powers of the state and input norms. On the other
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hand, counterpart versions for output reachability are discussed in Section 4 as simple extensions
based on the manipulations of the output controllability gramians of the auxiliary linearized
systems. Section 4 pays also attention to the cases when the controllability gramian is rank-defective,
so singular, and either there are non-unique solutions to the point-reachability problem (that is, the
system is not controllable and the relevant algebraic system that formulates the problem is
compatible indeterminate) or there are no algebraic solutions (that is, such an algebraic system is
incompatible). In those cases, the alternative formulation is based on the use of Moore-Penrose
pseudoinverses of the controllability gramian [15,16]. Finally, this section also considers the case
when the input is saturated, as it is often the case in many real problems, so that the theoretical input
to achieve point-reachability of the nominal linearized system has to be “ad hoc” modified. This
situation is formally treated by incorporating an extra reachability error to the suited targeted state
or output being caused by the deviation of the injected control input from linearity. Section 5
discusses some worked examples related to epidemic models in the contexts of stability and
point-reachability based on the behaviors and related properties of their linearized versions. The
controls are either vaccination efforts on the susceptible or antiviral or antibiotic treatment on the
infectious both based on feedback information. On the other hand, some auxiliary results needed for
the main ones are given in the appendixes. A simple discussion which might highlight the use of
entropy in an information context of the relevance to the trajectories in the presence of more than one
attractor is given in one of the given examples. The notation used in the following sections is /,, is

the n—th identity matrix, the superscript T stands for transposition and Amac() and A,,;,() are

the maximum and minimum eigenvalues of the symmetric matrix (.).

2. Approximate Reachability of a Linear Time-Varying System under the Exact Reachability of Its
Nominal Linearized Counterpart

Consider the single-input single-output linear time-varying dynamic system of order:

i(t) = Aeple)+ b (e Jule) + &(x(e), (), 1) (1)
(0)=clo)xle)+d (ule) + &, (x(0), ule), ¢) ?)

subject to x(0)=x, , which has non-linear unstructured contributions &(x(¢) u(f),¢) and
g, (x(¢), ult), ¢) to the state and output and with the linear part is given by (3)-(4), that is, the
particular case of (1)-(2) with Z(t)zO , 5(t)=o , 5(1‘):0 , D(t)=0, &(x(¢) ult), t)=0 and
gy (x(¢), ult),t)=0; Vte Ry, ), and:

Ale)= Ao+ A(e); ble)=bo+b(¢) 3)
ct)=co+2(t); dlt)=d,+d(t) @)

where x(t)e R" is the state vector, u(t)e R and y(t)e R are the scalar input and output,
respectively, and the matrices of dynamics AO,A(t),Z(Z)e R™" ; the control vectors

b(t), by, b(t)e R"; and the output vectors d(t),d,, d(r)e R . Note that:

1) If At)=0, b(t)=0,2(t)=0,d()=0, &x{r) ult).t)=0and &, (x{e) ult).t)=0; Vie Ry,

then the resulting dynamic system (1)-(2), subject to (3)-(4), is said to be the “nominal
linearized system”

2) The so-called “current linearized system” is distinct from the nominal linearized one and
describes the situation when at least one of these parametrical perturbation matrices is not
identically zero for all time while the nonlinear contributions are still identically zero for all
time.
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3) The complete system with all the effects in its dynamics including the time-varying
parametrical disturbances of the matrices and nonlinear contributions is refereed to as the
“current system”.

The system (1)-(2), subject to (3)-(4) can be rewritten as:

#(0)= Agxlt)+ boult) +v0 (1) veolt) = Ale)x()+ b (0)ule) + £(alr). ule). ¢) 5
e)=cgxle)+ doult)+v,0(0); vyolt)=2" (0)x(e) +d (Ohulr) + &, (<o), ult). 1)) ()

Now the approximate controllability of the current linear time-varying system (1)-(2), subject to
(3)-(4) under the controllability of its nominal linearized time-invariant counterpart is discussed.
Assume that for any prefixed time interval [0,2], the control law is:

u(r)=u, (T)szeAOT(Z_T)vO(Z),' rel0,7] (7)

where 1(¢) is an auxiliary control function:

(0)= g+ Fye s sgbf e e Juy(0)+ oo el ®)
=iy, +( b l=Tpopl e <H>drjv0 (0)+ 10D (A(0)x(0) + B (g (0))dr + [ 0 DE(x(e), ulz), 7 ) o
under a initial condition x(0)= x,, and:
y(t):cg[erfx (1o ATt g0 fye -0 o(r)df}douo(t)wyo(t)
:cg[erfxo (e o] (t_T)dr)vo(t)}+d0u0( el 1o 0Dy oz 4 v,00)
(10)

= [erfxo {15 e Tl a0 e (o)l ey )+ e ). ))dr}
+dgug(0)+ &, (1, x(0) +d (o 1)

+;T(z){efiotx +(y Aole= )y T A8 = f>dfjv0(>+ J1 &0 py (A(2)x(r) + B (2o )+ E(x(0), u(T),T))dT}

The following result relies on the approximate controllability of the current system under
parametrical disturbances related to the nominal linearized one, assumed to be controllable.

Theorem 1. Assume that (4 ,5y) is a controllable pair and that X eR" is any prefixed state value

at an arbitrary given time ¢= e R, . Then:
x(t’F ): F(t* ) - {x*+ G[t*)(x*fe'40t*xuﬂ+j(')*eA(‘(’LT)f(x(T), u(z), 7 )dz (11)
is reached for any initial condition x(0) = xy under the control law:
uy(r)= bgeAOT(l*ir)vO(t*): bgeA(‘T(t*ir)Gc_[(l)yt*](Ao , bo)(x* 7eA0t*x0); 7€ [0; t* ] (12)

via the auxiliary control function vy (t*)=G _[1 t*](AO , by )(x* —ert*xo ), where:

cl0,
% *_ T .
G of0,+](4o . bo)=1§ oAl T)boboreAO(t iz (13)

is the controllability gramian of the nominal linearized system (that is, that associated with the

controllable pair (AO , bo)on [0, t*] ) , then non-singular, and:
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Fex)=1, - [0 0w (0,0 *)d e (14)

G(t*)= (It* Ay(t*-7 )b( )bOTeAOT (t*_f)df—jf)* Ié*er(t*—T)Z(r)y/ (z',o')b(o')bOTngT (t*—o')do'der;[(l)‘t*](Ao ,bo) (15)

provided that F (£%)is non-singular, where ¥ (17) is the fundamental matrix associated with A(t) so

that ¥(r,7)= A(t)¥(1.7); Vi(>7) 7€ Ry, and:
w(1,7)=e™l7) 4 LMV (0)do ;W12 7) 7€ Ry, (16)

Proof: It turns out that controllability gramian of the pair (4, by) is non-singular on [0, t*] since

the pair (4 by )is controllable. Then, one gets from (9) and (12) that:
x(t)— erz*xO B I6* er (t*—T)vxo (T)dT = GcO[O t*](AO by )Vo (t*)
Then:

") = 4 1 A )x(e)az + 1 DG (g (2)+ E(x(7), ule), 7 ))az

_ {zn iy AR TG (. b, )dr} e (), ()
(17)

ﬂ&mwmwmpw%mﬁwwﬂ %}WA%MMM

with x(0)= xo and (16) holds from P(t,7)= Ale)?(t,7); Vi(>7)7e R, ,since Alr)= Ay + Z(Z) and
¥(1,t)=1,; Vte Ry, . Then, one has:

P (z,t)x(t)=x(z)+ [ ¥ (7,0)¥ (¢, 0)b(0)ug(0)do =x(z)+ [ ¥ (z,0)b(0)ug (0)do ;

18
Vi(>7)7e Ry, (18)
Then, one gets, after replacing x(T) from (18) into (17), that:
(t*)_[z e T P T A bo)dr} I D), (o), 7 e
e G ()l )xles) - 9 (2,000 o (0)do Jd )
o\~ J *
S T L L T A P
so that, after replacing the control law (12) on [0,£#] into (19), one gets that:
(1, =117 =AY (2, )d ] x(e%)
[1 LT P Rl o A bow} Y e (T T G N G e
‘(fé*e%(f*-f)z?(r)bae“g (’*")ﬂ”j%[o (Ao o0 xg + [ AU Do), u(z), 7 e
={1n+ i 05 (7)pT e o T)GC‘OI[O [*](Ao,bo)dr} x (20)

-[fa* iy Az o)plo)g <f*-ff>dadr] G (0. )" " xy)

(v* A2 )T 0 f>dfjacg[0,t*]uo,bo)e/*of*xo+Ja*ef‘°<f*-f>§(x(r>, ule). e

=x"+ {j' Ao T)b( )bOTeAOT (t*_r)dr—jg [ e (’*_1)2(1)51’(1,o-)b(a)bOTeAOT (t*_g)dadz} G;OI[OYI*](A(), bo)
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X (x * -eAOt*xo )+ I(t)* e (t*_r)é’(x(r), u(”r), T )dT
=x*+G(r *)(x * —eAOt*xo )+ ff)* e (t*_r)f(x(”[), u(r), 7 )dz
Then (11) holds, subject to (13)—(15), if F' (t *) is non-singular. o

Definition 1. The system (1)-(2), subject to (3)-(4), is said to be (x*, t )—point reachable from a given

initial state x(0)=x, (PR (x*, ‘r , X0 )) if there exists some control law u : [O,t* ] — R leading to the

state targeting x(t*): x" for 1 >0if x(0) = x;.

