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Abstract: An important issue for robust inference is to examine the stability of the asymptotic level
and power of the test statistic in the presence of contaminated data. Most existing results are derived
in finite-dimensional settings with some particular choices of loss functions. This paper re-examines
this issue by allowing for a diverging number of parameters combined with a broader array of
robust error measures, called “robust-BD”, for the class of “general linear models”. Under regularity
conditions, we derive the influence function of the robust-BD parameter estimator and demonstrate
that the robust-BD Wald-type test enjoys the robustness of validity and efficiency asymptotically.
Specifically, the asymptotic level of the test is stable under a small amount of contamination of the
null hypothesis, whereas the asymptotic power is large enough under a contaminated distribution in
a neighborhood of the contiguous alternatives, thus lending supports to the utility of the proposed
robust-BD Wald-type test.

Keywords: Bregman divergence; general linear model; hypothesis testing; influence function; robust;
Wald-type test

1. Introduction

The class of varying-dimensional “general linear models” [1], including the conventional
generalized linear model (GLM in [2]), is flexible and powerful for modeling a large variety of data
and plays an important role in many statistical applications. In the literature, it has been extensively
studied that the conventional maximum likelihood estimator for the GLM is nonrobust; for example,
see [3,4]. To enhance the resistance to outliers in applications, many efforts have been made to obtain
robust estimators. For example, Noh et al. [5] and Kiinsch et al. [6] developed robust estimator for the
GLM, and Stefanski et al. [7], Bianco et al. [8] and Croux et al. [9] studied robust estimation for the
logistic regression model with the deviance loss as the error measure.

Besides robust estimation for the GLM, robust inference is another important issue,
which, however, receives relatively less attention. Basically, the study of robust testing includes
two aspects: (i) establishing the stability of the asymptotic level under small departures from
the null hypothesis (i.e., robustness of “validity”); and (ii) demonstrating that the asymptotic
power is sufficiently large under small departures from specified alternatives (i.e., robustness of
“efficiency”). In the literature, robust inference has been conducted for different models. For example,
Heritier et al. [10] studied the robustness properties of the Wald, score and likelihood ratio tests based
on M estimators for general parametric models. Cantoni et al. [11] developed a test statistic based on
the robust deviance, and conducted robust inference for the GLM using quasi-likelihood as the loss
function. A robust Wald-type test for the logistic regression model is studied in [12]. Ronchetti et al. [13]
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concerned the robustness property for the generalized method of moments estimators. Basu et al. [14]
proposed robust tests based on the density power divergence (DPD) measure for the equality of
two normal means. Robust tests for parameter change have been studied using the density-based
divergence method in [15,16]. However, the aforementioned methods based on the GLM mostly focus
on situations where the number of parameters is fixed and the loss function is specific.

Zhang et al. [1] developed robust estimation and testing for the “general linear model” based on
a broader array of error measures, namely Bregman divergence, allowing for a diverging number of
parameters. The Bregman divergence includes a wide class of error measures as special cases, e.g., the
(negative) quasi-likelihood in regression, the deviance loss and exponential loss in machine learning
practice, among many other commonly used loss functions. Zhang et al. [1] studied the consistency
and asymptotic normality of their proposed robust-BD parameter estimator and demonstrated the
asymptotic distribution of the Wald-type test constructed from robust-BD estimators. Naturally,
it remains an important issue to examine the robustness property of the robust-BD Wald-type test [1] in
the varying-dimensional case, i.e., whether the test still has stable asymptotic level and power, in the
presence of contaminated data.

This paper aims to demonstrate the robustness property of the robust-BD Wald-type test in [1].
Nevertheless, it is a nontrivial task to address this issue. Although the local stability for the
Wald-type tests have been established for the M estimators [10], generalized method of moment
estimators [13], minimum density power divergence estimator [17] and general M estimators under
random censoring [18], their results for finite-dimensional settings are not directly applicable to our
situations with a diverging number of parameters. Under certain regularity conditions, we provide
rigorous theoretical derivation for robust testing based on the Wald-type test statistic. The essential
results are approximations of the asymptotic level and power under contaminated distributions of the
data in a small neighborhood of the null and alternative hypotheses, respectively.

e  Specifically, we show in Theorem 1 that, if the influence function of the estimator is bounded,
then the asymptotic level of the test is also bounded under a small amount of contamination.

e  We also demonstrate in Theorem 2 that, if the contamination belongs to a neighborhood of the
contiguous alternatives, then the asymptotic power is also stable.

Hence, we contribute to establish the robustness of validity and efficiency for the robust-BD
Wald-type test for the “general linear model” with a diverging number of parameters.

The rest of the paper is organized as follows. Section 2 reviews the Bregman divergence (BD),
robust-BD estimation and the Wald-type test statistic proposed in [1]. Section 3 derives the influence
function of the robust-BD estimator and studies the robustness properties of the asymptotic level and
power of the Wald-type test under a small amount of contamination. Section 4 conducts the simulation
studies. The technical conditions and proofs are given in Appendix A. A list of notations and symbols
is provided in Appendix B.

We will introduce some necessary notations. In the following, C and c are generic finite
constants which may vary from place to place, but do not depend on the sample size n. Denote
by Ek(-) the expectation with respect to the underlying distribution K. For a positive integer
q,let 0, = (0,...,0)T € R7 be a g x 1 zero vector and I, be the g x g identity matrix. For a
vector v = (v1,...,v5)T € RY, the Ly norm is ||v|l; = LTI, [vi], L norm is [|v]|, = (], 0%)1/2
and the Lo normis [|v]|c = max;—1,. 4 |v;|. For a g x q matrix A, the L, and Frobenius norms
of Aare ||Allz = {Amax(ATA)}/2 and ||A|F = /tr(AAT), respectively, where Amax(-) denotes the
largest eigenvalue of a matrix and tr(-) denotes the trace of a matrix.

2. Review of Robust-BD Estimation and Inference for “General Linear Models”

This section briefly reviews the robust-BD estimation and inference methods for the “general linear
model” developed in [1]. Let {(X;1,Y1),..., (Xun, Yu) } be i.i.d. observations from some underlying
distribution (X,, Y) with X,, = (Xj,...,Xp,)T € RP" the explanatory variables and Y the response
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variable. The dimension p; is allowed to diverge with the sample size 7. The “general linear model” is
given by

m(xn) = E(Y | X = xp) = F_l(%gﬁn,o)r (1)
and
var(Y | X, = x) = V(m(xy)), (2)

where F is a known link function, :En,O € RP»*1 is the vector of unknown true regression parameters,
% = (1,x5)T and V() is a known function. Note that the conventional generalized linear model
(GLM) satisfying Equations (1) and (2) assumes that Y | X, = x, follows a particular distribution
in the exponential family. However, our “general linear model” does not require explicit form of
distributions of the response. Hence, the “general linear model” includes the GLM as a special case.
For notational simplicity, denote Z, = (X}, Y)" and Z, = ()?Z T

Bregman divergence (BD) is a class of error measures, which is introduced in [19] and covers
a wide range of loss functions. Specifically, Bregman divergence is defined as a bivariate function,

Qq(v, 1) = —q(v) +q(u) + (v —w)q' (),

where g(-) is the concave generating g-function. For example, q(y) = apu — p? for a constant
a corresponds to the quadratic loss Q(Y,u) = (Y — u)?. For a binary response variable
Y,q(p) = min{p,1 —pu} gives the misclassification loss Qu(Y,u) = LY # I(p > 05)};

q(u) = —2{plog(p) + (1 — u)log(1 — u)} gives Bernoulli deviance loss Q;(Y, ) = —2{Ylog(nu) +
(1—-Y)log(1 —u)}; q(p) = 2min{pu,1 — pu} gives the hinge loss Q4(Y, ) = max{l — (2Y —
1)sign(u — 0.5),0} for the support vector machine; q(x) = 2{u(1 — u)}'/? yields the exponential
loss Qq (Y, 1) = exp[—(Y —0.5)log{p/ (1 — p)}] used in AdaBoost [20]. Furthermore, Zhang et al. [21]
showed that if

9(w) = aH S},_(S?

ds, 3)

where 4 is a finite constant such that the integral is well-defined, then Qg (y, ) is the “classical (negative)
quasi-likelihood” function —Qqr, (v, i) with 9Qqr (y, #)/ou = (y — )/ V().
To obtain a robust estimator based on BD, Zhang et al. [1] developed the robust-BD loss function

oaly, 1) = /y " p(r(y,9) 49" (5)/V (5) s — G(p), @)

where ¢(-) is a bounded odd function, such as the Huber ¢-function [22], r(y,s) = (y —s)/+/V(s)

denotes the Pearson residual and G(p) is the bias-correction term satisfying
G'(1) = GL(m{a" (m V()3
with
Gy (m(xn)) = E{g(r(Y,m(xn))) | Xu = xn}.

