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Abstract

:

We revisit the concept of entanglement within the Bohmian approach to quantum mechanics. Inspired by Bohmian dynamics, we introduce two partial measures for the amount of entanglement corresponding to a pure state of a pair of quantum particles. One of these measures is associated with the statistical correlations exhibited by the joint probability density of the two Bohmian particles in configuration space. The other partial measure corresponds to the correlations associated with the phase of the joint wave function, and describes the non-separability of the Bohmian velocity field. The sum of these two components is equal to the total entanglement of the joint quantum state, as measured by the linear entropy of the single-particle reduced density matrix.
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1. Introduction


The de Broglie-Bohm approach to quantum mechanics [1,2,3,4], also referred to as the pilot-wave theory, or the quantum theory of motion, has been, since the publication of the seminal works by Bohm, a subject of constant interest in the field of the foundations of quantum mechanics. Indeed, there has been a sustained research activity on the de Broglie-Bohm formulation along the years [5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29]. In an article reviewing and celebrating the first 100 years of quantum physics, Tegmark and Wheeler included the formulation of Bohmian mechanics within the list of the most significant events in the development of this field of Science [30]. The Bohmian approach has provided stimulating new perspectives on several fundamental aspects of quantum physics, among which we can mention the quantum measurement problem [5,6,7], quantum chaos [8], entanglement [9,31,32], the thermal equilibrium of quantum systems [10], the concept of quantum work [11], quantum cosmology [12,13,14,15], quantum gravity [16], and quantum chemistry (in the latter case, both at the practical [17,18] and at the conceptual-philosophical [19] levels). The Bohmian point of view also constitutes the starting point of possible extensions of quantum theory, as the intriguing proposal made by Valentini illustrates, leading to specific quantitative astrophysical and cosmological predictions that might be within the reach of observational tests [20,21]. The formalism of Bohm theory has also been applied to the treatment of problems in thermal physics, such as the classical Hamilton-Jacobi formulation of Fourier heat conduction [22].



In Bohm’s model of quantum mechanics the particles constituting a physical system have well defined positions in configuration space. The full description of the system is given by the particles’ configuration (i.e., the particles’ positions) and by a many-particle wave function. The particles’ configuration evolution is determined by the wave function through a “guiding” equation, while the wave function evolves according to the standard many-particle Schrödinger equation. Even though the particles are assumed to have, at each time, well defined positions, knowledge about these positions is not accessible. All we can know about these positions is their probability density distribution, given by the squared modulus of the wave function. The position observable plays a dominant role within the Bohmian formulation. In particular, within this approach, the outcome of an experiment in which any physical observable is measured is registered by the final configuration of the particles of the experimental apparatus. The Bohmian model thus highlights a basic feature of any measurement process, which is that “... all experiments and certainly all measurements in physics are in the last analysis essentially kinematic, for they are ultimately based on observations of the position of a particle or of a pointer on a scale as a function of time” [33]. Other interesting recent approaches to the foundations of quantum mechanics, such as the entropic dynamics formulation proposed by Caticha [34], also stress the special role played by the position observable. It is worth emphasizing that Bohm’s formulation of the quantum measurement process is fully consistent with Born’s rule in standard quantum mechanics and, consequently, the experimental predictions of Bohm’s theory coincide with those of the usual quantum mechanical formalism (see, however, Valentini’s Bohm-based proposal for an extension of quantum theory [20,21]). The basic quantal non-locality is explicitly expressed in the de Broglie-Bohm formalism. In point of fact, the Bell inequalities were inspired by Bell’s reaction to the work of Bohm [35].



In spite of the intense research work that has been devoted to Bohmian dynamics and its applications, relatively little attention has been paid to the quantitative analysis of entanglement within the Bohmian approach. The aim of the present contribution is to advance two quantitative indicators of the entanglement between two Bohmian particles. These quantities are explicitly formulated in terms of the Bohmian formalism. One of them corresponds to the statistical correlations exhibited by the joint probability density of the positions of the two particles. The other one is a quantitative measure of the non-separability of the Bohmian flow in the two-particle configuration space. We explore the main properties of these indicators and, as an illustrative application, we use these measures to investigate the decoherence-like process associated with two particles evolving under the effect of quantum friction.



The paper is organized as follows. In Section 2 we provide a brief review of the Bohmian theory. In Section 3 we introduce two quantitative indicators of entanglement within the Bohmian approach to quantum physics. In Section 4 we apply these measures to a system of two particles evolving under quantum friction. Finally, some conclusions are drawn in Section 5.




2. Bohmian Formulation of Quantum Dynamics


Bohmian dynamics includes, as one of its components, most of the formal apparatus of standard quantum mechanics. Indeed, a Bohmian quantum particle is endowed with a wave function   ψ ( r , t )   governed by the Schrödinger equation. On top of this, the Bohmian particle has a definite position  r  that evolves in time according to the classical equation     d r   d t   =  p m  = v  , where  p  and  v  respectively denote the particle’s linear momentum and velocity. The position  r  of a Bohmian particle is the paradigmatic example of a hidden variable in a quantum theory. Within the Bohmian formulation it is assumed that the result of a position measurement is predetermined, even though it is not predictable. This state of affairs propagates to any other kind of physical measurement, since all of them translate, at some stage, into the position of some particles in the measuring device [34,35].



In spite of its classical flavor, there are fundamental differences between Bohmian dynamics and standard classical dynamics. In contrast to what happens in classical mechanics, the velocity v and the linear momentum  p  are not free variables anymore. They are instead determined, through the wave function   ψ ( r , t )  , by the particle’s position   r ( t )   at each time t. The particle moves according to a first order differential equation,


    d r   d t   = v  ( r , t )  ,  



(1)




with the flow in configuration space given by the velocity field   v ( r , t )  , determined by


  v  ( r , t )  = −   i ℏ   2 m     1  ψ ( r , t )   ∇  ( ψ  ( r , t )  )  −  1   ψ ∗   ( r , t )    ∇  (  ψ ∗   ( r , t )  )   ,  



(2)




where   ψ ( r , t )   is a time-dependent solution of Schrödiner equation. When preparing a state of the particle, one neither has control over, nor knowledge of, the particular initial value adopted by  r . In this regard, the only accessible knowledge consists of the probability density   ρ ( r , t )   corresponding to the different possible particle’s positions, given by


  ρ  ( r , t )  =   | ψ  ( r , t )  |  2  .  



(3)




Associated with the configuration space flow (1) there is a Liouville-like continuity equation for the probability density   ρ ( r , t )  ,


    ∂ ρ   ∂ t   + ∇ ·  ( v ρ )  = 0 .  



(4)




The form (2) of the velocity field, together with the Schrödinger equation and the continuity Equation (4), have an important consequence: if the probability density of initial positions of the Bohmian particle satisfies the relation (3), then it also satisfies this relation at all later times.




3. Entanglement Between Two Bohmian Particles: Configuration and Phase Entanglement


In this section, we are going to introduce two quantitative entanglement indicators, closely related to the main features of the Bohmian approach, for pure states of a pair of quantum particles. We are going to consider two spinless quantum particles moving in one spatial dimension (the extension of the present developments to D dimensions is straightforward) with coordinates denoted by   x 1   and   x 2  . In terms of the standard quantum mechanical formalism, the two quantum particles are described by the pure state


   | ψ 〉  = ∫ d  x 1  d  x 2  ψ  (  x 1  ,  x 2  )   |   x 1   〉 |   x 2   〉 ,   



(5)




where    |   x 1   x 2   〉 = |   x 1   〉 |   x 2   〉   ,   ψ  (  x 1  ,  x 2  )  =  〈  x 1  ,  x 2  | ψ 〉    and    |   x i   〉    is an eigenstate of the i-particle position operator.