Definition 2. The system (1)-(2), subject to (3)-(4), is said to reachable Rif itis PR (x",¢",x,) for
any given triple (xo ,x*,t*). It is said to be reachable at time ¢  for an initial state x(0)=x,, say
R(t*,xo), ifitis PR (x*, t*,xo) for any x .

Definition 3. The control law (12) is said to be the reachability standard nominal control law (
RSNCL (x*, t ,xo)) of (1)-(2), subject to (3)-(4), for the system to be PR (x*, t , X0 )

Remark 1:

1) Note that the constraint (4) is irrelevant for (state)-reachability since the output is not
specifically involved in such a property. However, we refer to that constraint in Definitions
1-3 to keep the whole system referred to fully defined through (1)—(4).

2) Note that if the parametrical disturbances of (3) are zeroed, so that the control and dynamics
matrices are constant, then the resulting time-invariant linear system (that is, the nominal

linearized one) is reachable, equivalently PR (x*, t*,xo) for any given triple (xo,x*,t*),
under the RSNCL(x*, £ ,xo), if and only if (4y, by) is a controllable pair , equivalently if
and only if its associate controllability gramian (13) is non-singular [1]. In particular, an

existing control law which allows the targeting x|t )= x for any given x at any given
>0 of the nominal linearized system from any given initial state x(0)=x, is the
RSNCL(x", 1" xp).

The following direct result relies on the eventual maintenance or lost of the reachability of the
current linearized system related to the nominal linearized one if the parametrical disturbances are

arbitrary. In particular, it is seen that, in general, the RSNCL (x*, ., xg )does not allow exact prefixed

state tracking even if the nominal linearized system is reachable.

Theorem 2. The following identity holds:
x(t*)z [F(t*) - ( I, + G(t* )] -1, } X - F(t* )G(t* )eAO’*xo + 170 eE(e), ule), ¢ Yt 1)

the system (1)-(2), subject to (3)-(4) is PR (x*, t*,xo) under the RSNCL(x*, t*,xo)if some of the
conditions given below holds:

(1) Z(t)z 0, ZN)(t)E 0Oand &(r, x(¢)=0for re0,¢%) if (49, by) is a controllable pair.
(2) x*=0 and *=+co.
(3) x9=0 and the controllability gramian of the nominal linearized parameterization on
[0, t*] is non-singular (that is, the pair (4y.by) is controllable) and it satisfies:
Goofo.r#](4o . bo) = iy 0ol A0 =7 (16*er =23 (2)w (7.1 *)dr)—1

T(p* * * ~ T (% 22
X( 6* (t)*eAO(t*_T)Z(T)W(T,O-)b(O')bger (t —G)do.d,z._ﬁ) er(t —T)b (T)bOTeAO (z _T)d’l') ( )
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Proof:

Equation (21) follows directly from (11) under the conditions (1)-(2). Condition (3) follows since
one gets from (14)-(15) that xy =0 implies that x(t* ): x*#0 if:

I = F(t*)—G(t*)z I —J';*eA(’(t**f)A(r)llf(r,t*)dz'

. . (23)
+( 1 A () (1,0)b(0)bg e O dodr - [ T ()l e (t*_T)dT)Gi(l),t*](Ao, by)
so that:
Goofo,| (Ao, b)=IE 0D bl 40 ")y = (jf)* =D (2w (z,1 *)dz') -1
% ok *_ T (% * * ~ T (% (24)
x( ol e Ay (17 )A(r)ﬁy(r,a)b(a)boTer (t _G)dddr—ff) Ao(t*=7)p (r)bd e (v _T)dr)
O

It turns out that this last constraint is generically unfeasible for almost any parametrical
disturbances (Z(T)Z; (2')) for 7e[0,7%]. As a result, we conclude that the exact reachability is
achievable in the nominal linearized case, that is, in the absence of parametrical disturbances of the
dynamics and control vector for some finite time ¢* if the controllability gramian is nonsingular for
any interval [0 " ) and some 1] € (0, t*). Also, it turns out that this property holds for any finite
t*> 0 if and only if the pair (4, , hy) is a controllable pair because of the formal analytical relation of
the controllability gramian with the controllability matrix associated with the pair (4, ,5y). If the

controllability gramian is nonsingular then point reachability is not generically achievable under
arbitrary parametrical disturbances for any given initial condition xy and any targeted state x* at

any finite time #*>0.
Remark 2:
Note from (11) that:

t*

Agt* Ayt*

(t%)] |

(e

o |

If (A.11) in Lemma A.2 of Appendix A holds for #=¢*and the conditions 1-5 of Lemma A.4
hold then:

max[ L6

ol |

(25)

< sfe*) < e

P [(1+lete)

Kg (- * x
th = 25 -2 ks + 3 i

Lapy € 2P0 1= Po=pr)rr _ ~(po+pw (26)
x &3P0 s HG 140 bo)ﬂ
PO~ Py

. . * * * K

Then, from Lemmas A.2-A.4 and defining &z = &g (t LU [O,t ))z— sup ||§ 7, x )) , one has:
Po o<r<t*
e [ - 26 (b ) 21— |

(27)

Ayt*
e

<|xle*)| <y (ﬁ)(

* *
x |+éeg U

ol 51
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where & is defined in Lemma A4 (iii), &y =&y (t*) and £, = Eipm (t*) are defined for
t=t*and:

a) for i=5in (A.12) and (A.16) if (A.11) (i.e., the assumptions 5 of Lemma A.2) holds,

b) for i=4in (A.13) and (A.17) if (A.10) (i.e., the assumption 4 of Lemma A.2) holds,

¢) for i=3in (A.14) and (A.18) if (A.9) (i.e., the assumption 3 of Lemma A.2) holds,

d) for i=2in (A.15) and (A.19) if (A.8) (i.e., the assumption 2 of Lemma A.2) holds,
respectively,

Note by inspecting Lemmas A.2-A.4 that sz;=1+o(max (gz,a‘;)‘l—e_pot*

* * — *
) ; EiFm :1—0(6/1‘1—6 Pof

i=2,3,4,5among the above set of conditions. Then:
Hx(t*) € |: ) HX*H (1+ o(max (S:I , SZ, 82 )‘1 _ e Por* ‘ ))

The stability of the open-lop nominal linearized system is not crucial in the above results. If
Po <0 (ie., the critically stable and unstable cases for the nominal linearized system), then

ol s (1)

Lemmas A.2 and A.4 in the Appendixes to get alternative results for those cases. So, Equation (28)
applies for any absolute value and sign of the stability abscissa of the matrix 4;.

j, and

* * — *
glFM :1"1‘0(8[4‘1_8 ot

) under the corresponding condition for

*
X

—pot*
1—o(max (Sj; €, SE)‘I—e ot

} (28)

e‘p ol -1 in all the relevant equations in the main body and

Note that (27)-(28) lead to a worst-case targeting state estimate at time t through the control
law (12) if the nominal linearized system is controllable. The controllability of the nominal linearized
system translates into an approximate parallel result of approximate reachability of the whole
current system and the approximation degree increases, as expected, as the parametrical
disturbances and the sizes of the nonlinear contributions decrease. Thus, we have the following “ad
hoc” definition and theorem concerning this issue.

Definition 4. The current system (1)-(2), subject to (3)-(4), is said to be (x*, t*)—point (1-a)

-approximately reachable APR_, (x*, ¢ ,X0 ), with o= o(max (82 ,ez, gz)e‘p ol —IU, from a given

initial state x(0)= x,, where:
* * * KO . . *
s =8§(t Jugl0, ¢ )):_ sup ||§(Tx(2’))|| if there exists some control law u:[O,t ] —R
0 <7<t
leading to the state targeting x(t*)e [(l—a)x*,(l+a)x* ] for ¢ >0if x(0) = x;.

