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Abstract: This paper considers a stochastic susceptible exposed infectious recovered (SEIR) epidemic
model with varying population size and vaccination. We aim to study the global dynamics of the
reduced nonlinear stochastic proportional differential system. We first investigate the existence and
uniqueness of global positive solution of the stochastic system. Then the sufficient conditions for
the extinction and permanence in mean of the infectious disease are obtained. Furthermore, we
prove that the solution of the stochastic system has a unique ergodic stationary distribution under
appropriate conditions. Finally, the discussion and numerical simulation are given to demonstrate
the obtained results.

Keywords: Stochastic SEIR model; varying population size; vaccination; permanence in mean;
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1. Introduction

Since the pioneering work of Kermack and Mckendrick [1], mathematical modeling for the
dynamics of epidemic transmission has a realistic significance in predicting and controlling the spread
of infectious diseases in the field of epidemiological research [2-8]. Recently, stochastic differential
equations have been widely applied to physics, engineering, chemistry, and biology [9-21], which have
obtained some novel results.

In fact, with the development of modern medicine, vaccination has become an important strategy
for disease control. Then numerous scholars have investigated the effect of vaccination on disease [22-27].
The epidemic model with a constant population size is relatively effective for diseases with a low
mortality and short duration. However, it is clearly untenable for diseases with a high mortality and
varying populations. Thus epidemic models with varying population size seem to be more reasonable,
which have attracted much interest from the research scientists [28-30]. Moreover, many infectious
diseases incubate inside the hosts for a period of time before becoming infectious, so it is very
meaningful to consider the effect of the incubation period. Based on the above considerations,
Sun et al. [28] studied an SEIR model with varying population size and vaccination. The system
can be described by

« . (1—0)BSI  6(1—p)pSI _
S =bN N N opS —us,
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where S(t), E(t), I(t) and R(t), respectively, stand for the densities of the susceptible, the exposed,
the infective and recovered individuals at time f, the total population size is denoted by
N(t) = S(t) + E(t) + I(t) + R(t). b represents the inflow rate (including birth and immigration),
u denotes the outflow rate (including natural death and emigration). The function % stands for the
standard incidence rate, here p represents the transmission rate of disease. 4 (0 < ¢ < 1) is the vaccine
coverage rate of susceptible individuals, p (0 < p < 1) is the vaccine efficacy, a represents the rate at
which the exposed individuals become infectious, ¢ is the rate of disease-related death and < stands
for the recovery rate of infective individuals. The parameters § and p are all non-negative constants
and b, y, B, a, € and <y are positive constants. Moreover, the differential equation of total population
size N(t) is given by N = (b — u)N — ¢l. The authors [28] explored the proportions of individuals in
the four epidemiological classes, namely

7= —. 2)
It is easy to get that the variables , ¢, 7 and 7 satisfy the following system of differential equations
§=b— (1—06p)Bsi— (6p + b)5 + €51,
¢ =(1—0p)psi — (a+b)e + €@l
i=a7— (e+7+Db)i+e,
7 =0p8 + yi — b7 + ¢ir.
Since variable 7 does not appear in the first, second, third equations of the above system. Then the
above system becomes the following reduced system
§=b— (1—6p)3i — (Op + b)3 + €5,
¢=(1—6p)Bsi — (a + b)é + eci, )
i=ae— (e+7+Db)i+ e
which is subject to the constraint7 = 1 —5— ¢—i. Inthe region A = { (5 'ev,?) € Ri 0 <S+e+ i<1 },

they established the epidemiological threshold condition Ry, which determines disease extinction or
permanence, where

R — baB(1 — dp)
O (w+b)(bp+b)(e+7+b)

Meanwhile, they analyzed the global dynamics of system (3) and derived the equilibria
(including the disease-free equilibrium and the endemic equilibrium) and their global stability.
In addition, the parameter restrictions for uniform permanence were obtained.

Nevertheless, the biological populations in the ecosystem are inevitably subjected to uncertain
environmental perturbations. It is worth noting that this phenomenon is ubiquitous in the natural
environment. So various stochastic epidemic models have been proposed and studied [31-36]. To the
best of our knowledge, there are not too many researches on global dynamics of the stochastic
SEIR epidemic model with varying population size and vaccination yet. In this paper, to make this
epidemic model (1) more reasonable and realistic, we suppose the stochastic perturbations are directly
proportional to 3, &, 7 and 7 under the influence of white noise type, influenced on the 5(t), &(t), i(t) and
7(t) in system (1), respectively. This implies the stochastic effects of white noise on the birth and death
rates of S, E, I, R. Then corresponding to system (1), a stochastic version can be reached by
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ds = {bN _a 1?551 _oa *I\’;)ﬁSI —pS — ys} dt + 01SdBy (1),
1-06)BSI  6(1—p)BSI
dE = {( N)ﬁ + ( 1\7)5 —ocE—yE] dt + 0»EdB; (1), @)
dI = [aE — (e + v + p)I] dt + 03IdBs(t),
dR = (5;95 + I — ‘Z/lR) dr + 0'4RdB4(f),

where B;(t)(i = 1,2,3,4) is the standard Wiener processes with B;(0) = 0 a.s. 0;(t)(i = 1,2,3,4) stands
for a continuous and bounded function for any ¢ > 0 and O'iz(t) (i =1,2,3,4) represents the intensities
of Wiener processes. Furthermore, the differential equation of total population size N(t) is given by
the following form

dN = [(b — }l)N — EI]di’ + UlsdBl(t) + (TzEde(t) + (T3IdB3(i’) + 0'4RdB4(t).

