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Abstract: The reliability function of variable-rate Slepian-Wolf coding is linked to the reliability
function of channel coding with constant composition codes, through which computable lower
and upper bounds are derived. The bounds coincide at rates close to the Slepian-Wolf limit,
yielding a complete characterization of the reliability function in that rate region. It is shown
that variable-rate Slepian-Wolf codes can significantly outperform fixed-rate Slepian-Wolf codes in
terms of rate-error tradeoff. Variable-rate Slepian-Wolf coding with rate below the Slepian-Wolf limit
is also analyzed. In sharp contrast with fixed-rate Slepian-Wolf codes for which the correct decoding
probability decays to zero exponentially fast if the rate is below the Slepian-Wolf limit, the correct
decoding probability of variable-rate Slepian-Wolf codes can be bounded away from zero.

Keywords: channel coding; duality; reliability function; Slepian-Wolf coding

1. Introduction

Consider the problem (see Figure 1) of compressing X" = (X1, Xp, - - - , X;;) with side information
Y" = (Y1,Ya,---,Yy) available only at the decoder. Here {(X;,Y;)}?, is a joint memoryless source
with zero-order joint probability distribution Pxy on finite alphabet X x }. Let Px and Py be the
marginal probability distributions of X and Y induced by the joint probability distribution Pxy. Without
loss of generality, we shall assume Px(x) > 0, Py(y) > O forall x € X,y € V. This problem was first
studied by Slepian and Wolf in their landmark paper [1]. They proved a surprising result that the
minimum rate for reconstructing X" at the decoder with asymptotically zero error probability (as block
length n goes to infinity) is H(X|Y), which is the same as the case where the side information Y" is
also available at the encoder. The fundamental limit H(X|Y) is often referred to as the Slepian-Wolf
limit. We shall assume H(X|Y) > 0 throughout this paper.

Different from conventional lossless source coding, where most effort has been devoted to
variable-rate coding schemes, research on Slepian-Wolf coding has almost exclusively focused on
fixed-rate codes (see, e.g., [2-5] and the references therein). This phenomenon can be partly explained
by the influence of channel coding. It is well known that there is an intimate connection between
channel coding and Slepian-Wolf coding. Intuitively, one may view Y” as the channel output generated
by channel input X" through discrete memoryless channel Py, where Py |y is the probability transition
matrix from X to ) induced by the joint probability probability distribution Pxy. Since Y" is
not available at the encoder, Slepian-Wolf coding is, in a certain sense, similar to channel coding
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without feedback. In a channel coding system, there is little incentive to use variable-rate coding
schemes if no feedback link exists from the receiver to the transmitter. Therefore, it seems justifiable to
focus on fixed-rate codes in Slepian-Wolf coding.

X" Encoder

Decoder
>

Yl‘l

Figure 1. Slepian-Wolf coding.

This viewpoint turns out to be misleading. We shall show that variable-rate Slepian-Wolf
codes can significantly outperform fixed-rate codes in terms of rate-error tradeoff. Specifically, it
is revealed that variable-rate Slepian-Wolf codes can beat the sphere-packing bound for fixed-rate
Slepian-Wolf codes at rates close to the Slepian-Wolf limit. It is known [6] that the correct decoding
probability of fixed-rate Slepian-Wolf codes decays to zero exponentially fast if the rate is below the
Slepian-Wolf limit. Somewhat surprisingly, the decoding error probability of variable-rate Slepian-Wolf
codes can be bounded away from one even when they are operated below the Slepian-Wolf limit, and
the performance degrades gracefully as the rate goes to zero. Therefore, variable-rate Slepian-Wolf
coding is considerably more robust.

The rest of this paper is organized as follows. In Section 2, we review the existing bounds on
the reliability function of fixed-rate Slepian-Wolf coding, and point out the intimate connections
with their counterparts in channel coding. In Section 3, we characterize the reliability function of
variable-rate Slepian-Wolf coding by leveraging the reliability function of channel coding with constant
composition codes. Computable lower and upper bounds are derived. The bounds coincide at
rates close to the Slepian-Wolf limit. The correct decoding probability of variable-rate Slepian-Wolf
coding with rate below the Slepian-Wolf limit is studied in Section 4. An illustrative example is given
in Section 5. We conclude the paper in Section 6. Throughout this paper, we assume the logarithm
function is to base e unless specified otherwise.

2. Fixed-Rate Slepian-Wolf Coding and Channel Coding

To facilitate the comparisons between the performances of fixed-rate Slepian-Wolf coding and
variable-rate coding, we shall briefly review the existing bounds on the reliability function of fixed-rate
Slepian-Wolf coding. It turns out that a most instructive way is to first consider their counterparts in
channel coding. The reason is two-fold. First, it provides the setup to introduce several important
definitions. Second and more important, it will be clear that the reliability function of fixed-rate
Slepian-Wolf coding is closely related to that of channel coding; indeed, such a connection will be
further explored in the context of variable-rate Slepian-Wolf coding.

For any probability distributions P, Q on X and probability transition matrices V, W : X — ),
we use H(P), I(P,V), D(Q||P), and D(W||V|P) to denote the standard entropy, mutual information,
divergence, and conditional divergence functions; specifically, we have

ZP x)log P(x

Vylx)
= LPOVIRIE 56 vy
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D(QIP) = L Q) log 3,
DW|[VIP) = L Pk log Wiylx)

Viylx)”

The main technical tool we need is the method of types. First, we shall quote a few basic definitions
from [7]. Let P(X') denote the set of all probability distributions on X. The type of a sequence x € X",
denoted as Py, is the empirical probability distribution of x". Let P, (X’) denote the set consisting
of the possible types of sequences x" € X". For any P € P,(X), the type class T,(P) is the set of
sequences in X" of type P. We will make frequent use of the following elementary results:

Pu(X)] < (n4+1)1Y], 1)
(n+11)|X| nHP) < |T(P)| < ™HP), P e Py(X), )
ﬁP(xi) = ¢ "PQRIPHHQ] - ¥ € T,(Q),Q € Pu(X),P € P(X). )

i=1

A block code C;, is an ordered collection of sequences in X". We allow C, to contain identical
sequences. Moreover, for any set A C X", we say that C, C A if x* € A for all x" € C,,. Note that
Cn € Adoes notimply |Cy| < | A|. The rate of C, is defined as

1
R(Cy) = " log |Ch|.

Given a channel Wy| x : X = Y, ablock code C;, C X", and channel output Y" € }", the output
of the optimal maximum likelihood (ML) decoder is

x"eCy

X" = arg min — Zlog Wy x (Yilxi),
=1

where the ties are broken in an arbitrary manner. The average decoding error probability of block code
Cn over channel Wy y is defined as

) Pr{X" # x"|x" is transmitted }.
x"eCy

(CH/ WY‘X) |C}’l‘

The maximum decoding error probability of block code C,, over channel Wy x is defined as
Pemax (Cn, Wy|x) = gleag(n Pr{X" # x"|x" is transmitted }.
The average correct decoding probability of block code C, over channel Wy, is defined as
Pe(Cn, Wy|x) = 1= Pe(Cu, Wy x)-

Definition 1. Given a channel WY‘ x : X = Y, we say that an error exponent E > 0 is achievable with block
codes at rate R if for any & > 0, there exists a sequence of block codes {Cy, } such that

liminfR(Cn) >R-5,

limsup —— long(Cn,Wy|X) >E—¢. 4)

n—00
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The largest achievable error exponent at rate R is denoted by E(Wy x, R). The function E(Wy|x, -) is
referred to as the reliability function of channel Wy, x.
Similarly, we say that a correct decoding exponent E > 0 is achievable with block channel codes at rate R
if for any & > 0, there exists a sequence of block codes {C, } such that
liminf R(C;) > R —9,

n—oo

S |
hgr_1>1£f—g log Pe(Cn, Wy|x) < E° +0.