Since x(t* ): x"if @ =0 then one has:

Assertion 1: The current system (1)-(2), subject to (3)-(4), is APR; (x*, t ,xo) if and only if it is
PR (x*, t* ,xo). O
The above considerations, together with Remark 2 and Lemmas A.2 and A.4 in Appendix A,

lead to the following direct result concerning the reachability of the current system if the nominal
linearized one is asymptotically stable and controllable:

Theorem 3 (approximate reachability of the current system). Assume that:

Ayt
o0

1) 4y is a stability matrix with stability abscissa (—py)<0 so that <Kge P Vie Ry,

for some real constant K,(>1),
2) The pair (4, hy) is controllable, that is, it is PR (x*, ‘; ,xo) for any given triple (xo ,x*,t*)

so reachable,
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3)

6 Ale- T)A( )‘P(r,t)dr” <1 (guaranteed via the sufficient conditions (A.9)- (A.11) [Lemma

A.2 of Appendix A],
||S”(ITX| < KWe_pW(t_T); Vi(>7),7e R withKy >1and 0< py < p

Then, the current linearized system (1)-(2), subject to (3)-(4) (i.e, that resulting for
E(x(t), ult), t)=0 on [O,t*] ), is exponentially stable. Furthermore, the whole system (1)-(2), subject

to (3)-(4), is APR_, (x*, " ,xo) with degree o= o(max (gz ,gZ, 52)‘ |- Pot* D, from a given initial
state x(0)=x, under the nominal control law u : [O,I* ] — R of Equation (12), where:

supHA “<8A ; sup”b H<€b ; 2=— sup ||§ ) ulz ,z’)"u

0<t<oo 0<t<oo

Theorem 4: Assume that the current linearized system (1)-(2) subject to (3)-(4), is PR (x*, ¢ ,xo) on

[O,t*] . Then, the following properties hold:

(@
“x(t*) e[ x*“—“jé?’(t*,r)f(r, x(r))dr +‘I6‘P(t*,f)§(x(7), H(T),T)dTH (29)
(ii)
. 2 V2o 1/2
N[ o) s P o
(iii)
If [#(,7)|< Kpe ? ") with Ky , py #0 then
RN bl iz be | (e ). 0 o) @1
b Nl T e s et ate. )] @
0<r<t
H H H H+O:th . z'H(jO H§ ,T)HdT)SHX*H+KW‘1_8‘PW* (jé*Hf(x(z') u(r),z’)Hde 33)
If, in addition, x* #0 then sup ||§ ), u(7) ,T)||SO'§X* and:
o<r<s”
o e &
If x*'=0 and xo#0 then sup ||§ ) u(z), 7)| < og9xpand:
o<r<t”
H H ‘1 el (35)

Proof: Since the current linearized system is PR (x*, ‘ ,xo) then the controllability gramian of the
current linearized system (1)-(2), subject to (3)-(4) on [O,t*] (that is, that associated with the pair

(4(). 54)) on .67 is:
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Gofo(A(c), b(@) = " (e ()T (" 2l (36)

which is non-singular and the control law
D) =TT )b T g o), o) - ol )s e o] @)
transfers the initial state x; to x(t*):x* along the time interval [0 , t*] if &(z,x(r))=0in (1) for

TE [0 , t*] . If such a nonlinear contribution is non-zero then x(t*)= X+ jé&”(t* , T)f(x(r), u(r), 7)dr
so that (29) holds and Property (i) is proved. Property (ii) holds since (30) follows from Ho lder’s
inequality in the upper-bound of the right-hand-side of (29). Equations (31) and (33) follow from the
right-hand side of (29) and (30) if ¥(¢,7)is of exponential order but non-necessarily stable since £

is finite and Property (iii) is proved. On the other hand, Equations (34) and (35) follow directly from
(32) under the given conditions. o

Sufficiency-type conditions which guarantee the non-singularity of the controllability gramian
of the current linearized system in the case that that of the nominal one is non-singular is given in
Appendix B.

3. Reachability and Approximate Reachability of the Current Time-Varying System under
Unstructured Nonlinear Dynamics

Theorem 5. Define x(t*) and x, (t*) as the current total state including parametrical disturbances

and the nonlinear effects and the nominal linearized one, respectively, under the respective controls
u(t) and u(t). Then, the following properties hold:

x(t* )— Xo (t* ): (Y’(t*,o)— ool )xo

il oo+ o) - e by (e)ar

)
(38)

(ii) Assume that the current linearized system (i.e., that resulting for E(t,x()=0) is
PR (x*, ‘£ ,xo) and that u(t)=u"(t); Vie [O,t*] achieves perfect state targeting x (t*): xat t=1.
Then,
e A S R A T G el ) @ar 39

(iii) Assume that the current linearized system (i.e., if Z(z)=0, l;(t)zo, c(e)=0, d (t)=0,
E(t,x(t)=0 E(t,x(2)=0) is PR(x*,t*,xO) and that uy(t)=uy(t) ; ‘v’te[O,t*] , Equation (12),

achieves perfect state targeting xS (t* )= x"at t=¢". Then,

)=l oo + 15 2Jbo(ohiy(0)+ £(x(0). ule), 7) Jaz (40)

Proof: Note from (26) that, for initial conditions x(0)=xy, x(i*) and xl") are given by :
)=l 0o + 15w ) ole()+ G0 ule). 7) e (a1)
xolt”)= e g + 1 e poug (£)ar (2)

leading directly to (38). Property (i) is proved. On the other hand, if the current linearized is
PR (x*, ‘r ,xo) and that u(t)=u"(t) ; Vie [O, t*] achieves perfect state targeting x*(t*): xat t=1.
Then:
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A )-x" = el 2)EG(e), ule). 7 )ar 43)
and replacing it into (38) and simplifying the resulting equation yields (39). Property (iii) follows
directly from the fact that uo(t):u;(t) ; Vte [O,t*] achieves nominal linearized perfect state
targeting x, (t* )= x"at r=¢ assumed itis PR (x*, . x )and then:

*

s X + j(t)*eAO (t*_r) boug(7)dt (44)

replaced in (38) gives (40). O

The following result provides a worst-case estimate of the Euclidean norm of the sate norm
versus time of the current system on the reachability interval [O,t*] of the current linearized
system, which is not assumed to be necessarily stable, if the control law (37) is used and the targeting
objective at time ¢* is scheduled for the current linearized system which is point reachable and

whose complete time-varying parameterization is exactly known for all time.

Theorem 6. Assume that:

Al) The current linearized system is PR (x*, r ,xo) and that the perfect state targeting objective
X (t* ): x"is scheduled for it.

A2) ¥(,7) is of exponential order (although the current linearized system is not assumed
necessarily stable) and its Euclidean norm satisfies
K.}/Oe_p'f")(’_r) <|# (7)), <Ky e Pwli=t) . Vi(>7),7e Ry, for some real constants

Pyo ZpTyl, Py, Ky/o >0and Kl[l >1.
1—e P¥! e‘py/‘[ -1

s

A3) max(

)bl

Ky

A4) The point reachability control law (37) is injected to the current system.

A5) The nonlinear contribution to the dynamics related to the nominal current linearized
system satisfies the worst-case growing condition:

;; Te[O,t] ; te[O,t*] (45)

"f(x(t), u(t)m S Kgy sup ||x(z‘)||§ + K¢y sup "u(TX
0<7<t 0<r<t

for some real constants K & >0and K & >0.
|ow |

where:

A6) Keg, <

X

i = Keleel [ pur Kya
= o ol +

(

be) 3

sup
*

/4
|/) b |ﬂ 0<r<t

*
|+ el )

i Iy B1)8" ()1

X

(46)

*

€|+ Kyperr ||x0||2j

e ki | POE ]

el (1 5007 0 |




with 6 =inf| 0€ Ry, : K <
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sup ||x

*
—pwt
, o= a(py/ t) maxﬂ equ ,le
o<r<t”

y= }/(t*):max(l , e_py’t*j, and ﬂ(py, , ,*)={ 2K52V0 *if Py =0
K
|

Foe 2P pyg >0
Then, sup*"x(tx s S M,.
0<e<t
Proof: Note from (31) that since the controllability grammian and its inverse are symmetric on any
time interval, denoting with A,,,;,()and A,,,.() the minimum and maximum eigenvalues of the
square symmetric- (.)matrix, one has:

(), <), t]

G300 Hx*—ﬁ”<t*:0)xo I

"b )| sup “‘l’t t]‘ ”x - t* O)xo “

610 (460, 50)

2

(47)

@), sup_ A2\ ( (t ,t)?’T(t*,t))H X —?’(t* , O)xo Hz

< osrst” ; Vte [O,t* ]
inf Ain (?’(t*,t)‘I’T(t*,t)) Anin (j{: b(l)bT(t>dt)
0<t<t
Since A2 (0 (07) )= [ (0.7)], < Ky e ) and
Aomin (?’(t,T) w1 (1,7) )2 K%/Oe_zp"'o ([_T); Vi(>7),7€ Ry, and then:
N . . 2 it <0
ot ol A | S T

Note that, since > p—l‘y, then if pypo <0= py <0 so that the current linearized system is
P¥o > 70 P y

either unstable or critically stable and py >0= py( >0 so that the system is exponentially stable.

Define also y = ;/(t* ): max(l e P! j . Then, one gets from (48) into (47) that:

*
X

*
ke,

R e PN
||M t)"Z_ B R ; y; - . ; "
ﬂ‘min (.[0 b(t)b (t )dtj L ﬂmin(.[o b(l)b (t)dt) ( )
Vie [o,r* ]

Define M, =M, (t*)= sup ||x(tX , S0z /K¢, for some Gg € Ry, . Thus, one has from (45) into
o<i<t"

(41) that:

M, = sup H H < mp HY’[ 01‘ Hx()H2+ mp sup
o<e<t” 0<t 0<t<t 0<t<t

X(K§XM§+ sup*("b(t)"2+K§u sup*"u(t)nzj sup*"u(tsz (50)

0<t<t 0<t<t 0<t<t

['t4@ 7)dTH

<Ky max[ l—efpw* X e‘p""t*

-1 ]{ 1 (Kg)ﬁ;M + sup [b ), +Keu sup*u(thj sup*u(tXZH

|ow| 0<r<t 0<e<t osr<t
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|

and after re-arranging factors of M, and re-allocating them to the left-hand-side of the above

.
+Kye ! kol

1P| Ll

>

so that, since foMf <M,, one gets by defining aza(p.p , t*)z max(

equation:

-1
K _ *
e

[P
K
+Jﬂ}wW%w@wM%}me o
|p‘1’| osr<t” osr<t” osr<t”
The substitution of (49) into (51) yields sup ||x(t)||2 <M, <M, with M, defined in (46)
o<e<t”
provided that |py|>aKy6: = Ky max[l—e_pw* , e‘pw‘t* —1] . Note that the condition

KeM, <6 <% always hold for some 620 if K¢ is small enough to satisfy

Ry

Key < |’0¥/| . Such a constraint is guaranteed by looking for a lower bound than

aKy sup ||x(t)||2

ose<i®
P | . : - |pw|
by usin i), <M, via (51) resulting tobe Ky <————.

akKy S”P*”x(t)"z YIS oig*HX( [0 via Y 5 T aKy M,

0<t<t

The results of Theorem 6 are now specialized for the case when the targeting objective is an

asymptotic objective, that is, scheduled for arbitrarily large time ‘.
Corollary 1: Assume that the assumptions of Theorem 6 hold with pyw >0 (implying that the

current linearized system is exponentially stable) so that the Assumption A3 becomes:

l—e_pw* <M

Ky
and that:
lim mf[ﬁ(py, i )ﬂmm jf,* b(t)bT(t)dt} >f,>0
t —oo
tmsup) Blpy 1" il BB (00| s <=
t —oo
Then:
ol K [ 2Kkl
I M\ )- bt 44— = 22 <0 52
o o e e PO 1 ], @
. . — (* Kg py 2|
l l M\t |- bl¢ <0 53
i s 47) - ot &

Proof: First, note that (46) can be rewritten equivalently as follows after grouping terms:

M, =, () -
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ot sup |b(e) 2
a}’K%z 1+ 2K5%’7K§ue ot HXOHZ o<r<t” H H : e—py/t*

K
oo |1 ol

RN (0070 | B (1607 0) | 0070

2K K x”
+ Kyay sup o) 3| 14— 1o

pu B 1y BT (0| 5= P15 o007 ()

2

Under the given assumptions, one has from (54) that, since py >0, it follows that

a(pl,, , t*): 1—e ™" S0as t —eand y =1, and then (52)-(53) hold. o

Another elementary targeting error estimate result follows below for the case when the current
linearized system arises perfect targeting and the nonlinear disturbance grows slower than some

power of the state norm.

Theorem 7. Let Assumptions Al to A4 of Theorem 6 to hold and the constraint of A5 is replaced
with the following one for some real constant y e (1,2):

o)) < Koo e<o.o”] (55)

Assume also that K¢, is small enough such that the condition C1 below holds:

C1)

fo < ll’lf
o<r<t”

Ky

(56)

LM
L—eWNput /1t

! [(”—l)pw#w”]ﬂ HEO)
“ ) (Wl ao )

Then, if the targeting control law for the current linearized system (37) is applied to the current
system, one has the following targeting error estimate:

[l )-x] saK
‘PW‘

-2
=2pyt

‘l—e

qKyKe, q‘l_e—(q—])p,,r’/q !
lg-1)
a-lp, "™

. 2
3 (5], Ko e Ful, )
AT A Ul et

|py|” B osis A2 [ I b(e)b" (t)dt) (57)
| KK Jq‘l_e_(q_l)p,,*/q el )
(g-1)p, """ KZ,
Proof: Note from (55) and condition C1 that;
oS s b o [t
< el — &2 e o)do| Y"1 dz yu (fsllé (o)), " do jﬂ (58)

7

[%(z.0)xy + [ (#(z, 0)b(o)u(c))dodr

;1577 0)¢ (+lo) Modr | <k,

<SPG - K
te [O , t*]
so that:
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e G )

e ; te [o,t*] (59)

(e, o) (o) o | <

X

On the other hand. since the current linearized system is PR (x*, ¢ ,xo) and its perfect state

targeting objective x*(t*): x"at time r=1 is achieved by the control law (37) it turns out, by
using (55) and H ¢ lder’s inequality in (56) with ¢=2/x>1and p:q/(q—l)zzi, that the
—H

current system satisfies:

q/lg-1)
)" |, =] vl e tuleae] [;5* w(t*,f)d7||§q*”“’j ( g(x(r))dfujj”
y (60)
* _ * q
e e
i _
Thus:
q
N N qKypK g,
o = o ey e | (gt
(61)
gKy K,
| e (3 el
q
(g=1)[p.|"" (62)

<[ 0+ e Mo+ (s, st e,

and by using (59) for the nonlinear dynamics contribution upper-bound and (49) for the control
upper-bound, one gets:

q
R e | B o
SRR KE,
q
* * Ky K X
S"x(t )— Z_z (q;i/(ql)] ‘1 ~lg-1)pp"/q (It Jr ( )f(x(O'))dO'dT)z
q_l Py
q N
. ql;‘"KfiqlJ ‘l_e-@_np,,,, /q {fé |7z 0)x, + (¥ (e a)b(a)u(a))da"j}dr]
q_l Pv
* 2 * 2
4 : qu/Kj/xq 1 T 1 laNowi’ g a ((I(t) | (. O)HZdr) HxOH; +[j(’) & (z, o-)b(a)u(o)dadr) )
q=lpy|""
63
K1 9Ky K, ! ~(g-Nput"/ ! pt | 2 KYZI 2 ( )
W —e TIPet LA TPy X Hx()H2+t 5 sup Hh X‘ Hu(o‘]‘z
‘pw‘ _1)‘Pw‘ ‘ y‘ 0<o<t

.2
‘1—672%‘[

Kk%’ ( qKWK’fX q‘l_ ~(g-D)pet" /g !
el g0l

. 2
* Ky e P¥t )
B b N Ra™

ool B oso A1 8087 )t

x| Il +1

and the result follows directly from (63). o
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4. Output Reachability, Output Approximate Reachability and Practical Constraints

4.1. Output Reachability and Output Approximate Reachability

It is direct to extend Definitions 1-4 to the various parallel concepts from (state) reachability of
output point reachability and approximate output reachability OPR (y* i ,xo) and
AOPR (y*, ‘& ,xo) in a direct way when the targeted objective at time ¢* is just to prefix an output

value y(t* )= v =cl (t* )x* to be either exactly or approximately targeted. The basic ideas are easy to

extend from the former section so that we only give some guidelines. Suppose for the shake of
simplicity that the direct input-output interconnection gain d(t)=d, =0 . Basically, the output

controllability gramians on [0 , t*] of the current and nominal linearized systems are, respectively:

G0 (7 (1), A(E),b(t)) = [ () (¢, 2)b()b" ()W (£, 7)e(c)dr

Goor (e A0 ) =] ey pre ™ e dr

The (exact) point reachability of each system holds if the above respective scalar output
controllability gramian on [0 , t*] is nonzero. Note that the nominal system is controllable implying
point reachability for any time instant if and only if the output controllability matrix of the nominal
linearized system [cg et Agby - b Ag_lbo] #0. In the case of multi-output, i.e., y(t)e R? with
p=2 and cg —-Cy , cI'(1)— C(r), in the parameterizations and the controllability gramians, with
Cy,C(t)e R”" then the applicable condition is that the multi-output controllability gramian of the
nominal, or respectively current, linearized system on [0 ) t*] is nonsingular. For the nominal
linearized system, the above property holds if and only if rank [Cobo . Codobg .-+, Codl by ] =p.

The results of the above sections can be extended directly for output reachability with minor
direct changes.

The control laws for exact/approximate output targeting at the time instant £ >0 are the
subsequent ones for the case of zero input-output interconnections gains d(t), dy, or D(t), Dyif

p=2:

(a) For the exact reachability OPR (y*, t ,xo) of the current linearized linear system and also
for the approximate reachability (AOPR (y* i ,xo)) of the current system at { >0 based on the

same control, where " =C (t* )x* , the control law (37) is modified as follows:

u(e)=b"@P " 7) (CW), A b [ 0)x )i T [o, £ ] (64)

(b) For the OPR (y* ‘ ,xo) of the nominal linearized system and also for the AOPR (y* t ,xo)
of the current system based on the same control at £ >0, the control law (12) is modified by

replacing in (64):
b(z) = by, Goqo,#(C(7), A7), b(7) = Gyeop0,04(Co. 4o b))

4.2. Solvability Constraints When the Linearized Systems Are Not Controllable

If the linearized systems are non-controllable then the corresponding controllability gramians
are singular. Therefore, the exact point reachability property introduces restrictions on the tentative

targeted points x at f for the linearized systems for the given initial condition x.In particular,

one has from (5) and the Rouché-Froebenius theorem from linear algebra, that for a control of the
form;
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T *
ug(z)= bgeAO (t _T)vo (t*) (65)
guarantees the exact targeting condition:
X* — €A0 a Xo — I(t)+ €A0 (t* _T)on (T)dT = GCO[O,t*] (AO , b() )VO (l* ) (66)

for the current non-linear system under some existing auxiliary controls v (t*) if, for given xy and

¢ , X satisfies the constraint:
rank GcO[O,t*] (AO , b() ) = rank |:GCO[O,t*] (Ao, b()) ) x* - ert XO - j(t) eAO (t _T)Vx() (T)df:| (67)
The same control (65) has solutions for point reachability of the nominal linearized system if;

* At
rank Geopo,00)( 4o, bo) = rank |:Gc0[0,t*](AO’ by),x —e! xo} (68)

Proposition 1. Assume that (68) holds for a given triple (x*, ‘r ,xo). Then the nominal linearized