From (2), the system (4) becomes the following proportional system

d5 = [b— (1 6p)Bsi — (0p + b)5 + &5 — 032 + 5 (o352 + 03 + o3P + o372 | at

+ 015(1 — 3)dB; (t) — 0258d By (t) — 0331d B3 (t) — 0437dBy(t),

de = [(1— 0p)Bsi — (a + b)e + €61 — 0282 + & (01252 + 022 + o2 + 05?2)] dt

— y52dBy (1) + 0E(1 — £)dBa (t) — 0EidBs (1) — oy37dBa (1), o

di = [ae— (e +y +b)i + e — 2 + 7(0%?2 + 038 4 032 + af’fz)] dt

— 0131dBy (t) — 2id By (1) + 03’{(1 —?) dBs(t) — o4i7dBy(t),

dF = [0ps -+ o — bF + i — o + 7 (o + 03 + oFP + o3P | dt

— 0157d By (t) — 0»87dBy (t) — 03i7dBs(t) + 047(1 — 7)dBy(t).

It is worthy to note that, the variables s, ¢, iand 7 satisfy the relation7 =1 —5—¢ — i, we can omit
analysis of the fourth equation of system (5) and explore the following reduced system

ds = {b — (1 —0p)B3i — (6p + b)5 + €81 — 075> + §<01252 + 0282 4 03
2 ~

+ 02 (1 —5- E—T) )}dt + 073(1 — 3)dBy (t) — c»3edBy (t) — 038idBs(t)

- 045(1 —5- 'e“—?) dBy (1),
de = [(1 — 6p)psi — (& + b)e + eei — 0262 + 8(0%32 + 0282 + o3

(6)
2 ~

+ U’Z (1 —5s— E—ZM) >:|dt — 015edB1(t) + 0»e(1 — e)dBy(t) — o3eidBs(t)
- (74’5(1 —5- E—?) dBy(t),

~ ~ ~ 2
di=|ae—(e+7y+b)ite? -2 +i(02P +03% +03> 407 (1—-5—¢—1i dt
3 1 2 3 4

— 0131dBy (t) — 0281d By (t) + as?(1 —?) dBs(t) — 04?(1 —5- a—?) dB4(t)

with the initial value (g(o),a(o),?(O)) € R3 and 5(0) +2(0) +1(0) < 1.
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Since system (6) is a three-dimensional stochastic system with many high-order nonlinear terms,
this makes the stochastic analysis novel and more complex than [34,36].

Throughout this article, unless otherwise specified, let (Q),.7,{.Z };>0,P) be a complete
probability space with a filtration {.%; };>( satisfying the usual conditions (i.e., it is increasing and
right continuous while .% contains all P-null sets). Further suppose B;(t)(i = 1,2,3,4) stands for the
mutually independent standard Wiener processes defined on the complete probability space (). For an
integrable function x(t) on [0, +00), let us define (x(t)) = 1 fot x(r)dr.

2. Global Positive Solution

The following It6’s formula will be used frequently in the sequel.
Lemma 1. [37] Assume that X(t) € R is an Itd's process of the form
adX(t) = F(X(t),t )dt + G(X(t),t )dB(t),

where F: R" x R4 xS — R"and G : R" x Ry x S — R" are measurable functions.
Given V € C>(R" x R4 x S; R..), we define the operator LV by

LV(X,t) =Vi(X, 1) + Vx (X, H)F(X, 1) + %tmce [GT(X,t)VXX(X, HG(X, t)} ,

where

IVx (X, t IVx (X, t IVx (X, t Vyx (X, t
Vi(X, t) :7X§t ), VX(X,t):( g;l ). gg(n )), Vxx(X,t) = (a)?g)x )> :
! ] nxn

Then the generalized It0’s formula is given by
dV(X,t) =LV (X, t)dt + Vx(X,t)G(X, t)dB(t).

To explore the dynamical behaviors of a population system, we first concern the global existence
and positivity of the solutions of system (6).

Lemma 2. For any given initial value (5(0),?(0),7(0)) € R3 and 5(0) + &(0) +(0) < 1, the system (6)

has a unique positive local solution (5(t),e(t),i(t)) for t € [—w, T.), where T, is the explosion time [37].