The smallest achievable correct decoding exponent at rate R is denoted by E¢(Wy x, R). It will be seen that
E°(Wy|x, R) is positive if and only if R > C(Wyx), where C(Wyx) £ maxq, [(Qx, Wy |x) is the capacity
of channel Wyx. Therefore, we shall refer to the function E°(Wyx, -) as the reliability function of channel
Wy, x above the capacity.

Remark 1. Given any block code Cy, of average decoding error probability Pe(Cyn, Wy|x), we can expurgate the
worst half of the codewords so that the maximum decoding error probability of the resulting code is bounded
above by 2P, (Cy, Wy|x ). Therefore, the reliability function E(Wy,x, -) is unaffected if we replace Pe(Cn, Wy|x)
by Pemax(Cn, Wy x) in (4).

Definition 2. Given a probability distribution Qx € P(X) and a channel Wy|x : X — Y, we say that an
error exponent E > 0 is achievable at rate R with constant composition codes of type approximately Qyx if for
any & > 0, there exists a sequence of block codes {Cy, } with Cy, C Ty(Py) for some Py, € Pn(X) such that

Jlim [P, — Qx[ =0,
liminfR(C,) > R—9,
n—oo

lim sup 1 log P.(Cy, Wylx) >E—§4,
100 n
where || - || is the I norm.

The largest achievable error exponent at rate R for constant composition codes of type approximately Qx is
denoted by E(Qx, Wy x, R). The function E(Qx, Wy|x, -) is referred to as the reliability function of channel
Wy x for constant composition codes of type approximately Qx.

Similarly, we say that a correct decoding exponent E¢ > 0 is achievable at rate R with constant composition
codes of type approximately Qx if for any & > O, there exists a sequence of block codes {C, } with C,, C Tp(Py)
for some Py, € Py (X) such that

Jim [|P — Qx| =0,
liminfR(C,) > R—9,
n—o00

1
lim inf - log Pe(Cy, Wy|x) < E°+0. )

n—oo
The smallest achievable correct decoding exponent at rate R for constant composition codes of type

approximately Qx is denoted by E°(Qx, Wy|x, R).

Remark 2. The reliability function E(Qx, Wy|X,.) is unaffected if we replace Pe(cnrwy‘x) by
Pe,max(cn/ WY‘X) in (5).
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Let [t = max{0,¢} and dw,,, (x,%¥) = —log T, \/WY‘X(y|x)WY‘X(y\f). Define

E Wy, R) = i Eo..d X, X)+1(Qx,Qsv) — R|, 6
ex(Qx, Wy|x, R) ngzQx—Qg}ll?Qx,ng)éR[ Qyg @y (X, X) + 1(Qx, Qg x) } (6)
Ere(Qx Wy, R) = i | D(Vyx [Wyxl Q) + 11(Qx, Vi) — RI*] )
Esp(Qx, Wyx, R) = min D(Vy x [[Wyx|Qx), (8)

Vyx1(Qx, Vyx)<R

where in (6), Q3 and Qy are respectively the marginal probability distribution of X and the joint
probability distribution of X and X induced by Qx and ngx.
Let R (Qx, Wy|x) be the smallest R > 0 with Eex (Qx, Wy|x, R) < co. We have

RE(Qx, Wyx) = min _ I(Qx, qux)‘ )
QX‘XQX:QX'EQXXdWY\X (X,X)<oo

It is known ([7], Exercise 5.18) that E.x(Qx, Wy‘ x,R) is a decreasing convex function of R for
R > R (Qx, Wy|x); moreover, the minimum in (9) is achieved at Qy if and only if

o ) Q()Q(X) ifdw,,, (x,X) < e,
Q%) = { 0 otherx‘/vise,

where the probability distribution Q and the constant ¢ are uniquely determined by the condition
Qx = Qx-
It is shown in ([8], Lemma 3) that, for some R*(Qx, Wy x) € [0, [(Qx, Wy|x)], we have

_ ) Eex(Qx,Wyx,R) if R < R*(Qx, Wy|x),
maX{Eex(QX/ WY‘X/R)/ErC(QXI PY‘XIR)} - { EI’C(QX/ WY‘X/R) ifR > R*(QX/ WY|X)- (10)
It is also known ([7], Corollary 5.4) that
ES (QX! WY‘X/R) if R 2 RCT(QX/ WY X)/
E ,Wyx,R) = P ) | 11
rc(QX Y|X ) { ESP(QX/ WY\X/ Rcr) + Rcr —R if0 S R S Rcr(QX/ WY\X)/ ( )

where Re; 2 Ry (Qx, Wy|x) is the smallest R at which the convex curve Esp(Qx, Wy|x, R) meets its
supporting line of slope —1. It is obvious that Re(Qx, Wy|x) < I(Qx, Wy|x)-

Proposition 1. Re(Qx, Wy|x) = I(Qx, Wy|x) if and only if the value of

WY\X(WX)
Lo Qx (") Wy x (y[x')

does not depend on y for all x, y such that Qx (x) Wy x (y|x) > 0.
Proof. See Appendix A [

Define R, (Qx, Wy x) = inf{R > 0: Es;(Qx, Wy|x, R) < oo}. Itis known ([7], Exercise 5.3) that

Rg;;(QX, WY‘X) = min I(QX, VY‘X)/ (12)
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where the minimum is taken over those Vyx’s for which Vy|x(y|x) = 0 whenever Wy x(y|x) = 0;
in particular, Rg, (Qx, Wy|x) > 0if and only if for every y € ) there exists an x € X with Qx(x) >0
and Wyx (y[x) = 0.

Proposition 2. The minimum in (12) is achieved at Vy|x = Wy if and only if the value of

WY\X(y\x)
Lo Qx (") Wy x (y[x')

does not depend on y for all x, y such that Qx (x) Wy x (y|x) > 0.

Proof. The proof is similar to that of Proposition 1. The details are omitted. [

One can readily prove the following result by combining Propositions 1 and 2.

Proposition 3. The following statements are equivalent:

1. Rer(Qx, Pyjx) = 1(Qx, Wyx);
2. RG(Qx, Pyjx) = I(Qx, Wyx);
3. thevalue of

Wy x (yx)
Y Qx (x) Wy x (y|x")

does not depend on y for all x, y such that Qx (x) Wy x (y|x) > 0.

Proposition 4.

E(Qx, Wy|x, R) > max{Eex(Qx, Wy|x, R), Erc(Qx, Wy|x, R) };
2. E(Qx, Py|x,R) < Esp(Qx, Wy|x, R) with the possible exception of R = R3(Qx, Wy|x) at which point
the inequality not necessarily holds;

3. ES(Qx, Wyjx, R) = miny, | D(Vyx [Wyx|Qx) + IR = 1(Qx; Vyx) ]

Remark 3. E.(Qx, Wylx,R), E.(Qx, WY‘X,R), and Esp(Qx, WY‘X,R) are respectively the expurgated
exponent, the random coding exponent, and the sphere packing exponent of channel Wy x for constant
composition codes of type approximately Qx. The results in Proposition 4 are well known [7,9]. However,
bounding the decoding error probability of constant composition codes often serves as an intermediate step
in characterizing the reliability function for general block codes; as a consequence, the reliability function for
constant composition codes is rarely explicitly defined. Moreover, Eex(Qx, Wy|x, R), Ere(Qx, Wy|x, R), and
Esp(Qx, Wy|x, R) are commonly used to bound the decoding error probability of constant composition codes
for a fixed block length n; therefore, it is implicitly assumed that Qyx is taken from P,(X) (see, e.g., [7]).
In contrast, we consider a sequence of constant composition codes with block length increasing to infinity and
type converging to Qx for some Qx € P(X) (see Definition 2). A continuity arqument is required for passing
Qx from Py(X) to P(X). For completeness, we supply the proof in Appendix B. Note that different from
E(Qx, Wy|x, "), the function E°(Qx, Wy|x, ) has been completely characterized.

Proposition 5.