Based on robust-BD, the estimator of Bn,O proposed in [1] is defined as

= argmin {1 )% (0, F 1 (X)X, ©)



Entropy 2018, 20, 168 4 of 28

where w(-) > 0 is a known bounded weight function which downweights the high leverage points.
In [11], the “robust quasi-likelihood estimator” of B, , is formulated according to the “robust
quasi-likelihood function” defined as

QRQL (xﬂ/ ]/, ]/[)

- {/HZI/J(r(y,s))/\/@ds}w(xn) - ’1]21/;: [ELp(r (Y s)IXo} /4 V(S)ds] w(X,),

where ¢ = F~1(%I8) and M = yj(ﬁ) = Ffl()?zjﬁ), j = 1,...,n. To describe the intuition of
the “robust-BD”, we use the following diagram from [1], which illustrates the relation among the
“robust-BD”, “classical-BD”, “robust quasi-likelihood” and “classical (negative) quasi-likelihood” .

paly, p)w(x) ) =r Qv 1)
robust-BD w(xn) =1 classical-BD
g in Equation (3) g in Equation (3)
—Qror (v ) ¥ =7 —Qor (v, 1)
robust quasi-likelihood w(xn) =1 classical (negative) quasi-likelihood

For the robust-BD, assume that

. _aj -1 o
pi(1:0) = 5ipa(y, E(0)),  j=01,...,

exist finitely up to any order required. For example, for j =1,

p1(y;0) = {¢(r(y, 1)) — GL(w) Ha" (W) \/ V(1) } /F (), (6)

where y = F~1(6). Explicit expressions for p;(y;0) (j = 2,3) can be found in Equation (3.7) of [1].

Then, the estimation equation for B is
1¢ ~
=) ¥rep(Zui B) =0,
=

where the score vector is

Wrpp (205 B) = P1(Y;0)w(xn) ¥, @)

with § = X!B. The consistency and asymptotic normality of B have been studied in [1];
see Theorems 1 and 2 therein.

Furthermore, to conduct statistical inference for the “general linear model”, the following
hypotheses are considered,

Hp : Aan,o =g, versus Hj: AﬂBn,o 7# 8o 8

where A, is a given k X (p, + 1) matrix such that A, A} — G with G being a k x k positive-definite
matrix, and g is a known k x 1 vector.
To perform the test of Equation (8), Zhang et al. [1] proposed the Wald-type test statistic,

Wy = ”(Anﬁ_gO)T(Anﬁglﬁnﬁ#AZ)_l(AnB_go)r )
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constructed from the robust-BD estimator B in Equation (5), where

~ 1 n ~T= ~ ~T

Qp = - 2 p%(Yi;Xni.B)wz(Xni)Xnanir
nia

N 1¢ ~T= > oT

H, = - 2 P2 (Yi; X50iB)w(X i) X i X -

Il
—_

The asymptotic distributions of W, under the null and alternative hypotheses have been
developed in [1]; see Theorems 46 therein.

On the other hand, the issue on the robustness of W,, used for possibly contaminated data,
remains unknown. Section 3 of this paper will address this issue with detailed derivations.

3. Robustness Properties of W, in Equation (9)

This section derives the influence function of the robust-BD Wald-type test and studies the
influence of a small amount of contamination on the asymptotic level and power of the test. The proofs
of the theoretical results are given in Appendix A.

Denote by K, o the true distribution of Z,, following the “general linear model” characterized
by Equations (1) and (2). To facilitate the discussion of robustness properties, we consider the
e-contamination,

€ €
K :(17—>K + -5 10
n,€e \/ﬁ 1,0 \/ﬁ] ( )
where | is an arbitrary distribution and € > 0 is a constant. Then, K, ¢ is a contaminated distribution
of Z,, with the amount of contamination converging to 0 at rate 1/+/n. Denote by K, the empirical
distribution of {Z,,;}} ;.

For a generic distribution K of Z,,, define

(B = Ex{og(Y,FY(X)B))w(Xn)}, (1)
Sk = {BZEK{‘I’RBD(Zn}E)}:O}r

where p4 (-, -) and ¢rpp(+; -) are defined in Equations (4) and (7), respectively. It’s worth noting that
the solution to Ex{¢gpp(Z; B)} = 0 may not be unique, i.e., S may contain more than one element.
We then define a functional for the estimator of ﬁn,o as follows,

T(K) = argmin||f — B, (12)
BeSK

From the result of Lemma Al in Appendix A, T(K,.) is the unique local minimizer
of {k,.(B) in the \/pn/n-neighborhood of B,,. Particularly, T(K,o) = p,,. Similarly,

from Lemma A2 in Appendix A, T(K,) is the unique local minimizer of fx,(B) which satisfies

IT(Ky) — Bn,OH = Op(\/pn/n).

From [23] (Equation (2.1.6) on pp. 84), the influence function of T(-) at K, ¢ is defined as

_T((1 = 8)Kuo + tD2,) = Byg
= hm 7

d
IF(z,; T,K = _—T((1-1t)K tA
(zn 1,0) (( ) K0 + z) -0 110 t

ot

where A, is the probability measure which puts mass 1 at the point z,. Since the dimension of T(-)
diverges with 7, its influence function is defined for each fixed n. From Lemma A8 in Appendix A,
under certain regularity conditions, the influence function exists and has the following expression:

IF(z; T, K 0) = —H,  Prpp (2 Bg)s (13)
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where H, = Eg, ({p2(Y; }?Z Bn,o)w(Xn)}Ninf(z }. The form of the influence function for diverging p, in
Equation(13) coincides with that in [23,24] for fixed p,,.

In our theoretical derivations, approximations of the asymptotic level and power of W, will
involve the following matrices:

T~ < oT
Qn = EKn,o{p%(Y;Xnﬁn,O)wz(Xﬂ)XﬂXn}/
u, = AH;'Q,H AT

3.1. Asymptotic Level of W, under Contamination

We now investigate the asymptotic level of the Wald-type test W;, under the e-contamination.

Theorem 1. Assume Conditions A0-A9 and B4 in Appendix A. Suppose pS/n — 0 as n —
o, sup, Ej(|w(Xn)Xn|) < C. Denote by a(Kne) the level of Wy, = n{A,T(K,) —
gO}T(AnI?I,jl(A)nI/-\IglA,Z)_l{AnT(Kn) — 8o when the underlying distribution is Ky in Equation (10)
and by «, the nominal level. Under Hy in Equation (8), it follows that

limsup a(Kye) = a, + €uyD +o(e?)  ase —0,

n—o0

where

D = limsup ||U; /2 A, Ej{IF(Z,; T, Ko} < 0,

n—oo

Hie = f%H k(’717a0 ;0)|s=0, H(+;8) is the cumulative distribution function of a x3(8) distribution, and Moo
is the 1 — x, quantile of the central x7% distribution.

Theorem 1 indicates that if the influence function for T(-) is bounded, then the asymptotic
level of W,, under the e-contamination is also bounded and close to the nominal level when ¢ is
sufficiently small. As a comparison, the robustness property in [10] of the Wald-type test is studied
based on M-estimator for general parametric models with a fixed dimension p;. They assumed certain
conditions that guarantee Fréchet differentiability which further implies the existence of the influence
function and the asymptotic normality of the corresponding estimator. However, in the set-ups of our
paper, it’s difficult to check those conditions, due to the use of Bregman divergence and the diverging
dimension p,,. Hence, the assumptions we make in Theorem 1 are different from those in [10], and are
comparatively mild and easy to check. Moreover, the result of Theorem 1 cannot be easily derived
from that of [10].

In Theorem 1, p, is allowed to diverge with p%/n = o(1), which is slower than that in [1]
with p3/n = o(1). Theoretically, the assumption p3/n = o(1) is required to obtain the asymptotic
distribution of W, in [1]. Furthermore, to derive the limit distribution of W,, under the e-contamination,
assumption p4/n = o(1) is needed (see Lemma A7 in Appendix A). Hence, the reason that our
assumption is stronger than that in [1] is the consideration of the e-contamination of the data. Practically,
due to the advancement of technology and different forms of data gathering, large dimension becomes
a common characteristic and hence the varying-dimensional model has a wide range of applications,
e.g., brain imaging data, financial data, web term-document data and gene expression data. Even
some of the classical settings, e.g. the Framingham heart study with n = 25,000 and p,, = 100, can be
viewed as varying-dimensional cases.

As an illustration, we apply the general result of Theorem 1 to the special case of a point mass
contamination.

Corollary 1. With the notations in Theorem 1, assume Conditions A0-A9 in Appendix A,
sup,, cgpn |w(xn)xn || < Cand sup, g [9" (1) /V (1) /F ()] < C.
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(i) Ifpn=p A=A, Bn,O = By Kno = Ko and U, = U are fixed, then, for Kye = (1 —€/~/n)Ko +
e/\/nA; with z € RP a fixed point, under Hy in Equation (8), it follows that

sup lim a(Kye) = &, + €Dy + 0(€?) ase — 0,
zcRP n—oo

where

Dy = sup |[UY2AIF(z; T, Kp)|* < 0.
zeRP

il n diverges wit n— 0, for Kye = —€/\/n)K, o+ €//nh,, with z,, € " q sequence o,
ii) If pn diverges with p$/ 0, for Ky, 1—e€//n)Kpo+€//nhs, with RP" a seq
deterministic points, then, under Hy in Equation (8),

sup sup limsupa(Kye) = a, +e* Dy +0(e?)  ase —0,
Co>02zy, GSCO n—o0

where Sc, = {zn = (x1,y)T : [|xn]lec < Co}, Co > 0is a constant and

D, = sup sup limsup HU,I_UZAnIF(Zn;TrKn,O)”z

Co>02zy, ESCO n—oo

< 0.

In Corollary 1, conditions sup,, cpp ||w(xn)xn|| < C and sup,cg [9" (1) /V(1)/F' ()| < C are
needed to guarantee the boundedness of the score function in Equation (7). Particularly, the function
w(x,) downweights the high leverage points and can be chosen as, e.g., w(x,) = 1/(1+ ||x4||). The
condition sup . [9" (1) /V (1) /F' ()| < C is needed to bound Equation (6), and is satisfied in many
situations.

e For example, for the linear model with q(¢) = ay — 2, V(u) = ¢® and F(p) = p, where a and o>
are constants, we observe |q” (1)\/V (u)/F (u)| = 20 < C.

e Another example is the logistic regression model with binary response and
g(p) = —2{plog(p) + (1 —u)log(l —pu)} (corresponding to Bernoulli deviance loss),

V(p) = p(1—p), F(u) =log{p/(1—p)}. In this case, |q"(p)v/V(u)/F(p)| = 2{u(1 -
u) /2 < Csince p € [0,1]. Likewise, if g(u) = 2{p(1 — pu)}/2 (for the exponential loss), then

19" (1) \/V () /F (n)] = 1/2.