Theorem 1. For any given initial value (?(0),?(0),?(0)) € R% and 5(0) +¢(0) +1(0) < 1, the system (6)

has a unique positive solution (§(t),€(t),7(t)) ER% ont>0as.

Proof. The following proof is divided into two parts.

Part I. Since the coefficients of the system (6) satisfy local Lipschitz condition, from Lemma 2, it is
easy to see that the system (6) has a unique positive local solution (E(t), E(t),?(t)) for any given initial
value ('g(o),a(o),?(o)) € R3 and 5(0) +2(0) +(0) < 1.

Part II. Now we prove that the positive solution is global, that is 7. = oo a.s. Let kg > 0 be sufficiently

large such that$(0),¢(0) and i(0) all lie in {%, ko] . For each integer k > ko, let us define the stopping time

- —inf{t € [—w,n) 3(t) ¢ (}{k) For (}{k) ori(t) ¢ Gk)}

where we define inf@ = oo (@ stands for the empty set). Evidently, 7 is strictly increasing when
k — 0. Let Too = klim Tk, thus Teo < ¢ a.5. So we just need to show that T, = co a.s. If T, = oo is untrue,
— 00
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then there exist two constants T > 0 and € € (0,1) such that P{t < T} > €. Hence, there exists
k1 > ko(k1 € N4 ) such that
P{t. < T} >¢, k> k. (7)

Define a C?-function V: R3 — R by
1% (5,’5,7) =—In (1 —'5—'5—?) —In§—In?—Ini—3.

The non-negativity of V(5,¢,i) can be obtained from m —1 —Inm > 0,m > 0.
In terms of the multi-dimensional Itd’s formula and system (6), we have

AV =LVt + 0y (45 — 1) dBy(t) + 05 (42 — 1) dBa(t) + 03 (477 1) dBs (1)
to (3 Sy 47) dB4(t),

where LV is given in Appendix A in detail. Then we have

1 1 1 1
LV §ﬁ+5p+4b+e+¢x+fy+Eaf+§a§+§a§+§a§
=M,

where M) is a positive constant.
So we get

dV <Moydt + oy (45 — 1) dBy(t) + 0o (42 — 1) dBy(t) + 03 (4?— 1) dBs(t)

S ®)
+ 0y (345 — 42— 41) dBy (1),
Integrating both sides of (8) from 0 to 7 A T and then taking the expectation yield
~ ~ Tk/\T
EV (3(5 A T), 2w AT), (1w AT)) <V (5(0),2(0),70)) +E /O Modt
©)

<V (5(0),2(0),1(0)) + Mo
Let O = {5 < T}, k > ky and from (7), we have P(Q)) > €. Notice that for every w € ),

there exists 3(1i, w), 2(Ty, w) or (T, w) equals either } or k. Thus

V (30 @), 2(1,0), {(m, @) > (}c 1 1n11c) Ak—1—1Ink). (10)

By virtue of (9) and (10), we have
1% (5(0),2(0),?(0)) + MT >E [1Qk(w)v (g(Tk,w),z(rk,w),?(Tk,w))]

zeKllc—l—lnIl{)/\(k—l—lnk)],

here 1¢) () represents the indicator function of O (w).
Let k — oo, which implies

00 > V (5(0),8(0),(0) ) + MoT = o0

is a contradiction. Obviously, we get that T, = 0. The proof of Theorem 1 is complete. [J
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3. Extinction

For a population system, the parameter conditions of disease extinction and permanence have
become an important issue that attracts more and more attention in real life. In this section, we mainly
investigate the extinction of disease and leave the argument of permanence to the next section.

Theorem 2. Let (E(t),?(t),?(t)) be the solution of system (6) with the initial value (5(0),?(0),?(0)) eR3
and 3(0) +2(0) +i(0) < 1. If the parameter conditions

M <2(1—0)a, e<(1—-dp)B<e+y+D

hold, then
In (&(t) + 0i(t)
lim sup Q <(o—1)a+ M <0 as,
t—o0 t 2
where
 —(ety+b—a)+/(e+y+b—a)2+4(1—p)ap
o 20
and

M; = max {(712, (1 — QZ) Ug,az} ,

namely, e(t) and i(t) tend to zero exponentially a.s. That is to say, the exposed and infective individuals go to
extinction almost surely.

