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Abstract: This paper investigates the minimum mean square error (MMSE) of communicating a
pair of Gaussian sources over a a bandwidth-matched Gaussian multiple-access channel with block
Rayleigh fading in the absence of channel state information (CSI) at the transmitters. The achievable
MMSE is not known. To this end, we derive several upper-bounds to the minimum achievable
average MMSE as a function of the transmitter powers, the average channel fading power-to-noise
ratio, and the correlation coefficient of the two sources. To derive nontrivial upper bounds which
improve on those of separate source-channel coding and uncoded transmission, we incorporate
ideas from joint source-channel coding and hybrid digital-analog coding to construct specific coding
schemes for which the achievable MMSE can be determined.

Keywords: Gaussian sources; multiple-access channel; Rayleigh fading; channel-state information;
joint source-channel coding; uncoded transmission

1. Introduction

An important problem in wireless communication is the design of systems that are robust against
random variations in the channel signal-to-noise ratio (CSNR) caused by fading. If the channel
response can be measured at both transmitter and receiver prior to transmitting each codeword and
the channel remains stationary during the transmission of a codeword, adaptive transmitters and
receivers can be used to achieve optimal communication. Although the receiver adaptation is feasible
in most cases, the transmitter adaptation can be impractical in some cases. An obvious case is a single
transmitter communicating with multiple receivers over a broadcast channel (BC). Another case is
multiple transmitters communicating with a common receiver over a multiple-access channel (MAC)
where the individual transmitters have no access to the respective CSNRs observed at the receiver.
An important practical application of the latter case is a wireless sensor network (WSN) [1], where
possibly correlated, sampled analog signals sensed at multiple locations are transmitted to a single
receiver over a MAC [2]. The work presented in this paper is an attempt to characterize the theoretical
limits to performance achievable in transmitting a pair of sampled Gaussian sources over a Gaussian
MAC (GMAC) to a common receiver. More specifically, the basic question of interest is, “what is the
total minimum mean square error (MMSE) with which we can reconstruct at a common receiver, a pair
of Gaussian sources transmitted over a two-user power-limited GMAC with block fading, when the
receiver knows the channel state information (CSI) but the transmitters only have prior knowledge of
the distribution of CSI?” The problem involves averaging the achievable MMSE for a given channel
state over the CSI distribution. A complete answer to this question remains an open problem. In this
paper, we partially answer this question by considering certain coding schemes for which the MMSE
can be computed. The answer to our question partly depends on whether or not the two sources are
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correlated. Both cases are considered in this paper. We limit attention to the particular case where
transmission rate is one source sample per channel use, or in other words, the bandwidth of each
source is identical to the GMAC bandwidth (“bandwidth-matched”).

1.1. Related Work

Asymptotically optimal (achieves the MMSE as the codeword length approaches infinity)
communication of a Gaussian source over a point-to-point block fading channel whose CSI is
known to both the transmitter and the receiver can be achieved by separate source-channel (S5C)
coding, i.e., by cascading an optimal vector quantizer (VQ) for the Gaussian source with a capacity
achieving channel code for the Gaussian channel [3]. Even if CSI is available at the transmitters,
the source-channel separation is not in general optimal for communication over MACs ([4], Ch. 15) [5].
General conditions under which the optimality of separation holds for Gaussian sources and a GMAC
are not completely known. Some special cases are however known. It is known that separation is
optimal for orthogonalized transmission over a GMAC if the CSI is available at both the transmitters
and the receiver [6]. When the sources are memoryless and mutually independent, SSC coding is also
known to be optimal for the so-called two-to-one GMAC with no fading (NF-GMAC) [7]. In both cases,
the MMSEs achievable for a set of Gaussian sources at given rates can be obtained by combining the
rate-distortion functions of the sources and the capacity region of the GMAC. For a block-fading MAC
(BF-MAC), the same optimality result applies if the CSl is available at both the transmitters and the
receiver. In this case, the optimality can be achieved by adaptive coding at each transmitter. This is,
however, not possible if CSI is not available at the transmitters.

For the transmission of mutually correlated Gaussian sources over a NF-GMAC, SSC coding
requires, at each transmitter, a cascade of an optimal distributed VQ [8] and a capacity achieving
channel code for the GMAC. It is, however, known that this approach is not optimal even if the
transmitters know CSI [9]. This follows from a simple observation regarding the channel capacity.
When the sources at the inputs are correlated, the maximum mutual information between the inputs
and the output of a two-to-one MAC can be made higher than that with uncorrelated inputs,
which implies that the achievable rate region of a MAC for correlated sources is larger than that
for uncorrelated sources. However, realizing the rates in the enlarged region necessitates joint
source-channel (JSC) codes capable of creating mutually correlated inputs to the GMAC. For example,
if the source sequences themselves are used as the channel codewords, the source correlation is directly
transferred to the GMAC inputs. This the simplest possible JSC coding scheme and is commonly
referred to as “uncoded” or “amplify-and-forward” transmission. Despite the simplicity of this
scheme, it is shown in [10] that uncoded transmission is optimal for transmitting two memoryless
and correlated Gaussian sources with equal bandwidths over a two-to-one NF-GMAC with the same
bandwidth, if the CSNR is below a threshold that is determined by the correlation coefficient between
the two sources. Furthermore, the MMSE of uncoded transmission remains below that of SSC coding
for a wide range of CSNRs even above this threshold. This is in sharp contrast to orthogonal multiple
access over a NF-GMAC, in which the separation is strictly optimal at all CSNRs [6]. However, as the
CSNR approaches infinity, SSC coding on a two-to-one NF-GMAC outperforms uncoded transmission.
Intuitively, if the MAC is noisy, the dependence between the channel inputs allows better estimation of
the individual inputs from their noisy sum observed at the channel output; whereas, if the MAC is
almost noise-free, there is little to be gained by having dependent channel inputs. In the latter case,
proper coding allows recovering the individual GMAC inputs error-free, from which each source
can be reconstructed within the quantization error. This is not possible when the GMAC output
is the direct sum of the two sources as in the case of uncoded transmission. Another instance of
the NF-GMAC in which the uncoded transmission is optimal is the so-called “CEO problem” [11].
In the simplest instance of the CEO problem, the transmitters at the inputs of a GMAC observe
noisy versions of the same memoryless Gaussian source, and the objective is to estimate the this
source from the GMAC output. For this set-up, if the sources and the channel are bandwidth matched,
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the uncoded transmission is optimal regardless of the CSNR [12], whereas the SSC coding is suboptimal.
This result is not surprising if one considers the fact that, for a single memoryless Gaussian source and
a memoryless Gaussian channel with identical bandwidths, the uncoded transmission is optimal [13].

The trade-off between the energy per channel use and the achievable distortion in transmission
of two correlated Gaussian sources over a NF-GMAC is studied in [14]. The focus in [14] is the
minimum transmit energy pairs, which can achieve a given distortion pair with no restriction on the
source-channel bandwidth ratio. Interestingly, the analysis in [14] reveals that, with no feedback from
the receiver to the transmitters, uncoded transmission is more energy efficient than SSC coding for
sufficiently large distortion targets.

1.2. Main Contributions

This paper derives a number of upper-bounds to the average MMSE, referred to as the
fading-averaged MMSE (FA-MMSE), achievable in sending a pair of Gaussian sources over a GMAC
with Rayleigh-fading and no transmit-side CSI, as a function of transmitter powers, average channel
fading power-to-noise ratio, and source correlation coefficient. We refer to the MMSE in this case as
the distortion power function (DPF) for Gaussian sources and GMAC. What is derived here are the
upper bounds of the unknown DPF.

1. The obvious and relatively straightforward to-determine upper-bounds to the DPF are the
FA-MMSEs, which are achievable with uncoded transmission and SSC coding. In this paper,
we derive an alternative bound by considering conventional hybrid digital-analog (HDA) coding,
wherein vector quantization error in conventional digital coding is transmitted in analog form
by superposition. As expected, the numerical results show that, for uncorrelated sources,
HDA coding improves on both SSC coding and uncoded transmission. For correlated sources,
uncoded transmission has an advantage over HDA coding at low CSNRs where digital coding

frequently suffers receiver outages due to lack of CSI at the the transmitters.
2. It is shown in [10] that when the sources are correlated and the GMAC is fixed (no fading),

although uncoded transmission of the sources over the GMAC is optimal at SNRs below a
threshold determine by the source correlation, the uncoded transmission of vector quantized
sources directly over the GMAC (JSC-VQ) is asymptotically (as the CSNR approaches infinity)
optimal. Furthermore, it has been shown that this scheme, when enhanced with a superimposed
uncoded transmission of the sources (HDA-JSC-VQ), is nearly optimal at all CSNRs. Based on
these observations, we derive two upper bounds to the DPF for the fading GMAC, referred as
the JSC-VQ bound and HDA-JSC-VQ bound, respectively. Although these bound do not have
expressions that can be readily interpreted, they can be numerically computed. It is observed
that JSC-VQ and HDA-JSC-VQ bounds are not significantly different, regardless of the source
correlation. However, the comparison of these bounds with the distortion bound for SSC coding
shows a gap that grows with source correlation and CSNR. Although there exists a gap even
when the sources are uncorrelated, this gap is relatively much smaller. The HDA-JSC-VQ bound
established here is the lowest known upper bound to unknown DPF. It is shown that, for highly
correlated sources and under low average CSNRs, uncoded transmission can achieve performance
approaching the HDA-JSC-VQ bound.