Furthermore, the bound on (+) is useful to control deviations in the Y-space, which ensures the
stability of the robust-BD test if Y is arbitrarily contaminated.

Concerning the dimensionality p,, Corollary 1 reveals the following implications. If p, is fixed,
then the asymptotic level of W, under the e-contamination is uniformly bounded for all z € RP?,
which implies the robustness of validity of the test. This result coincides with that in Proposition 5
of [10]. When p, diverges, the asymptotic level is still stable if the point contamination satisfies
Hxn Hoo < Cp, where Cy > 0 is an arbitrary constant. Although this condition may not be the weakest, it

still covers a wide range of point mass contaminations.

3.2. Asymptotic Power of Wy, under Contamination

Now, we will study the asymptotic power of W, under a sequence of contiguous alternatives of
the form

Hy, : AﬂBn,o -8 = n1/2c, (14)
where ¢ = (cy,...,c)T # 0is fixed.

Theorem 2. Assume Conditions AO-A9 and B4 in Appendix A. Suppose pS/n — 0 as n —
o, sup, Ej(||w(X,)Xal|) < C. Denote by B(Kne) the power of Wy = n{A,T(Ky) —
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g0} T(AH 1O, H, AT A, T(K,) — g} when the underlying distribution is Ky in Equation (10)
and by Bo the nominal power. Under Hy, in Equation (14), it follows that

liﬂgfﬁ(Knle) =pBo+evB+o(e) ase—0,
where

B= liyrlrl)ngCTU,len E/{IF(Z:; T, Kup)},

with |B| < oo, vy = _%Hk(ﬂlwo;‘S”(S:cTu;lc and Hy(-;6) and 11—y, being defined in Theorem 1.

The result for the asymptotic power is similar in spirit to that for the level. From Theorem 2, if the
influence function is bounded, the asymptotic power is also bounded from below and close to the
nominal power under a small amount of contamination. This means that the robust-BD Wald-type test
enjoys the robustness of efficiency. In addition, the property of the asymptotic power can be obtained

for a point mass contamination.

Corollary 2. With the notations in Theorem 2, assume Conditions A0-A9 in Appendix A,
sup,, cgen |w(xn)xn || < Cand sup, g 19" (1)/V(1)/F'(n)] < C.

(i) Ifpa=p A=A Bn,O = BO, Kyo = Ko and U, = U are fixed, then, for Kne = (1 —€/y/n)Ko +
€/\/nA; with z € RP a fixed point, under Hy,, in Equation (14), it follows that
inf lim B(Kye) = Po+€viBr +o(e)  ase —0,

z€RP n—o0

where

By = inf 2¢TUTATIF(z; T, Kp),
z€RP
with |B]| < o0,
il n diverges wit n—0,for K,e = —€/v/n)K, o+ €//nlA;, with z, € " g seguence o
ii)  If py diverges with p%/ 0, for K, 1—e€/y/n)Kyo +e€//nhb, with RP" a seq
deterministic points, then, under Hy,, in Equation (14),

inf inf liminfp(K,c) = Bo+€vgBy +0(e) ase =0,

Co>0 z,,eSC0 n—o0
where Sc, = {zn = (xL,y)T ¢ ||xn]leo < Co}, Co > 0is a constant and

By = inf inf liminf2cT U, A, IF(Z,; T, Ky p),

Co>0 ZnESCO n—o0
with |Bz| < 00,

4. Simulation

Regarding the practical utility of W, numerical studies concerning the empirical level and power
of W, under a fixed amount of contamination have been conducted in Section 6 of [1]. To support the
theoretical results in our paper, we conduct new simulations to check the robustness of validity and
efficiency of W,. Specifically, we will examine the empirical level and power of the test statistic as
€ varies.

The robust-BD estimation utilizes the Huber ¢-function ¢.(-) with ¢ = 1.345 and the weight
function w(X,) = 1/(1+ || X,||). Comparisons are made with the classical non-robust counterparts
corresponding to using ¢(r) = r and w(x,) = 1. For each situation below, we set n = 1000 and
conduct 400 replications.
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4.1. Overdispersed Poisson Responses

Overdispersed Poisson counts Y, satisfying var(Y|X, = x,) = 2m(x,), are generated via
a negative Binomial(m(x,),1/2) distribution. Let p, = [4(n'/>® —1)] and ,Bno = (0,2,0,...,0)T,
where || denotes the floor function. Generate X,,; = (Xj1,...,X; pn) by X; i Unif[—0.5, 0.5].

The log link function is considered and the (negative) quasi-likelihood is utlhzed as the BD, generated
by the g-function in Equation (3) with V(u) = p. The estimator and test statistic are calculated by
assuming Y follows Poisson distribution.

The data are contaminated by X, , _1)41 = 3sign(U; —0.5) and Y = YiI(Y; > 20) 4 201(Y; < 20)

fori = 1,...,k with k € {2,4,6,8, 10,12, 14, 16} the number of contaminated data points,

where mod(a b) is the modulo operation “a modulo b” and {U;} S Unif (0,1). Then, the proportion

of contaminated data, k/n, is equal to €/+/n as in Equation (10), which implies € = k/+/n.

Consider the null hypothesis Hy : A":Bn,o = 0with A, = (0,0,0,1,0,...,0). Figure 1 plots the
empirical level of W, versus e. We observe that the asymptotic nominal level 0.05 is approximately
retained by the robust Wald-type test. On the other hand, under contaminations, the non-robust
Wald-type test breaks in level, showing high sensitivity to the presence of outliers.

Poisson

0.5

non-robust
e robust

level

0.1

0.1 0.2 0.3 0.4 0.5
Figure 1. Observed level of W, versus € for overdispersed Poisson responses. The dotted line indicates
the 5% significance level.

To assess the stability of the power of the test, we generate the original data from the true
model, but with the true parameter ﬁn o replaced by ﬁn ,Bn o+ ocwithé € {-04, 0.4, —0.6, 0.6}
and ¢ = (1,...,1)T a vector of ones. Figure 2 plots the empirical rejection rates of the null model,
which implies that the robust Wald-type test has sufficiently large power to detect the alternative
hypothesis. In addition, the power of the robust method is generally larger than that of the
non-robust method.

Poisson, non-robust Poisson, robust
6=-0.4 §=-0.4
08 | ———-5=04 1 15F | ———-5=04
§=-0.6 §=-0.6
_ 06 5=06 i _ 5=0.6
[} [}
2 0.4 e — =5
\\
S~ - osr
0.2 1
0 - 8 0 < 25 O O 25 O O 25 O O O O O O
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
€ €

Figure 2. Observed power of W), versus € for overdispersed Poisson responses. The statistics in the left
panel correspond to non-robust method and those in the right panel are for robust method. The asterisk
line indicates the 5% significance level.
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4.2. Bernoulli Responses

We generate data with two classes from the model, Y|X, = x, ~ Bernoulli{m(x,)},
where logit{m(x,)} = E’ZZBn,O' Let py, = 2, Bn,O = (0,1,1)T and X,; i N(0,I,,). The null
hypothesis is Hy : Bn,O = (0,1,1)T. Both the deviance loss and the exponential loss are employed
as the BD. We contaminate the data by setting Xi; = 2+i/8and Y = 0 fori = 1,...,k with
ke {2,4,6,8, 10, 12, 14, 16}. To investigate the robustness of validity of W, we plot the observed
level versus € in Figure 3. We find that the level of the non-robust method diverges fast as € increases.
It’s also clear that the empirical level of the robust method is close to the nominal level when € is small
and increases slightly with €, which coincides with our results in Theorem 1.

Bernoulli, deviance loss

non-robust
0o8f | - robust

level

Bernoulli, exponential loss

1 F
non-robust
0o8f | - robust
_ 067
[}
>
@
0471
0.2t T
0 . . . . .
0.1 0.2 0.3 0.4 0.5
(b)

Figure 3. Observed level of W), versus € for Bernoulli responses. The statistics in (a) use deviance loss
and those in (b) use exponential loss. The dotted line indicates the 5% significancelevel.

To assess the stability of the power of W,,, we generate the original data from the true model,
but with the true parameter B, , replaced by B, = B, + éc with 6 € {-0.1,0.2, —0.3, 0.4} and
¢ = (1,...,1)T a vector of ones. Figure 4 plots the power of the Wald-type test versus €, which implies

that the robust method has sufficiently large power, and hence supports the theoretical results in
Theorem 2.
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157

power

15¢

power
=

0.5

(b)

Bernoulli, deviance loss, non-robust

§=-0.1
———40=02
0=-03
=04

Bernoulli, exponential loss, non-robust

—0=-01

———40=02
0=-0.3
0=04

O?i

power

power
[E

Bernoulli, deviance loss, robust

§=-0.1
15p |- 9=02
§=-0.3
§=04

Bernoulli, exponential loss, robust

—40=-01
15 |~~~ d=02
§=-03
§=04

11 0f 28

Figure 4. Observed power of W), versus € for Bernoulli responses. The top panels correspond to

deviance loss while the bottom panels are for exponential loss. The statistics in the left panels are

calculated using non-robust method and those in the right panels are from robust method. The asterisk

line indicates the 5% significance level.
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Appendix A. Conditions and Proofs of Main Results

We first introduce some necessary notations used in the proof.

