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Abstract: This paper presents a description of the fluctuations in transfer processes in a locally
nonequilibrium medium. We obtained equations which allow the fluctuations range to be determined
for a transferred physical value. It was shown that the general method of describing fluctuations for
the processes of diffusion, heat transfer, and viscous fluid flow can be applied. It was established
that the fluctuation spectrum during the transfer processes has the character of flicker noise in the
low-frequency spectral range.
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1. Introduction

Irreversible processes, and in particular, transfer processes, are generally described in accordance
with the local equilibrium principle, stating that every small element of a medium is in the equilibrium
state, and the local entropy in this medium can be defined via the same thermodynamic variables
function as that which is correct for the whole system in equilibrium [1]. From the physical perspective,
the local equilibrium principle is valid for the cases where the chaotization period, during which
the equilibrium is established in physically infinitesimal volume, is much less than the characteristic
period needed for the process under discussion.

The description of transfer processes in a local non-equilibrium medium implies a certain finite

N
delay time 1y between the moment the thermodynamic force X is applied and the response in the form

of a thermodynamic flow 7 [2,3]. The above period T is equal to the chaotization time constant of
particles of the medium [4].

The transfer processes in a medium are accompanied with entropy os production and the
generation of flicker noise [5,6]. In particular, such noise is observed in the case of the flow of
electric current in semiconductors [7,8] and in small volumes of electrolyte [9-11]. The main features
of the flicker noise are the strong time correlation and large time memory, and these distinguish it from
white noise, which occurs in equilibrium processes.

It is worth mentioning that both of the above fluctuations are of a fundamental nature and can
be observed for all processes in physical media. Thereby white noise occurs in equilibrium medium
without any irreversible processes, and flicker noise occurs in a locally nonequilibrium medium in the
presence of irreversible processes accompanied with the production of entropy.

Flicker noise can be theoretically explained within a model assuming fluctuations of kinetic
coefficients, in particular of the coefficient of viscosity with Brownian motion and diffusion,
and can be mathematically described within the theory of non-Markov random processes with
memory [12-14]. Note that in recent years the number of studies dealing with non-Markov processes
has increased. They are dedicated to the following non-Markov processes: Brownian motion [15-18],
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abnormal diffusion [19-23], relaxation of paramagnetic ions in solutions [23], electronic paramagnetic
resonance [24], entangled state of particles [25], quantum processes [26-30], turbulence [31], etc.

The aim of the present work is to develop a method for describing the transfer processes in a
locally nonequilibrium medium using the model of non-equilibrium fluctuations presented in the
work [4].

2. Transfer Processes in an Equilibrium Medium

In the following paragraphs we describe transfer processes in an equilibrium medium. Let us
take (2 as a transferred physical value. Then we can present the thermodynamic force as:

—
X = —grad2 @

and thermodynamic flow as:
— — —
J =LaX+4] ()

where L, is a kinetic coefficient and & 7 is the random thermodynamic flow resulting from equilibrium
fluctuations of the medium.

It is worth mentioning that Equation (2) does not take into account the cross-coupling effects,
which are of great significance for describing transfer processes in a non-equilibrium medium [32].
The proposed description can be also applied for this more general case.

N
For the correlation function (6];6];), the values of 6 | can be written as:
(6]i0]k) = 20uad(tz — t1)0(x2 — x1)6(y2 — ¥1)6(22 — 21) ®)

where parameters i and k correspond to coordinates x, y, z, and Jj is the Kronecker delta, 6;; = 1,
Oiklizx = 0.

The physical value (2 depends on the process being described. When describing diffusion, the
relative concentration of the additive dn = n/ng is used as the parameter (2, the kinetic coefficient
Ln = ngDkg, and the coefficient xy = Lnkg. Here kg is the Boltzmann constant, 1 is the medium’s
particle concentration, and D is the diffusion coefficient.

For the case of heat conductivity, we use medium temperature T instead of (2, the kinetic
coefficient L, = A, and the coefficient x = L Tng. Here A is the heat conductivity coefficient and
Tp is the medium temperature without non-equilibrium fluctuations.