An important aspect of Bohm’s approach is the assumption that at each point in time particles have well defined positions and, consequently, describe well defined orbits in configuration space, although the initial conditions associated with these orbits are not experimentally controllable. At the level of individual orbits of the pair of Bohmian particles that we are discussing here, quantum entanglement manifest itself by the fact that the velocity field   v (  x 1  ,  x 2  )   is not separable. That is,   v  (  x 1  ,  x 2  )  ≠   v 1   (  x 1  )  ,  v 2   (  x 2  )    . In other words, each of the two components   (  v 1  ,  v 2  )   of the vector field  v  depends, in general, on both particles’ coordinates   (  x 1  ,  x 2  )  . This means that the behaviors of both particles are intertwined. Roughly speaking, one can say that each particle affects the behavior of the other one, even if there is no interaction potential involved, and the particles are far apart. This state of affairs is highly counter-intuitive and has been the focus of considerable attention in the literature. In fact, virtually all discussions of entanglement within the Bohmian approach have dealt, in one way or another, with this aspect of Bohmian dynamics (see, for instance [31,32] and references therein). However, and in spite of its great theoretical-philosophical interest, the study of individual Bohmian trajectories does not lend itself to a quantitative characterization of the amount of entanglement associated with a two-particle system at a given time. In point of fact, at a given instant t, two Bohmian particles following an individual trajectory are located at a specific point in configuration space with coordinates   (  x 1   ( t )  ,  x 2   ( t )  )  , where the velocity field is given by a specific vector   v (  x 1  ,  x 2  )  . Now, it is not possible to assess the amount of non-separability that a vector field has at a particular location   (  x 1  ,  x 2  )  . The non-separability of a vector field is a global property that is associated with a region of configuration space. A sensible quantitative indicator of this non-separability can then be given by an average value, evaluated over such a region. In addition, Bohm’s theory does involve a probability density in configuration space: the probability density   ρ  (  x 1  ,  x 2  )  =   | ψ  (  x 1  ,  x 2  )  |  2    of having the Bohmian particles at different locations. Consequently, it is reasonable to expect that an appropriate quantitative measure of the degree of non-separability of the Bohmian velocity field should be some sort of spatial average of non-sperability, related to the configuration space density   ρ (  x 1  ,  x 2  )   associated with the particles’ positions. We thus see that it seems inevitable that the probability density in configuration space has to be involved in a quantitative treatment of entanglement within Bohmian mechanics. Now, once this density has been incorporated to the discussion, there appears another contribution to entanglement that has to be taken into account, which is the (classical-like) statistical correlations present in the configuration space probability density itself. Mathematically, these correlations are given by the non-factorizability of the density,   ρ  (  x 1  ,  x 2  )  ≠  ρ 1   (  x 1  )   ρ 2   (  x 2  )   . On the basis of these considerations we are going to propose two indicators of the amount of entanglement of two particles at a given time, that provide quantitative measures of the above mentioned aspects of Bohmian mechanics: the non-separability of the velocity field and the classical-like correlations of the probability density in configuration space. It is worth stressing that, even though we are not going to refer explicitly to individual Bohmian orbits, our entanglement indicators are directly related to the above explained essential aspects of the Bohmian approach which originate, in turn, from the assumption that individual orbits exists. We can make here an analogy with the Gibbs approach to classical statistical mechanics. When using the canonical statistical ensemble to describe a system at thermal equilibrium one does not refer explicitly to individual orbits of a Hamiltonian system. However, it is clear that Hamiltonian dynamics still plays a fundamental role in, and is indeed at the foundations of, the canonical formulation of statistical mechanics.



The density matrix corresponding to the pure state (5) is


   ρ ^  =  | ψ 〉 〈 ψ |  = ∫ d  x 1  d  x 2  d  x 1 ′  d  x 2 ′  ψ  (  x 1  ,  x 2  )   ψ ∗   (  x 1 ′  ,  x 2 ′  )   |   x 1   x 2   〉 〈   x 1 ′   x 2 ′   |   



(6)




and has matrix elements


   〈   x 1   x 2   |   ρ ^   |  x 1 ′   x 2 ′  〉  = ψ  (  x 1  ,  x 2  )   ψ ∗   (  x 1 ′  ,  x 2 ′  )  .  



(7)




The density matrix   ρ ^   should not be confused with the spatial density   ρ (  x 1  ,  x 2  )   mentioned before. The spatial density corresponds to the diagonal elements of the operator   ρ ^  , that is   ρ  (  x 1  ,  x 2  )   = 〈   x 1   x 2   |   ρ ^   |  x 1   x 2  〉   . The marginal density matrix     ρ ^  1  =  Tr 2   ρ ^    describing particle 1, has matrix elements


     〈  x 1  |   ρ ^  1  |  x 2  〉    =     ∫ 〈   x 1   x 3   |   ρ ^   |  x 2   x 3  〉  d  x 3        =    ∫ ψ  (  x 1  ,  x 3  )   ψ ∗   (  x 2  ,  x 3  )  d  x 3  .     



(8)




The linear entropy of    ρ ^  1   constitutes a useful measure or indicator of the amount of entanglement of the state  ψ ,


  E = 1 − Tr (   ρ ^  1 2  ) ,  



(9)




where one has,


     Tr (   ρ ^  1 2  )    =     ∫ 〈   x 1   |    ρ ^  1   |   x 2   〉 〈   x 2   |    ρ ^  1   |  x 1  〉  d  x 1  d  x 2        =    ∫ ψ  (  x 1  ,  x 3  )   ψ ∗   (  x 2  ,  x 3  )   ψ ∗   (  x 1  ,  x 4  )  ψ  (  x 2  ,  x 4  )  d  x 1  d  x 2  d  x 3  d  x 4  .     



(10)




Alternatively, we can express this entanglement indicator in terms of the marginal density matrix     ρ ^  2  =  Tr 1   ρ ^    corresponding to particle 2, so one has


  E = 1 − Tr  (   ρ ^  1 2  )  = 1 − Tr  (   ρ ^  2 2  )  .  



(11)




The quantity  E  constitutes a useful, practical way to assess quantitatively the amount of entanglement exhibited by a two-particle pure state. In fact, it has been applied to the study of quantum entanglement in many different settings (see, for instance, [36]) due to its various computational advantages, both from the analytical and from the numerical points of view. However, this quantity does not have a clear interpretation in terms of the Bohmian theory. Our aim, inspired by the Bohmian approach to quantum mechanics, is to decompose the entanglement indicator  E  into two parts having a clear meaning in terms of the two basic ingredients of the dynamics of two Bohmian particles: their joint probability density in configuration space, and the joint velocity field describing the probability density flow. The above mentioned two contributions to the total entanglement, as measured by  E , constitute quantitative indicators of entanglement that we shall respectively call configuration entanglement   E c  , and phase entanglement,   E p  .



Following the Bohmian approach, we express the wave function as


  ψ  (  x 1  ,  x 2  )  =  R  1 2    (  x 1  ,  x 2  )   e  i α (  x 1  ,  x 2  )   ,  



(12)




where R and  α  are both real functions, and   R ≥ 0  . The quantity   R  (  x 1  ,  x 2  )  =   | ψ  (  x 1  ,  x 2  )  |  2    satisfies a continuity equation and represents the joint probability density of the two Bohmian particles in configuration space. The wave function (12) can be entangled through   R (  x 1  ,  x 2  )  , through the phase   α (  x 1  ,  x 2  )  , or through both these quantities. Entanglement through the density R means that the probability density   R (  x 1  ,  x 2  )   cannot be factorized as   R  (  x 1  ,  x 2  )  =  R 1   (  x 1  )   R 2   (  x 2  )   . This lack of factorizability, which we refer to as “configuration entanglement” corresponds to a correlation (in the classical sense) of the probability density   R (  x 1  ,  x 2  )  . On the other hand, entanglement through the phase   α (  x 1  ,  x 2  )   means that it cannot be additively decomposed as   α  (  x 1  ,  x 2  )  =  α 1   (  x 1  )  +  α 2   (  x 2  )   . This lack of additive decomposability means that the Bohmian dynamical equations of particles 1 and 2 are not independent. To clarify this last point, lets consider the equations of motion of the two Bohmian particles,


      d  x 1    d t     =     v 1   (  x 1  ,  x 2  )  =  ℏ m    ∂ α   ∂  x 1    ,        d  x 2    d t     =     v 2   (  x 1  ,  x 2  )  =  ℏ m    ∂ α   ∂  x 2    .     