Notations. For arbitrary distributions K and K’ of Z,,, define

Therefore, (), = Q)

T < oT

Quiry = Ex{pi(V; X, T(K)w*(Xn)XuX, },
T < oT

Hn,K,T(K/) = EK{p2(Y;XnT(K/))w(Xﬂ)XﬂXn}'

ann,OIEH’OI Hn = H

n,Kn,O,ﬁnr()’

ﬁn = Qn,]Kn,T(]Kn) and ﬁn = H?Z,Kn,T(Kn)' For

notational simplicity, let Qpe = QO k, . T(K,.) a0d Hue = Hy g, T(K,00)-
Define the following matrices,

€

U(Kpe) =
U(Kn) =

AnH, 10, H LAT,
AH 1O, H, TAT
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The following conditions are needed in the proof, which are adopted from [1].
Condition A.

AO. sup,; 1Byl < 0.

Al. w(-) is a bounded function. Assume that (r) is a bounded, odd function, and twice
differentiable, such that y/(r), ¢'(r)r, ¢"(r), ¥ (r)r and ¢" (r)r* are bounded; V(-) > 0,
V(@ is continuous.

A2. g@¥(.)is continuous, and @ (-) < 0. G§3) is continuous.

A3. F(-) is monotone and a bijection, F(®)(-) is continuous, and F(!)(-) # 0.

A4, || Xy||e < C almost surely if the underlying distribution is Ky, o.

A5, Eg,, (XX Z) exists and is nonsingular.

A6. There is a large enough open subset of RP*+1 which contains Bn,O’ such that F~1(%! B) is bounded

for all B in the subset and all %, such that ||%,||cc < C, where C > 0 is a large enough constant.
A7. H, is positive definite, with eigenvalues uniformly bounded away from 0.
A8. ), is positive definite, with eigenvalues uniformly bounded away from 0.
A9. ||H, Q] is bounded away from oo.

Condition B.
B4. ||Xy||c < C almost surely if the underlying distribution is J.

The following Lemmas A1-A9 are needed to prove the main theoretical results in this paper.

Lemma A1 (||T(Kye) — Bn,OH)‘ Assume Conditions AO—A7 and B4. For K, ¢ in Equation (10), lk(-) in
Equation (11) and T(-) in Equation (12), if p/n — 0as n — oo, then T(Ky¢) is a local minimizer of Uk, (B)
such that | T(Kye) — Bn,OH = O(\/pn/n). Furthermore, T (K, ) is unique.

Proof. We follow the idea of the proof in [25]. Let r, = \/pn/n and u, = (up, uy, ..., upn)T € Rpntl,
First, we show that there exists a sufficiently large constant C such that, for large n, we have

Hﬁnﬁf*c eKn,e (En,o + T’nﬁn) > gKn,e (BH,O) . (Al)

To show Equation (A1), consider

~ _ ~ 15T T
KKn,e(ﬁn,O + r”un) - EKn,s (ﬁn,o) = EKn,e {pq (Y’ F ! (Xﬂ ﬁn,O + Tan u”))w(X”)
1,57
—0q(Y, F (X, B 0))w(Xn) }
= Il/
where ||7,| = C.

By Taylor expansion,

h=hyg+hp+ 13, (A2)
where
Ly = rnEKn,e{pl(Y;XZBn,O)w(XH)XZ}ﬁn/
hy = r2/2Ex, {p2(Y; X, Byo)w(X) (X)),
Ly = r3/6Bk, (ps(Y; X0 B)w(Xu) (X)),

for BZ located between Bn,O and Bn,O + ruit,. Hence

<T~ < -
il < 7l Bk, P2 (Y5 X By o) w (Xn) Xon 3| |20
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€ ~ T~ - _
Tn—= [ Ej{p1 (Y X5 By )70 (Xin) Xin [ [0 |

‘\/7 ~
Crun/pn/n| |1,

. <T= S <T~ S .
since || Ej{p1(Y; X, B,,0)w(Xn)Xn}|| = O(\/pn) and Ex, {p1(Y; X, B, 0)w(Xn)Xy} = 0. For I in
Equation (A2),

IN

r2 ~ T~ oT
Ly = En EK,w {PZ(Y/' Xnﬂn,o)w(Xn)(Xnun)z}

2 <T~ T~ \2 T3 T~ \2
5 [Bry e AP2 (Y X By 0) 10 (X ) (X 91) "} — B, o {p2(Y; Xy By, 0)00(Xin) (X 88n) 3]

"n
2
= hpa+hpo,

where I151 = 2’1r%ﬁ£ H,u,. Meanwhile, we have

11,2,
<T~ ~ =T T~ < =T -
< 1l Bk, {2 (Y3 X3 By o) (X)X Xy} — E, o {p2 (Y3 X3, B 0)0(X) X X } [ 170 |1
€ <T~ < <T <T~ < =T -
= rrzzﬁ” EI{PZ(Y?Xn.Bn,O)w(Xn)Xan} - EKn,o{PZ(Y;Xnﬁn,o)w(xn)xnxn}HFH”HHZ
< Cr%anﬁnHz/\/ﬁ,

~T~ ~ =T T > 5T
where || E;{p2(Y; X, By,0)w0(X) XX } | = O(p) and || E, o (p2(Y; X Byyo)0(Xo)Xu X Y| = O(pn). Thus,
Ly =27 Y 2al Hyit, + O (2 pu / /) ||t |2 (A3)
For I 3 in Equation (A2), we observe that
ST=* ST~ ~
3] < Cry Bk, {Ip3(Y; X, B,) [w0(Xo) [ Xy in P} = O pi/ ) [t |-

We can choose some large C such that Iy 1 , I1 27 and I; 3 are all dominated by the first term of
I 2 in Equation (A3), which is positive by the eigenvalue assumption. This implies Equation (A1).
Therefore, there exists a local minimizer of /i, . (B) in the \/Pn/n neighborhood of B, o, and denote
this minimizer by Bn,e‘

Next, we show that the local minimizer Bn,e of Uk, . (B) is unique in the \/Pn/n neighborhood of
Bn,o. For all B such that || — Bn,OH = O(nV4p;1/?),

~T~ ~
= Bk, Ip1(YV; X, B)w(Xu) Xull < Cy/pn

0 1,575
EKn,e EPQ(Y/F (Xnﬁ))w(Xn)

2 T
:ﬁpqw, FUXTB)w(X)

~T~ ~
Ex,. Ip2(Y; X, ﬁ)w(Xn)XnXZH < Cpn

and hence,
S Erc o B0} = B, {0 PRI )}
aa;zEKn,e{pqw,F-1<XZB>>w<xn>} - EKn,e{;gzpqw,r%i,fﬁ))w(xn)}.
Therefore,
aZ

Ex, A0 (Y, F Y (X B))w(X)}
9B

= EKH/S{p2(Y/XZ;B)W(X”)X"XZ}
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< T~ < oT
= EKn,o{pZ(Y;Xnﬁn,O)w(X")XﬂXn}
<T~ T~ - =T
+EK”,0[{p2(Y;Xnﬂ) - p2(Y;Xnﬂn,O)}w(Xn)Xan]
T 7 o T T~ < T
+[Ek, Ap2(Y; X, B)w(Xn)XuX, } — Bk, {p2(Y; X, B)w(Xn) XuX,, }]
- [+ 4L

We know that the minimum eigenvalues of I} are uniformly bounded away from 0,

[ 1Bk, o {p3(Y; X B~ )e0(X) X Xy Xy (B = Bro) M < Cpu/n/* = 0(1)

Bl < e/vnlll Ex,p {pa(Y; Xy B)w(Xn) XXy H| + | Ep{pa(Y; Xy B)w(X) XXy ]
< Cpn/vn=o(1).

Hence, for n large enough, :—BZZ Ex, {oq(Y,F71(X Z B))w(X,)} is positive definite for all B such

that ||B — B,oll = O(n~'/*p,'/?). Therefore, there exists a unique minimizer of ¢k, (B) in the
n~Vip, 1/2 neighborhood of Bn,O which covers Bn,e. From
0 = L Lo F E B XY = B gL E KB w(x)}
aﬁ ’ ﬂ:ﬂn,e ’ aﬁ ﬁ_ﬂne

~T~ ~
= Bk Ap1(V; X B, 0 )w(Xn) X},
we know T (Kye) = Bn,e‘ From the definition of T(-), it’s easy to see that T(K) is unique. [

Lemma A2 (||T(K,,) — T(Kye)||). Assume Conditions AO-A7 and B4. For Ky ¢ in Equation (10), ((-) in
Equation (11) and T(-) in Equation (12), ifpr/n— 0asn — oo and the distribution of (Xn,Y) is Ky, then

there exists a unique local minimizer ﬁn ofﬁKn (B) such that ||/3,1 — T(Kpe)|l = Op(\/pn/n). Furthermore,
1By — Bugll = Op(y/pu /1) and T(Ky) = p.
Proof. Letr, = \/pn/nand u, = (ug,uy,..., Up, )T € RP» 1 To show the existence of the estimator, it

suffices to show that for any given x > 0, there exists a sufficiently large constant C such that, for large
n we have

P{ Hu:ﬁlfcx g]Ky,( (K'rl,e) + Tnﬁn) > EKH(T(Kn,e))} >1—x. (A4)

This implies that with probability at least 1 — «, there exists a local minimizer Bn of I, (B) in the
ball {T(Ky,e) + rutty : ||i1n]] < Ci}. To show Equation (A4), consider

eKn(T(Kn,E) + Tuily) — gKn(T(Kn,e)) = = E{Pq YuF ( (Kne) + 1ntin)) ) (X ;)
_Pq(Yi/F (XniT(Kn,E)))w(Xni)}
= Il/
where ||7,|| = Cx.
By Taylor expansion,
L=hy+ha+ s, (A5)

where

1 <T T -
11,1 = r/n Zpl(yi)XniT(Kn,e))w(Xni)Xniunz
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=T =T o
p2 (er XniT(Kn,e))w(Xm') (Xm'un)zz

M:

Ly = /(2”)
1

ST 5 ST ~
p3 (er Xni:Bn)w(Xni)(Xniun)a

M:

Lz = /(6”)
1

for B: located between T(Kj, ¢) and T(Kpe) + 7nitn.