2. Problem Definition

We begin with a formal statement of the basic problem addressed in this paper. Suppose we
observe two continuous-valued information sources, S; and S», at different locations and there is no
communication link between the two locations. We wish to communicate and reproduce these two
sources at a central location, where the communication takes place over a wireless channel modeled
by a two-to-one GMAC with block Rayleigh fading (BF-GMAC). The fading gains of the GMAC are
known to the receiver, but are not known to the the respective transmitters. Each source is a circularly

symmetric complex-valued Gaussian variable, S; € C, with mean zero, variance of E{|S;|?} = ¢?,
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and the correlation E{S;S>} = po?, where |p| < 1. A sequence of n samples from the source S;,
denoted by S; = (S;1,...,Si,), is assumed to be independent and identically distributed (iid). Our
interest in this paper is the transmission of a sequence of n source samples in n uses of the GMAC.
)

The encoder for source S; is therefore a mapping fi("
X = (Xi,l/ ceey Xi,n) is given by

: C" — C", where the channel codeword

X = £ (51,

and X;; € Cis the channel input for S; at time k = 1, ..., n (the superscript in fl.(n) emphasizes the fact
that each encoder is a block-encoder for n connective source samples.) The transmitter for S; has an
average power constraint, P;, so that

n

% ZE{|Xi,k

k=1

2l<p M

i=1,2
Let the GMAC output for the input codeword pair (X1, X,) be the sequence Y = (Y3,...,Yy),
where Yj € Cis the GMAC output at time k given by

Yie = hypXqx + hopXox + Wi,

h;; € Cis the gain of the channel between S; and the receiver at time k and Wy, € C is complex-valued
channel noise. As usual, it is assumed that (/11 x, hip ;) are iid complex Gaussian random variables with
mean zero and independent real and complex parts. In a BE-GMAC, h; ; and h; y remain constant
during the transmission of a length n codeword. Therefore, henceforth we will drop the time index, k,
denote the channel gains by 1y and &y, and denote (11, h2) by h. The channel noise, W, is assumed
to be circularly symmetric Gaussian random variable with mean zero and variance N. The noise
W = (Wy,...W,) is assumed to be an iid sequence. For convenience, define the CSNRT; = |1;|>/N
and 7; = |h;|%, which is the exponentially distributed power gain of the channel i = 1,2. Let E{7;} = 7.
The total output CSNR in the channel state h is

- NPt 1P 420712V D
N

=I1Py + 2P, + 20,120/ P1 P,

where v = Re{hih}}, px = E{Xlxg}, and T, = 12/N. We will refer toT' = % as the “fading

power-to-noise ratio” (FPNR) of the (z:hannel, which is a figure-of-merit for the BE-GMAC. Note that
px depends on the encoding scheme. For example, if SSC coding is used, the GMAC inputs are
independent and we will have p, = 0 regardless of source correlation p. On the other hand, if uncoded
transmission is used, px = p.

The receiver observes the channel output Y and the channel state h = (h1, h,) and reconstructs

the sequences S1 and S,. This decoder can be described by a pair of mappings gbl.(i) :C"x C? - C",
such that the decoded source sequences are given by

Si=¢"(Y,h), i=12
We will measure the distortion between $; and §; using the average MSE, given by
1& s 2
di ==Y ElSix — Sixl*,
n
k=1
For notational simplicity, we denote the minimum achievable d; for a fixed channel state h by

d;(h) and let
di2(h) = dy(h) + da(h).
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Our main goal in this paper is to determine the distortion power function (DPF) for two Gaussian
sources and a BE-GMAC, given by

. 1
D(Py, Py) = flx]%l:}/)fl/(PZ 5 /d1,2 (k) p(h)dh, @
where p(h) = p1(h1)p2(hy) and p;(h) is the pdf of h;, i = 1,2. Note that D(Py, P, ) is defined for a given
source correlation p and a FPNR T of a bandwidth-matched BF-GMAC. An alternative description
of D(Py, P») is the achievable power region (P;, P,) for a given target D. Note that DPF for a single
Gaussian source and a point-point AWGN channel can be found by evaluating the distortion rate
function of the source at the rate equal to the channel capacity, i.e., D(P) = ¢22~108(1+P/N) [4],

Finding D(P;, P») in general is difficult. Therefore, our end goal is to find useful upper-bounds
to D(Py, P»), by considering certain coding schemes for which dj(h) and d;(h) can be found in
closed-form, and therefore Equation (2) can be at least numerically evaluated.

Notation and Terminology

For simplicity of presentation, throughout the paper we define the index variable i € {1,2}.
The index j € {1,2} is always defined in relation to i as follows,

. )2 ifi=1
=11 =2
The complex conjugate of X is denoted by X*. The transpose and conjugate transpose (Hermitian)

of a matrix X are denoted by X” and X!, respectively. The time-averaged expectation of a length
sequence Xj, ..., X, will be denoted by

o L E(X} = EX,
k=1

3. Separate Source-Channel Coding

As a benchmark, we consider ubiquitous SSC coding. In this case, the encoder mapping X; =
fi(n) (S;) is a concatenation of two-stages. In the first, the sequence S; is vector-quantized to produce
a “digital” index [; = Hgn) (5;). In the second stage, the index [; is encoded into a channel codeword
X; = Al(n) (I;). The first-stage (VQ) is a mapping Hl(n) :C" — {0,...,2"™% — 1}, and the second stage
(channel encoder) is a mapping Af") : {0,...,2"R —1} — C", where R; is the rate of the encoder
i in bits/channel-use, i = 1,2. If S; and S, are uncorrelated, HEn) is a rate-distortion optimal VQ

for S;. If S1 and S are correlated, the pair (Hgn), Hén)) is an optimal distributed VQ for (S1,S>) [15].
The decoder q)f”) also consists of two stages. The first stage (channel decoder) decodes the index I;
using Y and h. As usual, we will say that a transmitted channel codeword is “correctly decodable”,
or simply decodable, if the codeword can be recovered from the channel output with an arbitrarily
small error probability by letting n — co. The second stage (source decoder) optimally estimates S;
using recovered (I, I), i.e., with MMSE estimation, $; = E{S;|[1, I, }. However, as the transmitters do
not observe h, the source and channel codes cannot be chosen adaptively to guarantee the error-free
recovery of (I, I). With fixed fi(") ,1=1,2, depending on the realization of h the received channel
codewords may or may not be decodable. The event where only a single codeword, either X; or X5,
can be decoded is referred to as a “partial outage” and that where both codewords are undecodable is
referred to as a “total outage”.

Let & denote the event that I; is decoded correctly and &1, denote the no-outage event that
both codewords are decoded correctly (no-outage event). Further, let £ denote the partial-outage
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event that only the codeword I; is correctly decoded and &], denote the total-outage event.
The probabilities of outage events for uncorrelated sources and transmitters with the same power
have been determined in [16]. In general, P(£|Ry, Ry), given (R, Ry), can be found as shown in
Appendix A. Let d(£|R1, Ry) denote the conditional MMSE under the outage event &, given (Ry, Rp).
If the conditional fading-averaged MMSE (FA-MMSE), given (R1, Ry), is d(R1, Ry), then the minimum
FA-MMSE achievable with SSC coding is

D%C(Py, Py) = If{anT; d(Ry, Ry). ®)
1r

3.1. Uncorrelated Sources

In this case, the reconstruction of S; only requires I; and straightforwardly

- 0% & (o ok
d(Ry, Ro) = 5 Y {27 2Pr(€i|Ry, Re) + [L = Pr(Ei|Ry, Ra)] }
i=1

3.2. Correlated Sources

When the sources are correlated, the source encoders must constitute a distributed VQ. One issue
with an optimal distributed VQ is that, due to the mutual dependence of quantizers for the two sources,
the reconstruction of neither source is possible unless the channel codewords from both transmitters
can be correctly decoded. Therefore,

d(Ry, Ry) = d(E12|Ry, Ry)p1z + 0% (1 — p1a),

where p1p = Pr(£12|R1,Ry) and d(&12|R1, Rp) in this case are the minimum achievable MSE
Dpvg(Ry, Ry) of a distributed VQ with rates (Ry, Ry), which is given by the the following lemma.

Lemma 1. Let
Ax,y) =277 (1 - p* +p?27%)

and Rsym = Ry + Ry. The MMSE of a distributed VQ for a pair of mean-zero, variance o> Gaussian sources
with the correlation coefficient p is given by

Dpyo(R1, Rp) = (A* + W)
where
= ma { (s, Ra), 8(Re Re) /(R R} @

Proof. See Appendix B. O

4. Conventional HDA Coding

Both fully analog (uncoded) transmission and fully digital SSC coding are special cases of more
general HDA coding, where the total power and/or channel bandwidth are split between an analog
encoder and a conventional digital encoder. When CSI is not available at the transmitters, an HDA
system with a power allocation optimized for the channel state distribution can always outperform
(in a FA-MMSE sense) both the uncoded and SSC-coded transmission. In this section, we analyze an
HDA scheme that uses a conventional SSC encoder (optimal VQ in cascade with a channel coder
for GMAC) as the digital part and the quantization error as the analog part [17]. The conventional
approach to combining the analog and digital channel signals is by superposition as considered below.
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Later, in Section 5.1, we will consider an alternative approach where a vector quantizer is used a JSC
code in the digital part.

A conventional HDA system is shown in Figure 1. The analog and digital components of each
transmitter output share the same channel bandwidth via superposition, whereas the total available
transmitter power is split between the two components via digital and analog scaling factors (a4, a4;).
The decoding at the GMAC output relies on the principle of successive interference cancellation (SIC).
Each encoder is parameterized by (R;, t;), where R; is VQ rate and 0 < t; < 1 is the digital-analog
power allocation factor to be introduced below, i = 1,2. Note that in this HDA system, each source
encoder is a rate-distortion optimal VQ for the respective source, regardless of whether the sources
are correlated or not. Therefore, unlike in Section 3, the source reconstruction becomes possible even
under partial-outage events. Furthermore, if the sources are correlated, the quantization errors are also
correlated (which is not the case if a distributed VQ is used), allowing analog components of the HDA
transmission to interfere, on average, in a constructive manner over the GMAC.