For descriptions of non-contractible viscous fluid at a low Reynolds numbers, we take the velocity
v of molecules” organized motion as the (2 value, the kinetic coefficient L; = #, and the coefficient
xn = LoTokp. Here 77 is the viscosity coefficient.

The transfer process in an equilibrium medium can be described using the following equation:

o -
Bao—=-+div] =0 4)
ot
When describing diffusion, B = nokp, heat conductivity B, = ¢, and viscosity flow o = p.

Here c is the heat capacity of a unit of volume of the medium; p is the density of the fluid.
Substitution of Equations (1) and (2) into Equation (4) gives the following:
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Next, we perform the Laplace transformation for the last equation using coordinates x, y, z
We find the following:

a0
ﬁﬁg—LQ(u +udtu )Q— — 130T — uyOTy — 20T ®)

Here (2 and (5Tx,y,7_ are representations of the corresponding functions (2 and d/y,y,z, and uy, uy, u;
are representations of x, y, z variables.
After the integration of the last equation, we obtain:

Bty nz) = = [ exp| 52 (3 12 +a2) =) (”"‘SL‘ el +”Z‘”Z>dr. %

For the correlation function (Q (t1, ty1, 11, uzl)f) (t2, xp, 1y, uz2)) from Equation (7) after
integration with Equation (3), we find the following:

(0 (t1, tx1, 11, le)f2 (t2, ux2/ My2, Uz) >

200 uxl”x2+uy1”yz+uz1uz2 2

= ex u u u t

" LoPa Wy ity H U2y g gy Plp ( x2 ity uup) (b ®)
—t1)]

From Equation (8) for the dispersion of the function (t1, 31,11, Uz1), we obtain:

A2 _ ko
<Q (tl/uxlzuylruzl)> - LQIBQ (9)
For the time correlation function (Q(t1)Q(t2)), when uy = uy = uyp, Uy = Uyl = Uy,
Uy = Uy = Uy, we find:
AGNG(8)) — X0 Lago, 2 2\, _
(OUm)(e2)) = ~ ey | 52 (1 12 +12) (2~ 1) (10)

Equation (10) after the inverse Laplace transformation enables us to find the correlation function
for fluctuations of the physical value (2. For the description of diffusion, Equation (10) takes the form:

(07(1)87i(t2)) = —ng exp D (18 + 1 +u2) (12 — 1) (11)

where 071(t) gives the value of dn(t).
Hence, the description of transfer processes in an equilibrium medium is reduced to the use of
the conventional Langevin equations for a continuous medium [33].

3. Transfer Processes in a Nonequilibrium Medium

Describing transfer processes in a locally nonequilibrium medium, we use the approach given
in Reference [4] for Brownian motion. For a locally nonequilibrium medium, we write Equation (2)
as follows:

— — — t 1 a)_% t 1 —
]:LQX+(5]+LQ/OOW a(TT)dH/m ——0 ] (1)dr (12)

where v = 1/1p is the intensity of random fluctuations in a locally nonequilibrium medium, 1y is the

5
chaotization time constant of particles of the medium, and ¢ | , is the random thermodynamic flow
resulting from local non-equilibrium fluctuations of the medium.
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—
We can write the correlation function (§],;6],«) of the 6 | , value as:

(6]5i6Jok) = 20y (t2 — t1)d(x2 — x1)6(y2 — ¥1)0(22 — 21) (13)

where for the description of diffusion we take the coefficient yn = Lnos/np, heat conductivity
Yo = LQTg(TS /ng, and viscous non-contractible fluid flow v = LnTyos/ng. Here og is the
entropy production for irreversible processes taking place in the medium, which can be found by the
following equation:

—- =
og=J-X =LnX? (14)

It should be pointed out that the second and fourth components of Equation (12) are omitted in
Equation (14), as they describe stochastic processes with zero mathematical expectation, and the third
component is missing due to its very small values at 7y << t, when compared to the first summand.