Since || T(Kne) — Buoll = O(v/pn/n) = o(1), the large open set considered in Condition A6
contains T(Kj, ¢) when n is large enough, say n > N where N is a positive constant. Therefore, for any
fixed n > N, there exists a bounded open subset of R?"*1 containing T (K, ¢) such that for all 8 in this
set, ||p1(Y; X’ZB)w(Xn)}N(n | < C||X,|| which is integrable with respect to K, ¢, where C is a positive
constant. Thus, forn > N,

0= ;BEKn,e{pqw, FUERXDY o= B (GX TR (X Xk (46)
Hence,

1
n

il = Op(rn/pn/n)||tn]|.

n

~T ~
Z P1 (Yi; XniT(Kn,e))w(Xni)Xni
i=1

For I 5 in Equation (A5),

r2 & <T <T
11’2 = l Z EKn,e {pZ(er Xm'T(Kn,e))ZU(Xm‘)(Xm'un)2}

+ Z p2(Yi; X iT K”ﬁ))w(Xni)(XZiﬁn)Z

~T
- EKn,e {Pz(Yi2 X T(Kne) w0 (X i) (X iiin )2}
= hpi+ oo,

where 151 = 2_1r%ﬁ£ H,, cu1,,. Meanwhile, we have

hpo| < 3’21 711iil[pz(yi?XZiT(Knﬁ))w(Xni)inii;{i
— Bk, AP2 (Y5 KT (Ko e) 0 (X)X X |2
= r20p(pn/ /1)t %
Thus,
Ly =27 Y 2u  Hy, ety + Op(r2pa//n) |3 ||*. (A7)

For I; 3 in Equation (A5), we observe that
31 ¢ s T z* T~ 13 3.3/2\(17 I3
3] < Cry— ) 1p3(Yis XifB,) [00(Xo) [ Xoniitn |* = O (rupyy®) [t
i=1

We will show that the minimum eigenvalue of H, . is uniformly bounded away from 0.
Hl’l,E = (1 — €/ \/ﬁ)Hann,OzT(Kn,e) —+ 6/ \/ﬁHn,],T(KW,E)' Note

H H”/Kn,(]rT(KYl,G) o Hn H
~T <T~ v oI
= H EKn/o[{pz(Y; Xn T(Kn,e)) - PZ(Y; Xn ﬁn,O)}w(Xn)Xan] H
~ T ~%x% > oIT'aT 3
H EKn/o [p3(Y;Xnﬂn )w(Xﬂ)XWXan{TU(an) - ﬁn,O}]H = O(P%/\/ﬁ)
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Since the eigenvalues of H; are uniformly bounded away from 0, so are those of H,, x, , 7(x,.)
and H ¢.

We can choose some large Cy such that I; ; and I; 3 are both dominated by the first term of I; ; in
Equation (A7), which is positive by the eigenvalue assumption. This implies Equation (A4).

Next we show the uniqueness of B. For all B such that || — T(Ky,¢)|| = O(n~4p; 1/?),

1 ipz(Yi,‘ XrTziB)w(Xni)XniXZi
= EKno{Pz(Y X ﬁno)w(Xn)XnX ¥
+Ex, [{p2(Y; X ﬁ) p2(Y; X ﬁnO)}w(X">XnXT]
[EKM{PZ (Y; X .B)W(Xn XnXT} EK”O{PZ (Y; X .3) (Xn)XnXZ}]
[ ZPZ Yl/an )) ( nl)Xm'Xni_ EKn,€{p2 Y/'Xnﬁ)w(Xn)XnXg}}

i=1
= Il+12+13+14‘

We know that the minimum eigenvalues of I] are uniformly bounded away from 0. Following
the proof of Lemma A1, we have || I;|| = o(1) and || I5|| = o(1). It's easy to see || I; || = Op(pn//n).
Hence, for n large enough, BL/;KK” (B) is positive definite with high probability for all B such that

res Bn,O | = O(n=*p; 1/2). Therefore, there exists a unique minimizer of /g (B) in the n~1/4p, 1/2

neighborhood of T (K} ¢) which covers TS O

Lemma A3 (|| Ap{T(Ky,e) — Bn,O} ). Assume Conditions AO—-A7 and B4. For K, ¢ in Equation (10) and T(-)
in Equation (12), if p3/n — 0 as n — oo, the distribution of (X, Y) is Kne and E;(||w(X,)Xy||) < C, then

\/EAn{T(Kn,E) - Bn,O} = O(l)/

where Ay is any given k X (py + 1) matrix such that A,Al — G, with G being a k x k positive-definite
matrix and k is a fixed integer.

Proof. Taylor’s expansion yields

0 = Ex, {p1(Y;X, T(Kue))w(Xn)Xn}
= i, Ap1(Y; Xy Bo) (X)X}
+Ex, AP2(Y: Xy By o) 0 (X)X X HT (Kne) — Bro)
+1/2 Bk, (p3 (Y3 X B0 (X)X [ X {T(Ki) = B} 12)
= L+ L{T(Kne)— B, o} + 15

where BZ lies between T (Kj, ¢) and Bn,O‘ Below, we will show
Il = 0(1/vn), ||l =Hul = Opu/ V), |lIs]l = O(p3/?/n).

First, ||| = e//nl| Ej{p1(Y; X, T(Kne))w(Xn)Xu}| < Ce/v/nEj(|lw(Xn)Xal) = O(1/V/n).
Following the proof of I3 in Lemma A1, ||l — Hy|| = O(pn/+/n). Since [| T(Kne) — B, oll = O(\/pn/n),
wehave || = O(p/2/n).

Therefore, /nAy{T(Kye) — B, o} = —vnAH, ' I + 0(1), which completes the proof. [
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Lemma A4 (asymptotic normality of T(Ky) — T(Ky)). Assume Conditions AO-A8 and B4. If p5/n — 0
as n — oo and the distribution of (X,,Y) is Ky ¢, then

Vi{U(Kue)} 2 A {T(Ky) — T(Kne)} -5 N(0,1),

where U(Kye) = AyH, 100 cH, LAL, Ay is any given k x (pn + 1) matrix such that A, Al — G, with G
being a k x k positive-definite matrix, k is a fixed integer.

Proof. We will first show that

T(K,) — T(Kyc) = —fH ! Zpl (Ys; X T (K ) ) 0(X i) X i + 0p(n~172). (A8)
From 2 a ﬁ | p—1(x,) = 0 Taylor’s expansion yields
1 & ~T -
0 = {EZpl(Yir'XniT(Kn,e))w(Xni)Xni}
i=1

+{% 3 P2 (Y5 Xy T (Ko e) )0 (Xot) Ko X HT (Kir) = T(Ki )}
LY oY X0 (X, KA T () — T(Kne)} 2K
ipl(Yi;XniT(Kn,e))w(Xni)Xni} + L{T(Ky) — T(Kne)} + I, (A9)

where BZ lies between T (K, ¢) and T (K, ). Below, we will show

1L = Hyel| = Op(pu/ V1), |IIs]l = Or(py/?/n).

Similar arguments for the proof of I; ; of Lemma A2, we have ||I; — = Op(pn/ /).
Second, a similar proof used for I ; in Equation (A5) gives || 3]| = Op(pS/ 2/n).
Third, by Equation (A9) and || T(K,) — T(Ky,e)|| = Op(+/pn/n), we see that

n

~T ~
2 P1 (Yi; XniT(Knre))w(Xni)Xni + uy,
i=1

Hoe{T(K) — T(Kne)} = —
where ||u,|| = Op(p3/?/n) = op(n~1/2). From the proof of Lemma A2, the eigenvalues of H, ¢ are
uniformly bounded away from 0 and we complete the proof of Equation (A8).