Proof. Let us define a differentiable function V by

V=In (E(t) + g?(t)) )

here ¢ is a positive constant to be determined later. According to the It6’s formula and system (6), we have

o9e (1 —E—QA{) UJ(Q—'E—Q?)
e+ o1 e+ oi (11)
— 04 (1 —5—?—?) dB4(t),
where LV is given in Appendix B in detail. One can derive that
Ml:| N one (1 —E—Q?) Uﬁ(g—?—g?)
dV <|(0—1)a+ —| dt —y5dB(t) + ———=—=dBy(t) + ———=—=dBs(t
(oD gt ar—esany() ¢ S s ke

— oy (1 —'sf—'é—?) dBy(t),

here M; = max {012, (1- Qz) a%,af}. Then, integrating from 0 to t and dividing by t on both sides
of (12) yield

In (’E(t) + g?(t))

t

In (2(0) + 0i(0 v
S(g—l)owr%jt <()t+g( )) +Mt(t),

here
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_ t 1 e(r) (1-2(r) — qi(r)
M(t) = - ‘71/ 5(r)dBy(r) + 0'2/ (~ =~ )de(V)
0 0 e(r) + oi(r)
i(r) (o —2(r) - ai(r)) t 5
—l—O’/ = dBr—U/ 1—-75(r) —e(r) —i(r) ) dBa(r).
Sy a0 e (150 &) () 4B
In a similar way as [38], making use of the strong law of large numbers [37] yields
lim M) =0
t—o00
Therefore,
In (2(t) + 0i(t)
lim sup g <(o—1a+ My <0 as,
t—o0 t 2
which shows that
lime(t) =0, limi(t)=0 as.
t—oco0 t—>o0

The proof of Theorem 2 is complete. O

4. Permanence in Mean

Theorem 3. Let (E(t),?(t),?(t)) be the solution of system (6) with the initial value (5(0),?(0),?(0)) eR3

and 5(0) +¢(0) +i(0) < 1. If the parameter condition

N Sp+3b+a+e+y+io?+ 303+ 302

o/ b(1— 5p)Ba 3 2

holds, then B
i< 11{gg1f<1(t)> < 111;15;1p <z(t)> <i as,

where

3Y/b(1—dp)pa— (p+3b+a+e+7+ ho? + do? + Lo?)

l‘:
(1—dp)B

and

= 2b+a+e+y+ 305 + 302
- 2¢ ’

that is to say, the infective individuals i(t) are permanent in mean almost surely.

Proof. The following proof is divided into two steps.
Step I. According to the Itd’s formula and system (6), we have

d (1n§+1n?+1n?> :E_ (1—6p)Bi -+ 3ei + A= dp)psi _fzf)ﬁgl + “T,e+go—12§2+g 222+ga327‘2
1

12

- 2
1—s—’é—i) —((5p+3b+vc+e+'y+;(712+2 )
13

+ a§>] dt + 0y (1— 38) dBy () + 03 (1 — 32) dBy(t)
1

+o3 ( -~ 3?) dBs(t) — 304 (1 —g—z—?) dBy(t).
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Integrating from 0 to ¢ and dividing by f on both sides of (13) lead to

ln's;(t) N ln'e;(t) N lnit(t) ZSW— (1-6p)p <7> — (§p—l—3b—|—tx+s+’7
a1 10§)+h1§(0) L Ine(0) | Ini(0)  M(H)

TR, t t t t

271727272
here
M(t) =0y /0 (1= 35(r)) By (1) + 0 /0 ' (1= 36(r)) dBa(r) + 3 /O t (1-30(r)) dBs(r)
~301 /0 t (1-350) —2(r) = () ) dBa(r).

The detail derivation process for the above inequality is given in Appendix C.
In a similar way as [38], making use of the strong law of large numbers [37] leads to

lim M(5) =0
t—oo t
Then, by virtue of —co < In3(t) < 0, —00 < In2(t) <0, —c0 < Ini(t) <0 (E+2+4i+7=1)and
Op < 1,itis easy to get that
11}1_1>g1f<1(t)> >i>0 as.
Step II. Similarly, using the [td’s formula and system (6), we have

e — 5 oo ~ 52
d (Inz+Ini) :{Uép)'ggl+of+2£i+alz’§2+a§’éz+(7§2+af (1-5-2-7)
1

- <2b Fatety+ %a% + ;a§> ]dt —2073dBy (1) + 02 (1 - 2%)dBy(t) (19
+oy (1 - 2?) dBs(t) — 204 (1 —g—z—?) dBy(t).

Integrating from 0 to ¢ and dividing by ¢ on both sides of (14) result in

Ine(t) | milt) _ ;3 _ 58 <"§> Ty <§> 42 <7> + <af§2 + 03P + 02 + 02 (1 —’5—’5—7)2>

t t

1 1 Ine(0) Ini(0) Mt
—(2b+0¢+€+'y+2022+20§)+ et()+ Zt()+ t()
>2¢ (1) - (2b+uc+€+'y+;cfzz+;t7§> + lnet(o) + lmt(o) + Mt(t),

here
R t t t _
M) = — 20y /0 5(r)dBy (1) + o /O (1—28(r)) dBa(r) + 03 /O (1-2i(r)) dBs(r)
t ~
- 2(74/0 (1 —3(r)—e(r) — z(r)) dBy(7).
In a similar way as [38], using the strong law of large numbers [37], we have

Jim M)

t—o0

=0

Therefore, B
lim sup <7(t)> <i>0 as.

t—o0
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The proof of Theorem 3 is complete. []

5. Stationary Distribution and Ergodicity

Recently, the stationary distribution attract deep research interests of many authors [32-35].
The ergodicity is one of the most important properties for the stochastic system, and geometric
ergodicity for finite-dimensional systems has been shown in detail and well-developed in many earlier
works [39,40]. In this section, based on the theory of Khasminskii [41] and the Lyapunov function
method, we explore the conditions of the existence of an ergodic stationary distribution, which shows
that the epidemic disease will prevail.