S \A N
\_/ g
S1 > VQI SL’ cCy
! )
I
= Y
~ B G)
S C: X X
s, . VO, 2 cCy 2 2 2
- a2 _
;mZQ ™~ 2> T
" L~
Qg2

Figure 1. Hybrid digital-analog (HDA) transmission of Gaussian source over GMAC. VQ: vector
quantizer; CC: channel encoder.

Let the quantized value and quantization error for source sequence S; be S;and Z;, respectively.
For rate-distortion optimal VQ of a Gaussian source, the quantization error variance is [4]

E{|Zi?}, = & = 0?27,
where Z; = (Z;1,...,Z;,). Furthermore, S, and Z; are uncorrelated, and therefore

E(ISP}, = o = o%(1 - 272,

where S; = (Si,l el Si,n). For correlated Gaussian sources, the following results regarding the
time-averaged asymptotic cross-correlations hold [10].

E(S75], = 20 -272%) .
E{5;5}, = %p(1-27%5) 6)
E{5;%,}, = ?p(1—272R)(1 - 272R) @)

E{Z;Z,}, = po?2 2Rtk 8)
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Further, we define the correlation coefficients

= E{STSNZ}n _ —2R —2R

P—W—P\/(l—z 1)(1—272R), )
_E{Z{zy), 10)

z 02,02

The VQ codeword §; (specifically, an index identifying it) is encoded into a channel codeword
C; of a capacity achieving channel code for the GMAC. The channel input for source sequence S; is
given by
X, = Xl' + ZZ- ,

where X; = a;,C; and Z; = a,;Z;,and 0 < ay; < 1and 0 < a,; < 1 are chosen such that

a3 E{|Ci]2}, + a2E{|Zi|?}, = B, i=1,2

2EZ Y -
We define the digital-analog power allocation factors as t; = %, i=1,2,sothata3.E{|C;]?}, =
(1 — t;)P;. The resulting GMAC output is given by

Y= (Xl,k + Zl,k) + hy (X2’k + ZZ,k) +W,, k=1,...,n,

where Xi = (Xi,lr .o '/Xi,n)/ W= (er ey Wn) andY = (er .o .,Yn).

The analog channel inputs act as noise to the digital channel decoder which jointly decodes
the two codewords C; and Cy. Recall that with asymptotically optimal VQ, Z; ;s are iid Gaussian
variables and therefore the total noise Z; + W; at the input of the channel decoder is also iid Gaussian.
Digital codewords are decoded first and the correctly decoded codewords are then used to cancel
out the digital channel inputs from the observed channel output. The source sequences are then
linearly estimated from the correctly decoded channel codewords and the residual channel output.
The achievable MMSE of the HDA system in any given channel state h depends on the the decodability
of digital codewords C; and C;. Let d;(E|Ry, Ry, t1, t2) be the conditional MMSE for source i under the
event &, given Ry, Ry, t1, and f3, i = 1,2. The necessary and sufficient conditions for each event can be
found using the basic achievable rate region for a GMAC [4].

e  No outage event &p: Both C; and C; are decodable if and only if ([4], Equations 15.147-15.149)

1 (1—¢t)PT; .
Ri<zlog |1+ Laa ik , 1=1,2 11
L) & ( tiPT; + tijFj + 2I'ppz v/ t1t2 P Py + 1 ()

(1—t)PTy + (1 —tPo)T )

(12)

1
Ri+Ry<zlog|1+
! 2>3 & ( 1Py + toPol'y + 2T 10024/t t2 P1 Py + 1

e  Partial outage event &/ (either C; or C; is decodable, but not both): C; is decodable while C j is not

decodable if and only if
1 (1-t)PT;
R;< =log |1+ , 13
! 2 & ( t1P1T' + Pl + Zrupz Vit PPy + 1 (13)
1 (1 — t-)P-F-
R > >log |1+ L , 14
] & ( t; Pl + tjP]-Fj + 2I'ppzv/ 1t PPy + 1 (14)

e Total outage event &1,: Neither C; nor C; is decodable if and only if Equation (11) is violated for
i = 1,2 and Equation (12) is violated.
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It can be verified that, when the sources are uncorrelated, Equations (11)-(14) describe regions of
(71, 72) for these decoding events as shown in Figure 2. For correlated sources, these regions not only
depend on 71 and 7y, but also on 7y12. We now proceed to evaluate MMSE under each event.

Y2

22R1 (22R2 _ 1)
a7 — 122t R2)) T

72282 _ 1

pio(1 — tro2(FiTRa)) |
92k _ |

pia(1 — 1,22R2) |

xl T T ’YI
92R1 _ 1 92R: (22R| _ 1)
pi(l — 12281 (1 — tyr22(RiTR2))

9228k _

1 (7 — to 22t Ra))

Figure 2. (1, 72) pairs corresponding to outage events in HDA coding of uncorrelated Gaussian
1-t

sources; T = T=f,

4.1. No Outage Event (£1)

In this case, the digital channel codewords C;, i = 1,2 are correctly decoded at the receiver.
Therefore h1 X7 + hy X5 can be perfectly canceled from the received signal Y to obtain the residual
Y = (Yl, el Yn), where

Y = hlzllk + hzzzrk + W, k=1,...,n,

and the source components (S1,S;) can be estimated from the recovered source codewords S; and
S,, and the residual sequence Y. The asymptotically optimal estimator is linear, and therefore the
estimated source sequence S; is given by

Sik=aqnSix+qnSu+anYe k=1,...,n,

where q;1, qi2, and g; 3 are the coefficients of the optimal linear estimator. The MSE of the optimal
estimator is

di(E12|R1, Ry, t1, ) = 02 — gi1c1 — Ginc2 — Giacs, i=1,2, (15)

where g; and ¢;, | = 1,2, 3 are found in Appendix C.1. Now, for given (Ry, Ry, t1, t2), the total FA-MMSE
can be found by evaluating

_ 11 &2
di(E12|R1, Ry, t, 1) = > /g Y di(€12|R1, Ry, t1, t2) p1(h1) pa(ha)dhadhs. (16)
J€n i3

Remark 1.

1. For the special case of uncoded transmission, we can set Ry = Ry = 0and t; =t =1 (p, = 0).
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2. On the other hand, by setting t; = t, = 0, we obtain the achievable MMSE of a purely digital SSC coding
system. However, for correlated sources, this MMSE is less than that given by the Lemma 1. This is because
the digital encoder in Figure 1 does not achieve a distributed coding gain, as does the digital encoder in
Section 3. To achieve a coding gain, a distributed VQ must be used, but this will render the quantization
errors of the two source uncorrelated, preventing us from exploiting the correlation between the GMAC
inputs to our advantage. The advantage of the HDA scheme in Figure 1 is its robustness against unknown
CSL. In particular, when the two sources are correlated, so will be their quantization errors. This correlation
allows for a form of statistical cooperation at the GMAC output as reflected by the appearance of p, in
Equation (16), see Appendix C.

4.2. Partial Outage Event (E!)

Suppose only C; is decodable (C; is undecodable), i € {1,2}. Upon decoding C;, the decoder
computes Y =Y — ;X to obtain the residuals

Vi = hillx+ 1 ( ]k+X]-,k)+wk, k=1,...,n (17)
The optimal estimates of the source sequences are
Six = qnSix + 9,
Sik = dnSix + i Ye-
and the corresponding MSEs are

di(€]|R1,R2, 1, 1) = 02 — gic1 — 4,
d;(&]|Ry, R2,ty, t2) = 0% — qjy ¢} — qipch,

where g;;, g}, ¢; and ¢}, I = 1,2 are found in Appendix C.2. The total FA-MMSE can be found by
evaluating

12
d(&/|Ry, Ry, ty, 1) = Z/

1:1 &l

1

|4i(E/IR1, Ra, b1, 12) + dj(€] IRy, Ra, 11, £2) | pr () pa(ia)dladha. (18)
4.3. Total Outage Event (£,)
In this case, neither digital codeword is decodable, and the source sequences are reconstructed as
§i,k =qiYy k=1,...,n,
i = 1,2. The MSE of the optimal estimator is
d;(E15|R1, Ry, t1, ) = 02 — g;c}

where g; and ¢; are found in Appendix C.3. For given (R1, Ry, t1, t7), the total FA-MMSE can be found
by evaluating

d(E15|R1, Ro, 11, 1) Z/ i(E12|R1, Ry, t1, t2) p1 (h1) pa (ho)dhydhy.

Finally, the total FA-MMSE of the superposition-based HDA scheme can be obtained by solving

DHDAGuP)(p), py) = o min d(Ry, Ry, t1, 1), (19)
1,82,41,82
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where
d(Ry, Ry, t1,t2) = d(E12|Ry, Ra, t1, ta) + d(E1|R1, Ra, t1, t2) + d(E3|R1, Ra, t1, t2) + d(E15|R1, Ra, 1y, ta).
5. JSC Coding

5.1. JSC-VQ

One problem of digital coding with no knowledge of CSI at the transmitter is the unavoidable
outage condition, which also exists in HDA coding schemes that use the quantization error of the digital
encoder as the analog component. Although the problem does not exist in uncoded transmission, on a
GMAC, uncoded transmission becomes inferior to SSC coding as the CSNR increases (for example,
see Figures 3 and 4). A simple way to improve the performance of uncoded transmission at high
CSNR is suggested in [10]. Rate-distortion optimal VQ is applied to each source to be transmitted
over the GMAC; the VQ codewords are scaled to meet the individual power constraints and directly
transmitted over the channel. As the source codewords and channel codewords are the same in this
case, optimal detection at the receiver can be used for joint source-channel decoding. More importantly,
even if detection of VQ codewords fails, some estimate of the sources can still obtained from the
observed channel output. The interest in [10] is the transmission of correlated sources over a
NF-GMAC, or equivalently a BF-GMAC with CSI available at the transmitters. However, as we will
demonstrate here, this approach can outperform HDA coding, even when the sources are uncorrelated,
i.e.,, when the transmitters do not observe instantaneous CSI. In the following, we determine the
FA-MMSE for this joint source-channel VQ (JSC-VQ) scheme. Our analysis considers the general
case of two correlated Gaussian sources with the correlation coefficient p (the result for uncorrelated
source can be obtained by setting p = 0.) The JSC-VQ scheme has an additional advantage with
correlated sources, since it allows the two correlated sources to statistically cooperate over a GMAC,
i.e., create on the average constructive interference at the channel output. Furthermore, whenever one
of the codewords is decoded correctly, the effective CSNR for the other codeword increases. As in
HDA coding, the achievable MMSE is determined by three possible outage conditions at the decoder.
However, the advantage here is that, even when none of the two codewords can be decoded correctly
some estimates of the two sources can still be obtained from the observed channel output.