(13)




In general, if   α  (  x 1  ,  x 2  )  ≠  α 1   (  x 1  )  +  α 2   (  x 2  )   , the two ordinary differential equations in (13) are coupled to each other. On the contrary, if   α  (  x 1  ,  x 2  )  ≠  α 1   (  x 1  )  +  α 2   (  x 2  )   , these two equations of motion decouple, and one has,


      d  x 1    d t     =     v 1   (  x 1  )  =  ℏ m    d  α 1    d  x 1    ,        d  x 2    d t     =     v 2   (  x 2  )  =  ℏ m    d  α 2    d  x 2    .     



(14)




That is, in the latter case the equations of motion of the two Bohmian particles separate into two independent equations.



In the following two Subsections we are going to propose two quantitative indicators for configuration entanglement, and for phase entanglement, and determine some of their basic properties.



3.1. Configuration Entanglement


As a quantitative indicator of entanglement we propose,


   E c  = 1 − ∫ d  x 1  d  x 2  d  x 3  d  x 4    R  (  x 1  ,  x 3  )  R  (  x 2  ,  x 3  )  R  (  x 1  ,  x 4  )  R  (  x 2  ,  x 4  )    .  



(15)




The quantity   E c   can be interpreted as an indicator of classical correlations in the probability density   R (  x 1  ,  x 2  )  . Indeed, if this density is factorizable,   R  (  x 1  ,  x 2  )  =  R 1   (  x 1  )   R 2   (  x 2  )    we have,


     ∫ d  x 1  d  x 2  d  x 3  d  x 4    R  (  x 1  ,  x 3  )  R  (  x 2  ,  x 3  )  R  (  x 1  ,  x 4  )  R  (  x 2  ,  x 4  )          = ∫ d  x 1  d  x 2  d  x 3  d  x 4   R 1   (  x 1  )   R 1   (  x 2  )   R 2   (  x 3  )   R 2   (  x 4  )  = 1     



(16)




due to normalization. Therefore, in the case that   R (  x 1  ,  x 2  )   is factorizable we have    E c  = 0  . Now, we have


     ∫ d  x 1  d  x 2  d  x 3  d  x 4    R  (  x 1  ,  x 3  )  R  (  x 2  ,  x 3  )  R  (  x 1  ,  x 4  )  R  (  x 2  ,  x 4  )          = ∫ d  x 1  d  x 2   ∫ d  x 3    R  (  x 1  ,  x 3  )  R  (  x 2  ,  x 3  )      ∫ d  x 4    R  (  x 1  ,  x 4  )  R  (  x 2  ,  x 4  )           = ∫ d  x 1  d  x 2    ∫ d  x 3    R  (  x 1  ,  x 3  )  R  (  x 2  ,  x 3  )     2        ≤ ∫ d  x 1  d  x 2   ∫ d  x 3  R  (  x 1  ,  x 3  )   )    ∫ d  x 4  R  (  x 2  ,  x 4  )         = ∫ d  x 1  d  x 2  d  x 3  d  x 4  R  (  x 1  ,  x 3  )  R  (  x 2  ,  x 4  )        = 1 .     



(17)




The inequality in (17) is due to the Schwartz inequality and the final equality is due to the normalization of   R (  x 1  ,  x 2  )  . It follows from (15) and (17) that the configuration entanglement   E c   is always bounded according to


  0 ≤  E c  ≤ 1 ,  



(18)




achieving its lowest bound (that is, vanishing) when the joint probability density in configuration space is factorizable.




3.2. Phase Entanglement


As a quantitative indicator of the amount of phase entanglement we propose,


      E p  = ∫ d  x 1  d  x 2  d  x 3  d  x 4   1 − exp  i  α  (  x 1  ,  x 3  )  − α  (  x 2  ,  x 3  )  − α  (  x 1  ,  x 4  )  + α  (  x 2  ,  x 4  )     ×       ×  R  1 2    (  x 1  ,  x 3  )   R  1 2    (  x 2  ,  x 3  )   R  1 2    (  x 1  ,  x 4  )   R  1 2    (  x 2  ,  x 4  )  .     



(19)




We have that


     E p    =    ∫ d  x 1  d  x 2  d  x 3  d  x 4   ψ  (  x 1  ,  x 3  )   ψ ∗   (  x 2  ,  x 3  )   ψ ∗   (  x 1  ,  x 4  )  ψ  (  x 2  ,  x 4  )           −   ∫ d  x 1  d  x 2  d  x 3  d  x 4  ψ  (  x 1  ,  x 3  )   ψ ∗   (  x 2  ,  x 3  )   ψ ∗   (  x 1  ,  x 4  )  ψ  (  x 2  ,  x 4  )          ≥    0 .     



(20)




In this last equation we used the fact that


  ∫ d  x 1  d  x 2  d  x 3  d  x 4  ψ  (  x 1  ,  x 3  )   ψ ∗   (  x 2  ,  x 3  )   ψ ∗   (  x 1  ,  x 4  )  ψ  (  x 2  ,  x 4  )  = Tr  (   ρ ^  1 2  )   



(21)




is always a real positive number. It also follows from (17) and (19) (remembering that    R  1 2    (  x 1  ,  x 2  )  =  | ψ  (  x 1  ,  x 2  )  |   ) that    E p  ≤ 1  . Summing up, we have


  0 ≤  E p  ≤ 1 .  



(22)




In the case that the phase   α (  x 1  ,  x 2  )   is additively decomposable,   α  (  x 1  ,  x 2  )  =  α 1   (  x 1  )  +  α 2   (  x 2  )   , we have


     α  (  x 1  ,  x 3  )  − α  (  x 2  ,  x 3  )  − α  (  x 1  ,  x 4  )  + α  (  x 2  ,  x 4  )        =  α 1   (  x 1  )  +  α 2   (  x 3  )  −  α 1   (  x 2  )  −  α 2   (  x 3  )  −  α 1   (  x 1  )  −  α 2   (  x 4  )  +  α 1   (  x 2  )  +  α 2   (  x 4  )  = 0 ,     



(23)




implying that    E p  = 0  . On the other hand, if    E p  = 0   we must have that


  exp    i  α  (  x 1  ,  x 3  )  − α  (  x 2  ,  x 3  )  − α  (  x 1  ,  x 4  )  + α  (  x 2  ,  x 4  )    = exp    i δ   



(24)




for some real constant  δ . Therefore (assuming   α (  x 1  ,  x 2  )   to be a continuous function) we have


  α  (  x 1  ,  x 3  )  − α  (  x 2  ,  x 3  )  − α  (  x 1  ,  x 4  )  + α  (  x 2  ,  x 4  )  = δ .  



(25)




This relation must hold for all values of    x 1  ,  x 2  ,  x 3  ,  x 4   . Therefore, fixing some constant values   x 20   and   x 40   for   x 2   and   x 4  , respectively, we can write


  α  (  x 1  ,  x 3  )  = α  (  x 1  ,  x 40  )  + α  (  x 20  ,  x 3  )  − α  (  x 20  ,  x 40  )  + δ .  