1. E(WY|X/R) = Supg. E(Qx, Wy\X,R)/
2. EC(Wy‘X, R) = il’lfQX EC(Qx, WY\X/ R)
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Remark 4. In view of the fact that E°(Qx, Wy x, R) is a continuous function of Qx defined on a compact set,
we can replace “inf” with “min” in the above equation, i.e.,

E‘(Wy|x,R) = Igin E°(Qx, Wy|x, R). (13)
X

Proof. It is obvious that E(Wy|x, R) > supy, E(Qx, Wy x, R); the other direction follows from the
fact that every block code C, contains a constant composition code C;, with PgrmaX(Cé,Wy‘ x) <

Pemax(Cn, Wy|x) and R(C) > R(Cu) — |X\w Similarly, it is clear that E°(Wyx,R) <

info, E°(Qx, Wy|x, R); the other direction follows from the fact that given any block code C;;, one

can construct a constant composition code C;, with Pc(Cj, Wyx) < (n + 1)‘X‘PC(CH,Wy|X) and
R(C}) = R(Cx) [9]. O

The expurgated exponent, random coding exponent, and sphere packing exponent of channel
Wy, x for general block codes are defined as follows:

1.  expurgated exponent

Eex(Wy|x,R) = max Eex(Qx, Wyx, R), (14)
2. random coding exponent

Ere(Wyx, R) = %?(X Ere(Qx, Wyjx, R), (15)
3.  sphere packing exponent

ESP(WY|X/R) = %?{X Esp(Qx, WY|X/R)' (16)

Let R, (Wy|x) be the smallest R to the right of which Es,(Wyx, R) is finite. It is known ([7],
Exercise 5.3) and [10] that

RS, (Wyx) = max R3S (Qx, Wy|x)

= —log | minmax Y Qx(x)
Qx ¥ XEX Wy x (y[x)>0

By Propositions 4 and 5, we recover the following well-known result [7,10]:
max{Eex(Wy|x, R), Ere(Wyx, R)} < E(Wyx, R) < Esp(Wy|x, R) (17)

with the possible exception of R = RZ;(Wy|x) at which point the second inequality in (17) not
necessarily holds.

Now we proceed to review the results on the reliability function of fixed-rate Slepian-Wolf coding.
A fixed-rate Slepian-Wolf code ¢ (-) is a mapping from X" to a set .A;,. The rate of ¢, (-) is defined as

1
R(pn) = log | A,
Given ¢, (X") and Y", the output of the optimal maximum a posteriori (MAP) decoder is

n
X" = ar min — Y log Pxy(x|Y;)
gxn:an(xn):(/)n(xn) 1221 g X‘ t !
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log Pxy (x;,Y;),
1

= arg min -
XM (X)) =Pn (X")

n

where the ties are broken in an arbitrary manner. The decoding error probability of Slepian-Wolf code
¢n(-) is defined as

Pe(pn, Pxy) = Pr{}?n # X"}
The correct decoding probability of Slepian-Wolf code ¢ (-) is defined as

PC((PYHPXY) =1- Pe(¢ﬂrPXY>'

Definition 3. Given a joint probability distribution Pxy, we say that an error exponent E > 0 is achievable
with fixed-rate Slepian-Wolf codes at rate R if for any § > 0, there exists a sequence of fixed-rate Slepian-Wolf
codes {¢py } such that

limsup R(¢pn) < R+,

n—oo

lim sup —% log P.(¢pn, Pxy) > E — 6.

n—o0

The largest achievable error exponent at rate R is denoted by E¢(Pxy, R). The function E¢(Pxy, ) is
referred to as the reliability function of fixed-rate Slepian-Wolf coding.

Similarly, we say that a correct decoding exponent E¢ > 0 is achievable with fixed-rate Slepian-Wolf codes
at rate R if for any & > 0, there exists a sequence of fixed-rate Slepian-Wolf codes {¢y, } such that

limsup R(¢n) < R+,
n—o0
. 1
lim inf - log Pc(¢n, Pxy) < E€ +6.
The smallest achievable correct decoding exponent at rate R is denoted by EJC[ (Pxy, R). It will be seen that
E;(ny, R) is positive if and only if R < H(X|Y). Therefore, we shall refer to the function EJCC(PXy, -) as the
reliability function of fixed-rate Slepian-Wolf coding below the Slepian-Wolf limit.

The expurgated exponent, random coding scheme, and sphere packing exponent of fixed-rate
Slepian-Wolf coding are defined as follows:

1.  expurgated exponent

Efex(Pxy, R) = min [D(Qx|Px) + Eex(Qx, Pyix H(Qx) ~R)] (18)
2. random coding exponent

Efe(Pxy, R) = min [D(Qx|Px) + Ere(Qx. Pyix, H(Qx) ~ R)] (19)
3.  sphere packing exponent

Efsp(Pxy, R) = min [D(Qx | Px) + Esp(Qx, Prix, H(Qx) = R)] 0)
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Equivalently, the random coding exponent and sphere packing exponent of fixed-rate Slepian-Wolf
coding can be written as [11]:
T+p
+pR},

1+p
+pR}.

To see the connection between the random coding exponent and the sphere packing exponent, we
shall write them in the following parametric forms [11]:

Y Pxy(x,y) T
X

Ef,(Pxy,R) = max {— log)
== Y

Ef,sp(ny, R) = sup {— logz
Y

1
Y Pxy(x,y)T%
0>0 x

R — H(x(P)|y(P))/
Ef,sp(PXY/ R) = D(Px(p)y(p) HPXY)/

and
D(Px(p)y(p)HPXY) if H(le) <R< H(XP|YP)‘p:11
Ef.(Pxy,R) = 2
re(Pxy, R) “log ¥, [Z ny(x’y)} +R ifR> H(X(P)|Y(P))‘ v
y Lx =
where the joint distribution of (X(),Y(®)) is Py(0)y(p), Which is specified by
1+
Pr(v) | Py (51) ]
Py (y) = yel, 1)

oy 11+’
T Pr(y) [zx PX|y<x|yf>l+p}

1
Pxjy(xly) ™+
Py yio (ly) = — —, xeX,ye). (22)

Y Pxpy (¥ |y) T

Define the critical rate

Rper(Pxy) = HXWYW)|

Note that Ey(Pxy, R) and Esp(Pxy, R) coincide when R € [H(X|Y), Rf(Pxy)]. Let R;‘jsp (Pxy) =
sup{R : Ef,(Pxy,R) < co}. It is shown in [12] that

Rfsp(Pxy) = maxlog |[{x € &: Pyjy (xly) > O}

It is well known [8,11,13] that the reliability function E¢(Pxy, -) is upper-bounded by Ef s, (Pxy, -)
and lower-bounded by E¢,.(Pxy, -) and Ef . (Pxy, ), ie.,

max{Ey(Pxy,R), Efex(Pxy,R)} < Ef(Pxy,R) < Efp(Pxy,R) (23)

with the possible exception of R = R;’(‘,’SP(PXY) at which point the second inequality in (23) not
necessarily holds. Note that E¢(Pxy, R) is completely characterized for R € [H(X|Y), Ry ¢ (Pxy)]-
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Unlike E f(ny, -), the function E?(ny, -) has been characterized for all R. Specifically, it is shown
in [6,14] that

E5(Pxy, R) = min [ D(Qx][Px) + E*(Qx, Pyjx, H(Qx) ~ )] . 4)

Comparing (14) with (18), (15) with (19), (16) with (20), and (13) with (24), one can easily see that
there exists an intimate connection between fixed-rate Slepian-Wolf coding for source distribution Pxy
and channel coding for channel Py x. This connection can be roughly interpreted as the manifestation
of the following facts [15].