The JSC-VQ encoder i vector-quantizes the source sequence S; using a rate-R; codebook, scales the
resulting codeword U7 to satisfy its power constraint P;, and transmits the scaled codeword X; = a;U?
over the BF-GMAC, where

b;

A7y (20)

N, =
i = 1,2. Note that, when S1 and S; are correlated, so will be the channel inputs X; and X5, and therefore
the advantage of this scheme. Upon observing the resulting channel output Y, the decoder first uses
the same VQ codebooks used by the encoders to jointly detect the transmitted codewords (U, U3)
by considering their correlation (detection step). In the second step, the detected VQ codewords
are used to estimate the source sequences S; and S; (estimation step). Note that (51,5, U{,U5,Y)
are asymptotically jointly Gaussian, and therefore the optimal (MMSE) estimator is linear. Let the
codeword pair found in the detection step be (U, U,). In general, the estimated source sequences are
given by

S =qally + qply + q3Y, i=1,2. (21)

where coefficients g;1 , g2, and g;3 of the optimal linear estimator are to be determined. For given
(R1, Ry, a1, 2) used by the encoders, it is not guaranteed that (U], U$) can be correctly decoded in all
channel states, and therefore g;1 , 4, and g3 will depend on the state (outage event) of the decoder.
Let H1p, H}, and H,, respectively, be the set of (hy,hy), for which the outage events £y, £/, and
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&1, occur for given (fixed) (Ry, Ry, a1, ap). Define the encoder parameter vector t = (Rq, Ry, a1, 7).
The FA-MMSE for given ¢ can then be given by

B 12 . : :
at) =~y / d:(Exa]t)dh +/ d:(&]|)dh +/ d(&an+ [ aEhinan. @)
2 =0\ S ), H) JH,
The minimum achievable FA-MMSE can be found by
DISC=VQ(p, p,) = min d(t). (23)

We next consider all possible outage events to determine the conditional MMSEs in Equation (22).

e  No-outage event &;: The set of all rate pairs for which &1, occurs are given by the following lemma.

Lemma 2. For given (P, P,), (h1,hy), (a1, a2), and p, both of the source-channel VQ codewords can be
detected with an asymptotically vanishing error probability, if (Ry, Ry) satisfy

_2\PT ,
R; < jlog, W) 1=12
(24)
Pyl 4 PoTy 4 20T 15/ P Pr 1 )

Ri+Ry, < %log2 =72

where p is given by Equation (9).
Proof. See AppendixD. O

Denote all (Rq, Ry) pairs that satisfy the above constraints by R(&12). Let the codeword pair
found in the detection step be (U, Uy). If (Ry, Ry) € R(E1p) thenU; = ug and u, = Uj. In this
case, the linear estimator need not use the channel output Y (g;3 = 0), and the source sequences
can be reconstructed as

Sl‘ = qﬂu‘{ + qizllg, i=1,2

The MMSE of the linear estimator for (Rq, Ry) € R(&12) is given by Equation (A24).
e Partial outage event E/: The set of all rate pairs for which £/ (i = 1,2) occurs are given by the
following lemma.

Theorem 1. For given (P, P;), (hi,h2), (x1,a2), and p, the codeword UY is decodable and U7 is
undecodable if and only if

1 Pil'y + PoI'y + 2109/ P1Pr + 1
Ri < zlo — (25)
) g2< TiPi(1—p?) +1
1 (1-p*)PTj+1

forie {1,2}.
Proof.  The proof, considering the case i = 1 and j = 2, is given in Appendix D. O

Denote all (Ry, Ry) pairs which satisfy above constraints by R(&/). If (R, R2) € R(E]), then
u; = u; and U; = 0. The source sequences are reconstructed as

S = gnli +q3Y, i=1,2.
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The expressions for the MMSE of the linear estimator for (Ri,Ry) € R(E!) are given by
Equations (A25) and (A26).
e Total outage event £],: The set of all rate pairs for which &/, occurs is given by the following lemma.

Lemma 3. For given (Py, D), (hy,hy), (21, a2), and p, neither codeword can be decoded if

1 I'1P+T,P+2I PP, 1
Ry > Llog, 1P+ TP + ~122\/12)+
2 F2P2(1—p)+1

1 TPy + TP, + 2T/ P P, 1
Ry > = log, 21 + 105 + ~122 1P2) +
2 F1P1(1—p)+1

I'1Py 4 TP, + 2T 56y/P1P>) +1
(1-p2) '

1
Ri+ R, > 210g2<

Proof.  Follows from Equations (24) and (25) in the previous two lemmas. O

Denote all (Ry, Ry) pairs which satisfy above constraints by R(€/,). The source sequences are
reconstructed as

PN

Si = qiSY/ i= 1,2.

The expressions for the MMSE of the linear estimator for (Ri,Ry) € R(&],) are given
Equation (A27).

5.2. HDA-JSC-VQ Coding

Finally, we consider an HDA scheme based on the aforementioned JSC-VQ scheme, which
possibly provides the lowest known upper bound to the distortion power function D(Py, P,) for a
pair of correlated Gaussian sources and a fading GMAC. In this scheme, a scaled (analog) version
of each source is superimposed on the JSC-VQ codewords in the scheme discussed in Section 5.1.
In particular, the resulting HDA scheme (which we will refer to as HDA-JSC-VQ coding) can be
shown to outperform the JSC-VQ at all CSNRs on a non-fading GMAC [10]. This improvement can
be attributed to the optimality of analog transmission as SNR — 0. In this section, we determine the
minimum achievable FA-MMSE of the HDA-JSC-VQ coding over the BF-GMAC. In this case, there is
an additional gain due to combining an analog transmission with JSV-VQ as this prevents the complete
outages that would otherwise occur with JSV-VQ. We will also demonstrate that this scheme achieves
a better FA-MMSE than any other known scheme, even for the uncorrelated Gaussian sources.

Using the same notation as in the previous section, the channel codeword generated by the
encoder i of our HDA-JSC-VQ system can be given by

X; = wa;S; + iUy,

where U7 is the VQ codeword for §;, and «; and f; are constants. Using the transmit power constraint,
we have

P; — a2022- 2R

ﬁi = 0,2(1 — 272Ri) - 4,

and the digital-analog power allocation factor «; must be chosen to minimize the FA-MMSE. Given
the observed channel output Y = 11X + hyX» + W, the receiver first decodes (U, U3) as (U;, U,)
and then linearly estimates the source sequence S; as

S = qally + 9> + q3Y,
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where the coefficients g;;, | = 1,2 are chosen to minimize the reconstruction MMSE for given (hy, hy).
The evaluation FA-MMSE can proceed as in the case of JSC-VQ system. Specifically, by redefinition
of the encoder parameters as t = (Ry, Ry, a1, B1, &2, B2), the conditional FA-MMSE can be found by
Equation (22). The minimum achievable FA-MMSE in this case is given by

DHDA*“C*VQuaJa)::n?nJuy 27)

What remains is to determine the conditional MMSEs in Equation (22), by considering every

possible outage event. We obtain the required MMSEs by proving a set of lemmas.

No-outage event Eyp: For fixed (hy,hy), the bounds on VQ rates required to guarantee
error-free decoding of (U{,U3) can be found through a slight generalization of the results
in ([10], Theorem IV.6) to account for channel-gains and complex-valued random variables.
In particular we can prove the following lemma.

Lemma 4. For given (P1, P»), (a1,B1), (a2, B2), (h1,h2), o, the VQ codeword-pair (U, UY) can be
decoded error-free whenever (Rq, Ry) satisfies

1 184 kin (1 — p?) + N’
Ry <5 log, N'(1—?)

1 1B, ko (1 — 02) + N
Ry < 5 log, N'(1—?)

1
Ri+ Ry < Elogz

|81 K1 + By | ka2 + 2Re{ B} (By)* }ov/Kinkza) + N’)
N'(1—p2) ’

where
N’ = |h1|* advy +|ho|? adv + 2Re{hiho }araovs + N,
v1, v1, and v3 are given by the set of expression following (45) in [10], but with

Bl = hia1(1 — a1p) + hy 1 + hapay (28)
Bh = hopap (1 — agp) + hofo + hiaqay, (29)

for ay and a given by Equations (48)—(50) in [10].

For (Ry, Rp) satisfying the bounds in Lemma 4, the minimum achievable MMSE is given
by Equation (A28).

Partial outage event &/: Rate pairs (Rq, Ry) for which only one codeword can be decoded is given
by the following lemma.
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Lemma 5. For given (P, P,), (a1,B1), (a2, B2), (h1,h2), and p, the necessary and sufficient conditions
where only codeword U7, but not LI;?, is correctly decodable are

1 181 kar +1B5[ ko + 2Re (B (B) }ov/Eikza) + N
Ri < Elogz 5
Bi| kjj(1—p%) + N’
R 11 :" k]](l—p2)+N’
] > E 08y N/(l _ﬁZ)

For (Ry, Rp) satisfying the bounds in Lemma 5, the minimum achievable MMSE is given
by Equation (A29).

e  Total outage event £7,: Rate pairs (R, Ry) for which neither codeword can be decoded is given
by the following lemma.