Assume X (t) be a time-homogeneous Markov process in D, C R”, which is described by the
stochastic differential equation

dX(t) = b(X)dt + Z oy (X)dBy(t),
n=1
here D, stands for a n-dimensional Euclidean space.
The diffusion matrix is as follows:

A(x) = (a5(x)),  ay(x) = 21 7l (x)o ().
=

Assumption 1. Assume that there exists a bounded domain U C Dy, with regular boundary T such that
U C Dy, ( U is the closure of U), satis ngmg the fiollowm% properties:
e

) In the domain U and some neighiborhood thereof, the smallest eigenvalue of the diffusion matrix A(x) is
bounded away from zero. ) o o
(ii) Ifx €D KU the mean time T at which a path issuing from x reaches the set U is finite, and supE,T < oo

x€@
for every compact subset © C D,.

Lemma 3. [41] When Assumption 1 holds, then the Markov process X (t) has a stationary distribution 7(-).
In addition, when f(-) is a function integrable with respect to the measure 7T, then

o { fim 3 [ FxOM = [ flximtan) =

forall x € Dy,.

Remark 1. To prove Assumption 1(i) [42], it suffices to demonstrate that F is uniformly elliptical in any
bounded domain H, here

Fu = b(x)us + 3trace(A(x)uxe),

namely, there exists a positive number Z such that

n

2 a,]( )ngj 2 Z|§‘ xeH eR"

ij=1

To prove Assumption 1(ii) [43], it suffices to demonstrate that there exist some neighborhood U and
a nonnegative C>~function V such that Vx € D,\U, LV (x) < 0.

Making use of the Lemma 3, we can obtain the main results as follows.
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Theorem 4. Let (5(t),§(t),7(t)) be the solution of system (6) with the initial value (E(O),E(O), i(O)) eR3
and 3(0) +2(0) 4 i(0) < 1. If the parameter condition

N 26p +5b + a + 2e + 2 + 207 + 203 + 203 + 307
3

o/ b(1—dp)Ba
holds, then the system (6) has a unique stationary distribution 7t(-) and it has ergodic property.
Proof. Now let us define a positive-definite function V by

V=—In(5+2+7) ~In§—In¢ —Ini — In?.
Using the Itd’s formula yields

LV - o~ T4 M, (15)
here 1
My = (1—5p)/3+25p+5b+0¢+2£+2’y+2012+2(722+2c732+EUZ.

The detail derivation process for the above inequality of LV is given in Appendix D.
Next let us construct the following compact subset U:

U={(581) cU:p1 <5< <T< Ly <T< Ly <5+E+T<1—9u},

where
u= {0 <3i<1,0<e< 1,0<i<1,0<'§+'e”+i<1}

and ¢; € (0,1)(i = 1,2,3,4) is a sufficiently small constant satisfying the following conditions:

Yo =13, Py = Pr” = 937, (16)
- 11?1 +M; < -1, (17)

_a —wfp)ﬁ LM <1, a8)
(1—dp)pyps —b <0, (19)

- 1;; +M; < -1, (20)
—flz—lza+M1§—1. (21)

Then
U\U = U; UU, Ulz U Uy U Us,

with
th={(5ei)cl:0<5<y},th={(52]) cU:p1<T<1L0<T<prys <i <1},
Us = {(3’57) cell:0<i< 1p3},u4: {<’§’ET) cel:0<5+2+4i< tp4},

Us = {(§’57) el <T<lps<i<ll—ty<3+e+i< 1}.
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Now we prove the negativity of LV for any U\U.
Case L. If (’sv,'ev,?) € Uy, it follows from (A1) and (17) that

we-lim<-tim<o
s L4

Case IL. If (’sv,'é,?) € Uy, (16) and (18) derive that

2 1

Case IIL If ('s:,'e“,?) € Us, (A1) and (19) yield that

LVg—b—ﬁ—w—'Xé+(1—5p)/3¢3+25p+5b+a+25+2y
1

1
S73\3/17(175;9)‘30(+2(5p+5b+0c+28+2’y+20'12+2(722+20’§+EO'Z <0.

Case IV.1If (5,2,1) € Uy, (A1) and (20) imply that

LV <

—= E =+ M < —£+M1 < -1
S+e+1 Py

Case V. If (g,zj) € Us, it follows from (A1), (16) and (21) that

LVg—(Sﬁ—g—ﬁ—MlS—%—L%+M1:—%—1+M1S—l-
r ¥ P4 P4 Y1 Y3

Define
¢ = max{l,se/b(l — Op)Bax +20p + 5b + o + 2 + 2y + 207 + 202 + 207 + ;af} <0.