(26)




Defining now


      α 1   (  x 1  )     =    α  (  x 1  ,  x 40  )  −  1 2  α  (  x 20  ,  x 40  )  +  δ 2         α 2   (  x 3  )     =    α  (  x 20  ,  x 3  )  −  1 2  α  (  x 20  ,  x 40  )  +  δ 2      



(27)




we have


  α  (  x 1  ,  x 3  )  =  α 1   (  x 1  )  +  α 2   (  x 3  )   



(28)




and therefore the function  α  is additively decomposable. In summary,    E p  = 0   if and only if  α  is additively decomposable.



Finally, it can be verified after some algebra that the total entanglement of the two-particle pure quantum state, as measured by  E  (given by (9)), is equal to the sum of the entanglement of the configuration and the phase contributions,


  E =  E c  +  E p  .  



(29)




Please note that the bounds (18) and (22), respectively satisfied by the configuration and the phase entanglement, are consistent with the bounds   0 ≤ E ≤ 1   satisfied by the total entanglement  E . For a factorizable quantum (pure) state of the two particles, both contributions   E c   and   E p   to the entanglement between the particles achieve their respective lower bounds (that is, both of them vanish). However, the configuration and the phase entanglements cannot both achieve their upper bounds (they cannot both be equal to 1) because the total entanglement satisfies    E c  +  E p  ≤ 1  . This means that a state with high configuration entanglement must have low phase entanglement, and vice versa.





4. Entanglement Dynamics and Quantum Friction


We shall now apply the configuration and phase quantitative entanglement indicators to explore the entanglement dynamics of two quantum particles evolving according to a nonlinear Schrödinger equation incorporating quantum friction effects. Nonlinear Schrödinger equations have attracted considerable attention in recent years, and have been applied to the description of diverse physical phenomena. Closely related to Bohmian dynamics is the nonlinear Schrödinger equation proposed by Nassar and Miret-Artés in [6],


  i ℏ   ∂ ψ ( x , t )   ∂ t   =  H  ( x , t )  + i ℏ   W c   ( x , t )  +  W f   ( x , t )    ψ  ( x , t )   



(30)




where   H = −   ℏ 2   2 m     ∂ 2   ∂  x 2    + V  ( x )    is the standard Hamiltonian for a quantum particle of mass m moving in one dimension under the potential   V ( x )  . We also have,


   W c   ( x , t )  = − κ    ln   | ψ  ( x , t )  |  2  −   〈 ln   | ψ  ( x , t )  |  2   〉   ,  



(31)




and


   W f   ( x , t )  = −  ν 2   ln     ψ ( x , t )    ψ ∗   ( x , t )    −  ln     ψ ( x , t )    ψ ∗   ( x , t )      ,  



(32)




where


    〈 ln   | ψ  ( x , t )  |  2    〉 = ∫ | ψ  ( x , t )  |  2  ln     | ψ  ( x , t )  |  2  d x ,  



(33)




and


   ln     ψ ( x , t )    ψ ∗   ( x , t )     = ∫   | ψ  ( x , t )  |  2  ln      ψ ( x , t )    ψ ∗   ( x , t )       d x .  



(34)




In the above equations  κ  is a constant related to the resolution of position measurement and  ν  is a friction coefficient. The nonlinear wave Equation (30) was proposed as an effective description of the dynamics of a quantum particle undergoing a process of continuous position measurement including dissipation effects [6]. The non-linear logarithmic term   W c   advanced by Nassar in [5] was motivated by Mensky’s path integral formulation of continuous quantum measurements [37], whereas the term   W f   considered in [6] was inspired by Kostin’s work in connection with friction in quantum systems [38]. Several aspects of these kind of nonlinear evolution equations have been investigated in [39,40,41,42,43,44]. In terms of Bohmian dynamics, the friction term   W f   in the non-linear Schrödinger Equation (30) leads to a new term in the equations governing the evolution of the Bohmian velocity field, that can be interpreted as describing a drag force [6].



Please note that the friction effects described by the term   W f   in the nonlinear Schrödinger Equation (30) occur at the level of pure states. That is, the evolution of a quantum pure state is affected by these friction effects, but the state stays pure as it evolves. The presence of the term   W f   gives rise, for instance, to the decrease (dissipation) of the energy of the time-dependent state, but not to an increase of its entropy. Equation (30) is a Schrödinger-Langevin-like equation without the stochastic force term. These kind of equations have been the focus of considerable attention and applied to diverse problems [4,6]. Nonlinear wave equations like (30) can be regarded as incorporating phenomenological descriptions of friction that describe only some aspects of the dynamics of an open system (for instance, energy dissipation). In this sense, they differ from approaches based on master equations where, in general, the entropy of the system changes as it evolves. A classical analogue may contribute to clarify this situation. A classical conservative system, such as a standard harmonic oscillator, is both conservative and deterministic. Energy is conserved during evolution, and complete knowledge of the initial conditions (represented by a point in phase space) fully determines the state of the system at a later time (represented, again, by a point in phase space). In summary: a point in phase space deterministically evolves into another point in phase space. If we incorporate friction effects described by drag forces (for instance, of the form   F = − a v  ) the system is no longer conservative. Energy is not conserved. However, the system is still deterministic: a point in phase space still evolves into another well defined point in phase space. If one also incorporates stochastic forces (like in the Langevin equation) the system is no longer deterministic. Even if the initial conditions correspond to a point in phase space, to describe the evolution of the system one needs a time-dependent probability density in phase space. A quantum mechanical analogue of this situation is an open quantum system that evolves, for instance, according to the Linblad equation, and that has to be described by a time-dependent density matrix. On the other hand, a wave equation like (30) (or, more specifically, Equation (37) that we are going to consider later), governing the evolution of a quantum system that is at all times described by a pure state, can be regarded as a quantum mechanical analogue of a classical system that is affected by friction (drag forces) but is still deterministic. These classical systems have practical, conceptual, and historical relevance, and their properties have been the focus of investigation since long ago (a nice discussion can be found in Chapters 19 and 20 of [45]). Consequently, it is an interesting problem to explore their possible quantum mechanical counterparts.



We are now going to apply the configuration and phase entanglement indicators previously introduced, to explore the entanglement dynamics of two quantum particles governed by a particular two-dimensional version of the wave Equation (30), incorporating the friction term   W f  , but not the nonlinear logarithmic term   W c  . That is, in (30) we set   κ = 0  . We consider the evolution of a two-dimensional Gaussian wave packet describing two (entangled) particles subjected to friction and moving in one spatial dimension in a common harmonic potential well. The Gaussian ansatz is


  Ψ  (  x 1  ,  x 2  , t )  =  e   λ 0   ( t )  +  λ 1   ( t )   x 1 2  +  λ 2   ( t )   x 2 2  +  λ 3   ( t )   x 1   x 2  +  λ 4   ( t )   x 1  +  λ 5   ( t )   x 2    ,  



(35)




where the coefficients    λ j   ( t )    are complex functions of time,


   λ j   ( t )  =  λ  j R    ( t )  + i  λ  j I    ( t )   for  j = 0 , … , 5  



(36)




with    λ  j R   ,  λ  j I   ∈ R  . The    λ j   ( t )   ’s are then chosen so that (35) is a solution of a non-linear Schrödinger equation incorporating a friction term. This evolution equation is given by


  i ℏ   ∂ Ψ (  x 1  ,  x 2  , t )   ∂ t   =  −   ℏ 2   2 m      ∂ 2   ∂  x 1 2    +   ∂ 2   ∂  x 2 2     +  1 2  m  ω 2   (  x 1 2  +  x 2 2  )  + i ℏ  W f   (  x 1  ,  x 2  , t )   Ψ  (  x 1  ,  x 2  , t )  ,  



(37)




where


   W f   (  x 1  ,  x 2  , t )  = −  ν 2   2 i α  (  x 1  ,  x 2  , t )  − 2 i ∫ d  x 1  d  x 2  R  (  x 1  ,  x 2  , t )  α  (  x 1  ,  x 2  , t )   .  