Lemma 6. For given (Py, Py), (a1, 1), (a2, B2), (h1,h2), and p, neither U? nor LI;? can be decoded if

2 2 o1~
Ry > tlog |1 ki1 +|B5| " ka2 +2Re{B1 (B)* }pv/kiikz) + N/
27 1By k(1 — 62) + N/
2 2 o1~
Ry > Llog |84 ki +|B5” koo +2Re{ B} (BY) "} Vkiik2) + N
2 2

AR SRR

18417 kux + || koo + 2Re{ B} (Bh)* }ov/Rirkn) + N
N'(1— )

1
Ri+ Ry > Elogz

For (Ry, Ry) satisfying the bounds in Lemma 6, the minimum achievable MMSE is given
by Equation (A30).

Lemmas 4-6 can be proven (details omitted for brevity) by considering the “genie-aided” decoder
argument in ([10], Appendix F), in conjunction with the rate conditions for three-types decoding events
established in Appendix D of this paper. In particular, the decoding events of HDA-JSC-VQ scheme
can be mapped to those of the JSC-VQ scheme in Section 5.1, by re-expressing the channel output in
the form Y = g U{ + pLUY + W’ such that the additive noise W' satisfies the properties required by
the proofs in Appendix D. It can be verified (see [10], Lemma F.1) that the desired representation for Y
is obtained by choosing g and ) as in Equations (28) and (29), respectively.

6. Comparison of Bounds and Discussion

In summary, Equations (3), (19), (23), and (27) are all computable upper bounds to the (unknown)
distortion power function D(P;, P>) of Gaussian sources and a Rayleigh fading GMAC, under the
constraint that CSI is not observable at the transmitters (the function minimizations required to evaluate
these bounds have been carried out by using global optimization software). These bounds have been
numerically evaluated for certain examples and the results are presented in Figures 3-5. For simplicity
of presentation, we consider the symmetric case of P; = P, and I'1 = T, = 1 (CSNR is thus the same
as P). We consider sources with variance 02 = 1.

Recall that if CSI is available at the transmitters as well, SSC coding is optimal for uncorrelated
sources, whereas uncoded transmission is not. The performance curves in Figure 3 confirm that this is
not the case if CSI is not available to the transmitters. The lack of CSI forces the coded transmitters
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to choose an encoding rate (based on prior knowledge of the CSI distribution) to minimize the MSE
considering the unavoidable receiver outages. In the lower-power regime where outage probability is
very high, uncoded transmission therefore achieves a better distortion than coded transmission. At the
high-power regime, however, the two sources cannot be completely separated from the sum created
by the MAC if transmitted completely uncoded and hence the MMSE of uncoded system reaches a
constant (which in this case is ¢?/2 = 0.5 or —3 dB.) As seen in Figure 3 (right) conventional HDA
coding essentially remains uncoded transmission up to about P = 6.5 dB (all power allocated to analog
part), and then diverges thereafter due to the increasing power allocation to the digital part. While
the exact DPF is not known, the HDA-JSC-VQ provides lowest known upper bound to the DPF. Note
that JSC-VQ bound coincides with the HDA-JSC-VQ bound for high P where all available power gets
allocated to the VQ codewords.

1.5
1 —B— HDA (MAC) —&— HDA (MAC)
Q —t SSC (MAC) —O— SSC (MAC)
— UC (MAC) —A— UC (MAC)
P *\o\ ® —<¢— JSC-VQ (MAC) —<«¢— JSC-VQ (MAC)
\ — P>— HDA-JSC-VQ (MAC) — P>— HDA-JSC-VQ (MAC)
N\ \%
A
3L N\ \\O\A\“A—A—A_A_A,
% n 24
N No
T4l LWL\ =
k=l ﬁ%\\b k=l
0] B 0
=5l O >
= N\ =
= \ o =
6L LS\
\ \\o -2.5
% =\
T7E N \b
* u\
NN
of % R
AN
0 5 10 15 20 25 3 4 5 6 7 8 9
P [dB] P [dB]

Figure 3. Fading-averaged (FA)-mean minimum square error (MMSE) for uncorrelated unit-variance
Gaussian sources and Rayleigh-fading GMAC with T’ = 1.0.

For correlated sources, SSC coding would not be optimal even if CSI was known to the transmitters.
Figure 4 shows that at p = 0.9, SSC coding has a significant gap (~3-6 dB) to the JSC-VQ and
HDA-JSC-VQ bounds. Figure 5 left and right shows the achievable FA-MMMSE of each system as a
function of the source correlation coefficient, at low and high transmitter powers, respectively. It is
known that on a fixed GMAC, uncoded transmission is optimal for power-to-noise ratios P/N <
1_’;2 [10]. For example, if p = 0.9, uncoded transmission must be optimal for the fixed channel if
P/N < 6.75 dB. Clearly, uncoded transmission can only be optimal for a fraction of time in a system
with fading and fixed (non-adaptive) transmitters and therefore cannot be optimal in a FA-MMSE sense.
As Figure 4 shows, the uncoded system performs identical to the JSC-VQ system in the low-power
regime (P less than about 15 dB in this example). This should be expected, as the the limiting optimal
JSC-VQ system (as P — 0) is the uncoded system, i.e., the receiver operates in outage nearly all the
time, and therefore the optimal system has a rate that approaches infinity. The HDA-JSC-VQ system,
on the other hand, exhibits a different behavior. The analog—digital power allocation and VQ rates in
the HDA-JSC-VQ system ensure that the receiver achieves an optimal operating point with respect to



Entropy 2019, 21, 992 17 of 32

all four outage events. This allows the HDA-JSC-VQ system to achieve a lower FA-MMSE at a given P,
compared to both JSC-VQ and uncoded system in the lower power regime, as evident from Figure 4.

O,
—6— JSC-VQ
| —@— HDA-JSC-VQ
2 —-—- HDA
" — — uc

'
[ee)

-10

FA-MMSE [dB]

-12

-14

-16

_18 Il Il Il Il Il
0 5 10 15 20 25 30

P [dB]

Figure 4. FA-MMSE for correlated unit-variance Gaussian sources with p = 0.9 and Rayleigh-fading
GMAC with T = 1.0.

2 -
o o
S, . S
L L
n n
= =
s. s.
< <
LL L
14 F
.16 F
— — UuC
"""" SsC
;18 p | HDA -18
—O—1JsC-VQ —O6— JSC-VQ
—¥— HDA-JSC-VQ —¥— HDA-JSC-VQ
-20 ] -20 I I I I ]
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
p 4

Figure 5. P = 10 dB (left) and P = 30 dB (right).
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So far, we have considered the symmetric case, that is, P; = P,. As an example for an asymmetric
case, Figure 6 shows the FA-MMSE of JSC-VQ and HDA-JSC-VQ schemes for P, = P; /10 (i.e., P, is
10 dB below P;) when p = 0.9 and I' = 1. Note that at high CSNR, the high correlation between the two
sources allows the receiver to achieve D, ~ Dy, despite the transmitter powers being very different.
When comparing this figure to Figure 4, note that the total transmitter output power (P; + P,) is lower
here (1.1P; compared to 2P;), which explains the higher total FA-MMSE compared to Figure 4.

—W¥— D (JSC-VQ)

. —v— D, (ISC-VQ))
4l % - -+ D, (ISC-VQ)
§ S . —@— D (HDA-JSC-VQ)
§ o —O— D, (HDA-JSC-VQ)
Al . --O--- D, (HDA-JSC-VQ))
S 8f
LL
0
=
=
& -10 -
L
-12 -
-14 +
-16 : ‘ ‘ ‘ ‘ ‘
0 5 1 15 20 25 30

P,=10P, [dB]

Figure 6. FA-MMSE for correlated unit-variance Gaussian sources with p = 0.9 and T' = 1.0, when the
output power of the transmitter for source 2 has 10 dB lower than that for source 1 (i.e., P; = 10P,).

Although practical code construction methods related to our problem have been reported in
previous work, e.g., [18-20], those methods perform well only when CSI is available at both the
transmitter and the receiver. Furthermore, [18,19] also suffer an additional performance loss due to
being zero-delay coding schemes. The results presented in this paper serve as a guide to developing
good practical multiple-access block codes for transmitting Gaussian-like sources in systems with no
CSI at the transmitters. If the average CSNR is low, uncoded transmission can achieve nearly the same
performance as an HDA-JSC-VQ system. The relative performance of the uncoded system improves
with the source correlation. However, at moderate to high CSNRs, HDA-JSC-VQ will have a definite
advantage, regardless of source correlation. Optimal VQ and typical sequence detection, as considered
here to analyze HDA-JSC-VQ, are obviously not practically realizable. A potential approach to
practically realizing a HDA-JSC-VQ system is by using trellis-coded quantization (TCQ) [21] at the
transmitters (with optimal rates and power allocations found as described in this paper) and joint
maximum likelihood (ML) sequence detection at the receiver [22]. On the one hand, TCQ allows
computationally efficient way of quantizing long source sequences with distortion close to the
distortion rate bound for optimal VQ; on the other hand, the joint detection of a pair of long VQ
codewords can be efficiently implemented using a suitable variant of the Vitterbi algorithm operating
on a combined trellises of two TCQs. Our preliminary experimental results suggest that this approach
can achieve performance very close to the FA-MMSE bound derived in this paper. A complete set of
experimental results will be reported in a future paper.
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Appendix A. Outage Probabilities in SSC Coding of Gaussian Sources

From ([4], Equations 15.147-15.149), it directly follows that the the necessary and sufficient
conditions for various outage events are as follows.

e &1y (both codewords decodable):

Pr;>2%Ri—1, i=1,2
PiTy + PoT > 22(RitRa) g

e & (only one codeword decodable):

P;T; IR .
— > 2% ] =1,2
1+P]F]_ ot !