1.  Given, for each type Qx € P,(X), a constant composition code C,(Qx) C T,(Qx) with
R(Cx(Qx)) =~ H(Qx) — Rand Pemax(Cn(Qx), Py|x) = e~ "E(Qx), one can use C, (Qx) to partition
type class 7,,(Qx) into approximately "R disjoint subsets such that each subset is a constant
composition code of type Qx with the maximum decoding error probability over channel Py|x
approximately equal to or less than that of C,(Qx). Note that these partitions, one for each
type class, yield a fixed-rate Slepian-Wolf code of rate approximately R with Pr{X" # X"|X" €
Ta(Qx)} < e ™). Since Pr{X" € T,(Qx)} ~ e "PQxIPx) (cf. (2) and (3)), it follows that
Pr{X" # X", X" € T,(Qx)} < e "PQxIPx)+EQx)]. The overall decoding error probability
Pr{X" # X"} of the resulting Slepian-Wolf code can be upper-bounded, on the exponential
scale, by e~"P(Qx[IPx)+E(QX)] where Q% = argming, D(Qx/||Px) + E(Qx). In contrast, one has
the freedom to choose Qx in channel coding, which explains why maximization (instead of
minimization) is used in (14)—(16).

2. Given a fixed-rate Slepian-Wolf code ¢, (-) with R(¢,) ~ R and P.(¢n, Pxy) =~ e "E one can,
for each type Qx € Pyu(X), lift out a constant composition code C,(Qx) C T,(Qx) with
R(Ca(Qx)) & H(Qx) — Rand Pe(Cs(Qx), Py|x) 5 e "E-P(QxIP0L,

3. The correct decoding exponents for channel coding and fixed-rate Slepian-Wolf coding can be
interpreted in a similar way. Note that in channel coding, to maximize the correct decoding
probability one has to minimize the correct decoding exponent; this is why in (13) minimization
(instead of maximization) is used.

Therefore, it should be clear that to characterize the reliability functions for channel coding
and fixed-rate Slepian-Wolf coding, it suffices to focus on constant composition codes. It will be
shown in the next section that a similar reduction holds for variable-rate Slepian-Wolf coding. Indeed,
the reliability function for constant component codes plays a predominant role in determining the
fundamental rate-error tradeoff in variable-rate Slepian-Wolf coding.

3. Variable-Rate Slepian-Wolf Coding: Above the Slepian-Wolf Limit

A variable-rate Slepian-Wolf code ¢,(-) is a mapping from X" to a binary prefix code B,.
Let I(¢,(x")) denote the length of binary string ¢, (x"). The rate of variable-rate Slepian-Wolf code
¢n(-) is defined as

R(@n, Pxy) = E{l(gn(X"))].

nlog, e

It is worth noting that R(¢,, Pxy) depends on Pxy only through Px.
Given ¢, (X") and Y", the output of the optimal maximum a posteriori (MAP) decoder is

n
X" =arg min - Y log Pxy (x:]Y:)
g ()= (X") 3

= arg min -

log P DY),
xnqun(x")zfpn(Xn) : 0g XY(-XZ 1)

n
=1
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where the ties are broken in an arbitrary manner. The decoding error probability of variable-rate
Slepian-Wolf code ¢, (-) is defined as

P.(@n, Pxy) = Pr{X" # X"}.

The correct decoding probability of Slepian-Wolf code ¢, (+) is defined as

Pc((Pn/PXY) =1- Pe((Pn/PXY)'

Definition 4. Given a joint probability distribution Pxy, we say that an error exponent E > 0 is achievable with
variable-rate Slepian-Wolf codes at rate R if for any & > 0, there exists a sequence of variable-rate Slepian-Wolf
codes {¢n } such that

limsup R(¢u, Pxy) < R+,

n—o0

1

limsup —— log P.(¢n, Pxy) > E — 6.

n—00 n

The largest achievable error exponent at rate R is denoted by E,(Pxy, R). The function E,(Pxy,-) is
referred to as the reliability function of variable-rate Slepian-Wolf coding.

The power of variable-rate Slepian-Wolf coding results from its flexibility in rate allocation. Since
there are only polynomial number of types for any given n (cf. (1)), the encoder can convey the
type information to the decoder using negligible amount of rate when 7 is large enough. Therefore,
without loss of much generality, we can assume that the type of X" is known to the decoder. Under
this assumption, an optimal fixed-rate Slepian-Wolf encoder of rate R should partition 7, (P) into
min{|7,(P)|,e™} disjoint subsets for each P € P,. It can be seen that the rate allocated to 7, (P) is
always R if |7, (P)| > ¢"R. In general, the type Q% that dominates the error probability of fixed-rate
Slepian-Wolf coding is different from Px. In contrast, for variable-rate Slepian-Wolf coding, we can
losslessly compress the sequences of types that are bounded away Px by allocating enough rate to
those type classes (but its contribution to the overall rate is still negligible since the probability of
those type classes are extremely small), and therefore, effectively eliminate the dominant error event
in fixed-rate Slepian-Wolf coding. As a consequence, the types that can cause decoding error in
variable-rate Slepian-Wolf coding must be very close to Px. This is the main intuition underlying
the proof of the following theorem. A similar argument has been used in the context of variable-rate
Slepian-Wolf coding under mismatched decoding [16].

Theorem 1. Ev(ny, R) = E(Px, PY\X/ H(Px) — R),

Proof. The proof is divided into two parts. Firstly, we shall show that E,(Pxy,R) >
E(Px, Py|x, H(Px) — R). The main idea is that one can use a constant composition code C, of type
approximately Px and rate approximately H(Px) — R to construct a variable-rate Slepian-Wolf code
@w (-) with n’ = n, R(¢,, Pxy) = R, and Pe(@,r, Pxy) < Pemax(Cn, Pyx)-

By Definition 2, for any ¢ > 0, there exists a sequence of constant composition codes {C, } with
Cn C Tu(P,) for some P, € P,(X) such that

Jlim [P, — Px[| =0,

liminf R(C,) > H(Px) — R — 6,

n—o0

. 1
lim sup — log Pemax (Cn, Py|x) > E(Px, Pyx, H(Px) — R) — 4.

n—oo
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Since Px(x) > 0 for all x € X', we have

max  max P (x) < (1+6)2

PeP,(X)nNEWG) *  P(x)

for all sufficiently n, where

E(6) = {PGP(X):m;,lx I;f<(;c)) <1+,H(P) < H(Px) + ¢, D(P||Px) S‘S}'

Letk, = [(1+6)?n]. When n is large enough, we can, for each P € Py, (X) N E(J), construct a
constant composition code C,’{n (P) of length k;, and type P by appending a fixed sequence in X**~" to
each codeword in Cj,. It is easy to see that

Ck, (P)] = [Cul, (25)
Pe,max(clin (P)/ PY|X) = Pe,max (Cn/ PY\X) (26)

for all P € Py, (X) N E(J). One can readily show by invoking the covering lemma in [17] that for each
P € Py, (X) N E(9), there exist L(k,) permutations 71y, - - -, 7y (x,) of the integers 1, - - -, ky, such that

L(kn
U = T, (P),

i=1

where

L(k £ Cl(p -1 P 1 P 1l
(ki) 2, max (164, ()T ()] 1o T, ()] +1]

In view of (25), we can rewrite L(k;,) as

(ki) PePk:I(l?())(ms () U nl Tk, (P)|1og | Tk, (P)[ + J

Note that
Pe,maX(”i(Cllcn(P))/PY\x) = Pe,maX(Clin(P)rPﬂX)r i=1,2---,L(kn). (27)
Given 1 (Cp (P)), -+, 7ty (x,) (Cy, (P)), we can partition T, (P) into L(ky) disjoint subsets:
T, (P, 1) = m1(Cx, (P)),

Tk, (P, i) = i (Cp. (P Unl G, (P i=2,--+,L(ky).

It is clear that

Pe,maX(ch, (P/ i)/PY\X) < Pe,max(ni(cllcn(P))/PY\X)/ i=L2--- /L(kn)- (28)
Now construct a sequence of variable-rate Slepian-Wolf codes {¢y ()} as follows.

1. The encoder sends the type of x** to the decoder, where each type is uniquely represented by a
binary sequence of length m (ky,).

2. Ifxk» € T¢ (P) for some P ¢ £(6), the encoder sends x* losslessly to the decoder, where each
xkr € Tp. (P) is uniquely represented by a binary sequence of length 1, (ky).
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3. Ifxk € T (P) for some P € £(6), the encoder finds the set 71;: (C;,(P)) that contains xkn and
sends the index i* to the decoder, where each indexin {1,2,---,L(k;,)} is uniquely represented
by a binary sequence of length m3(ky).