Following the proof for the bounded eigenvalues of H;, ¢ in Lemma A2, we can show that the
eigenvalues of (), ¢ are uniformly bounded away from 0. Hence, the eigenvalues of H,, ! (), cH; ! are
uniformly bounded away from 0, as are the eigenvalues of U(Kj¢). From Equation (A8), we see that

An{T(Ky) — T(Kye)} = _*AHH Zpl (Y X iT Kn,E))w(Xni)Xni +0P(”71/2)-
It follows that

VI{U(Kne)} 2 A{T(Ky) — T(Kne)} = Y Ry + 0p(1),

i=1

where R,; = —n Y2{U(Kye)} V2AH, lpy (Yi;}?ZiT(Knle))w(Xm')f(m. Following (A6) in
Lemma A2, one can show that Eg, .(Ry;) = 0 for n large enough.
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To show Y' | Ry NN (0,1y), we apply the Lindeberg-Feller central limit theorem in [26].
Specifically, we check (I) Yi'; covk,  (Ryi) — I, (II) X1y EKW,G(HRWHH‘S) = 0(1) for some § >
0. Condition (I) is straightforward since Y7 covk,, (Rui) = {U(Kne)} "V2U(Kpe) {U(Kne)} 12 = 1.
To check condition (II), we can show that Eg, (||Ru[*") = O((pu/n)3+9)/2). This yields

Y Br, (IR 1210) < O(p272 /nd/2) = o(1). Hence

— L
Vi{U(Kye)} 2 A {T(Ky) — T(Kye)} = N(0, L).
Thus, we complete the proof. O

Lemma A5 (asymptotic covariance matrices U(Ky) and U,). Assume Conditions A0-A9 and B4.
Ifpt/n — 0asn — oo, then

U Y2 U(Kpe) /2 = || = O(pn/nt'%),

where U(Kye) = AyH, 1O cHy LAT, Ay is any given k x (py + 1) matrix such that A, Al — G, with G
being a k x k positive-definite matrix, and k is a fixed integer.

Proof. Note that

{U(Kn,e) }? = U2 ) < (|U(Kne) — Ul
< H, Qe H, L — HTOH A7

Since || Ay |2 — tr(G), it suffices to prove that | H, 1O cH, L — H,1Q,H, Y| = O(p2/ /).
First, we prove ||Hy, . — Hy|| = O(p3/+/n). Note that

Hye—H, = EBx, [{p2(Y; X, T(Kue)) — pa(¥; X, B) Yoo (X)X X, |
[ Ex,e {P2(Y; Xy By o) 0 (X)X Xy} — H)
— B, [ (Y Xy B )w(Xn) XXy Xy {T(Kne) — Boyo)]

<T~ o T
+[EKn,e {P2(Y; X, ﬁn,o)w(Xn)Xan} - Hn]
= L+

We know that || ]| = O(p3/v/n) and || L2|| = O(pn/+/n). Thus, | 11| = O(p/v/n).
Second, we show [|Q, e — Q|| = O(p?/+/n). It is easy to see that
Qne - Qn

%

ST ST > ST
EKn,e[{p%(Y;Xn T(KH,E)) - p%(Y;Xn:Bn,O)}wz(Xn)Xan}
e > ST
+[Ek, o {P1(Y; X, B,y 0)0? (Xn) X X, } — Q]
= M1+ D,

where ||A11]| = O(p%2/+/n) and ||A12]| = O(pn/+/1). We observe that || Qe — Qy | = O(p2/ /).

Third, we show |H,lQ.H,! - H,'QHY = O(pi/vn). Note H, 1O, H, ! -
H,'QH,; ' = L + Ly + L3, where Ly = H,[}(Que — Qu)H, L, L, = H L(H, — Hye)H, 1Q,H, L
and L3 = H,;'Q,H, (H, — H,¢)H;!. Under Conditions A7 and A9, it is straightforward to see
that [H, {|| = O(1), [|H; | = O(1) and ||[H, ' Q| = O(1). Since ||Ls || < [H [l Qne — QullIH ],
we conclude ||L{|| = O(p2/+/n), and similarly ||L,|| = O(p2/+/n) and || Ls|| = O(p3/+/n). Hence,
[, 10, H, L — H ' 0,H, | = O(2/ V).

Thus, we can conclude that || U (K¢ ) — Uy || = O(p%/+/n) and that the eigenvalues of U(K;; ¢) and
U, are uniformly bounded away from 0 and co. Consequently, || {U(K,,¢)}/2 — UL/?|| = O(p,/n'/*)
and proof is finished. [
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Lemma A6 (asymptotic covariance matrices U(K,,) and U(Ky,¢)). Assume Conditions A0-A9 and B4.
Ifpt/n — 0as n — oo and the distribution of (X,,,Y) is Ky, ¢, then

U} 2 {U(Kne) }'? = T = Op(pu/n'’™),

where U(Kye) = AgH; 10y H, LAT, U(Ky) = AH, 1O H, AL, A,y is any given k x (py + 1) matrix
such that Ay Al — G, with G being a k x k positive-definite matrix, and k is a fixed integer.

Proof. Note that ||[{U(K,)}V2 — {U(K.e)}?? < |U(K,) — U(Kue)|| < |H, 10, H, 1 —

H;é()n,eH;éH ||An||12D Since ||An\|% — tr(G) it suffices to prove that ||H ﬁnﬁ géQneH;éH =
Op(p3/ /1) )

Following the proof of Proposition 1 in [1], we can show that ||H, — = Op(p% /+/n) and
10— Qe = Op(p2/ /). o

To show ||H,1Q,H,! — H, 1O, H ! = Op(pn/\/ﬁ), note H, 10,H,! — H, 10, H,! =

Ly + Ly + L3, where L; = H (Q — Que)H; Y, Ly = Hy'(Hye — Hy)H; 10, H; ' and Ly =
H, éQn,GITI; 1(Hn,€ — ITIn)H;, é Following the proof in Lemma A2, it is straightforward to verify
that [[H; 1| = O(1), ;! = Op(1). In addition, [ Hy 00| = || (2 — Hy )e + Hy (O —
Q) +H; 1| < 1 H; 2 Hie — B | 1H [ Quell + B Qe — Qull + [H;'Qull = O(1).

Since ||Li|| < [[H;Y[||On — Quelll[H; ||, we conclude ||Li|| = Op(p2/+/n), and similarly
IL2]| = Op(pi/+/n) and ||Ls|| = Op(p7/+/n). Hence, |H; 'QuH; ! — Hy 1Oy cHy Ll = Op(ph/ /).

Thus, we can conclude that |U(K,) — U(Kye)|| = Op(p?/+/n) and the eigenvalues of U(K,) are
uniformly bounded away from 0 and co with probability tending to 1. Noting that ||{U(K,)}'/? —
[U(K) P22 < [U(K,) — U(Kne). T

Lemma A7 (asymptotic distribution of test statistic). Assume Conditions AO-A9 and B4. If p&/n — 0as
n — oo and the distribution of (X,,Y) is Kye, then

VA[{U(Kn)} 2 A T(Kn) = Bro} — Un V2 An{T(Kne) — Byo}] = N(0,1)),

where Ay is any given k X (py + 1) matrix such that AyAL — G, with G being a k x k positive-definite
matrix, and k is a fixed integer.

Proof. Note that

Val{U(Kn)} 2 A {T(Kn) = Bo} — Uy An{T (Kie) — B }]
= \/E{U(Kn)}_l/zAn{T(Kn) - T(Kn,e)}
HvV/n[{U(Ky)} V2 = {U(Kye)} AT (Kie) = Bro}
+Vn[{U(Kne)} V2 = U2 Ap{T(Kne) — Bn,O}
= [+11+4+ 1L

For term I, we obtain from Lemma A4 that /n{U (K, ¢)}~2A,(T(Ky) — T(Kpe)) £, N(0,I}).
From Lemma A6, we get || {U(KK,)}~1/2{U(Ky¢)}/? — I|| = op(1). Thus, by Slutsky theorem,

T-£5 N(0,1y). (A10)
For term II, we see from Lemma A6 that

HU(Kn)} 2 = {U(Kne)} 2] = Op(pu/n'’*).

Since

[An{T(Kne) — Bn,O}H < | Aul[IT(Kp,e) — Bn,OH = O(\/pn/n).
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Thus,
)| < v/l {U(Kn)} 2 = {U(Kpe) } 2 AT (Kne) = Booll = Op(p3/2/n'*). (A1)

Similarly, ||II|] = op(1). Combining (A10) and (All) with Slutsky theorem completes
the proof. O

Lemma A8 (Influence Function IF). Assume Conditions A1-A8 and B4. For any fixed sample size n,

9 . T((A=8H)Kpo+1t]) = T((1—to)Kyo+to])
&T«l_t)K”'OH])L:tO = Jim -t

= _H;}QO,T(K%){EI{lPRBD(zﬂ;T(Kto))} - EKn,o{¢RBD(Zn?T(Kto))}]/

where Ky, = (1 — tg)Ky,0 + to] and tg is a positive constant such that ty < c/p% with ¢ > 0 a sufficiently

small constant. In addition, HH;}Q T(K, )H < C uniformly for all n and ty such that ty < c/p? withc > 0a
77 0

sufficiently small constant.
Proof. We follow the proof of Theorem 5.1 in [27]. Note

T((1—t)Kno+1t]) — T((1—to)Kuo + to])

lim
t—to t—to

_ i TKy AU = Kio)) — T(Ky)
A—0 A

where A =t — tg.
It suffices to prove that for any sequence {A ]-}]9°:1 such that lim; , A; = 0, we have

. T(ng + A](] - KH,O)) - T(ng)
m A
] j
_H;}%,T(Kfo) [E/{$rep(Zn; T(Kty)) } — Bk, o {¥rep(Zn; T(Kiy)) }-

Following similar proofs in Lemma A1, we can show that for ¢y sufficiently small,

1B0 — T(Ksp)|| < Ctor/Pa. (A12)

Next we will show that the eigenvalues of Hn,KfO,T( K;,) are bounded away from 0.

H, 1k, = (1= to)Hy ko 7(k,) + foHy 1k, )
= (1 - tO)Hn + tOHn/]/BnO + (1 - to){Hn/Kn,O/T(KtO) - Hn}
FtotHyrk,) —H, 5 - = 1 —to)i +tolh+ I+ o

First,

<T <T~ < oT
CEk,,o [{p2(Y; Xy T(Kty)) = p2(Y; X1 By 0) 0 (X)X X |
Cpy/2|IT(Ksy) — Bl < Cpato.