2R;
le"j <27 —1
. 1, (neither codeword decodable):

PTi  oom .
I g2, 21,2
[ CE

PTy 4 PTy < 23Rk _q

It is straightforward to verify that (71, 72) pairs corresponding to these events are as shown in
Figure A1, where we define y; = P;/N.

V2

&

e — n
2 1 92R> (2 1)

H1 23

Figure Al. (1, 72) pairs corresponding to outage events in separate source-channel (S5C) coding of
Gaussian sources.

The probability of the event £ is given by

Pr(£|Ry,Ry) = /gpl(’Yl)Pz(’Yz)d’Yldvz-
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7
each region, both Pr(&12|Ry, Ry) and Pr(&£/|Ry, Ry) can be obtained in closed-form. The former has

cumbursome expression (not shown here), but the latter is given by

where, for Rayleigh fading, the pdf of v; is p;(v;) = %exp (—ﬁ). By evaluating the integral over

B ZRi(ZZRj—l) _ @Ry
Pr(&/|Ry,Ry) =e Fi 1—e 1 , i=1,2.
Straightforwardly, P”(5{2|R1/ Rz) =1- Pr(glz‘Rl, Rz) - PT(S“R],Rz) - P?’(gﬂRl,Rz)
Appendix B. Proof of Lemma 1

We first state a lemma that is required to prove Lemma 1.

Lemma Al. Let
Ax,y) =277 (1 - p* +p?27%)

and Rsym = R1 + Ry. Given a distributed VQ (for a pair of zero-mean, variance o2 Gaussian sources whose
correlation coefficient is p) with rates Ry and Ry, the distortion pair (D1, D,) is achievable if and only if

(D1,D2) € {Dl(RlzRZ) NDy(Ry,Rz) N med(Rsz)} (A1)
where
Di(Ry,Ry) = { D1 : Dy = 0?A(Ry, R) }
Da(Ry,Ry) = {D2: Dy > 02A(Rs, Ra) }
Dproa(R1, Rp) = {(DLDZ) :D1Dy > U4A(Rsum,Rsum)}-
Proof. This lemma follows from the achievable rate region given by ([8], Theorem 1). O

Proof of Lemma 1: Let (dq, dy) be all distortion pairs achievable by a distributed VQ with rates
(R1,Ry). From Lemma A1, it follows that all achievable distortion pairs satisfy

dy > A1 = 0?*A(Rq,Ry) (A2)
dy > Ay = 0*A(Ry, Ry) (A3)
dle > Ap = 04A(Rsum/ Rsum)‘ (A4)

For a given (Ry, Ry) pair, all (dq, d») that satisfy these constraints are above the curve shown in
Figure A2 [achievable distortion region for (Rj, R2)]. The minimum achievable total MSE is found
by minimizing d; + d, subject to the constraints Equations (A2)—(A4) (feasibility set). It should be
clear that the optimal solution occurs when ¢ is such that the line d1 4+ dy = ¢ touches the boundary
of the feasibility set. Depending on the relative values of Aj, Ay and Ajy, this will occur at the
point A, B, or C as follows,

A
Aif Ay < /Dy < Apand 6 = Ay + % [Figure A2a],
2

A
Bif Ay < /App < Apand 6 = A + f [Figure A2c],
1

Cif \/A1p > max{A1,Ar} and 6 = 21/Ayp [Figure A2b].
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The inequalities in the first two statements are equivalent to max{A1, Az} < /Ajp < max{A1, Az}.
Therefore, the minimum d; + d; is
A1z
A’

5 =A"+

where A* as given by Equation (4).

0 (a) do

|
i 1
i |
i
Y‘ \‘
| _ .
b s | 1dida= AL d=d ditda =0 d=d ditdy =01 = ds
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Figure A2. Distortion pairs achievable in distributed VQ of two correlated Gaussian sources at a fixed
rate pair (Ry, Rp).

Appendix C. Optimal Linear Estimators for HDA Coding

In this appendix, we determine the MSE of the optimal linear estimator in conventional
HDA coding.

1. No-outage event (£17): Linear estimator used in the HDA system, estimates the source sample
Six, k = 1,...,n using the observation vector Y, = (S1x Sy Y)T. Define the asymptotic
autocovariance matrix K = E{Y,Y/'} and the cross-covariance vector ¢; = E{gi*,ky"}n'
For optimal VQ of Gaussian sources, Equations (5)-(8) hold and the following can be verified.

ki = E{|$12}, = *(1 -27%%)

kip = ky = E{S;S}, = o?p(1 —272R1)(1 - 272Fe)
ki3 = k3 = E{T‘Y}n = aghpp2 K2k

ko = E{[S:[?}, = (1 —27%%2)

kys = k3, = E{Tﬁff}n = ap1h1p2 Rk

kss = E{|Y2}, = 11t P + 72t2Py + 271202/ 12 P1 Py + N,
c1 = E{S;51}, =kn

c1p = E{S15,}, = pka»

C13 =C3 = W}*Y}n = (g 12720 4 aphpp272R2) g2
e = E{S}351}, = pkiy

e = E{S}5,}, =kn

co3 = cip = E{S3Y}, = (a2 22 4 gy 1y p272R1) 0%,

Let the optimal linear estimator coefficients be g; = (g;1 g2 q13)T. Then, we have q; = K_lc:-‘,
i=1,2.
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2. Partial outage event (51»’): In this case, define Y, = (gi’k Yk)T, ie{1,2), and K; = WW
which is a 2 X 2 matrix whose elements are
ki = E{|Si|2}, = 0?(1 —272R)
kao = E{|Y2}, = 9itiPi + 9P + 2y1202V it2Pr Py + N
Let optimal linear estimates for S;  and Sj,k, k=1,...,nbeq; = (91 Qiz)T and q; _ (ql{l qu)T-
Then, we have g; = Klflcj and g; = K;l(c;)*, where ¢; = (¢;1 cip)T and ¢} = (¢}, c/,)T with
e = E{S;Si}, = pkun
cia = E{S; T}, = agihio®2 2K + agjhjpo?2 2R
ch = E{Tgi}n = pkn
i = Wn = uihipo?2 i 4 agihio? 272K

3. Total outage event (£{,): The optimal source estimates are given by SAl-,k = q;Yy, 1 = 1,2 for
k=1,...,n, wheregq; = k~1¢; and

k=E{|Y|?}, = 71P1 + 72P2 4+ 271202/ t1t2P1 Py + N
¢ =E{SY}, = wgihio?2 2R 4 ucajh]-pUZZ’ZRi.

Appendix D. Proof of Lemma 2 and Theorem 1

We start by summarizing the proof of ([10], Theorem IV.4). The code construction, encoding,
and decoding in the JSC-VQ scheme are as follows. Let € > 0 be a fixed constant and rates R and R be
fixed. The VQ codebook C; C C",i = 1,2, is generated by independently drawing 2"Ri vectors of length
n from the surface of the origin-centered sphere of radius r; = \/no?(1 — 272Ri) in C". The encoder for
source i uses C; and vector quantizes the source sequence s; to generate a codeword u} € C;. The code
vector is then scaled to meet the power constraint and transmitted over the GMAC without any further
encoding. Crucial to the proof given in [10] is the geometric view of the VQ encoder. To this end,
consider the cosine angle between any pair of non-zero vectors w and v, defined by

cos(w,v) = 7Re{<w,v>}'
[wll[|2]|

Let the F(s;,C;) be all u; € C; for which cos(s;, ;) is between v'1 — 272Ri(1 + €). The VQ encoder
for source i quantizes the sequence s; into the codeword u/ as follows. If F(s;,C;) = @ then set
u) = 0; otherwise, u? is the codevector u; € F(s;, C;) with the smallest | cos(s;, u;) — v/1 —272Ri].
The channel input is then formed as x; = a;u{, where g; is given by Equation (20). Upon reception
of the GMAC output y due to both transmitters, the receiver derives the source estimate (51,5;) in
two steps: First, the receiver obtains a guess (i1, i) for the channel input codeword pair (u{,u3) by
finding the jointly typical codeword pair (u1,u;) € C; x Cp such that ajuq + ayu, has the smallest
Euclidean distance to the channel output y. A jointly typical pair is defined as (#1,u;), for which
|6 — cos(u1,uz)| < 7¢, where € > 0 and § is given by Equation (9), which is the correlation between
the transmitted VQ codewords (u, u3). Note that, guessing the channel inputs based on the output
y in this case is akin to channel decoding in SSC coding, but the use of the correlation g to define a
jointly typical set amounts to JSC decoding. In the second step, the source estimates are improved by
computing the MMSE linear estimates of the source sequences, given y and the already decoded VQ
codewords (i1, 115).
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Given the channel output y, let £ be the error event that there exists a jointly-typical codeword
pair (@11, 1) # (u],u$) for which

ly — a1ty — wodo|| < ||y — aquf — aousd||.

It can be shown that, for sufficiently large 1, the probability of joint decoding error Pr(Ey) — 0 as
n — oo if the rates (Ry, Ry) satisfy the constraints ([10], Lemma D.1)

1 P(1-p)+NY) . _

Rl < 2 10g2 < N(l — pz) 7 1= 1/2 (A5)
1 P1+P2+2ﬁ\/P1P2+N

Ri+ Ry < 2log2 < N(— ) . (A6)

Appendix D.1. Proof of Lemma 2

Consider the decoder JSC-VQ in a system where the GMAC exhibits block fading /; for transmitted
codeword a;u!. The channel output is given by y = ajhjuf + ahus +w, where u} € C", h; € C,
i =1,2,and w € C". The set of (Ry, Ry) pairs for which both VQ codewords are decodable can be
obtained straightforwardly by replacing u#;° and u»° with their scaled versions hju;° and hou° in the
proof of ([10], Lemma D.1).