Specifically, we choose

my (kn) = [log, [Py, (X)[1,

k,) = 1
ma (ky) P€%3?>f0gz\ﬁn( )1,

m3(ky) = [logy L(kn)].

Note that
my (kn) + (1 — 0)ma(kn) + Om3(kn)
R ,P = 7
where
0= Yy Pr{X* € T (P)}.
PEPkn (X)NE(S)

It is easy to verify (cf. (1)—(3)) that

mi(kn) < |X[logy(kn +1) +1,
ma(kn) < knlog, [X|+1,
0 < (ky+1)!¥le7knd,

Therefore, we have

. . ms (kn)
limsup R , P = limsup ———*
n~>00p ((Pkn XY) n%oop kn 1Og2 e

1
< B —
< Plélglg;)H(P) 307 lgglorng(Cn)
H(Px) —R—6

11072 29)

< H(Px)+d6—

By (26)—(28) and the construction of ¢y (-), it is clear that

Pe(@x,, Pxy) = )y Y Pr{X* € Ty (P,i)}Pr{X" # X"|X* € Ty, (P,i)}
PEP, (X)NE(S) i=1

L(kn)
Z Z Pl‘{Xk" € 77(;« (Pri)}Pe,max(ﬁcn (P/ i)/PY\X)
PEPy, (X)NE(S) i=1

L(kn)
Y. Pr{X* € Tg,(P,i)} Pomax(7i(C}, (P)), Pyx)
PEP, (X)NE(S) i=1
L(kn)
= Yy Y. Pr{x* € Ty, (P,1)} Pe;max (Cn, Py|x)
PEPy, (X)NE(S) i=1

S Pe,max(cn/ PY|X)/

IN

IN
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which implies

limsup —— log Pe(¢x,, Pxy) > limsup —— log Pemax (Cn, Py x)

n—00 kn n—00 kn
E(Px,Pyx,H(Px) —R) — ¢
. (Px, Py|x, H(Px) — R) (30)
(1+96)2

In view of (29), (30), and the fact that § > 0 is arbitrary, we must have E,(Pxy,R) >
E(Px, Py|x, H(Px) — R) (cf. Definition 4).

Now we proceed to show that E,(Pxy, R) < E(Px, Py|x, H(Px) — R). The main idea is that one
can extract a constant composition code of type approximately Px and rate approximately H(X) — R
or greater from a given variable-rate Slepian-Wolf code ¢, (-) of rate approximately R such that the
average decoding error probability of this constant composition code over channel Py|x is bounded
from above by P, (¢, Pxy), where 1 is a constant that does not depend on .

By Definition 4, for any § > 0, there exists a sequence of variable-rate Slepian-Wolf codes { ¢, }
such that

limsup R(¢u, Pxy) < R+, (31)
n—oo

lim sup —— log P.(@un, Pxy) > Eo(Pxy,R) — 6. (32)
n—oo

Suppose ¢,(-) induces a partition of T,(P), P € Pn(X), into N,(P) disjoint subsets
Tn(P,1), -+, Tu(P,Ny(P)). Here the partition is defined as follows: ¢,(x") = ¢, (x") if x" €
Tn(P,i) for some i, and @, (x") # ¢n(X") if x" € Ty(P,i),x" € Ty(P,j) fori # j. Let

1
nlog,e

r(Tu(P)) = Ell(¢n(X"))|X" € Tu(P)], P € Pu(X).

It follows from the source coding theorem that

7’

Nn(P)
Y B0 o (T2
» j

S N AR (33)

| .
)|
Define

{ (P, i) 1og|771(( ))|| §R+25,P6Pn(2(),i=l,2,~~~,Nn(P)},

(5)2{( )@‘éfn() PePu(X),i=12---,Nu(P)},
w(r) = {(Pi) : Pr{R" # X"[X" € Tu(P,)} < Pelgu, Prxy), P € Pu(X),i = 1,2, Nu(P)},
Gu(v) =A{(P,i) € Gu(7) : P € Pu(X),i =1,2,--- ,Nu(P)},

where
> RZZ‘S. (34)
Note that
R(pn, Pxy) = ), Pr{X" € Tu(P)}r(Tu(P))
PEP,(X)
1 n
> " ) Z Pr{X" € T,(P,i)}log 7;(; 2)|| (35)

PePy(X) i=1
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, | 7a(P)|
Pr{X" € T,(P,i)}log =%
(P,i)g-'ﬁ(é) | Tu(P,1)]
>(R+20) Y, Pr{X"eTu(Pi)}, (36)
(P,i)€F5(5)

>

S| =

where (35) is due to (33). Combing (31) and (36) yields

. R+
limsup ) Pr{X" e T,(Pi)} < . (37)
n—oo (P,i)e]—'ﬁ(&) R + 25
Moreover, we have
Y P{X e Ty(Pi)} < - (39)
(P.i)€G5 () l
since otherwise
Ny (P) N
Po(@n, Pxy) = Y, Y Pr{X" € Tu(P,i)}Pr{X" # X"|X" € Tu(P,i)}
PeP,(X) i=1
> Z Pr{X" € E(P,i)}Pr{)/Z” # X"\ X" € T,(P,i)}
(P,i)eG5(y)
> 'YPB((Pn/PXY) Z Pr{X” € ’Tn(Pri)}
(P,i)€G5(7)
2 Pe(ql’n/ PXY)/
which is absurd.
Define
P(x)
Sn(6) =< P e Py(X): HP) > H(Px) — 6, max <1+4546;,
x Px(x)
S,(’;((S) = Pn(X)\Sn(é)/
Dy(6,7) = {(P,i) : (P,i) € Fu(6) N Gu(7),P € Su(d)},
Dy (6,v) ={(P,i) € Dn(6,7) : P € Pu(X),i=1,2,--- ,Nu(P)}.
It follows from the weak law of large numbers that
lim Y Pr{X" e T,(P)}=0. (39)
" pest (6)

We have

liminf Y3 Pr{X" e Tu(P,i)}
(Pi)eDu(6,7)

= liminf
n—oo

1- ) Pr{X”EE(P,i)}}

(Pi)eDy(é,7)

zhgglf{u Y, Pe{X"eTu(Pi)}— ), Pr{X"eT.(Pi)}

(Pi)eFi(9) (Pi)egn(v)

PeS5(9)

- ) Pr{X”eﬁ(P)}}
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R+s 1
>1-— - — 4
- R+256 « 49

>0, (41)

where (40) is due to (37)- (39), and (41) is due to (34). Therefore, D, (4, v) is non-empty for all sufficiently
large n. Pick an arbitrary (P;,i*) from D, (d,y) for each sufficiently large n. We can construct a
constant composition code Cy,,, of length m, = [(1+ J)n| and type Py, for some Py, € Py, (X') by
concatenating a fixed sequence in X" ~" to each sequence in 7, (P;,i*) such that

lim || Py, — Px|| = 0. (42)
n—oo
Note that :
llgglfR(Cmn) = 11%Il)go1f s log [ Tu(Py, %))
> liminf 2o [% log |7 (P¥)| — R — 25} (43)
~ H(Px)—R-35
= 1+4 :

Moreover, since
PE(Cmn’PY|X) = Pr{gn 75 Xn|Xn € E(P;/l*)} S ’YPe(QDn/PXY)r

it follows from (32) that

lim sup _1 log Pe(C,, Py|x) > Eo(Pxy,R) — ¢ (44)

n—oo My 1+6

In view of (42)—(44) and the fact that 6 > 0 is arbitrary, we must have E,(Pxy,R) <
E(Px, Py|x, H(Px) — R) (cf. Definition 2). The proof is complete. [J

The following result is an immediate consequence of Theorem 1 and Proposition 4.
Corollary 1. Define
Ev,ex(PXY/ R) = EEX(PXr PY|X/ H(PX) - R)/
Ev,rc(PXYr R) = EVC(PXI PY|X/ H(PX> - R)r
Ev,sp(PXY/ R) = Esp(PX/ PY\X/ H(PX) - R)'
We have

1. E'U(PXY/ R) > maX{Ev,ex(PXY/ R)/ Ev,rc(PXY/ R) };
2. Eo(Pxy,R) < Eosp(Pxy, R) with the possible exception of R = H(Px) — RS, (Px, Py|x) at which point
the inequality not necessarily holds.