(38)




The phase   α (  x 1  ,  x 2  , t )   can be expressed in terms of the imaginary parts of the   λ j  ’s,


  α  (  x 1  ,  x 2  , t )  =  λ  0 I    ( t )  +  λ  1 I    ( t )   x 1 2  +  λ  2 I    ( t )   x 2 2  +  λ  3 I    ( t )   x 1   x 2  +  λ  4 I    ( t )   x 1  +  λ  5 I    ( t )   x 2  ,  



(39)




while   R (  x 1  ,  x 2  )   is given by the real parts of the   λ j  ’s,


  R  (  x 1  ,  x 2  , t )  =  e  2 (  λ  0 R    ( t )  +  λ  1 R    ( t )   x 1 2  +  λ  2 R    ( t )   x 2 2  +  λ  3 R    ( t )   x 1   x 2  +  λ  4 R    ( t )   x 1  +  λ  5 R    ( t )   x 2  )   .  



(40)




Inserting the ansatz (35) into the nonlinear Schrödinger Equation (37) it is possible to prove, after some algebra, that (35) constitutes a time dependent solution of (37), provided that the real and imaginary parts of the    λ j   ( t )   ’s comply with the following set of twelve coupled ordinary differential equations,


      λ  0 R  ′   ( t )  +  ℏ m    λ  1 I    ( t )  +  λ  2 I    ( t )  +  λ  4 R    ( t )   λ  4 I    ( t )  +  λ  5 R    ( t )   λ  5 I    ( t )   = 0        λ  0 I  ′   ( t )  +  ℏ m   −  λ  1 R    ( t )  −  λ  2 R    ( t )  −  1 2   λ  4 R  2   ( t )  +  1 2   λ  4 I  2   ( t )  −  1 2   λ  5 R  2   ( t )  +  1 2   λ  5 I  2   ( t )   + ℏ ν   λ  0 I    ( t )  −  〈 α 〉   ( t )   = 0        λ  1 R  ′   ( t )  +  ℏ m   4  λ  1 R    ( t )   λ  1 I    ( t )  +  λ  3 R    ( t )   λ  3 I    ( t )   = 0        λ  1 I  ′   ( t )  +  ℏ m   − 2  λ  1 R  2   ( t )  + 2  λ  1 I  2   ( t )  −  1 2   λ  3 R  2   ( t )  +  1 2   λ  3 I  2   ( t )   +  1 2    m  ω 2   ℏ  + ℏ ν  λ  1 I    ( t )  = 0        λ  2 R  ′   ( t )  +  ℏ m   4  λ  2 R    ( t )   λ  2 I    ( t )  +  λ  3 R    ( t )   λ  3 I    ( t )   = 0        λ  2 I  ′   ( t )  +  ℏ m   − 2  λ  2 R  2   ( t )  + 2  λ  2 I  2   ( t )  −  1 2   λ  3 R  2   ( t )  +  1 2   λ  3 I  2   ( t )   +  1 2    m  ω 2   ℏ  + ℏ ν  λ  2 I    ( t )  = 0        λ  3 R  ′   ( t )  +  ℏ m   2  λ  1 R    ( t )   λ  3 I    ( t )  + 2  λ  1 I    ( t )   λ  3 R    ( t )  + 2  λ  2 R    ( t )   λ  3 I    ( t )  + 2  λ  2 I    ( t )   λ  3 R    ( t )   = 0        λ  3 I  ′   ( t )  +  ℏ m   − 2  λ  1 R    ( t )   λ  3 R    ( t )  + 2  λ  1 I    ( t )   λ  3 I    ( t )  − 2  λ  2 R    ( t )   λ  3 R    ( t )  + 2  λ  2 I    ( t )   λ  3 I    ( t )   + ℏ ν  λ  3 I    ( t )  = 0        λ  4 R  ′   ( t )  +  ℏ m   2  λ  1 R    ( t )   λ  4 I    ( t )  + 2  λ  1 I    ( t )   λ  4 R    ( t )  +  λ  3 R    ( t )   λ  5 I    ( t )  +  λ  3 I    ( t )   λ  5 R    ( t )   = 0        λ  4 I  ′   ( t )  +  ℏ m   − 2  λ  1 R    ( t )   λ  4 R    ( t )  + 2  λ  1 I    ( t )   λ  4 I    ( t )  −  λ  3 R    ( t )   λ  5 R    ( t )  +  λ  3 I    ( t )   λ  5 I    ( t )   + ℏ ν  λ  4 I    ( t )  = 0        λ  5 R  ′   ( t )  +  ℏ m   2  λ  2 R    ( t )   λ  5 I    ( t )  + 2  λ  2 I    ( t )   λ  5 R    ( t )  +  λ  3 R    ( t )   λ  4 I    ( t )  +  λ  3 I    ( t )   λ  4 R    ( t )   = 0        λ  5 I  ′   ( t )  +  ℏ m   − 2  λ  2 R    ( t )   λ  5 R    ( t )  + 2  λ  2 I    ( t )   λ  5 I    ( t )  −  λ  3 R    ( t )   λ  4 R    ( t )  +  λ  3 I    ( t )   λ  4 I    ( t )   + ℏ ν  λ  5 I    ( t )  = 0 ,     



(41)




where


   λ  j R , j I  ′   ( t )  =  d  d t    λ  j R , j I    ( t )  .  



(42)




The set of coupled, non-linear, first-order, ordinary differential Equation (41) need to be solved numerically. Now,    λ  0 R    ( t )    is determined by the normalization of the state of the system (35). So, by imposing the condition of normalization on the system, we can obtain an expression for    λ  0 R    ( t )    in terms of the other  λ ’s:


    1   =    ∫ d  x 1  d  x 2   Ψ ∗   (  x 1  ,  x 2  , t )  Ψ  (  x 1  ,  x 2  , t )        =     e  2  λ  0 R    ( t )    ∫ d  x 1   e  2  λ  1 R    ( t )   x 1 2  + 2  λ  4 R    ( t )   x 1    ∫ d  x 2   e  2  λ  2 R    ( t )   x 2 2  + 2  λ  3 R    ( t )   x 1   x 2  + 2  λ  5 R    ( t )   x 2    .     



(43)




The integral appearing in the right hand side of the above equation only converges if


   λ  1 R    ( t )  < 0 ,   λ  2 R    ( t )  < 0  and   λ  3 R  2   ( t )  < 4  λ  1 R    ( t )   λ  2 R    ( t )  .  



(44)




Evaluating this integral and solving for   λ  0 R    gives


      λ  0 R    ( t )     =     1 2  ln      4  λ  1 R    ( t )   λ  2 R    ( t )  −  λ  3 R  2   ( t )    π             +    λ  1 R    ( t )   λ  5 R  2   ( t )  +  λ  2 R    ( t )   λ  4 R  2   ( t )  −  λ  3 R    ( t )   λ  4 R    ( t )   λ  5 R    ( t )    4  λ  1 R    ( t )   λ  2 R    ( t )  −  λ  3 R  2   ( t )    .     



(45)




Since a wave function which is normalized at some time t is then automatically normalized for all time, it is sufficient to impose these conditions on the initial values of the   λ j  ’s.



Evaluating the nested integrals (see Equations (15) and (19)) in the expression for the total entanglement (9), results in the following expression:


  E  ( t )  = 1 −    π 2   e  4  λ  0 R    ( t )     e  −   4   λ  1 R    ( t )   λ  5 R  2   ( t )  +  λ  2 R    ( t )   λ  4 R  2   ( t )  −  λ  3 R    ( t )   λ  4 R    ( t )   λ  5 R    ( t )     4  λ  1 R    ( t )   λ  2 R    ( t )  −  λ  3 R  2   ( t )         16  λ  1 R  2   ( t )   λ  2 R  2   ( t )  − 4  λ  1 R    ( t )   λ  2 R    ( t )   λ  3 R  2   ( t )  +  λ  3 I  2   ( t )   4  λ  1 R    ( t )   λ  2 R    ( t )  −  λ  3 R  2   ( t )      .  