. * * . . * * %
system is PR (x ,t ,xo) and the current nonlinear system is PR (x ,t ,xo) for some targeted x
which satisfies the following closeness to x constraint:

—* * *
X € X ||— x|+ .0

If the controllability gramian is singular but (68) holds then the algebraic system (66) is
compatible indeterminate and has infinitely many solutions. Note that (68) also holds if the
controllability gramian is non-singular. Therefore, (68) holds if and only if (66) is solvable. If (66) is
solvable then Proposition 1 holds for approximate reachability of the current nonlinear system. It is
also known [16] that, if (68) holds, then the either unique or the infinitely many solutions of (66) are
found from the as:

i el b o @ael | [ et hor)ar

Yo (t* ): GIO[O,t*] (AO , bO )(x* - eAn ‘ X0~ J.(Z)Jr EAO (t* _T)VXO (T)df) (69)

where GZO[ ](AO, by) is the Moore-Penrose pseudoinverse of GcO[O,t*](Ao» bo), which coincides

0,t*
with the inverse if the controllability gramian is non-singular. If GcO[O,t*](AO’ hy) has rank (<n)
then it can be factorized as GcO[O,t*](AO’ bhy)=GcGp, where Goe R”" and Gpe R™™ are both of

rank 7. The subsequent result follows concerning all the set of solutions of (66), or the best
approximated solution if (66) is algebraically incompatible, by taking into account the above
considerations and the basic related results on pseudoinverse matrices in [15,16]:

Theorem 8. The following properties hold:

(i) Assume that (68) holds so that (66) is solvable in vy (" ). Then:

Geopo,+) (4o, by )GIO[O,t*](AO> bo)[x* —eM xy -0 eAn(l _T)on(f)dfj = (x* —e™ xy -8 ‘fAO([ _T)on(f)dfj 70)

and the control law (12) is calculated by the set of primary control solutions to the nominal
linearized system is given by:

Voa (t*):vOa(t*)VO):GIO[O,t*](AO' bo)(x*—ert xo =[5 eAO(t _r)vxo(f)df)
(1)
+ (1 n= G;ro[o,t*] (4o, b0 )Geop0, e (4o bo )) "
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whereV, € R" is arbitrary and which becomes the unique solution (69) if the controllability gramian
is non-singular.

(if) Assume that (68) fails so that (66) is algebraically incompatible. Then, the primary control
(71) with V=0 gives in the control law (12) the best approximation of the error norm for the

reachability problem of the nominal linearized system in the sense that

Voa (t* , 0)= Al’g min X* —eAOt XO —jé er(t _T)on(f)d’l'—Gco[o’t*](Ao, bO )Voa (t* , Vo) (72)

o
Remark 3. If the reachability of the current linearized system is taken as basis to solve the problem
then (71) is replaced for an arbitrary V,.e R" with;

o RGN B L S

' 73)
+ ([ n= Gc[o,t*](Aoy bo(A(r),b(z)))GcO[o,t*] (A(e), (e ))) Ve
and a parallel result to Theorem 8 can easily by established for the two cases following when;

rank G g, (A(1), b(e)) = rank [GC[O’t*](A(t), b)), X" — ey~ 1wl T);(T)mf} 74)

holds or fails by implementing the control law (37) based on the primary control (73).

For the case of output reachability, one uses (64) with the output controllability gramian of the
current linearized system for the counterpart of the control law (37) or its direct modification using
the output controllability gramian of the nominal linearized system. In this way, we obtain either
compatible controls or those giving the best approximation of the error norm if the problem is not
solvable. Direct “ad hoc” extensions of Theorem 8 and Remark 3 are direct and are not detailed.

4.3. Constraints Associated with Saturated Controls

Assume that either (12) or (37), that is, the controls based on the linearized nominal or current
systems are saturated to be constrained within prescribed closed domains. Then,
a) Equation (12) is modified as follows:

oy if wg(7) 2ty [ N ]
ug(7)=sat,y,  u,, 0(7)) =110 (2) if 50(7)6(501,1702); 7e]0.¢ (75)
oy if wo(z)<ig

iig(r)= bl e (t*_T)GC_[(l)’t*](AO , by )(x* — ey, ) ; 1€ [0, i ] (76)

b) Equation (37) is modified as follows:

w if wl(r)2i

u(e)=sat, . @(@)=1a() if @0)e(@.@); relo.i] )
w if ulr)<in

w(e)=b" @ o) ). o) [ 0 ): zeo.r] 78)

The above modified saturated controls can be extended directly “mutatis-mutandis” to the
subsequent problems:

1) Output reachability, for instance, the control effort (64) or its counterpart being based on
the output reachability of the linearized nominal system. In this case, the targeting error for
approximate reachability of Proposition 1 would become modified by including an error
source generated by the deviation of the input from linearity as follows:
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or the alternative expression derived under the reachability of the linearized current system.
2)  Non-unique solvability or algebraic incompatibility as discussed in Theorem 8 and
Remark 3 by adding similar error sources caused from the deviation of the input from
linearity.

*
S+

t*er(I*fr) voolr +[ _LJ 4
lo wle)+| 1 satgo],goz(%(r)) ‘ (79)

t*eAO(I*f‘!)v r+[ Uy _] 4
o ole) satgy, o, (i1 (7)) e

Typical examples of control saturation arise in vaccination in epidemic models since the
vaccination effort cannot be negative and cannot be larger than unity if fractions of susceptible
subpopulations are vaccinated via feedback.

5. Considerations on Reachability and Output Reachability in Some Epidemic Models Though
Worked Examples

Some of the above concerns on reachability and approximate reachability are now discussed
and emphasized on typical usual epidemic models which have in common the presence of nonlinear
quadratic terms involving contributions to the dynamics of the products of susceptible and
infectious subpopulations which plays a crucial role in the mechanism of the infective disease
transmission. Such terms deviate the solution trajectory from the linear behavior about the
equilibrium points. See, for instance, [5-14] and also [16-21] and some of the references therein.

Example 1. It can be argued that the epidemic models are not controllable or reachable in general.
The following brief discussion leads to justify this claim. The so-called SEIR (including
susceptible-exposed-infectious and recovered subpopulations) epidemic models possess typically a
nonlinear quadratic term of the form BS([)I(t), B being the disease coefficient transmission rate
(which depends on the particular infectious disease under study), which governs the disease
transmission. From biological considerations, all the state components (roughly speaking, the
subpopulations of the model) have to be non-negative for all time. Assume an SEIR epidemic model
with a unique disease-free equilibrium point and a unique endemic equilibrium point of a constant
linear parameterization with linear vaccination effort V(¢) whose state is x(r)=(S(r), Et).1(r), R(t))"
and whose total population N (t)=S(t)+ E(t)+ 1(r)+ R()= N(0) is constant for all time. This situation
is common in many SEIR models. See, for instance, Reference [15]. Assume that the basic
reproduction number [5,6], is less than unity so that the disease-free equilibrium point
X, =(Se,O,O,N(0)—Se)T # 0is globally asymptotically stable, [3,5,6]. Since x(t) > x,as 1 — oo, it
turns out that, for ¢ =+co, no other targeted state x (#x,) can be prefixed as objective for any

given initial state x(0) even for the current linearized version. As a result,

G

. - Ao(t*—[) T Ag(t*—r) . . . . .
ac[O,oo)(AO)bO)= lim [y e boby e dr is singular and the linearized system is not

t —oo

asymptotically controllable and it is not asymptotically point-reachable for arbitrarily fixed
x(eo)=x"# X, {* =40 Since the integrand of the gramian is a semidefinite matrix, so that all its

eigenvalues are non-negative and at least one of them is positive. Note, by inspection, that the
. . . = ATl :
maximum eigenvalue of the integrand ﬂmaxGoc[(),w)(Ao, bo)(f)=eA0t T)bObOT e’ (t 7)>0 if
o A o —AlT - o s
0<{ —7<+oo, thatis, lim Be™ (Io e 0% AOTer e by ) is positive.
t oo

. . " AO(t*_T) T Ag(t*—f) . . . .
Since Goc[O,w)(AO’ by)= lim [y e boby e dr is singular then its maximum
t —oo

7 oAl —Alr _4 Ant”
eigenvalue is infinity, that is, [im bye * |[Te "0 e 07dr |e”0" hy=+cc and the maximum
1 oo
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eigenvalue of the gramian. It can be said that is it asymptotically reachable from any initial condition
if the targeted state at infinity only if the disease-free equilibrium point, i.e, x (s)=x,. From

Definition 2, the nominal linearized system is not reachable either since reachability fails at infinite
time for any point except for the disease- free equilibrium one. However, it can be point reachable

for certain given triples (x* 1 xo) which should be necessarily subject to the constraint the that the

sum of their components equalize N(0). Point reachability is not possible at the time instant £ if

such a constraint is violated. The same conclusion can arise for the current linearized system. Just
from the above empiric consideration on necessary conditions for reachability, we can conclude that:

Asymptotic reachability of both the nominal linearized and current system are only achievable
if the targeted point at infinity time is the disease-free equilibrium point. In particular, the exposed
and infectious subpopulations should be zero. The only freedom is that such a point can be governed
by the steady-state vaccination effort which allows to modify correspondingly, depending on such
an effort, the equilibrium susceptible and recovered subpopulations while keeping each component
non-negative and their sum equal to the total population.