Remark 5.

1. Wehave Ey(Pxy, R) = oo for R > H(Px) — Rg3(Px, Py|x), and Eo(Pxy, R) < oo for R < H(Px) —
RS, (Px, Py|x). Therefore, H(Px) — R (Px, Py|x) and H(Px) — RS, (Px, Py|x) are respectively the
upper bound and the lower bound on the zero-error rate of variable-rate Slepian-Wolf coding.

2. Inwview of (11), we have

Eo(Pxy, R) = Evsp(Pxy, R) = Esp(Px, Py|x, H(Px) — R)
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for R € [H(X|Y), H(Px) — Rer(Px, Py|x)]- Note that

Evsp(Pxy,R) > Efsp(Pxy, R) > Ef(Pxy,R),

where the first inequality is strict unless the minimum in (20) is achieved at Qx = Py, (i.e., Py(,) = Py,
where Py, is the marginal distribution of X°) induced by Py and Py ®)|y(®) in (21) and (22)).
Therefore, variable-rate Slepian-Wolf coding can outperform fixed-rate Slepzan Wolf coding in terms
of rate-error tradeoff.

For R > H(Px) — Rer(Px, Py|x), it is possible to obtain upper bounds on E,(Pxy, R) that are
tighter than Eq,sp(Pxy, R). Let Eex(Py|x, R) and Esp(Py|x, R) be respectively the expurgated exponent
and the sphere packing exponent of channel Py x. The straight-line exponent E (Py|x, R) of channel
Py|x [10] is the smallest linear function of R which touches the curve Esp(Py|x, R) and also satisfies

Esl(PY|X/O) = Eex(Py\X/ O)/

where Eex(Py|x,0) is assumed to be finite. Let Ry(Py|x) be the point at which Eg(Py|x, R) and
Esp(Py|x, R) coincide. It is well known [10] that E(Py|x,R) < Eg(Py|x,R) for R € (0, Ry (Py|x)]-
Since E(Px, Py|x, R) < E(Py|x, R), it follows from Theorem 1 that

Eo(Pxy,R) < Eq(Pyx, H(Px) — R)

for R € [max{H(Px) — Ry (Py|x),0}, H(Px)).

Note that the straight-line exponent holds for arbitrary block codes; one can obtain
further improvement at high rates by leveraging bounds tailored to constant composition codes.
Let E;, (Qx, Py|x,0) be the concave upper envelope of E.x(Qx, Py|x,0) considered as a function of Qx.
In view of ([7], Exercise 5.21), we have

E(Qx, Py|x,R) < E;,(Qx, Py|x,0)
for any Qx € P(X) and R > 0. Now it follows from Theorem 1 that
Eo(Pxy, R) < E;(Px, Py|x,0)

for R < H(Px).
The following theorem provides the second order expansion of E,(Pxy, R) at the Slepian-Wolf limit.

Theorem 2. Assuming Rer (P, PX|Y) < I(Py, Py|x) (see Proposition 1 for the necessary and sufficient
condition), we have

7 -1
. Ey(Pxy, H(X|Y) +r
lim (Pxy, H(X]Y) )_2 EPXny ZPX (eryPyxny)>] ’

rl0 r2 v

where T(x,y) = log Py (y) — log Py|x (y|x).

Remark 6. If Rer(Px, Py|x) = I(Px, Py|x), then we have Eyr(Pxy,R) = R — H(X|Y) for R > H(X]Y),
which implies

lim EU(PXY/H(2X|Y) +r) _
rl0 r
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It is also worth noting that the second order expansion of E,(Pxy, R) at the Slepian-Wolf limit
yields the redundancy-error tradeoff constant of variable-rate Slepian-Wolf coding derived in [18].

Proof. Since Rer(Px, Px)y) < I(Px; Pyx), it follows that H(X[Y) +r € (H(X|Y), H(Px) — Rer(Px, Py|x))
when r (r > 0) is sufficiently close to zero. In this case, we have

Eo(Pxy, H(X|Y) +71)  Esp(Px, Pyjx, I(Px, Py|x) — 1)
2 = 2

D(Qy/x || Pyx|Px)
2

D(Qyx | Pyix|Px)
2 7
T

min
Qyx:1(Px,Qy|x)<I(Px,Pyjx)—r

min
Qyx:1(Px,Qy|x)=1(Px,Pyx) -7

where the last equality follows from the fact that Es, (Px, Py |x, R) is a strictly decreasing convex function
of RforR € (R?;J(PX/PY‘X)/ I(PX/PY‘X)]

Let A(x,y) = Qyx(yx) — Pyx(y|x) forx € X,y € V. Let A(y) = L, Px(x)A(x,y) fory € Y.
By the Taylor expansion,

I(Px, Qyx) ZPX (Py|x(ylx) + A(x,y)) log(Py|x (y]x) + A(x, )

- Z Py(y) + A(y)) log(Py (y) + A(y))
_ Alxy)
= L Pela) (o) + 80) 108 Ryxia) + s o)
Ay)
~Tevty (logm '+ s +o<A<y>>)
= I(Px,Py|x) =Y (A(y) + A(y) log Py (y) +0(Ay))
Yy

+ZPX A(x,y) + A(x,y) log Py x (y]x) + o(A(x,y)))

and

Q
D(Qyx|IPyjx|Px) = ZPX )Qyx(y|x) logpyp(((yy”))

B A(x,y)
ZPX (Pyix(y1x) + A(x,y)) log <1 - an(yx))

2
= 2P0 Bty + A(x) (Pf;(yy')) RN +o<A2<x,y>>>

_ (xy)
— gpx(x) (W + O(AZ(x,y))> .

Here f(z) = o(z) means lim,_,o @ =0.
Asr ] 0, wehave A(y) — 0, A(x,y) — Oforall x € X,y € ). Therefore, by ignoring the high

order terms which do not affect the limit, we get

2
lim EU(PXYrH(ZX|Y) +r) _ M, (45)
710 r rl0 Xy 2PY|X(J/|X)V

where the minimization is over A(x,y) (x € X,y € ))) subject to the constraints
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1. Y,A(xy)=0forallx € X,
2. Ly Px()tlxy)Alxvy) =7

Introduce the Lagrange multipliers a(x) (x € X’) and f for these constraints, and define

6= 08 ) 5 ae) - b T Pl ().
Xy y|x\Y Xy Xy
The Karush-Kuhn-Tucker conditions yield
BAa(S:y) = —ua(x) — BPx(x)T(x,y) + W =0, xeX,ye).
Therefore, we have
Pyix(ylx)

A(x,y) = Bt(x,y)Pyx (y[x) +

|
Py () a(x). (46)

Substituting (46) into constraint 1, we obtain
a(x) = —BPx(x) ) T(x,y)Pyx(y]x),
Y
which, together with (46), yields

A(x,y) = BT(x,y) Pyjx (y|x) — BPyx (y]x) Y T(x, ¥ ) Py x (¥ ). (47)
y/

Therefore, we have

Px (x)A%(x, y)
X,y 2PY\X(y|x)

2
2
= % Y Par(vy) [T(xy) — ZT(x,y’)an(J/IX)]
XY %

2
== Zny xy) [T (xy) —2t(x,y) Yo t(x v ) Pyx (v 1x) + (Zf(x,y’)l’yx(y’x))
xy yl yl

¥

> 2
= % [Zny(x,y)Tz(x,y) - Px(x) (ZT(x,y)Pyx(yIX)> ] : (48)
XY x

Constraint 2 and (47) together yield

72 2
Xy

2
= |2 Px(x)t(x,y) (T(xry)Pyx(yPC) — Pyjx(ylx) ZT(xry/)Pyx(yl|x)>]
Xy y

2

2
= ZPXY X,Y)T ZPX <ZT(x/]/)PY|X(]/|X)> ] . (49)
Y
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The proof is complete by substituting (48) and (49) back into (45). O

4. Variable-Rate Slepian-Wolf Coding: Below the Slepian-Wolf Limit

Definition 5. Given a joint probability distribution Pxy, we say that a correct decoding exponent E¢ > 0 is
achievable with variable-rate Slepian-Wolf codes at rate R if for any § > 0, there exists a sequence of variable-rate
Slepian-Wolf codes { ¢y } such that

lim sup R(¢n, Pxy) < R+,

n—o0

lim inf —% log Pe(¢n, Pxy) < EC +6.

n—oo

The smallest achievable correct decoding exponent at rate R is denoted by ES(Pxy, R).