(46)




Substituting for    λ  0 R    ( t )    from (45) and simplifying leads to a final compact expression for the total entanglement of the system:


  E  ( t )  = 1 −    4  λ  1 R    ( t )   λ  2 R    ( t )  −  λ  3 R  2   ( t )    4  λ  1 R    ( t )   λ  2 R    ( t )  +  λ  3 I  2   ( t )     .  



(47)




Notice that the entanglement only depends on    λ  1 R    ( t )  ,  λ  2 R    ( t )  ,  λ  3 R    ( t )    and    λ  3 I    ( t )   . As    λ  3 I    ( t )    is squared in the total entanglement expression, the sign of    λ  3 I    ( t )    does not affect the total entanglement. By setting    λ  3 I    ( 0 )  = 0   and    λ  3 R    ( 0 )  = 0  , the total entanglement   E ( t ) = 0   and so the state is separable and remains separable. The configuration and phase entanglement of a separable state are also zero and remain zero irrespective of the choice of parameters  ν  and  ω . The total entanglement of the initial state can be chosen to be maximal by making the numerator inside the square root in Equation (47) as small as possible or the denominator as large as possible, which is achieved by choosing    λ  3 R    ( 0 )    such that it approaches   2    λ  1 R    ( 0 )   λ  2 R    ( 0 )      or by choosing    |   λ  3 I     ( 0 )  |    to be very large. This makes sense as we would expect the total entanglement of our initial state to depend strongly on    λ 3   ( 0 )    since this is the coefficient of the cross-term in the Gaussian state (35).



We investigated numerically the evolution of the entanglement indicators for numerous initial states and for a variety of values for  ν  and  ω . We solved numerically the equations of motion (41) for the   λ j  ’s and evaluated, on the corresponding time-dependent Gaussian wave packet, the configuration and phase entanglement indicators,   E c   and   E p  . The conclusion was that the particular choices of initial states given in Table 1, and of parameters  ν  (  ν = 0   or 0.1) and  ω  (  ω = 0   or 1), are representative of the behaviour of states in general. For the initial state referred to as “generally entangled" (column 3 in Table 1) the coefficients were chosen randomly, whereas for the states with low, intermediate and high entanglement listed in Table 1, the coefficients were specifically chosen. When choosing these coefficients (randomly or otherwise) we actually choose all of them except   λ  0 R   , which is calculated in terms of the other coefficients to satisfy normalization. The only difference between the coefficients of the intermediately entangled and highly entangled states is that    λ  3 I    ( 0 )    is first taken to be 10 and then 100. The time evolution of the entanglement indicators for the aforementioned initial states is illustrated in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10 and Figure 11. Please note that for computing the numerical results displayed in the figures we have set ℏ and m to unity (i.e., we use atomic units).



As already mentioned, the time evolution of the entanglement indicators for the initial states listed in Table 1 is depicted in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10 and Figure 11. In Figure 1 we show the evolution of the configuration and phase indicators of entanglement for an entangled state of two free particles (that is, with no confining potential) moving under no friction. In this system the total entanglement    E c  +  E p    is conserved, although   E c   and   E p   are individually time dependent. Consistently with the fact that    E c  +  E p    is constant in time, we see in Figure 1 that the minima of one indicator coincides to maxima of the other one (at these points one has    ( d  E c  / d t )  =  ( d  E p  / d t )  = 0   and    (  d 2   E c  / d  t 2  )  = −  (  d 2   E p  / d  t 2  )   , implying that the extrema of one quantity coincide with the opposite extrema of the other one).



Figure 2 shows the time evolution of   E c   and   E p   for a pair of quantum particles evolving under the effect of friction while confined by a common harmonic potential well. The parameters characterizing the friction term and the harmonic potential are   ν = 0.1   and   ω = 1  , respectively. The initial state, characterized by the coefficients appearing in the first column of Table 1, is a state of low entanglement with   E = 0.086  . The time evolution of the total entanglement   E =  E c  +  E p    is depicted in Figure 3 for the same system and initial state as in Figure 2. The time evolution of   E c   and   E p   is depicted in Figure 4, for a pair of particles starting with an initial state of intermediate entanglement (  E = 0.395  ), for the same system parameters as in Figure 2 and Figure 3. The corresponding evolution of the total entanglement is plotted in Figure 5. The evolution of   E c   and   E p   for a pair of particles for the same system parameters as in Figure 4 and Figure 5, for a randomly chosen initial state (corresponding to the third column in Table 1) is shown in Figure 6. The evolution of the total entanglement is exhibited in Figure 7. For the same initial conditions as in Figure 6 and Figure 7, Figure 8 depicts the evolution of   E c   and   E p   for a pair of free particles (that is, with no external confining potential;   ω = 0  ) moving under the effect of friction (  ν = 0.1  ). The evolution of the total entanglement is shown in Figure 9. Finally, the evolution of   E c   and   E p   for a highly entangled initial state (  E = 0.923  ) with   ν = 0.1   and   ω = 1   is shown in Figure 10. The behavior of the corresponding total entanglement is depicted in Figure 11.



It can be appreciated in Figure 2, Figure 4, and Figure 10 that, when the particles evolve under friction in a common harmonic potential, both the configuration entanglement and the phase entanglement exhibit a strong oscillatory behaviour. The maximum values of one of the entanglement indicators tends to coincide with the minimum values of the other one. This behaviour is inherited from the corresponding behavior observed in the conservative case, which we have already discussed. This is due to the fact that, in the cases that we have studied, the time-scale of the energy dissipation is slower than the time-scale of the oscillations generated by the harmonic confining field. Consequently, during one complete harmonic period the energy stays approximately constant, and the system approximately behaves as in the conservative case.



The amplitude of the entanglement oscillations tends to decrease with time. This trend is due to the decrease in energy of the system, associated with the friction term in the nonlinear Schrödinger Equation (37). Notice that Equation (37) does not have a stochastic force term [4]. The solution of the equations of motion (41) for the  λ -coefficients characterizing the evolving Gaussian wave packet, at large times, asymptotically evolves to    λ  0 I   =  λ 00  − ω t  ,    λ  1 R   =  λ  2 R   = −   m ω   2 ℏ    ,   λ  0 R    given by (45), and the rest of the  λ ’s equal to zero. Here   λ 00   is a dimensionless constant. This asymptotic solution corresponds to the wave function,


  ψ   (  x 1  ,  x 2  , t )  asympt   =     m ω   ℏ π    exp  i   λ 00  − ω t    exp  −   m ω   2 ℏ     x 1 2  +  x 2 2    ,  



(48)




which represents the ground state of the two particles in the harmonic potential    1 2  m  ω 2    x 1 2  +  x 2 2    . It can be directly verified that (48) is a solution of (37). Please note that the wave function (48) describes a separable state. This is the reason, for the system here under consideration, that both entanglement indicators   E c   and   E p   tend to zero for large times. In summary, as the system looses energy due to friction, it relaxes towards its ground state, which has no entanglement.