Obviously, one can see that LV < ¢ < 0 for all (5, 'E,?) € U\U, which shows that Assumption 1(if)
is satisfied. On the other hand, there exists a positive number

z zmin{ ((712 (132 + 3P + 3 + 03 (1 —5—’5—?)2)52, ((71252+(722 (1-2)?+ 02 + 02
< (1_:5_'5_?)2)52, (alz'§2+022'éz+a§ (1-7) +0F (1—'5—'5—7)2)?, (527) e a}

such that

23: a; il = (o% (1-3)%+ 2% + 022 + 02 (1 §’é7)2) P+ (012’52 +03(1—2)?+ o3P
ij=1

+o3 (1 ’5'57)2>’e“2§§ + (012'52 + 02+ o2 (1 J)z + 03 (1 '5'5?)2)?25%

>7[¢f, (’5,’5,?) cll, Fe R’
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which shows that Assumption 1(i) is satisfied. Consequently, the system (6) has a unique stationary
distribution 77(-) and it has ergodic property. The proof of Theorem 4 is complete. [

6. Simulations and Conclusions

6.1. Simulations

Next, in order to support the results of the above theorems, we carry out some computer simulations.

In Figure 1, take 5(0) = 0.3,¢(0) = 0.25,i(0) = 0.15,b = 0.15, = 0.5,y = 0.3, a = 0.2, 6 = 0.25,
p=02¢e=015and oy = 0y = 03 = 04 = 0.25. Then

M; = max {(712, (1 - Q2) az,af} = 0.0625 < 2(1 — )a = 0.0652

and
e=015<(1-6p)p=0475<e+v+b=06

satisfy the parameter conditions in Theorem 2, we can get that the exposed and infective individuals
go to extinction almost surely. Obviously, Figure 1 validates our results of the Theorem 2.

1.5 —
s(t)
— ()
< dol
5
&=
43
=05
{w
ON“ — . .
0 20 40 60 80 100

Figure 1. Time sequence diagram of system (6) for extinctions of the exposed and infective individuals.

In Figure 2, take 5(0) = 0.15,¢(0) = 0.2,i(0) = 0.15,b = 0.02, = 0.9, y = 0.01, « = 0.1, 6 = 0.02,
p =0.02,e =0.16, 7 = 0.05, 0 = 0.05, 03 = 0.05 and o4 = 0.1. Obviously,

N 6p+3b+a+e+y+ 307 + 503 + 507

0.1216 = {/b(1 — 6p)Ba 3

=0.1114
satisfies the parameter condition in Theorem 3, then

0.0342 = < lim inf <7(t)> < limsup <?(t)> <7 =09766,

t—o0

we can get that the infective individuals i(t) are permanent in mean almost surely. As expected,
Figure 2 confirms our results of the Theorem 3.

From Figures 2 and 3, a set of large stochastic parameter values 07 = 0, = 03 = 04 = 0.25 can lead
to infective individuals go to extinction (see Figure 2), while infective individuals can be permanent
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in mean under the condition of a set of small stochastic parameter values 07 = 0, = 03 = 0.05 and

o4 = 0.1 (see Figure 3).

13 of 20

0 20 40

60 80 100

Figure 2. Time sequence diagram of system (6) for permanence in mean of the infective individuals.

(a)
0.15 5(t)
= 0.1}
%
0.05}
0
0 500 1000 1500 2000
t
©
i(t)
0.2}
S
i~y
0.1
0
0 500 1000 1500 2000
t
(e
800
600
400
200
0
0.08 0.09 0.1 0.11 0.12

The density function of ()

(b)
—e(t
0
—~0.15
=
Q 01 '"v...‘.' - WA"-.A”‘A a - ":‘;.A‘
0.05
0
0 500 1000 1500 2000
t
(d
1000
500
0
0.04 0.05 0.06 _0.07
The density function of 5(t)
®
400
300
200
100
0.14 0.16 0.18 02 0.22

The density function of i(t)

Figure 3. (a—c) represent the solutions of system (6); (d—e) stand for the density functions of 5(f),

é(t) and i(t), respectively.
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In Figure 3, take 5(0) = 0.15,¢(0) = 0.2,i(0) = 0.15,b = 0.02, 8 = 2.1,y = 0.01,« = 0.2, 6 = 0.02,
p=0.02,e =0.1and oy = 0 = 03 = 04 = 0.01. Then

- 26p + 5b + a + 2¢ + 2 + 207 + 207 + 203 + 507

0.2033 = {/b(1 — 6p)pu 3

= 0.1738
satisfies the parameter condition in Theorem 4, we can get that the stochastic system (6) has a unique
stationary distribution 77(-) and it has ergodic property. Figure 3 indicates that the solution of system (6)
swings up and down in a small neighborhood. According to the density functions in Figure 3d-f,
we can see that there exists a stationary distribution. As expected, Figure 3 supports our results of the
Theorem 4.