Appendix D.2. Proof of Theorem 1

Without a loss of generality, we prove, in the following, Theorem 1 for the casei = 1 and j = 2.
Suppose we wish to determine the set of all rate pairs (R, Ry) for which only u{ can be correctly
decoded for a given channel state h. In particular, given h

(i) what is the largest Ry for which the joint decoding procedure described above can guarantee that
Prlit; = uj] — 1as n — co regardless of R?

(ii) if u is provided to the decoder, what is lowest Ry above which the correct decoding of #15 cannot
be guaranteed?

The answer to the question (ii) can already be found in [10], Lemma D.5., i.e., the necessary and
sufficient condition for incorrect decoding of uf given u{ is

1 |ha|?P(1—p*) + N\ 1 1
R2>210g2< N= ) —Elog2 P2F2+71_p2 .

which establishes Equation (26) (note that for uncorrelated sources, as expected, the RHS of the above
inequality is the capacity of the AWGN channel for #§ obtained by canceling a1hu{ from the GMAC
output.) We next answer the question (i) posed above to establish Equation (25).

We start by defining 561 as the event that consists of all tuples (s, s, C1,Cy, z) for which there

exists a VQ codeword pair (i, {ip) € C; x Cp such that @i; # u. More precisely,

561 Z{(S1,Sz, C1,Cy,z) : 31y € C1\{u]}and Jiip € Cs.t.

|p — cos £(1iy, )| < 7eand ||y — (hyaq@iy + h2a2ﬁ2)||2 <|ly — (hyaqu§ + hzazug)ﬂz}.

Now, observing that Prlii; = u{] — 1is equivalent to Pr[Elle] — 0, we establish Equation (25) in

Theorem 1 by proving the following lemma.
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Lemma A2. Forevery § > 0and 0 < € < 0.3, there exists an ny(J,€) € N such that for all n > n} (6, €)
Prieg | <95, whenever Ry € Ry(e),

where

Ry < =lo po
15208 [1a[2Py(1— %) + N

2p. 2p, + 2Re{h1hi} /P, P
Rl(e)z{ 1 (hl 1+ |h2|" Py + 2Re{h1h3 } /Py 2+N—6156> }

and ¢15 is a positive constant determined by Py, Py, hq, hy, and N.

Proof. Consider the following three auxiliary events related to source sequences, encoder output
sequences, and channel error sequences. The first auxiliary error event, &g, is the same as ([10], (83))
with the exception that, in our case, (s1,s2) € C" x C" and corresponds to an atypical source output
sequence. The second auxiliary event £z is the same as ([10], (84)) but with Z € C" and corresponds
to an atypical additive noise sequences. The third auxiliary event & is given by the union of three
events; Equations (85)—(87) in [10]. Now, by defining £ as the complement of £, and using Pr[&,] to
denote Pr[(Sq,S2,C1,Cy, Z) € &,], we can write

Pr(€g ] = Prl€g NEGNEXNEG] + PrlE] |Es U Ex U Ex]Pr[Es U Ex U &7
< Pr[E{le NES N Ex NEG] + Pr[€s] + Pr[Ex] + Pr[é7]
< Pr[€ NE§NEXNEZ] + 85, (A7)
<96, (A8)

where Equation (A7) follows from Lemmas D.2, D.3, and D.4 in [10], whereas Equation (A8) is due to
Lemma A3 proven below. [

Lemma A3. For every § > 0 and every € > 0 there exists n)(6,€) € N such that for all n > n}j (6, €)

. 1|2 Py +|ho |2 Py +2Re{ i i } /P P+ N
Pri€g NEGNELNEL <4, ifRi < jlog ( e A —él5e) (A9)

where 15 is a positive constant determined by Py, P, hi, hy, and N.
Proof. We can prove that
Pr g5 NEGNEGNEY] < Prey nEgnEEn ] (A10)
< Pr [551 | 5;;1} ) (A11)

where Equation (A10) is due to the new Lemma A4 proven below and Equation (A11) is due to the
fact that £§ € & . Now, the proof of Equation (A9) can be obtained by combining Equation (A11) and
Lemma D.7 in [10] withw = ﬁ Specifically, it then follows that, for every § > 0 and every € > 0,

there exists some 11y (J, €) such that for n > n}(é,€), Pr [561 NEFNEGN 5)5(} < ¢ whenever

1 ha[*Po(1 - p%) + N
Ri<—zlo Tene
<73 g2<|h1|2p1+|h22P2+zRe{h1hz}m>+N 614

|h1|?Py + |ha|*Py + 2Re{h1h3}/P1P2) + N
log, — C15€

1
< —
T2 222 (1—p?) + N
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where (15 is a positive constant determined by Py, Py, hq,hy, and N. O

Lemma A4. Let ¢; € [0, 7] be the angle between y and uy(j) and let the set EI*“J,] be defined as

56,1 = {(sl,sl,Cl,Cz,z) : Juy (k) € C1\{uj} and ux(1) € Cy s.t.

hq|2P: Re{hihi\p/ PPy — &
COS(P]‘Z\J |h1|2Py + Re{h1h3}p/P1P> — ('€

and cos(uy(k),ux(1)) > p—7e ¢,
VI [2Py (|11 [Py + o 2Py + 2Re{hi ks b3 /PiPy + N) + Gae

where &' and {5 depend only on Py, Py, and N. Then, for every sufficiently small € > 0
Pr|gs NEgNEGNEY] < Preg négnegney.

Proof. First we note that, for the error event £ to occur, there must exist codewords uy (k) € C1\{uf},
1
and codeword u; (1) € C; (whose decodability is unknown) such that

|p — cos £(1iy, Tip)| < 7e¢ (see Lemma A5) (A12)
and
ly — (haq @iy + hoasiis) |* < |ly — (haquf + hoaoud) ||, (A13)

Now consider the following series of statements related Equations (A12) and (A13).

Statement A: For every (s1,sp,C1,C2,2) € Ex N &z, it holds that

(ny (et + i) <y — (e +h2a2ug>u2>) -

(A14)
(Re{<y*,a1h1u1<f>>} > (it PPy + Re{hnhs } /iP5 — cm)

where 13 only depends on Py, P>, by, hy, and z.

First, by rewriting the LHS of Equation (A14), we have

Re{ <y*, arhiug (]) + mzhzuz(l»}

> |[ayug + haazus > + Re{(z*, hyagu§ + haaaud) }
3 { e () + hoazua ()12 = [ naru + hawyug| |

> thlxlug + hzazu%”z — n(h1+/P;Ne + hy+/P,Ne) (A15)
+Re{([haru (j)]*, haaouz (1)) } — Re{([harui]*, hoaous)}

> ||hpaqu§ + haapul||? — ngie + nRe{(hihy)} (ﬁ\/Ple(l —7¢) —pvPIP(1+ 7e)>

> [[hiaquf + hztxzugﬂz — néye.

Next, by rewriting LHS of the above inequality Equation (A15),

Re{((hlleu‘l’ + hzazug)* ,x1hiuy (]) + 0(2]’12112(1»}

> ||hiaqug + hpaous ||> — Re((z, arhuy (j) + axhoua(1))) — néae
> ||hiaqud + hopaous ||> — (h1y/P1Ne + hyy/PNe) — néze

> ||hiaqgud + hpaous ||> — nése

(A16)

Figure A3 illustrates an example of vectors hiajuy (f), hpapuz(j) and in the complex vector space
C". Let angles ¢, 0, and vy are defined as ¢ = <t(hyaquq(j), hiaqu] + haapud), 6 = <(aquy () +
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hoaouy (j), aqu§ + hoapuf) and v = <(haquy (§), laquy (j) 4+ haasuy(f)). The respective cosine
values of ¢, 8 and -y are given by

Re {{(mayug + hpayud) ", ashyw () }

COSs = .
? [harud + haaous | [larhyus (f) [
5 Re{{(nar] +hanzug)” ashu () + axhous (1))} )
COSU = T
[harud + haaous | larhyug () + azhaua (1)
RE{<(“1h1u1 (7)), arhiu (j) + lxzhzuz(l»}
cosy =

llarhyag ()| |arhiag (7) + axhoup ()|

Recalling that ||a;u;|| = /nP;, ||aju?|| = /nP; for i € {1,2}, [p — cos <(uy(j), u2(l))| < 7,
and |§ — cos <((uf, uj)| < 7€ (see Lemma A5), it can be shown that

‘thalu‘{ + l’lzazugHz —thalul (]) + l’leézllQ(l)Hz‘ S 1/1(:46 (Alg)

hlalul(k)

h1a1u1 (k) + hQO[QIL(l)

hloélu(f + h20é2u0

Figure A3. The definition of asymptotic angles used to prove Lemma A4.
By substituting Equations (A16) and (A18) in Equation (A17), we can write

’|h10¢1u‘{+h2a2uguz—n§3€ > 1—Cse

o \/1-4—666.

cosf >
thaluﬁ + hzzxzu;H \/thleug + hzazugH + néye

For € — 0 choose ¢y such that ﬁ > 1 — &ye, then it follows that

cosf > (1 - 656)(1 - 676) >1- (;86.

With ¢ < 7 + 0, theequality holds true when vectors hijaquy(j), hiagu(j) + hapup(l) and
hixquj + hoayu; are on the same plane. Note that 0 <y < 7mand 0 <60 < %, it follows that

cos¢p > cos(y +0)
= cosycosf —sinysin® = cosycosf — siny\/1 — cos?
> cosy(1 — &ge) — siny+/{se. (A19)

As € — 0 let (cos yise — siny\/Cse) — Co€, where &g is only a function of Py, P, hy, hy and N.
Now Equation (A19) can be written as

cos ¢ > cosy — Go€. (A20)
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By revisiting the definition of ¢ and <y, Equation (A20) can be rewritten as

Re {(majuy(j), maqu§ + haapul)}  Re {(magui(j), hagus (j) + hooun (1) }
[marur () |- magu] + haaous]] = [|hragas (7] [|rrarur () + hoaouz (1)

—Goe  (A21)

Recalling that ‘thtxlu‘l’ + hyapuf H2 — thlxlul (j) + haopup (1) H2‘ < né4e, (A21) can be written as

Re {((maui(j) )", hiagu] + hoapug) } > Re { (meaqu(7)", hequa (7) + hzﬂézuz(l))} — ngipe
>n (Pl + Re{hihy}p\/P1Pa(1 — 7€)) — ngip€e
=n (P1 + Re{hfhz}ﬁ\/P1P2> —népe€.