1] <
<

Similarly, || L|| < Cpato and ||L4]| < Cp3t3. Since the eigenvalues of I; are bounded away from
zero, || ||, ||I3]| and ||I4]| could be sufficiently small, we conclude that for ty < c/p? when c is
sufficiently small, the eigenvalues of HantO/T( K;,) are uniformly bounded away from 0.
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Define K; = K, + Aj(] — Ky,0). Following similar arguments for (A6) in Lemma A2, for j large
enough, Ex, {¢gpp(Zn; T(K;))} = 0. We will only consider j large enough below. The two term Taylor
expansion yields

0= Ex{¢rpp (Zw T(K;))} = B {$rep(Zn; T(Ki))} +H, o g AT(Kj) = T(Ky)},  (AL3)

where ;[v%]* lies between T(Kj,) and T(K;).
Thus, from (A13) and the fact Ex {tppp(ZuT(Ky))} = A[E{hrpp(Zn T(Ky))} —
Ek,o1¥rep (Zn; T(Kyy)) }], we have

0 = Ex{¢¥rep(Zn; T(Kiy))} +Hyx, r(x ) {T(Kj) = T(Kep) }
+{Hn,K].,,§]% —Hy x,, 7() HT(Kj) = T(Kiy) }
= Aj[E}{’l’RBD(Zn}T(Kto))} - EKn,o{’/’RBD(Zn/’T(Kto))}]
ok, 7k IT(KG) = T(Keo)} + (H e e = Hy o, 1ii) LT (Kj) = T(Kyg ) 3,

and we obtain that

T(Kj) — T(Ky,)

= _AjH,;}QO,T(K,O)[EI{IIJRBD(ZH;T(Kto))} — Ex, o {9¥rpp(Zn; T(Kyy)) ]

-1
_Hn,KtO,T(KtO){Hn,K]‘,,B; - Hn,KtO,T(KtO)}{T(Kj) - T(Kl‘o)}' (Al4)

Next, we will show that ”Hn,K]-,B;‘ - H”rKrO/T(KrO)H = o(1) as j — oo for any fixed n. Since
1B; = T(Ki) || < IT(Kj) = T(Kyy)[| = O(4),
HHn,K]',B; - Hn’KrO,E; ”
T+ > <T ST —* > <T
= Al EI{PZ(Y;Xn.Bj)w(Xn)Xan} - EKn,o{PZ(Y?Xn.Bj)w(Xn)Xan}H
— O(dj)) =o(1) asj— oo, (A15)

and also,

HHn,K,tO,B; - Hn,KfO,T(KtO) H

= 1B, [{p2(Y: X B)) — pa(Y: X, T(Kiy)) bo(Xo) X X, |
= o(1) as j — oo. (Al6)

From Equations (A15) and (A16),
HHn,K].,B/’f - Hn,KtO,T(K,O)H =o0(l) asj— oo
which, together with Equations (A12) and (A14), implies that
| T(K;) — T(Ky,) + AjH;,}(tO,T(KtO)[E]{IIJRBD(Zn} T(Ki))} — Ek, o {9rep(Zn; T(Kip)) HI| = 0(4).
This completes the proof. [

Lemma A9. Assume Conditions A1-A8 and B4 and sup, Ej(||[w(X,)Xn||) < C. Let Hy(9)
be the cumulative distribution function of X%((J) distribution with & the noncentrality parameter.
Denote 6(e) = n||Uy; V> {A,T(Kpe) —go}lI? Let b(e) = —Hy(x;6(e)). Then, for any fixed x > 0,
SUpPc,c) imsup,,_,q, b®)(e)| < C under Hy and SUP,.c [y c) limsup,,_,, [0"(€)| < C under Hy,.
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Proof. Since b(e) = —Hy(x;6(¢€)), we have

b'e) = —aa—er(x;(S(e)):{ aa(sHk(x 5)‘ 5(6)}{858(66)}

Vie) = { — ;;Hk(x;é)‘é—(s(e)}{a(sa(e )} +{ aa(SHk(x 5)‘ —6(5)}{82;6:(;)}

b3 (e) = {—;;Hk(x;é)‘(s_é(e)}{a(;(;) }3

2 € 2 €
ol e, A0} )
2 ?
+{ = gt 5)‘5:5@)}{ aée(?’e)}'

To complete the proof, we only need to show that 8’ /95" Hy (x; &) l5—s(e) and 9'5(e) /o€ (i =1,2,3)
are bounded as n — oo for all € € [0, C|. Note that

,5/22 5/2 v(j+k/2,x/2)
r(j+k/2) ~

where I'(+) is the Gamma function, and (-, ) is the lower incomplete gamma function (s, x) =
Jo £~ te~tdt, which satisfies y(s, x) = (s — 1)y(s — 1,x) — x*"Le~*. Therefore,

aH (x 5) _ _3*5/2 00 (5/2)]7(]_‘_k/2,x/2) 875/2 0o (5/2>171 'Y(]+k/2,X/2)
a0~ 2 = i T(+k/2) 2 2 (- I(j+k/2)
7,5/22 5/2 {_'y(j+k/2,x/2) ’y(j+1+k/2,x/2)}
= L(j+k/2) I'(j+1+k/2)
Since
Wi+1+k/2,x/2) _ (G+k/2)(+k/2,x/2) = (x/2)7tK/2e /2
T(j+1+k/2) N T(+1+k/2)
i Hk/2x/2)  (x/2) 22
I'(j+k/2) I(j+1+k/2)’
we have
a _ 75/2 5/2 (x/2)1+k/2 —x/2
ga k(xi0) = 2 [ T(j+1+k/2)
82 B /2 (5/2 x/z)]Jrk/Z —x/2 1 /2 5/2 x/z)]+l+k/2 —x/2
aar t(x0) = ; T(+1+k/2) 4° ]; T(j+2+k/2)
_ 1 k/2p—x/2,-8/2 3 (0/2) (x/2) (x/2)H
B 4(36/2> Jg ! {F(j+1+k/2) r(j+2+k/2)}
_ 1 k/2,-x/2,-6/2 (6/2)  (x/2)  (x/2)
= /e g T TO T Tk
o 5y — k/2,~x/2,~6/2 (6/2)  (x/2) (x/2)
g (x0) = —5(x/2) > jl (j+1+k/2){1*j+1+k/2}

=0

k/2,~%/2,-6/2 (6/2)  (x/2)1!  (x/2)
Fglx/2) 20 TG T Tratka)

OOM—‘ OO\'—‘

]

B (6/2)  (x/2)
_ k/2,~x/2,~6/2
5:/2) ];) I TG+1+k/2)
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[ (x/2) {1_ (x/2) }_{1_ (x/2) H
j+1+k/2 j+2+k/2 j+1+k/2J1

From the results of Lemma A3, that |§(¢)| is bounded as n — oo for all € € [0, C] under both Hy
and Hy,,, so are o' /30" Hy (x;6)|;— 5(e) (i =1,2,3). Now, we consider the derivatives of (€),

858(56) = 2n{An%}TU;¥1{AnT(KW—80}
+2n{An%} U, {AnT (Kne) = 8o}

83856(36) _ 6n{An%}TU71{A" (aKne)}
vanfa E’T;ifgne)} Uy {ANT (Kne) — 8o}

To complete the proof, we only need to show that \/7||9' /9€! T(K, ¢)|| (i = 1,2,3) are bounded
asn — oo forall e € [0,C], and v/n||A,T(Kye) — || is bounded under Hy and Hj,, as n — co for all
€ € [0,C]. The result for \/n||A,T(Kye) — gol| is straightforward from Lemma A3.

First, for the first order derivative of T(Ky ),

0
Vise

_ =T ~ ~T ~
= _Hn,}gj,e/T(K”’e)[E]{pl(Y;Xn T(Kne))w(Xn)Xn} — EKn,o{Pl(Y}XnT(Kn,e))w(xn)xn}]-

T(Ky,e)

Since [H, i 7k, < C IE{p1(V; X 2 T(Kne))w(X) X} || < CEplleo(X,) X,]| < Cand

|| EKW,O{p1<Y;XZ T(Kne) )w(X) X} | i

1Bk, (p1(Y; X T(Kine) )0(Xn) X} — iy {1 (Y3 Xy By o) (X)X} |
1 Ex, o [p2(Y; Xy B )0(X) XXy {T(Kne) — B}

Cp3/?/v/n,

we conclude that \/n([0/0€T(Ky,¢)|| is uniformly bounded for all € € [0,C] as n — oo.
Second, for the second order derivative of T(Kj,¢),

IN

82
VA (1~ e/\/i)Ku +e/ Vi)
aHn }@, e, T(Kn,e)
de

LB (Y3 X T(Kne) J0(X0) X} = By {P1 (Y3 X T(Kne) (X)X}
“Ho ko Tk
2 LB (% Ky T(Kne) oK) Ko} — iy {pa (Y R T (K e)J0(X0) Ko}

with

i -1 g1 aHn,Kn,e,T(Kn,s) —1
1,K,e,T(Kne) oe "rKn,e/T(Kn,e)’

e 1Kne T(Kue)
OH, K, ., T(Kye 1 T o o7
e tne) By {pa (Y3 Xy T(Kie) ) (X)X X,y }

de N
1 ~ SO
+—= E]{pZ(Y; XthT(Kn,e))w(Xn)XnXZ}

vn



Entropy 2018, 20, 168 24 of 28

(1 —e//n) EKH,O{pg,(Y;X'TT(KM)) (Xn)XnXTXTaa T(Kn,e)}

—|—€/\/HE]{p3(Y,XZ;T(Kn,€)) (Xn)XnX X aa (Kn,e)}.