The Figures 1-3 above show that the large white noise value can lead to infectious diseases to go to
extinction, which implies that stochastic fluctuations can suppress the disease outbreak, while the small
white noise value can cause infectious diseases to be persistent. In addition, The Figure 3 also shows
the stochastic system (6) has a unique ergodic stationary distribution under appropriate conditions.
Therefore, the numerical simulation examples are completely consistent with the theoretical results of
the Theorems 2—4.

6.2. Conclusions

In this paper, we apply stochastic analysis methods to study the global dynamics of
a high-dimensional stochastic reduced proportional SEIR epidemic system which makes the analysis
novel and complex. We obtain the existence of a unique global positive solution and parameter
conditions of extinction or permanence in mean. Furthermore, the solution of the stochastic system has
a unique ergodic stationary distribution under certain sufficient parameter conditions. Cubic terms
of5,2,i and multiple stochastic terms for dB;(t)(i = 1,2,3,4) in system (6) make the analysis more
difficult and complex than the models in [34,36]. Some ingenious inequality techniques are used to
deal with cubic terms of 5, ¢, i of system (6). Therefore, compare with previous methods and research
results, we develop previous methods and improve the main results of previous studies.

We summarize the main conclusions as follows:

(I) When
My <2(1—o0)x, e<(1—-dp)p<e+y+b
hold, then
In (E(t) + Q?(t))
limsup ——— = <0 as.
t—o0 t

That is to say, the exposed and infective individuals go to extinction almost surely.

(II) When

) 3b lo2 4 1g2 4 152
3/717(1_5;?)!3“> p+ +tx+e+’y3+2(71+2(72+2¢73

i< ligiogf <?(t)> < limsup <z~(t)> g? a.s.

t—o0

holds, then

That is to say, the infective individuals i(f) are permanent in mean almost surely.
(IIT) When

1
/b(1— op)pa > 25p+5b+a+28+27;t2012+2022+20§+2@%

holds, then the system (6) has a unique stationary distribution 77(-) and it has ergodic property.
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By comparing the above conclusions (II) and (III), we can see that when system (6) has a ergodic
stationary distribution, then the infective individuals i(t) are permanent in mean almost surely.
However, it is not applicable in reverse. The above results of Theorems 2—4 show a large stochastic
disturbance can cause infectious diseases to go to extinction, in other words, the persistent infectious
disease of a deterministic system can become extinct due to the white noise stochastic disturbance.

This implies that stochastic fluctuations can suppress the disease outbreak.
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Appendix A.
Proof of Theorem 1. Define a C2-function V: R3. — R, by

1% (gzz”) ——In (1 —g—a—?) —In§—Iné—Ini—3.

dV =LVt +01 (45— 1) dBy(t) + 0 (4 — 1) dBa(t) + 03 (41 — 1) dBs(1)
toy (3 54— 4?) dBa(t),

where

. b(2§+€+?—1) (1—5p)ﬁ?(2§+2+?—1) (5p+b)(2§+2+?—1)

:§(1—§—E—?) - 1-§5—e—i 1-§-2e-i
6 (45+ 42 47 - 3) (012§2 +032 + o3+ 0f (1-5 - 5-@2) (45 + 40+ 47 - 3)
T 1-§—¢e—1i
oF5 (2 +e+i=1) (1-op)psi (5+26+i-1) (a+b)(5+26+7-1)
T i s-e7 T g(l_g_g_i - 1-5-¢—1

0228(’§+2’5+7— 1) «@ <§+E+2T— 1) (e4+7+Db) (’§+E+27— 1)
(

— -

1-5—e—i i(1—5—¢—i 1-s5—e—i

AT o) () Lo ()

+ %af [3 (1 —’s“—’e“—?)z+ (§+E+ﬂz} ,
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since7=1—5—¢—iand ép < 1, thus

Ly PGP (-dppiE-7)  Gprb) -7 e(1-47)  (1-dp)piE-T)

ST i i 7 er
(a+Db)(—7) “E<i_7) (H_’H_b)(i_?) Lo 1, 1, 15,
= =+ fr“ = +201+202+203+204
b b 51 opsi ~ Ops bs el ~ el S
:;f;fﬁ + Bi +ﬁp — Bopi — 4 +§pff+b+:f4szf:+s+ﬁf
7S 7 7 7 7 7
s po 5 & be & a i bi
BT BOST | BOPST_ e WE 08 a@ i b,
e 7 e 7 7 7 i 7 7
1 1 1, 1
+201+202+203+204
b b5 be bi Bsi 1 1 1 1
Si—?—?—~+ﬁz+5p+3b+s+ ~((5p—1)+zx+'y+2¢71+2¢72+2¢73+2¢74
1 1 1 1
S,B+§p+4b+€+lx+f)/+§0_1+§0—2+§0_3+§0—4
=M,
where M) is a positive constant. [
Appendix B.
Proof of Theorem 2.
1 O ~ = . 1,5
LV = {(1—5;})[351 (vc+b)e+£ez+qae—Q(s+’y+b)z+gsz}—k ~07s
e+al 2
1 51 2 1 2
+5|1- 5 (722624-5 1- € 5 (rg?—i-iaf(l—s—e—;) ,