The total entanglement, depicted in Figure 3, Figure 5 and Figure 11, also decreases in time, but in a more smooth way, with the oscillatory features highly attenuated. We see that in this system the amount of entanglement of the two-particle state (configuration entanglement, phase entanglement, and total entanglement) tends to decrease in time due to the dissipative effects. A similar decreasing trend can be observed in Figure 8 and Figure 9, corresponding to a two-particle system experiencing friction but with no confining potential. However, in this case, where the common harmonic potential is absent, the oscillatory behaviour of   E c   and   E p   is less strong than the one exhibited in Figure 2, Figure 4, and Figure 10. The behaviour of the total entanglement in Figure 9 seems to have more structure than the corresponding behaviour in Figure 3. Some further conclusions from all the numerical investigations were that when   ω ≠ 0  , then for smaller initial total entanglement the periodicity for the total entanglement is more apparent compared to higher initial values for the total entanglement. Also, as  ω  increases the frequency of the entanglement oscillations (total entanglement, configuration entanglement and phase entanglement) increases, as expected for an oscillating system. As  ν  increases, the amplitude of the entanglement oscillations decreases more rapidly, as expected when friction plays a role.




5. Conclusions


We revisited the concept of entanglement within the Bohmian formulation of quantum mechanics. We introduced two partial measures for the amount of entanglement corresponding to a pure state of a pair of Bohmian quantum particles. These two quantities are directly related to the main ingredients of the Bohmian dynamics, and admit a clear interpretation in terms of that dynamics. One of these measures is associated with the statistical correlations exhibited by the joint probability density in configuration space corresponding to a pair of Bohmian particles. The other partial measure corresponds to the correlations associated with the phase of the joint wave function, and describes the non-separability of the Bohmian velocity field. We refer to these two measures, respectively, as the configuration entanglement indicator and the phase entanglement indicator. The sum of these two components is equal to the total entanglement of the joint quantum state, as measured by the linear entropy of the single-particle reduced density matrix. We investigated the main properties of the configuration and the phase entanglement indicators and, as an illustrative application, explored the time evolution of these quantities, corresponding to the dissipative dynamics of an initially entangled two-particle quantum system evolving under the effect of friction. The fact that the entanglement indicators advanced here are directly defined in terms of the elements of the Bohmian formalism allows for their application to the study of entanglement in extensions or modifications of Bohm’s theory, such as the one recently advanced by Valentini [20,21], where some ingredients of the standard quantum formalism might be problematic. In the present work we have restricted our considerations to entanglement in pure states. It would be interesting to explore extensions to mixed states of the entanglement indicators explored here, although the Bohmian dynamics of mixed states is, in general, much less developed than that of pure states. Any further contributions along these or related lines of inquiry will be very welcome.







Author Contributions


Both authors contributed equally to this paper, and have read and approved the final manuscript.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Holland, P.R. The Quantum Theory of Motion: An Account of the de Broglie-Bohm Causal Interpretation of Quantum Mechanics; Cambridge University Press: Cambridge, UK, 1995. [Google Scholar]

	



Sanz, A.S.; Miret-Artés, S. A Trajectory Description of Quantum Processes. I. Fundamentals; Springer: Berlin/Heidelberg, Gemmery, 2012; Volume 850, pp. 1–299. [Google Scholar]

	



Sanz, A.S.; Miret-Artés, S. A Trajectory Description of Quantum Processes. II. Applications; Springer: Berlin/Heidelberg, Gemmery, 2014; Volume 831, pp. 1–333. [Google Scholar]

	



Nassar, A.B.; Miret-Artés, S. Bohmian Mechanics, Open Quantum Systems and Continuous Measurements; Springer International Publishing: Basel, Switzerland, 2017; pp. 1–241. [Google Scholar]

	



Nassar, A.B. Quantum trajectories and the Bohm time constant. Ann. Phys. 2013, 331, 317–322. [Google Scholar] [CrossRef]

	



Nassar, A.B.; Miret-Artés, S. Dividing line between quantum and classical trajectories in a measurement problem: Bohmian time constant. Phys. Rev. Lett. 2013, 111, 150401. [Google Scholar] [CrossRef] [PubMed]

	



Naaman-Marom, G.; Erez, N.; Vaidman, L. Position measurements in the de Broglie-Bohm interpretation of quantum mechanics. Ann. Phys. 2012, 327, 2522–2542. [Google Scholar] [CrossRef]

	



Efthymiopoulos, C.; Kalapotharakos, C.; Contopoulos, G. Origin of chaos near critical points of quantum flow. Phys. Rev. E 2009, 79, 036203. [Google Scholar] [CrossRef] [PubMed]

	



Ramsak, A. Geometrical view of quantum entanglement. EPL 2011, 96, 40004. [Google Scholar] [CrossRef][Green Version]

	



Bennett, A.F. Relative dispersion and quantum thermal equilibrium in de Broglie-Bohm mechanics. J. Phys. A Math. Theor. 2010, 43, 195304. [Google Scholar] [CrossRef]

	



Sampaio, R.; Suomela, S.; Ala-Nissila, T.; Anders, J.; Philbin, T.G. Quantum work in the Bohmian framework. Phys. Rev. A 2018, 97, 012131. [Google Scholar] [CrossRef][Green Version]

	



Peter, P.; Pinho, E.J.C.; Pinto-Neto, N. Noninflationary model with scale invariant cosmological perturbations. Phys. Rev. D 2007, 75, 023516. [Google Scholar] [CrossRef]

	



Pinto-Neto, N.; Falciano, F.T.; Pereira, R.; Santini, E.S. Wheeler-DeWitt quantization can solve the singularity problem. Phys. Rev. D 2012, 86, 063504. [Google Scholar] [CrossRef]

	



Pinto-Neto, N.; Santos, G.; Struyve, W. Quantum-to-classical transition of primordial cosmological perturbations in de Broglie-Bohm quantum theory. Phys. Rev. D 2012, 85, 083506. [Google Scholar] [CrossRef]

	



Letelier, P.S.; Pitelli, J.P.M. n-dimensional FLRW quantum cosmology. Phys. Rev. D 2010, 82, 104046. [Google Scholar] [CrossRef]

	



Resconi, G.; Licata, I.; Fiscaletti, D. Unification of quantum and gravity by non classical information entropy space. Entropy 2013, 15, 3602–3619. [Google Scholar] [CrossRef]

	



De Carvalho, F.F.; Bouduban, M.E.F.; Curchod, B.F.E.; Tavernelli, I. Nonadiabatic molecular dynamics based on trajectories. Entropy 2013, 16, 62–85. [Google Scholar] [CrossRef]

	



Benseny, A.; Albareda, G.; Sanz, A.S.; Mompart, J.; Oriols, X. Applied Bohmian mechanics. Eur. Phys. J. D 2014, 68, 286. [Google Scholar] [CrossRef]

	



Fortin, S.; Lombardi, O.; Martinez Gonzalez, J.C. The relationship between chemistry and physics from the perspective of Bohmian mechanics. Found. Chem. 2017, 19, 43–59. [Google Scholar] [CrossRef]

	



Valentini, A. Astrophysical and cosmological tests of quantum theory. J. Phys. A Math. Theor. 2007, 40, 3285. [Google Scholar] [CrossRef]

	



Valentini, A. Inflationary cosmology as a probe of primordial quantum mechanics. Phys. Rev. D 2010, 82, 063513. [Google Scholar] [CrossRef]

	



Márkus, F.; Gambár, K. Derivation of the upper limit of temperature from the field theory of thermodynamics. Phys. Rev. E 2004, 70, 055102. [Google Scholar] [CrossRef] [PubMed]

	



Valentini, A.; Westman, H. Dynamical origin of quantum probabilities. arXiv, 2005; arXiv:quant-ph/0403034. [Google Scholar]

	



Pennini, F.; Plastino, A.R.; Plastino, A. Pilot wave approach to the NRT nonlinear Schrödinger equation. Physica A 2014, 403, 195–205. [Google Scholar] [CrossRef]

	



Plastino, A.R.; Wedemann, R.S. Nonlinear wave equations related to nonextensive thermostatistics. Entropy 2017, 19, 60. [Google Scholar] [CrossRef]

	



Nassar, A.B.; Miret-Artés, S. Bohmian trajectories of Airy packets. Ann. Phys. 2014, 348, 223–227. [Google Scholar] [CrossRef][Green Version]