Finite-time reachability at the time instant £ of the linearized system about the disease-free
equilibrium point is only achievable if the targeted state has non-negative components whose sum
equalizes the initial total population. Since there is no reachability of the nominal linearized system
for arbitrary triples of initial conditions, targeted state and targeted time, one concludes that the pair
(49 ,by) of such SEIR epidemic models is not controllable via vaccination controls.

If the reachability of the linearized systems in the sense of Definition 2 for an arbitrary targeted
point about the equilibrium fail then that of the current system also fails. The same above basic
principles are kept for the asymptotic reachability of the endemic equilibrium point in the case when
the reproduction number exceeds unity.

If the problem is stated for output-reachability with the dimension of the output less than that
of the state (for instance, the output has only one to three of the sate components) then the
considerations are close but the constraints are easy to satisfy. For instance, the targeted output has
only to be constrained to its components to be non-negative and their sum to be less than or equal to
the initial total population.

A simple intuitive entropy-based interpretation of the probabilities of both attractors to be the
relevant equilibrium point is as follows. Note that we cope with a very common situation that the
epidemic model possess a unique disease-free equilibrium point and a unique endemic one. Then, if
the reproduction number Ry <1 (typically, the disease transmission rate S does not exceed a
certain critical value £, associated with Rj =1) then the endemic equilibrium point typically does
not exist as being compatible with the non-negative solution trajectories while the unique globally
asymptotically stable attractor is the disease-free one. So, we can say that that the probability of the
trajectory to reach the first one is pyr =1 while that of reaching the second one is p,,y =0. Thus, the

entropy is H = —(pdf Inpgr + Pepa In pend)= 0 [22]. The same conclusion arises if Ry>1 (typically,
the transmission rate S exceeds the critical value £, ) since then the disease-free equilibrium point
is unstable while the endemic one is asymptotically stable py =0 and p,,qs =1and again H=0.
In general, if the reproduction number lies in [1— 7,1+ 72], with y € [0,1] and ¥, 20 , or if the
transmission rate can oscillate around the critical value, that is fe|[f.-6),8.+8,], then
Pdf =€ [0,1], Peng =1—01)e [0,1] and the entropy is H(a)=—(aina+(1-a)h(l-a)). As a result
ifar is close to unity (respectively, to zero) then the disease-free equilibrium (respectively, the
endemic equilibrium point) is the “most probable” attractor. In particular, H (0)=H(1)=0, that is
the solution trajectory converges either to the disease-free equilibrium point a=7 =1 and
6,€l0,8.], 7,=0,=0) or to the endemic one (a=%=06=0 and 7,>0, & >0), and

m[gxl]H (@)=H(1/2)==In(1/2)=0.6931>0 gives the maximum uncertainty about which equilibrium
ae|l,
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is the most probable attractor indicating that both of them are “unlikely probable with the same
uncertainty degree”.

Example 2. Consider the subsequent SIR model with time-invariant parameterization and a
vaccination control V(f)including an additive term proportional to the susceptible and another
eventual free-choice additive term:
S(e)==p1(0)S(e)-v () =~(B1(e)+ Ky )s()- 2lt)
1(0)=(BS(e)-v)1)

R()=vI()+ V()= Ky () +vi(r) + ) (80)

V(e)=KyS()+gl)

where [ isthe disease transmission rate and v is the removal rate, K € [0 , 1] is the control gain
of vaccination of a fraction of the susceptible and (=K, S(t)<)g(t) > g,(>0)as ¢t — oo . The total
population is N(t)=S(¢)+(¢)+R(¢) By summing up the three first equations one gets that the
resulting right-hand-side is identically zero N()=0 so that the total population

N(t)=N(0)=5(0)+1(0)+ R(0) for all time. The equilibrium points are x, =(S,,I,, R, )T such that

e’-e’

the three above time-derivatives are zero. So, the algebraic equation of the equilibrium points is:

—(BI1,+Ky) 0 0 2, 1
0 pS.—v 0lx,=| 0 |=|0 |g,
KV 1% 0 —8e -1

where the coefficient matrix is the Jacobian matrix corresponding to such an equilibrium. Thus, one
has the subsequent cases:

1)If g(r)>0so that g, >0 then:

Se=——2¢ _>0=5,=¢g,=0

T BIL+Ky
(BS,-V)I,=—vI,=0=1,=0
KyS,+vl,=-g,=0 forany Ky =0
R, =N(0)-S, -1, = N(0)
V,=limV()=KyS,+g,=0 foranyKy e [0,1]

[—>o0
Then, the unique equilibrium point is a disease-free one x, = (0,0, N(0) ), which depends on

the initial conditions, and with the whole population being asymptotically immune. The spectrum of
the Jacobian matrix J=J(x,)is A={0,-K;,,-v} which is critically stable with two zero

eigenvalues if Ky #0and one critically stable eigenvalue if Kj =0, so that, in the absence of

vaccination the stability properties become worsened with respect to the application of proportional
vaccination to the susceptible.

2)If g(¢)<0,sothat g, <0, with |g(t)| <Ky,S(t)<S() guaranteeing that V(£)=0 then
]

,=———+——2>0,and
Bl + Ky
-vK
(BS, -V, = M—V [,=0=>1,=0 or I, =M which is zero (disease-free
ﬂ]e + KV ﬂV
e . . vKy . ey . .
equilibrium  point) if | ge| = 5 and nonzero (endemic equilibrium point) if

VKV

vKy .
=(pI,+Ky)S,>—F, thatis, if S,>——"——.
|ge| (ﬂ e™T V) e” Y atis, 1 e>ﬂ(ﬂle+KV)
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KyS,+vl,=-g,=0 for any Ky 20 what implies that either K;S, =vI, = |ge| =0, so that
Se=1,=g,=0,0r Ky=1,=g,=0. As a result for both case of Kj being zero or non-zero, the
endemic equilibrium point does not exist since it would make incompatible the conditions

el _
Bl +Ky
irrespective of the wvaccination control gain K, being zero or nonzero. Again,
R, =N(0)-S,-1,=N(0) and 7, :tlim V(t)=K,S,+g,=0 for any K € [0,1]. As a result, the
oo

associated with the second row of the Jacobian matrix. Since g, =0 then S, =

unique feasible equilibrium point is the disease-free one x, of Case 1 which is again critically

stable.

By considering the spectrum of the Jacobian matrix, it is seen that there are a critically stable
eigenvalue and a stable eigenvalue which cannot be either removed or prefixed and that the other
one can be prefixed by the choice of the control gain. Then, note the following facts:

It is obvious that the pair (4 ,by) with 4y=J for S,=1,=0, R,=N(0)and by =(-1,0, 1)
is neither controllable nor stabilizable so that the nominal linearized system is not reachable in the
sense of Definition 2 for any given arbitrary triple (x*, 0 ,xo) . In particular, note that
rank(bo ,Abg, Azbo): 1< 3. This implies that the linearized nominal system cannot be reachable at

any finite time for any arbitrary targeted state in the sense of Definition 2.

The linearized nominal system is exactly output-reachable if the output is defined to be the
susceptible subpopulation and the vaccination has no maximum constraint. Assume that the
vaccination control effort is just the proportional term to the susceptible, i.e., g(t)=0. Since the

susceptible and the infectious at the equilibrium are both zero, one has that the susceptible of the

linearized nominal system are S(r)= e Kt Sp - Assume that the targeted susceptible are S* < Sy at

InsS .
some ¢ >0. Then, Ky :K; =—— targets S(t*)= S* < S,. However, if S* >S5, then Kj <0
30
and the (exact) point reachability of the linearized nominal system is unfeasible since vaccination
cannot be implemented with negative gains which would lead to increase the susceptible numbers.

In practice, the vaccination gain is restricted to Kj € [0,1] since the vaccination decreases the

number of susceptible and one cannot vaccinate more individuals that the susceptible amounts at

each time. Therefore, K €|0, ma;{l, - in 5

for a given ‘.
t In SO
The current system is approximately reachable with a certain targeting error at any time instant

>0 if the vaccination control is unconstrained. In fact , S(t):—(ﬂl )+ Ky )S'(t) so that if

InS*

*

t lnSO

Ky =K ; =- >0 has no upper-bound constraint then one gets:

S(t* ): . —j(t)(ﬁl(r)+KVdr)So _, _f(t)* ﬂ[(r)dr(e_KV ” SO) . _f(t)* ﬁ[(z-)drS*

(81)

£
L —Blo| 1=V /v
-1 t e VTdT % ﬁo[ ] *
=e olo A S =e S

and, if §" = Soeﬂs for some real Ag <0, then the error between the susceptible of the current system

at the targeting time instant and the targeted susceptible of the linearized nominal systems is:
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v(ln So —‘ﬂ.}D v(ln SO—‘/@D

‘lnS(t*)—lnS*‘zﬁIO 1—e KvISo /= pgrli-e KvinSo |y (82)

However, if the vaccination control is constrained as KVe[O,max(I?V, K;)] with

K ; __ S > K for some given Ky <1, which establishes the maximum fraction of susceptible

£ nS,
/‘J

allowed to be vaccinated, then K, =K, = K, - ‘I?V —-K_ «|,and:

V
dTJ _t* -K *;* —Ky-K =
) Sy =e 10 ﬁl(r)dr[e , Soj[e ‘ v-K,

Ky K x

s(°)=e -H to{ -

* (83)
— *
Jnfe Yo | |
vV *
=e S
Thus, (82) becomes modified as follows:
v(ln SO—‘AED
‘lnS(t*)—ln s*‘:mo l—e KrinSo /v+\1?V—KV* ¢ (84)
*
. * /?’S . % _ _ N
if t <——1 since Ky >K, and K, =K, <Ky, and:
In SO
v (ln SO"}:&D v(/n Sn*‘ﬂED
‘lnS(t*)—ln s*‘:mo 1—e KvinSo\/y=prli-e KviSo |/ (85)
ok
s , .
if t 2 —1 since then K, =K .
In SO

Example 3. Consider the following S/ epidemic model with N interacting groups and the infection
being transmitted within and between groups which includes vaccination efforts and which was
proposed (in the vaccination-free case) in [17,18]:

1,00= BN, = 1,008,100+, ) By O)-T,0) 5 =12, N (86)

subject to initial conditions 7;(0)=1;9; j=12....N, where N;,I; and S;=N;~1; ; j=12...N

are the total, infectious and susceptible populations of the N groups with respective total
populations at each group being constant: and where ,Bl-j,‘ i,j=12,.,N is the mutual disease

coefficient transmission rate from the i—th tothe j—th group, B isareference disease coefficient
transmission rate (typically, either the minimum, or the maximum or an average amount,
Bjyr=B;/B; i,j=12,.,N, with B;=p; and fj.=p; being a simplified notation for any

j=12,..,N, are the relative values of the ﬁij related to fand T i j=12,.,N are the antiviral

treatment effort son the infectious. Assume that:

T,(6)=K,(0)(N, - 1;(0)) ; K;(0)=5N,B; 1(e)+€,(e); j=12....N (87)
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for any ¢; :[0,m)—>[0,gj1) , with sj(t)=0 if and only if Ij(t)=0; j=12,.,N.But Kj(t)e [0, 1],
implies that

g(t)se<1-3N, B 1,(0)<1-3N, B, 1,(t); j=12,..N (88)

since K; (t)(N i1 (t)) is the fraction of susceptible used for antiviral treatment of the infectious at
time ¢; j=12,..,N. Thus, it suffices that Zi=1ﬂij Il-(O)Sl—.sj] andeﬂ <1; j=12,.,N for (88) to
hold resulting in /; (¢)being strictly monotonically decreasing, then I; ()>0as t >e; j=12,.,N
It has been proved the following:

Proposition 2. Assume that the epidemic model (86) is subject to the treatment control law (87) for
any ¢; 0, 00) > [0, gjl) , with é‘j(t)z 0 if and only if [j(t)z 0; j=12,..,N,under the constraints
€;1 <l and sufficiently small initial conditions such that N Bij 1 (0)<1-e& i1 - Then, all the

infectious subpopulations converge strictly monotonically to zero so that the susceptible
subpopulations of each group converge monotonically to the total subpopulations of the
corresponding groups. Furthermore, all the subpopulations are non-negative for all time under
non-negative initial conditions. o

Assume now that the antiviral control (87) is modified as follows:

T;(e)=x, A ()1,()1;() (89)
where Z,-j : [0 , 00) — [0, 00) ; i,j=12,..,N . The replacement of (89) into (86) yields:
10)=s18; N -85 + 4O, 5 j=12.8 (90)

Now, choose:

A1) = 0 (e () 5 (v, - 1,(0)) (1)

if I,-(t);tO and ﬂ.,j(t)=0 if I,-(t)=0 ; 1, j=12,..,N for some g [0,00)%[0,00) ; L,j=12,..,N,
subject to >V, Aij (t)I;(t) <1 forall t>0 , j=12,.,N so that (89) consists of giving a treatment on a
fraction of the infectious of that j-th group. This implies the subsequent constraint:

2 (1) ey (1) + B (V- 1,0)))<1 92)

1
N(Eij‘(f)+ﬁy(Nj —Ij(f)))
from (90) that 1;(r)=-3¥,¢;(c) sothat 1,(t)<1;(0) forall +20 according to:

which is guaranteed if ﬂij(t)e 0, ; i, j=12,.,N . Under (92), one has

1,()= o Zilhei (F)ar 1,(0)= 0y @100 (V1) e L J=12. N 93)

witth(O):Ijo ; j=12,..,N .Then the reachability for any suited targeted state in the sense of

=%k

Definition 2 is not possible. However, the current system is PR (I , ¢t jo) where I = (11* i ;I ;,)r
and Iy=(Iyg.lo. . Ino) with the N constraints I; 21;0;j=12...,N, if é‘ij(t); i,j=12,.,N

are such that the control gains /L-j : [0,00)—>[0,°o) ; i,j=12,..,N are selected in (91) for a set of

*
. . I

functions 8,-]-(1)such that p; = PN & (r)dz/t = —i* h{]—/} j=12,.,N.
t jo

Appendix A. Auxiliary Technical Results



Entropy 2019, 21, 1045 25 of 31

Lemma A.1. F(f)=1, —IéeAO(t_T)Z(T)W(T,t)dT is non-singular for a given t€ R, if the following

two assumptions hold:

1) Ay is a stability matrix so that el < Koe P ; Vie Ry, for some real constants Ko(>1)
and py >0,
2)
e (H)Z(r)sv(r,z)dru <1 (A1)
and (A.1) holds if the assumption 3 below holds:
3)
sup Z(T) H <1/ ff)eAO(t_T)‘P(T,t)dT“ (A2)
0<r<t

and (A.2) holds if the assumption 4 below holds:
4)

sup [e)|< o/ Kol et (a3)

07t

where ¥(1,7) ; Vi(>7),7€ Ry, , which satisfies ||‘P(t,z’X|SK5ye_p w(t=) ; Vi(>7),7e Ry, ,is the
fundamental of the system %(2)= A(t)x(t), x(0)=x,, and (A.3) holds if the assumption 5 below
holds,

5)
sup |[4(z)] < (po ~ i)/ KoKy e (A.4)
0<r<t
for some real constants Ky =1 and py = py— sup “Z(t)”>0 provided that sup ”Z(O‘)“<& ;
0<t<+oo <0<t Ko
Vi(>7),7€ Rand that py < py < py + sup “Z(t)”
0<t<+oo
Proof: Note that if ¥(t7) is the fundamental matrix associated with A(¢). Then,
w(1,7)= D) 4 [LeMO (o) e (0o ; Vi21)7e Ry, (A5)

with ¥(z,7)=1, ; Vre Ry, , which is of exponential order on the interval 7<o <t for any
t(z 7), T

so that there exist real constants Ky 21, pp e R such that ||‘P(t,z’)|| <Kye P v (=) ;
Vi(>17),7€ Ry, . On the other hand, note that

oo Koe P 20 f1-e) wp (o) sup o) vilz7).7e Ry, (A6)
Note from Banach’s Perturbation Lemma and (A.6) that one has for any € R, :
- - (if (A.4) holds)
O e, )= po=rr ]
Po— Py — KoKy (1_6—(/70—/74/)’) 0S<u}; HA(T) H (A7)
Po .
<€, (0= — (if (A.3) holds)
4FM Po—-Ko (l—e_Pof) Hﬂ) S”(T,t)dz' sup ”A(T) “ (A.8)
0<r<t
1
<e,, ()= ____ (if (A.2) holds)
3FM e er(t—T)S”(T,t)dT sup “A(z') H (A.9)

0<r<t
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1
<e ()= — (if (A.1) holds)
2FM 1— teAO(t—r)A(z_)yj(z_’t)dTH (A.10)
m
Lemma A.2. One has that:
[FOI 2e,,, (0= Pl -
20— py + KoKy (l_e‘(po—ﬂu/)f) ap [3(0)] (A.11)
<7<t
if the assumptions 1 and 5 of Lemma A.2 hold:
FO)| " 2e,, ()= 2o
ol " py+Ko (1_ew) Hff) ¥ (z.1)d1] s i) (A.12)
<7<t
if the assumptions 1 and 4 of Lemma A.2 hold:
O e, 0= (A1)
1+“joe =Ty (z,1)d 1 OSSL;[; "A(T) || :
if the assumptions 1 and 3 of Lemma A.2 hold:
"F(t)"_l ze (6)= Ll Ao(z—r)y,( 1 )d A7) (A.14)
+”]'Oe 7,t)dT Osgt:p;t " T ||

if the assumptions 1 and 2 of Lemma A.2 hold.