1
LV<6+Q1[(ﬁ opP —o(e+7+D))i+ (e~ p+oppei+ (ge — B+ opp)i*
2
+(Q—1)0¢€}+10'12§2+1 I - (72252—%1 R o3
2 2 ~ 2 ~, A2
<6+Ql (e—l—gz
1 2
+§UZ(1—S—6—1 .

Take

—(e+y+b—a)+/(e+7+b—a)2+4(1—dp)aB
2
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such that 0(0 —1)a = B —dpB — o(e + v + b). Here, it is easy to see that ¢ € (0,1). Then one can
derive that

_ 1 oo, 1 o\ om 1,7 0 32 o~
dVS[(Q 1)06+20'15 —1—2(1 Q>0'31+20'4(1 s—e I) di — 015dBy (1)

e (l—e—oi 031 (0 —&— oi
< [(Q —Da+ Ml} dt —o15dBy (t) + deZ(f) + deB»(t)
2 ¢+ oi ¢+ oi

— 0y (1 —5— g—?) dB4(t),
here M; = max {07, (1 —¢?) 02,02}. 0
Appendix C.

Proof of Theorem 3.

lni(ﬂ + lni(t) + lni(t) = <;> —(1=ap)p(7) +3¢(7) + (1-6p)p <if~> +a <‘;:>
+ <;(712’st + §a§’éz + §a§? + §(TZ (1 —5—e—i 2>

2 2 2
1 Ins(0
2032) ns(0)

1 1
- (§p+3b+(x+e+’y+2012+2a§+

. lnfe;(O) In it(O) . Mt(t)

><b§+(1—(5p),3i~i+1x§> —(1—(5p)ﬁ@— ((5p+3b+tx+e

1 1 1 In 31 Inél In | t
tyt oo+ ood+ a§> 1 In¥0) | In?(0) | Ini(0) , M()

2 2 2 t t t t

>33/b(1 - op)pa — (1 — 6p)B @ - ((5;9 +3b+atety

N 1012 N 1022 N 103%) n Ins(0) n Ine(0) n Ini(0) n M(t)

2 2 2 t t t t

O
Appendix D.
Proof of Theorem 4. Now let us define a positive-definite function V by
V=-In(5++i) ~In§—In¢—Ini - In?
=i+ W+ V34V, 4 Vs



Entropy 2018, 20, 376 18 of 20

From the It6’s formula yields

LV; :—ﬁ{b—((5p+b)s+ssz—be+sez—(e+7+b)z+e?—afsz—0§e — 0372
S+e+i

2
7 {012'52 L3R+ AR 40} (5 ) ]

2(’§+E+T)2

+ (5+e+7) (oF? + o3P+ o3P + o3P?) | +

b ops T~ 022 40282 + 022 » " . 1 ..
=—— =+ PS~+(~€+;)/)1781+ 1 ‘f2~ t 3 ((71232+c722e2+0§?+02r2>
S+e+i S+e+i S+e+i 2
72 (01252 + 02e® + 032?2)

+ L 4.
2(’§+E+?)
Similarly,

b - 1y 1/ 90 29, o0 2
LVy == =+ (1 - dp)pi — e+ 0p+ b+ 507 — (o252 + o3 + o3P + o),

2
1-0p)psi  ~ 1 1/ 2o, oo . »
Lng—%—&—Hﬁ%b%—E@z—i(012524—(722624—03?4—0272),

e~ 1 1 v ~ > ~
LV4:—“—f—sz+s+7+b+§U§—§ (01252+(7§e2+0§?+(74272),
1

= 1/ 5 " . "
LVSZ_T_?_ei‘Fb"'_*UZ_ (Ufsz+0§e2+0§?+m§r2).

oo b b OO @ g 85 7 (et
St+e+i 8 e i r r st+e+1

2 | o 5 2 (0232 4 282 4 2P
022+ o2y o2 T (‘715 + oy + o3t )

~ +(1—6p)Bi — (3012§2
~ = = 2
stedt 2@+€+a (A1)
~ ; - 1
+ 30282 + 30212 + 20'421’2> + 2 (012+022+0§+UZ) +op+5b+a+et+y
b (1-0dp)psi  aZ b ops i
( p)Bsi  we ps % M

here

1
M; = (1—(5p),[3+2(5p+5b+tx+2£+27+2(712+2(722+2(7§+E(Tf.

O
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