Therefore, ||8/8€HnK T(Kn) || < Cllo/9eH, k, . 1(Kye)ll < Cp3/?//n. In addition,

Ha%[E,{pl(Y;XZT(Kn,e))w(Xn)Xn} = B {p1 (1 Xy T (K)o (X)X} |
- HE]{pz(Y;)N(YTIT(Kn,e))w(Xn)XniTaiT(Kn,e)}

i {2 (¥ X0 T (K0 (X)X T (Kio) |
< Cpn/Vn.

Therefore, ||\/H%T((1 —e/\/n)Knp+€/+/n])|| =o(1) foralle € [0,C].
Finally, for the third order derivative of T(Ky,¢),

VT (1~ e/ Vi) Knp + /)

~1
. 82 1,Kne, T(Kn,e)
- aesz B o B
'[EI{Pl(Y? X, T(Kne))w(Xn) X} — EKn,O{pl(Y;XTl T(Kne))w(Xn)Xn}]
—1
728Hn,Kn,e,T(Kn/€)
5 de
ST > ~T ~
*[E]{Pl(Y;Xn T (Kne))w(Xn)Xn} — EK,,,O{Pl (Y; X, T(Kne))w(Xn)Xn}]

K T (K )
02 < < < <
5oz (B {pr (Y X T(Kie) Jw(X) Xk = Exy {p1 (Y3 X, T(Kive) o (X) X}

¢

Note:
2
P o
aez n,Ky erT(Kn,e)
1
_ aH'Vl Kie, T(Kn,e) aH”an/e,T(Kn,e) -1
- Je oe 1,K,e,T(Kn,e)
2
_Hfl a Hn,Kn,e,T(Kn,e) —1
”/Kn,e/T(Kn,e) 862 n/Kn,erT(Kn,e)
oH |
_H—1 aH”rKn,e/T(Kn,e) ”/Kn,e/T(Kn,e)
n,Kn,s,T(Kn,e) ae ae 4
where

82
25 Hy K, T(K
862 n,Kn,e, ( n,e)

= B (PR T (K)o (X KT X 5T (K
—i—;ﬁEI{pg,(Y;}?ZT(Kn,E)) (Xn)XnXTXTaa T(Kn/e)}

1= e/ V) By {pa (VX T (K)o (X)X X (X T(K )2}

e/ VB pal3 X T (K)o (X)X X (X, 2 T(Kee)) ).
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Hence, || &H, . 1(k,.)| < Cp3/n which implies that ||%H;}<H,S,T(KM)|| = o(1) for all
€ € [0,C]. In addition,

2 ~ ~ ~ ~
S TP (Y R T (K e) (X)X} — By (1 (V3 X1 T (K)o (X ) Ko}

~T ~ ~
+ Ep{pa(¥; X, T(Kn) (X)X Xy = T(Kne) |

— EBn,o {p3(Y; XZT(Kn,e))w(XH)Xﬂ (}?Z%T(K”ﬁ))z}

%7 < <T 9
By {P2(Yi XA T(Kne)J0 (X)X X 55 T(Kne) }.

~T ~ ~T ~
Hence, ||§*22[E]{P1(Y? X, T(Kne))w(Xn) X} — EKn,O{pl(Y;Xn T(Kn,e))w(Xn)Xn}l| < Cpu/ /1.
Therefore, ||\/E%T((l —e/n)Kyo+e€/y/n])|| = o(1) for all e € [0,C]. Hence, we complete
the proof. O

Proof of Theorem 1. We follow the idea of the proof in [10]. Lemma A7 implies that
the Wald-type test statistic W, is asymptotically noncentral xZ with noncentrality parameter
5(e) = nl|Uy 2{AnT (Kue) — g0 }|1%. Therefore, a(Kie) = P(Wy > 11,_, |Ho) =1 — Hy(1,_, ;8(e)) +
h(n,e) where h(n,e) = a(Kye) — 1+ Hk(nlf%;é(e)) — 0 as n — oo for any fixed e.
Letb(e) = *Hk(ﬂl,a0}5(€))- Then, for € close to 0, we have

a(Kpe) —ay =b(e) —b(0) + h(n,e) — h(n,0)

) _
_ e (0)+ %ezb”(o) + %e3b(3) (") + h(n,€) — h(n,0), (A17)

where 0 < €* < €. Note that under Hy

0= 9]} =2 T | 0 =0

From Lemma A8, under Hy

JdT (K
M| 1) B IF(Z0 T, Ko))
€ e=0
Thus,
9%6(¢)
1" _ _ -1/2 . 2
b0 = m{ S| b= 2mllU A EIF(Z0 T, Kao) 2
Since from Lemma A8, IF(z,; T,K,0) = —H, 1 E]{'IJRBD(ZW;Bn,O)} is uniformly bounded,
we have

D = limsup ||U, V2 Ay EJ{IF(Zy; T, Ky o) }||* < co.

n—oo
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From Equation (A17)

limsup a(Kye) = &, + €2 D + o(€?),

n—oo

since sup, (o c limsup,,_, ., |63 (e)| < C from Lemma A9. We complete the proof. [J

Proof of Corollary 1. For Part (i), following the proof of Theorem 1, for any fixed z,

lim a(Kpne) = a, + 2 JUV2ATF(z; T, Ko) || + d(z, €),

n—oo

where d(z,e) = o(€?). From the assumption that sup,.py[w(x)x|]] < C and
sup, g 17" (1) V(n)/F' (1)) < C, we know D; < oo. Following the proof of Lemma A9,

sup,.g |d(z,€)| = o(e?). We finished the proof of part (i).
Part (ii) is straightforward by applying Theorem 1 with ] = A;,. O

Proof of Theorem 2. Lemma A7 implies that
Vil{U(Kn) } 2 AT(Kn) — 8o} — {UK)} (A — 80)
_ > L
~Uy 2 A{T(Kue) = By}l = (0,L).

From Lemmas A5 and A6,

Va[{U(K)} VAT (Ky) — g9} — Uy VY { AnT(Kne) — g0} -+ (0,1,).

Then, W, is asymptotically Xﬁ(&(e)) with §(e) = n||U,Il/2{AnT(Kn,E) — g0}||2 under Hy,.
Therefore, f(Ky ) = P(W,, > Mg, |Hiy) =1-— Hk(’717a0?5<€>) + h(n,e), where h(n,e) = B(Kye) —
1+ Hk(iylfao;(i(e)) — 0as n — oo for any fixed €. Let b(e) = _Hk(’717a0 ;0(€)). Then, for € close to 0,
we have

B(Kne) — Bo = b(€) — b(0) + h(n,e) — h(n,0)

= eV/(0) + 5" (¢") + h(n,€) — h(n,0), (A18)

where 0 < €* < e. Note that under Hy,,, 5(0) = n||Uy "/*(AuB, o — §)|> = c"U; . Then,

—9Hy(1,_, ;9) 35 (e) AT (Kne)\ T ~
! _ %0 _ n,€e -1 _
o) = 06 ‘5:5(0) de le=0 2an{A” oe }L:ou” {Auboo — 0}
_ T (Kpe)\T 1
- 2Vk\/ﬁ{AnT} €:0un c
From Lemma AS,
% = 1/VnE{IF(Zs; T, Kyp) },
€ e=0
and hence,
v'(0) = 2vc" U, Ay Ej{TF(Z; T, Ky) }-
Since sup,.joclimsup, ,, [b"(e)] < C under Hj, by Lemma A9, we have

liminf, e 1/2€%b" (€*) = 0(€) as € — 0.
Since from Lemma A8, IF(z,; T, Ky 0) = —H,, ' Ej{¢pgpp (zu; B,.0)} is uniformly bounded,

|B| = |ligioro1f2cTu;1An Ej{IF(Zu; T, Ky0)}| < co.
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From Equation (A18), we complete the proof. [

Proof of Corollary 2. The proof is similar to that for Corollary 1, using the results in Theorem 2. [

Appendix B. List of Notations and Symbols

Ay k X (pn + 1) matrix in hypotheses Equations (8) and (14)
c¢: k dimensional vector in Hj, in Equation (14)

F(+): link function

G: bias-correction term in “robust-BD”

G: limit of A, AT ie. A,AT =S G

Hy: Hy = Ex,o {pa(Y: X, Bro) (X)X X, }

IF(-; -, -): influence function

J: an arbitrary distribution in the contamination of Equation (10)
K, o: true parametric distribution of Z,

Kye: Kpe = (1— %)Kn,o + ﬁ J, e-contamination in Equation (10)
KK};: empirical distribution of {Z,;}} ,

lk(+): expectation of robust-BD in Equation (11)

m(-): conditional mean of Y given X, in Equation (1)

n: sample size

pn: dimension of §

pi(+;-): ith order derivative of robust-BD

q(+): generating g-function of BD

T(-): vector, a functional of estimator in Equation (12)

U,: U, = A,H,; 'O, H, AT

V(-): conditional variance of Y given X, in Equation (2)

W,,: Wald-type test statistic in Equation (9)

w(-): weight function

X;: explanatory variables

Y: response variable

zZ,=(XI,T

a(-): level of the test

B(-): power of the test

Bn,O: true regression parameter

A;,: probability measure which puts mass 1 at the point z,
€: amount of contamination in Equation (10), positive constant
Prpp (5 +): score vector in Equation (7)

<T= o T
Qp: Oy = EKn,o{P%(Y}Xnﬁn,o)wz(Xn)Xan}
pq(+,-): robust-BD in Equation (4)
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