Proof: It is a direct joint consequence of Banach’s Perturbation lemma and Lemma A.2. Note that if

M is a square real matrix and ||E|| <1/ “M _1“ then M + E is non-singular and

b
H (M+E )_1H < (A.15)
=i
|
(Banach’s Perturbation lemma). Assume that H (M +E)_1H> 1” ” . Thus, the following
S

contradiction follows:

= R (A16
|

Then, H (M+E)‘1H>— . Thus, (A1l) to (A14) follow from

- 1+HM—1 “"E ||

Fe)=1, - L e A(0)e (z,0)dr,

e e
z” M+E 1”2 (A.17)
1|l s

and the proof of Lemma A.1, with the replacements M —1,, E — —j(t)eAO(t_T)Z (2)#(r,t)dr. o

Lemma A.3. Assume that:

Ayt
e 0

1) Ay is a stability matrix so that < Kge P, Vte Ry, for some real constants Ky >1 and

pPo>0,
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2) sup ”A “ gy for g€ [0,8;] and some £y¢[0,1),
0<t<eo

3) |#(t7)| < Kype PP ; Vi(>7),7€ Rwith Ky >1.
Then, the following properties hold:

Q) [Fe)<1+ey M(1—e‘(f’0‘/’w)’) ; Vie Ry,
Po— Py

if Py < Po and

||F(t1| > 1—82 KoKy (1_6—(,00—,09/)1); Vte Ry, if, furthermore, é‘; < Lo~ Py
Po— Py KoKy (1_e*(P0*PW)1)
) |Fef<1+ey M(l—e_pot),' Vie Ry, and
PopPy
|F () = I_EZM(l_e—Pot); Vie Ry, if, furthermore, £y < PoPy
PoPy KoKy (1_6—P0t)

Assume, in addition, that

4) The pair (4 ,bg) is controllable,

5) sup
0<t<oo

Then, G(t*) defined in (15) is subject to:

I;(t)”zsb for g€ [O,SZ] and some ¢, €[0,1).

(ki)
* K2 — * * * %k
G+ < eg(e*)= el = [ﬁ(l 200 | ol + KKy | oene’s
(A.18)

2000 o2Pwt* L _ Jpo—pw )t _ ~(po+puw * Gl o
B B 0 t*] 0 0
Po — Py

Proof: Note that from Theorem 1 that py + sup “A “> Po > pw if py <py so that by direct

0<t<+oo
calculations taking into account et <Kye P, ||‘P t,T)"SKy/e_p"’(t % and sup HA “ 2
0<t<oo
[Fe=[r, - foe VA e < 1+ef Ko lovek) e Ry, and
Po~ Py
[F(f 21, KKy 1 ~loo-pr)t] ¢
Po— Py
* Po— Py
fa= Al
KoKy (1 _e—(Po—PW)f) (A.19)
Ay(t-7)

Property (i) is proved. Property (ii) follows by applying Hé lder’s inequality to [hlle

e
and jf)"&”(z',t) ||d 7 of the integral leading to the formula:

||F(t1|£1+ sup ||A(z)||j6 |, Ao(t=7)
0<t<too

| (z.t)|d=

(A.20)
<1+ sup "A ||(I’

0<t<+oo

Ay (- rdTH jl/Z(jt #(z,0)| dT)ln . VieR,,

and, similarly, it follows that:

IF@) =1 sup | Ale)|1G o Ao(t=7)
0<t<too

|7 (z.0)||ld7 ; Vie Ry, .
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On the other hand, note that the conditions 1-5 allow to write the following chain of inequalities
from (23)-(24):

lG(e) s[ A0 ()T A0 gl 4 |17 1 A= G () (7, 0)b(0)bd 0 Nt ]G‘T[(])Yt*](AO . by)

A(r)

};(r) H sup

0<7<r*

S[Kig(lie—zpnt*mbo“ sup Hﬁ(r)H+K§KWHbOH sup
2p, O<r<t*

6*]6* 6*2/30’*(/30*/3'1' Je+(po+py )Gdadr)
0<r<r*

-1
X HGC[O,I*](AO B bO X‘

A(z)

(H)" o~2pot+(po=pu )t e o Potpy )Gdo-)]
0<7<r* 0<7<r* 0<7r<r*

=[ﬁ(1-e-2pof*)ubou sup [B(e)|+ k3K o] sup [B(6)] sup
2pg

- A21

<6300 )| (a21

KE ( —apy - - -
= —O(l—e 2P0t )"b()" sup ||b(T)||+K§K1p"bO|| sup b(T)" sup A(T)"
2
Po 0<7<r* 0<7<r* 0<T<t*
_ (po+py )1 -1 ~(potpy )t -1 _
o« o~ 2P0" (e 2)(6 . )] Gc[(l),t*](AO’bO)“
PO~ Py

and Property (iii) is proved. O

Remark A.2. Note that the technical results for F(t) of Lemmas A.1-A.3 are valid for any ¢€ Ry,
under the given sufficiency-type conditions rather that for the particular prefixed ¢* chosen for
generating the control law (12). However, the results for G depend explicitly on the control interval
[0, £#]s0 that they are applicable for ¢=¢*.

Appendix B. Guaranteed Reachability of the Current Linearized System from the Controllability of
Its Nominal Counterpart

Theorem B.1. Assume that the pair (Ao,bo) is controllable and sup
o<<t”

Z(t)“2 <ey, and

sup ”l;(t)”Sq,z for sufficiently small real positive constants &£,, =¢ Az(f*) and &y, =€ (t*)
o<r<t”

depending on {* Then, the following properties hold:
(@) Go, ,*](A(t), b(t)) is non-singular so that the current system is PR (x*, A )
Gi) If £,=4,6<1 and g, =4, <1for some non-negative real constants 4,, A, and

& € [0,1 ) then Property (i) is guaranteed if:

2‘p0‘ Anin (GCO[O,Z*](AO’ by ))
K (bl + @Il +1)2 11+ @Jpo] +1)2, 0+ 2,)]

(B.1)

[—e 2P

Proof: Note from (13) and (36) that the controllability gramian of the current linearized system
GC[O,,*](A(t), b(t)) is kept non-singular if that of its linearized counterpart GcO[O,t*](AOJbO) is

non-singular for all >0 and, furthermore, éco[o,z*](Ao, by)= GC[O,,*](A(t), b(f))—Gco[o,z*](Ao, by)
has a sufficiently small norm such that, for any given matrix norm, the incremental controllability

Geofo, (4o b0) | < 1/|G, (4o, o) since:

Gc[o,z*](A(t)r b(t))= G0, t*](AO L by)+ 6c0[0,t*](A0 . by)

gramian satisfies ‘

~ B.2
=Gof0,+] (40 bo )(1 nt G;é[o, t*](Ao by)Geofo,+] (4o » bo )) ®2)

what follows from Banach’s Perturbation Lemma which ensures that GC[O,t*](A(t), b(t)) is

non-singular, then, the current linearized system is PR (x*, t*,xo). Define ¥, (t,T)=eA0(t77) ,
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'i’(l‘, 7)=¥(,7)-%(.7); Yz, 1€ [0 Jt *] € Ry, and (ZCO[O,t](AO , by ))(T) being the integrand defining
Gof0,.](4o . bo)=1I§ ( Aeofo,1](4o . bo Nehiz; Vie [0 t ] € Ry, . Simple direct calculations to expand in

~ t
additive terms the incremental controllability gramian yield G,y t](AO, bo):j A : ](AO, by )dt
’ 0 cofo,z

with:
H(ZCO[O,I](AO 2 by ))(T)H < ZH'I"O (¢ 7)bob 0 'fN’(t»T)H+H'f7(f,f)boboT'fN’T(f,Tﬂ
+“’i’0(t,r)(bol7T +bby +Z;Z7T)5”0T(t,d + NT)YN’T(I,TX‘
(B.3)
+2H¥7(t,r) (b T +5bo +BBT (t,r)ﬂ
Note that:
”5”0(1‘*,’[)”2 SKoe_pO(t*_T), I(t)* (t*,T)szTS(KO /|p0|)1—€_p0 ,
* 2 *
8 (t*,r)uzdrs (Kg /2|p0|)1—e_2p0t
and, since N(t)“z <&y, , one has I(t)* 5’7(t* T)“i dr < (Kggﬁ /2|p0|) l—e_z’oot* and, since
o<r<t”
~(t)” < &y, one gets from (B.2) and (B.3) that:
o<r<t”
660[0,,*](140 : bo)“ i (4 Acofo.1](4o  bo o) 2
(B.4)
K} 2 2 “2ppt”
TR (e 2poll (e )+ elpol+ 2 s [+ lbol+ ez 1+ €3, )] | 1727
Kgb .
- |/",|" le.lpoll +e52 J 1= | +oles)+oles) (B.5)

2
Then, if Kool 2 (e o o], + &0 )17

|/’0|

and, if max(e 4, &p) is small enough for the given ¢ then there exists a positive real constant

[0 t*](Ao by X‘

* . .
£= £(£A2 , Epat ) satisfying:

Kb .
g<1/ Gg[lo,t*](AO, b)|- T/") T"z (o], + &0 | 1-e2
0

such that

AO bO ” mm cO[O t*](A b, )) /|G
Go)o, ,*](AO , b0)1s non-singular then G, ,*](A(t), b(t)) is non-singular and the first part of the proof

cOO,t*](AO’bO)ﬂZ . This implies that if

is complete. On the other hand, if £, =4,6,<1 and &, =4¢,<1for some real constant
£€[0.1), [4], then €%, =Aeli<e, =46, <land e}, = ABel <&, =g, <1 so that one has from
(B.4) that:

Goofo (0. 1),
2| ([4"b0"2 2"b0"+1 ] 2||b0||+1)€b2(1+€A2))1 e 2P0t
(B.6)
2 *
< E0K5 (Lgn e + Il +)a I+ ) 05 2,10

" 2p|
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and ‘

600[0,I*J(AO’ bo)“2 < 1/‘

Gg(}[O,t*](AO’ by )ﬂz holds from (B.6) if (B.1) holds. The proof is complete. O
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