Substitution of Equation (12) into Equation (4) enables us to obtain the equation for the description
of a transfer process in a locally nonequilibrium medium:

a0 20 | ’Q |, ?*Q
IBQW_LQ<W+W+W
t 1 9 [ 020(7) 0,0(7) 0,0(7)
~lal Vv (t=1) E( 2axz * zayz + Zazz )dT

= =300 — 3,00y — $0T "
e 7 (200 (0) + Z0lye (1) + £To=(1) ) d
The Laplace transformation by coordinates x, y, z gives:
ﬁQ%-LQ(M%‘.‘Mﬁ‘FM%)@ )
Lo [ s (i 4+ u2) .

= —uy0]x — tydJy — uz0)>
_ fioo tl_T (uxéfgx(r) + uydfgy('r) + uzéfgz('r))df

Then, if we conduct the Laplace transformation on Equation (16) by the time variable ¢, we obtain:

(Bos+A(1+/5))06) (17)

= — (x0T + 10T, + 0], ) =/ E (rb]rw + g0y + 0], )

where s is a representation of the time variable t, and the A parameter is equal to:
2,24 .2
A= —LQ<ux+uy+uz) (18)
Equation (17) can be represented as:

5(5) _ (ux5}~x + My5}~y + Mz&?z) + \/g(ux(ﬁw + uyéiry + ”Z‘S}Naz)
B (Bos+a(1+,/%))

The inverse Laplace transformation by uy, uy, 1z, and s allows us to obtain the equation for

(19)

fluctuations of the transported physical value Q(t, x, y, z).

Equation (19), obtained using:
A 2
Galw) = Q(iw)’ (20)

enables us to write the equation for the two-sided spectral density of the fluctuation of the transferred
physical value G (w):



Entropy 2019, 21, 9 50f7

24 (10 + 52)

21
2 32 2 w 2w (21)
Brw* +A2(1+ 72 ) + A\ /5 (Baw + A)

Galw) =—

When obtaining Equation (21), we took into account Equations (3) and (13) for correlation
functions of the fluctuation of flows.
If we introduce the following designations:

p = 240 (22)
Pa
A
= — 23
fu=14, (23)
fr=10 (24)
%0}
then the spectral density G(w) can be represented as:
B(1+ 2
Gpl(w) = (1+5) (25)

W+ fF(1452) 4 i\ /B (w4 fr)

Figure 1 shows diagrams of the spectral density G(w) for different levels of non-equilibrium of
the medium, which is characterized by the value f,.

4
4
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Figure 1. Spectral density G (w) for different values of fo: 1—0f; 2—1077f1; 3—107°f; 4—1075f;.

Clearly, in the high frequency areas they coincide with each other, and in the area of low frequency
an obvious inversely proportional increase of fluctuations with a simultaneous decrease of the
frequency w can be observed. Moreover, the intensity of these fluctuations is linearly dependent
on the value f;, and consequently on the production of entropy cs.

For low frequencies, when w << A/Bn and w << v, Equation (21) takes the form:

20(() TT0g
Ga(w) = — <1 + > (26)
Q Lo (u,% + u§ + u%) nokpw

taking into account that:
ite; Us
RACI 27
xo  nokp @)

The last item within the brackets of Equation (26) becomes more significant for the
following frequency:
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nog  mLoX?

- 2
TlokB nokB ( 8)
For the case of diffusion, Equation (28) takes the form:
w > nDX? (29)

If diffusion takes place in the air with characteristic values of the diffusion coefficient
D=10"%m?s"! and X = 1 m~!, then we have to measure the spectral density of fluctuations
of diffusing elements concentration at very low frequencies, which are close to w ~ 10~° s, to clearly
observe flicker noise.

4. Conclusions

The method presented for the description of transfer processes in a locally nonequilibrium
medium allows us to determine the spectral density of fluctuations of a transferred physical value, as
well as to establish that its spectrum in the low-frequency range has a flicker-noise nature. The method
described can be used not only for the study of diffusion, heat conductivity, and viscosity flow
phenomena, but also for any other transfer process.

Unlike Reference [4], which analyses a case for the Brownian motion described using an
integro-differential equation with a substantial derivative, this work presents descriptions of transfer
processes in a continuum non-equilibrium medium, which is described with integro-differential
equations with partial derivatives. In this regard, the results obtained reflect the specific character of
the transfer processes described.
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