	



Holland, P. Computing the wavefunction from trajectories: Particle and wave pictures in quantum mechanics and their relation. Ann. Phys. 2005, 315, 505–531. [Google Scholar] [CrossRef]

	



Plastino, A.R.; Casas, M.; Plastino, A. Bohmian quantum theory of motion for particles with position-dependent effective mass. Phys. Lett. A 2001, 281, 297–304. [Google Scholar] [CrossRef]

	



Gisin, N. Why Bohmian mechanics? One- and two-time position measurements, Bell inequalities, philosophy, and physics. Entropy 2018, 20, 105. [Google Scholar] [CrossRef]

	



Tegmark, M.; Wheeler, J.A. 100 Years of quantum mysteries. Sci. Am. 2001, 284, 68–75. [Google Scholar] [CrossRef]

	



Durt, T.; Pierseaux, Y. Bohm’s interpretation and maximally entangled states. Phys. Rev. A 2002, 66, 052109. [Google Scholar] [CrossRef]

	



Braverman, B.; Simon, C. Proposal to observe the nonlocality of Bohmian trajectories with entangled photons. Phys. Rev. Lett. 2013, 110, 060406. [Google Scholar] [CrossRef] [PubMed]

	



Jammer, M. Concepts of Mass in Contemporary Physics and Philosophy; Princeton University Press: Princeton, NJ, USA, 2009. [Google Scholar]

	



Caticha, A. Entropic dynamics, time and quantum theory. J. Phys. A Math. Theor. 2011, 44, 225303. [Google Scholar] [CrossRef][Green Version]

	



Bell, J.S. Speakable and Unspeakable in Quantum Mechanics, 2nd ed.; Cambridge University Press: Cambridge, UK, 2004. [Google Scholar]

	



Zander, C.; Plastino, A.R.; Plastino, A.; Casas, M. Entanglement and the speed of evolution of multi-partite quantum systems. J. Phys. A Math. Theor. 2007, 40, 2861–2872. [Google Scholar] [CrossRef][Green Version]

	



Mensky, M.B. Continuous Quantum Measurement and Path Integrals; Routledge: Abingdon, UK, 2017. [Google Scholar]

	



Kostin, M.D. On the Schrödinger-langevin equation. J. Chem. Phys. 1972, 57, 3589–3591. [Google Scholar] [CrossRef]

	



Schuch, D.; Chung, K.M.; Hartmann, H. Nonlinear Schrödinger-type field equation for the description of dissipative systems. I. Derivation of the nonlinear field equation and one-dimensional example. J. Math. Phys. 1983, 24, 1652–1660. [Google Scholar] [CrossRef]

	



Schuch, D.; Chung, K.M.; Hartmann, H. Nonlinear Schrödinger-type field equation for the description of dissipative systems. II. Frictionally damped motion in a magnetic field. Int. J. Quantum Chem. 1984, 25, 391–410. [Google Scholar] [CrossRef]

	



Schuch, D.; Chung, K.M.; Hartmann, H. Nonlinear Schrödinger-type field equation for the description of dissipative systems. III. Frictionally damped free motion as an example for an aperiodic motion. J. Math. Phys. 1984, 25, 3086–3096. [Google Scholar] [CrossRef]

	



Schuch, D. Complex nonlinear relations in classical and quantum physics. J. Phys. Conf. Ser. 2009, 174, 012042. [Google Scholar] [CrossRef][Green Version]

	



Schuch, D.; Chung, K.M. From macroscopic irreversibility to microscopic reversibility via a nonlinear Schrödinger-type field equation. Int. J. Quantum Chem. 1986, 29, 1561–1573. [Google Scholar] [CrossRef]

	



Schuch, D. Relations between nonlinear Riccati equations and other equations in fundamental physics. J. Phys. Conf. Ser. 2014, 538, 012019. [Google Scholar] [CrossRef][Green Version]

	



Pask, C. Magnificent Principia: Exploring Isaac Newton’s Masterpiece; Prometheus Books: Amherst, NY, USA, 2013. [Google Scholar]








[image: Entropy 20 00473 g001 550] 





Figure 1. Plots of configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for a free particle without friction (  ν = 0   and   ω = 0  ). The randomly chosen initial conditions are given in column 3 of Table 1. The total initial entanglement of the state is   E = 0.70717  . The quantities   E c   and   E p   are dimensionless. Units of time, length and mass are chosen such that   ℏ = 1   and   m = 1  . 
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Figure 2. Configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for an initial state of low entanglement. The initial conditions are given in column 1 of Table 1. The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.086  . The quantities are measured in the same units as in Figure 1. 
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Figure 3. Total entanglement  E  as a function of time for the initial state of low entanglement considered in Figure 2. The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.086  . The quantities are measured in the same units as in Figure 1. 
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Figure 4. Configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for an initial state of intermediate (representative) entanglement. The initial conditions are given in column 2 of Table 1. The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.395  . The quantities are measured in the same units as in Figure 1. 
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Figure 5. Total entanglement  E  as a function of time for the initial state of intermediate (representative) entanglement considered in Figure 4. The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.395  . The quantities are measured in the same units as in Figure 1. 
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Figure 6. Plots of configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for a randomly chosen initial state (initial conditions are given in column 3 of Table 1). The values of the physical parameters characterizing the system are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.70717  . The quantities are measured in the same units as in Figure 1. 
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Figure 7. Total entanglement  E  as a function of time. The system parameters, initial conditions, and units used are the same as in Figure 6. 
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Figure 8. Plots of configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for the same initial state as in Figure 6 and Figure 7. The values of the physical parameters characterizing the system are   ν = 0.1   and   ω = 0  , and the total initial entanglement for the state is   E = 0.70717  . The quantities are measured in the same units as in Figure 1. 
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Figure 9. Total entanglement  E  as a function of time. The system parameters, initial conditions, and units used are the same as in Figure 8. 
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Figure 10. Plots of configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for a highly entangled initial state (initial conditions are given in column 4 of Table 1). The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.923  . 






Figure 10. Plots of configuration entanglement   E c   (left) and phase entanglement   E p   (right) as a function of time for a highly entangled initial state (initial conditions are given in column 4 of Table 1). The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.923  .
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Figure 11. Total entanglement  E  as a function of time for the same highly entangled initial state considered in Figure 10. The system parameters are   ν = 0.1   and   ω = 1  , and the total initial entanglement for the state is   E = 0.923  . 
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Table 1. Table of initial conditions.
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	Low Entanglement
	Intermediately Entangled
	Generally Entangled
	Highly Entangled





	   E ( 0 )   
	0.086
	0.395
	0.70717
	0.923



	    λ  0 R    ( 0 )    
	    1 2  ln    91   5 π    −  5 7    
	    1 2  ln    2  15   π   −  1 6    
	−122.79117
	    1 2  ln    2  15   π   −  1 6    



	    λ  0 I    ( 0 )    
	1
	1
	4.21132
	1



	    λ  1 R    ( 0 )    
	   − 1   
	   − 4   
	−3.29371
	   − 4   



	    λ  1 I    ( 0 )    
	1
	1
	−3.51362
	1



	    λ  2 R    ( 0 )    
	   − 1   
	   − 4   
	−0.613171
	   − 4   



	    λ  2 I    ( 0 )    
	1
	1
	−0.86058
	1



	    λ  3 R    ( 0 )    
	   3 5   
	2
	−2.54191
	2



	    λ  3 I    ( 0 )    
	   3 5   
	10
	−3.28337
	100



	    λ  4 R    ( 0 )    
	1
	1
	7.56778
	1



	    λ  4 I    ( 0 )    
	1
	1
	3.99994
	1



	    λ  5 R    ( 0 )    
	1
	1
	−4.69103
	1



	    λ  5 I    ( 0 )    
	1
	1
	3.07785
	1











© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
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