In view of Theorem 1, it is tempting to conjecture that E5(Pxy, R) = E°(Px, Py|x, H(Px) — R).
It turns out this is not true. We shall show that ES(Pxy, R) = 0 for all R. Actually we have a stronger
result—the correct decoding probability of variable-rate Slepian-Wolf coding can be bounded away
from zero even when R < H(X|Y). This is in sharp contrast with fixed-rate Slepian-Wolf coding
for which the correct decoding probability decays to zero exponentially fast if the rate is below the
Slepian-Wolf limit. To make the statement more precise, we need the following definition.

Definition 6. Given a joint probability distribution Pxy, we say that a correct decoding probability P.,(Pxy, R)
is achievable with variable-rate Slepian-Wolf codes at rate R if for any 6 > 0, there exists a sequence of
variable-rate Slepian-Wolf codes { ¢y, } such that

lim sup R(¢yu, Pxy) < R+,

n—o0
lim sup P.(¢u, Pxy) > Peu(Pxy, R) — 6.

n—oo

The largest achievable correct decoding probability at rate R is denoted by P.y™(Pxy, R).

Theorem 3. PT(Pyy,R) = H(;Y) for R € (0, H(X|Y)].

Remark 7. It is obvious that P (Pxy,R) = 1 for R > H(X|Y). Moreover, since Py (Pxy,R) is a
monotonically increasing function of R, it follows that Pf%™(Pxy,0) = 0.

Proof. The intuition underlying the proof is as follows. Assume the rate is below the Slepian-Wolf
limit, i.e., R < H(X]Y). For each type P in the neighborhood of Py, the rate allocated to the type class
T (P) should be no less than H(X|Y) in order to correctly decode the sequences in 7, (P). However,
since almost all the probability are captured by the type classes whose types are in the neighborhood
of Py, there is no enough rate to protect all of them. Note that if the rate is evenly allocated among
these type classes, none of them can get enough rate; consequently, the correct decoding probability
goes to zero. A good way is to protect only a portion of them to accumulate enough rate. Specifically,
we can protect W fraction of these type classes so that the rate allocated to each of them is about
H(X]Y) and leave the remaining type classes unprotected. It turns out this strategy achieves the
maximum correct decoding probability as the block length 1 goes to infinity. Somewhat interestingly,
although E§(Pxy, R) # E¢(Px, Py|x, H(Px) — R), the function E°(Px, Py|x, -) does play a fundamental
role in establishing the correct result.

The proof is divided into two parts. Firstly, we shall show that P73 (Pxy,R) > T §|Y) .
For any € > 0, define

Ule) ={P e P(X):[[P—Px| <e}.
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Since Px(x) > 0 for all x € X, we can choose € small enough so that

; = i P(x) > 0.
Qmm(€) Peul?el)l,}ceé\? (x)

Using Stirling’s approximation

m m
2mm (ﬂ) eerrltH <m! <2mm (ﬂ> elzlm,
e e
we have, for any P € U(e) N Pp(X),

n!
Pr(X" € Ta(P)) = = —— [ ] [Px(x)]""™
I‘( 67;1( )) x(nP(x))'E[[ X(x)]
1

o V2mnew™  _up(p|px)

T 2mnP(x)

< \/Zneﬁ n_%

= L v/27P()

< V2mets n*@
T V271Gmin(€) /
which implies that Pr(X" € 7,(P)) converges uniformly to zero as n — oo for all P € U(e) NPy (X).
Moreover, it follows from the weak law of large numbers that

lim ) Pr(X" € To(P)) = 1.
"7 pett ()P (X)

Therefore, for any § > 0, R € (0,H(X]|Y)], and sulfficiently large n, we can find a set S, C
U(e) NPy (X) such that

R R
—0< Pr(X" € T,(P)) < ———.
B P;S‘n (X" € TulP)) H(X[Y)

H(X[Y)

Now consider a sequence of variable-rate Slepian-Wolf codes { ¢, (-)} specified as follows.

1.  The encoder sends of type of X" to the decoder, where each type is uniquely represented by a
binary sequence of length [log, | P, (X)]].

2. For each P € S, the encoder partitions the type class 7,(P) into L, subsets
Ta(P,1),Tu(P,2), -+, Ta(P,Ly). If X" € Ty(P) for some P € S, the encoder finds the subset
Tn(P,7*) that contains X" and sends the index i* to the decoder, where each indexin {1,2,- -+, L,}
is uniquely represented by a binary sequence of length [log, L, .

3.  The remaining type classes are left uncoded.

Specifically, we let
w = [ (2004 1) HEM=) ]

It follows from ([8], Theorem 2) that for each P € S, it is possible to partition the type class 7, (P)
into L, disjoint subsets 7, (P, 1), 7,(P,2),- - -, Ta(P, Ly) so that

1 ~
—~logPr(X" # X"|X" € T,(P)) > min [Em(QX,Py|X,H(QX) —H(X[Y) —6) — e}
n Qx€U(e)
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uniformly for all P € S, when n is sufficiently large. In view of the fact that Er(Px, Py|x, I(Px, Py|x) —
5) > 0and that E,(Qx, Py|x, R) as a function of the pair (Qx, R) is uniformly equicontinuous, we have

. L
Qmin | Ere(Qx, Py, H(Qx) = HXJY) =) —e| £ 11 > 0

for sufficiently small e.
For this sequence of constructed variable-rate Slepian-wolf codes {¢, ()}, it can be readily
verified that

lim sup R(¢n, Pxy) = limsup Ton e [ﬂog2 [Pa(X)1+ Y. Pr{X" € Tu(P)}[log, Lﬂ]
n—00 n—sc0 0gy € PES,
R

and

limsup Pe(¢n, R) > limsup Y Pr{X" € Tu(P)} [1 —Pr{X" £ X"|X" € 7,'1(13)}}
n—oo n—oo PGSn
>limsup ) Pr{X" € T,(P)} (1—e ™)
n—oo PESn
R

= HX]Y)

Since 6 > 0 is arbitrary, it follows from Definition 6 that P73 (Pxy, R) > W
Now we proceed to prove the other direction. It follows from Definition 6 that for any ¢ > 0, there
exists a sequence of variable-rate Slepian-Wolf codes {¢,(-)} with

limsup R(¢n, Pxy) < R+,

n—oo

lim sup Pe(¢n, Pxy) > PI(R) — 0.

n—oo

Recall the definition of 7, (P,1),- -+, Tn(P, Nu(P)) as well as r(7,(P)) in the proof of Theorem 1.
For P € P,(X), define