ASz e &, Re{(z*, liayuy(j)))} > —n|hy| v/P;Ne, we can bound the real component of the inner
product between the received signal vector y and hyaqu;(j) as follows,

Re {{(marui ()", 3)} = Re {{(marwi ()" Inarud + hoazu) } +Re { ((marm ()" 2)}
> 1 (P1 + Re{hiha}p/PiPy) — nénie — nlin| /PiNe
=n (P1 + Re{hi‘hz}pm) — néppeE.
Statement B: For every (s1,s5,C1,(2,z) € £ N £y, we have the straightforward relation
Iy 1> < n(i1|* Py +|ha|® Py + 2pRe{l o} /PrPs + N + G1e)

where (13 is only a function of Pj, P», h1, and hy.
Statement C: For every (sq,s,,C1,Ca,2) € &, it follows from the power constraint that

||I’l10(1u1 (]) H S ‘h1| \/ 1’lP1.
Statement D: For every (s1,s2,C1,Cp,2) € Ex N &5, the following implication holds

|6 — cos <<(hyuy(j), hiup(1))| < 7€ and
lly — (a1h1uy (j) + oczhzuz(l))Hz <|ly = (xah1uf + zxzhzug)Hz = cos <(y, maui(j)) > A(e),

where

71 [*Py + Re{lh3}p /PP, — e

Ae) =
J VI 2Py (|11 [Py + |a[2Py + 2Re {3 }or/PPs + N) + 2

This statement follows from rewriting the cos <((y, h1a1u; (k)) as

Re {(y*, maju(k))}
Iy {1 (k)

cos <(y, aquy (k) =

and then lower bounding Re { (y*, hya1u; (k)) } using Statement A and upper bounding||y|| and
|h1aq1u1 (j) || using Statements B and C, respectively.

Now, by Statement D and the definition of £ Y we conclude that

@am%m%m&)g@aﬂ%m%m&>
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and therefore

Pr(&g 1€ nEGNES] <Preg

Cmsgms,ﬂ.
0

Lemma A5. Let (ily,i1) € C1 x Cy be observed VQ codewords for any tuple (s1,82,C1,Cy). Then, for every
& > 0and e > 0 there exists an n{(5,€) € N such that for all n > ny(6,€) € N

|p — cos (i, )| < 7e,
where p = p(1 — 2*2R1)(1 _ 272R2)‘

Proof. Let @i, = v;s; + v;, i € {1,2}, where v; is chosen such that (s;, v;) =0, i.e.,

;= ||||lsl || cos<(s;,1;), i€{1,2}.
1
Then, we can write
Re {(&y,12) } 1
— = ————Re{ (1112(s1,82) + v1(81,V2) + 12(V1,82) + (v1,v2)) ¢ (A22)
([t ||| iz ([t ||| 2| {( )}

Define the set of events

Ay = {(Shszlchcz) ||u1V|H|/31 ” (s1,82)] > 46}
Ay = {(51,82,01102) M{W e{(s1,v2)} }
Az = {(51,82,01162) M{ﬁ e {(sz,v1) }
Ay = {(51,52, Cy,Co) ||f11|1||flz|Re {(vi,v2)}| > e} :

Let &x, x,) be the event that two channel-input sequences X; and X, are jointly typical.
From Equation (A22), we observe that £, x,) C (A1 U Az U A3 U Ag) and therefore

Pr [Ex, %) NE§NES NEG] < Pr[AEGNEL NEG | +Pr [AaleS) +Pr [As]€g] +Pr[Aulég].  (A23)

The RHS terms of Equation (A23) can be upper-bounded by an arbitrarily small positive number
0, see Lemmas D.20 and D.21 in [10]. Thus, Pr [g(xerZ) NEg 05§(1 N Ef(z} < 36. Furthermore,
from Lemmas D.2 and D.4 in [10], we have Pr[fs] < 4, Pr[fx,] < 66, and Pr[éx,] < 60.
Thus, it follows that, as n — oo, Pr {5(X1,Xz)} — 0 and hence

Pr Uﬁ — cos (g, @) < 76’] —0,

which establishes the desired results. [
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Appendix E. MMSE of Linear Estimation Step in JSC-VQ and HDA-JSC-VQ Decoders

Appendix E.1. JSC-VQ System

The MMSE of the system in Section 5.1 can be obtained by using asymptotic arguments similar to
those used in ([10], Appendix D.D).

Let S; be the vector-quantized value of S;, and Y} = a1h15~1,k + Oézhzgz,k + Wi, k=1,...,n
For optimal VQ of Gaussian sources, Equations (5)—(8) hold and the following asymptotic covariances
can be verified.

kn = E{|S1 P}, = o?(1 —27%")

ko =k = E{5{S,}, = 0%p(1 —272R)(1 —272R2)
ki3 =k3 = E{TY}" = (arhy + azhop)kyy

ko = E{|$:2}, = o*(1-272F2)

kas = ki = E{S;Y}, = (azhs + ayl1p)knn

kaz = E{|[Y[2}, = a2910? + 2018712007 + 37202 + N,
e = E{$;51}, = kn

€12 = ’5{57?52};1 = pk2

c13 = E{S{Y}, = (x1hy + azhyp)o?

cn = E{8351}, = pku

e = E{5352}, =kn

03 = E{S;Y}, = (aohy + ayhyp)o™.

Using these results, the MMSE of the linear estimator for different outage events can be determined
as follows.

e  Outage event £15: Define the column vector i, = (S~1rk S~2,k)T whose covariance matrix is

k11 k
Ku:[ 11 121

ko1 koo

and letc! = (c;; cpp)T. The optimal linear estimator is SAirk = (g1 9i2)"#; whose coefficients are
givenby (71 gi)T = Ky,'cl. The MMSE of this estimator is

1-p2(1—-27%R)
1—p?

di(E12|Ry, Ry, a1, 82) = 02 — gincin — qipcip = 0227 2K [ 1 , =12 (A24)

e  Partial outage event &£;: Define the column vector i, = (5~1,k Y;)T whose covariance matrix is

K =
! k31 k33

ki1 ki3 ]

and let ¢} = (ci ci3)T. The optimal linear estimator is SAl-,k = (91 qi3) ¥, whose coefficients are
givenby (g1 gi3)T = (K}) 'c/. The MMSE of this estimator is

di(E]|Ry, Ry, a1, 02) = 07 — gincin — gigciz, i=1,2. (A25)
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e  Partial outage event £: Define the column vector ¥, = ( S~2,k Y;)T whose covariance matrix is

K =

koo ko3
ksp k33

and letc! = (cp c;3)". The optimal linear estimator is Six = (92 qi3) ", whose coefficients are
givenby (72 gi3)T = (K})1c!. The MMSE of this estimator is

d;(&|Ry, Ry, a1, 00) = 07 — Giocin — qizciz, i =1,2. (A26)
e Total outage event £],: The optimal linear estimator is S;; = g;3Yx, where (g;3 = ,%33 and the
MMSE is

12
d;(E15| Ry, Ro, a0y, 47) = 0 — @, i=1,2. (A27)

k33

Appendix E.2. HDA-JSC-VQ System

The MMSE of the HDA-JSC-VQ system can be determined in the same way as in the case of
JSC-VQ system by modifying the covariances to account for the difference in the channel output.
For the HDA-JSC-VQ system, we have

Y. = ‘xlhlgl,k + Dézhzgz,k + ,Blhlst + ﬁthSz,k +W,, k=1,...,n

Therefore, ki1, k12, k22, €11, €12, €21, and ¢z will be the same as in the previous section, but the
channel output dependent quantities now become

kiz = k31 = [(a1 + B1)h1 + aahaplkar + Bahokin
kaz = k3, = [(a2 + B2)h2 + arh1plkan + Brhikz
ksz = afy107 4 201 Bry1kin + 201027712007 + 201 Boyiopkan + Bivikin
+ 2B1a2712pk11 + 2B1B1B2v12k12 + 202 Bay12k02 + 057207 + P5y2kar + N,
c13 = (a1h1 + aahpp)0” + Brhikiy + Pohopk,
023 = (aghy + a1h10)0” + Brhipkiy + Bohioksy.

Parallel to Equations (A24)-(A27), the MMSE for each outage event can be obtained as follows.

o  Outage event &15: Both Sy and S, are decoded correctly. Unlike in the JSC-VQ system, the linear
estimator is $; = (g1 912 9i2) T, and the optimal coefficients are given by (g;1 912 93)7 = K~ \¢;,
where #, = (S1x Sox Yk)T, and K is the 3 x 3 matrix whose (I, m)-elements is k. and ¢} =
(ci1 cip cip)T. The MMSE is thus

di(E12|R1, Ro, 01,02, B1, B2) = 07 — qincin — Ginci — Giaciz, 1 =1,2, (A28)
e  Dartial outage event &£/: Only S; is decoded correctly and hence

di(E]|R1, Ry, a1, 82, B1, B2) = 0> — qgincin — qiacis,  i=1,2, (A29)
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e  Dartial outage event £}: Only S, is decoded correctly and hence

d;(E3|Ry1, Ry, 1, &2, B1, B2) = 0% — qinCin — qisciz, i=1,2, (A30)
° Total outage event 8{2: Neither 51 nor S, is decoded correctly, and therefore

di(E{5|Ry, Ry, a1, 42, B1, B2) = 0% — qiscis, i=1,2, (A31)
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