Z,(P,d) = {i: 71110g||7'7n;l(§31?3)|| <H(X|Y)—=6,i=1,2,--- /Nn(P)},
Z,(P,6) = {i: ilogm > H(X|Y)~6,i=12,--- ,Nn(P)}.
Note that
[Tu(P )] _r(Tu(P))
iean(P,é) |7(P)] =1 H(X]Y) =9
since
LN Ta(Pi)] | |Ta(P)]
r(Tw(P)) > ” L 7)) log T (B,0) (50)
1 |771(P/i)|1 [ 7(P)|
- " ictips) TP BT, )]
> (HEXY) -0 Y Bl

ietsps) | TP
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where (50) is due to (33).
Each 7, (P, i) can be viewed as a constant composition code of type P and we have
Pr{X" = X"|X" € Tu(P,i)} = Pe(Ta(P,), Py)x).
Note that for P € U(e) NPn(X) and i € Z,,(P,9),
1 . 1
og | Ta(P,1)] > - log | Ta(P)] — H(X|Y) +
> H(P) — H(X|Y) 46— |X|w.
Therefore, it follows from ([9], Lemma 5) that

1 ) ) c
— 2 log Po(Ta(P,i), Pyjx) > _min E*(Qx, Pyjx, H(Qx) — H(X|Y) +5—¢) — €
n Qx€lU(e)

uniformly for all P € U(e) NPy (X) and i € Z,,(P, ) when n is sufficiently large. In view of the fact that
E¢(Px, Py|x, I(Px, Py|x) +6) > 0 and that E°(Qx, Py|x, R) as a function of the pair (Qx, R) is uniformly
equicontinuous, we have

Qféb“(e){ (Qx, Pyjx, H(Qx) — H(X|Y) +6 —€) —¢| 21 >

for sufficiently small e.
Now it is easy to see that

limin P (¢, Pxy)
imi n |771(P’ Z)| % n|yn .
>liminf Y. P{X'eTu(P)} Y 122Ul (1 — Pr{X" = X"|X" € n(P,z)})
"7 peu(e)Pa(X) i€Z,(P,0) | Tn(P)]
- | Ta (P, i) -
> liminf ) Pr{X" € T,(P)} Y} T A(1—e ™)
"I peU (P (X) iet,ps) | Tn(P)l

- (Ta(P)) -
> liminf Pr{X" € To(P)} (1 — TUIn)) ) (1 — ey
* peU(e)Zm:n(X) H(X[Y) -6

> liminf ) Pr{X" € T,(P)}(1 —e™"2)
PEU ()N Py (X)

r(Tu(P))

— limsup ) Pr{X" € ﬁ(P)}m

N0 pelf(e)NPy(X)
> liminf ) Pr{X" € T, (P)}(1 — e "2)
" peU(e)NPa(X)

(1—e )

(Ta(P))

— limsup Z PY{XHEE(P)}W

=00 peP,(X)
= liminf ) Pr{X" € T,(P)}(1 — e ™2)
" peut(e)nPa(X)

(1 —e " 2)

. R((Pn;PXY) —nk
—1 Al (1 — 2
mSUP ) o)

R+9

= axm =
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which implies

R+6
li P, ,P < —
Srap Plon ) = Hix)
Therefore, we have
R+6
max _5<
Pc,v (PXY/R) o< H(X|Y) 5

Since 0 > 0 is arbitrary, this completes the proof. [

5. Example

Consider the joint distribution Pxy over Z, x Zp with Py (1|0) = Px|y(0[1) = p and Py(0) = 7.
We assume p € (0,1), T € (0, 3]. It is easy to compute that

Px(0)=1-Px(1)=7(1—p)+(1-1)p,

P10 = 1= Frx(010) = o3 —(;)_+T()1p— I’
Py|x(0[1) =1 — Pyx(1]1) = P

w+(1-1)(1-p)

For this joint distribution, we have H(X|Y) = Hy(p), where Hy(-) is the binary entropy function
(i-e, Hy(p) = —plogp — (1 —p)log(1 — p)). Given R € [0,1og 2], let g be the unique number satisfying
Hy(q) = Rand q < }. It can be verified that

Efsp(Pxy,R) = D(qllp), R € [Hy(p) log2],
E¢(Pxy,R) = D(qllp), R € [0, Hy(p)].

Note that

Eex(Qx, Pyjx,0) = — ) Qx(x)Qx(x) log lz \/PYX(WX)PYX(J/W)]
y

x,x!

= —2Qx(0)Qx(1) log

). \/PYX(WO)PHX(}/U] ,
Y
which is a concave function of Qx. Therefore,
E:x (PXr PY\X/ 0) = Eex(PX/ Py|x, 0)-
Moreover, we have

EEX(PY|X/ 0) = HQIaX EEX(QX/ PY‘X/ O)
X

1
=~ log [2 ¢PY|x<y|o>Pyx<y|1>] .
¥
It is easy to show that

Ev,sp(PXYrH(PX)) = ESP(PX' PX\Y/O)

~ min N Qv(y)
BRI P s
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where the minimizer QY is given by

. I Pyyx (y]x) Px ()
Qily) = =y e
Ly T Py (v )
Define
Ef,er(PXY/R) = maX{Ef,ex(PXY/R)/ Ef,rc(PXYrR)}/
Ev,er(PXY/ R) = maX{Ev,ex (PXY/ R)r E‘U,T’C(PXYr R)}
We have

Ef(Pxy,R) > Efer(Pxy, R),
EU(PXY/ R) 2 Ev,er(PXY/ R)-

It can be seen from Figure 2 that the achievable error exponent E, . (Pxy, R) of variable-rate

Slepian-Wolf coding can completely dominate the sphere packing exponent Efg,(Pxy,R) of

fixed-rate Slepian-Wolf coding. The gain of variable-rate coding gradually diminishes as T — %

(see Figures 3 and 4).
091
0.8+
0.7
0.6
E
0.5F
04l Eex(Px’Pv\x’O)
03F ES(P R)  E{(PR)
0.2F
0.1F
0 HX(Y) “HE) B PR,
0 0.1 0.2 0.3 0.4 05 0.6
R
Figure 2. p = 0.05, T = 0.12.
091
0.8
Ef‘sp(PXY’R)
0.7
Ev,sp(PXY’R)
¢ (PP 0)
E (PP
ext X Y|X _

osl E (P, HP)-R)
041
0.3F

ESP, R E(PR)
0.2+
0.1r

o H(X]Y) ) )
0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 3. p = 0.05, T = 0.35.
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0.9

0.8

Ev.sp(PXY’R)

0.7r

061 E.(P,.P,,0) Ersp PP
0.5f By (PypeHO-R)
0.4

L E (P, R—_
03 ESP,R) E[(P, R verPxy RI—_

0.2

fert Xy’

oal E_(P,R)

HEXLY) HEX)

. .
0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 4. p = 0.05, T = 0.50.

6. Concluding Remarks

We have studied the reliability function of variable-rate Slepian-Wolf coding. An intimate connection
between variable-rate Slepian-Wolf codes and constant composition codes has been revealed. It is shown
that variable-rate Slepian-Wolf coding can outperform fixed-rate Slepian-Wolf coding in terms of
rate-error tradeoff. Finally, we would like to mention that Theorem 1 has been generalized by
Weinberger and Merhav in their recent paper on the optimal tradeoff between the error exponent and
the excess-rate exponent of variable-rate Slepian-Wolf coding [19].
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Appendix A. Proof of Proposition 1

In view of (7) and (11), we have R (Qx, Wy|x) = I(Qx, Wy|x) if and only if the minimum of the
convex optimization problem

g‘inD(VY|X”WY\X|QX) + 1(Qx, Vy|x) (A1)
Y|X
is achieved at Vy|x = Wy x. Let V;‘ « be a minimizer to the above optimization problem. Note that
for x, y such that Qx (x)Wy|x (y|x) = 0, there is no loss of generality in setting VY*‘X(y|x) = Wyx(y|x).
Let A= {x € X:Qx(x) >0} and By = {y € Y : Wy|x(y[x) > 0} for x € A. We can rewrite (A1) in
the following equivalent form:

i Y Qx(0)Vyx (o)1 Vi)
min ()
Vyix (W[0):x€AYEBy v fyeB, X Yixty 8 WY|X(y|x) YaeA QX<x/)VY\X(]/|x/)

subject to

Vyix(y[x) >0 forallx € Ay € By,

) Vyix(y[x) =1 forallx € A.
yEBy
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Define
. V2 (41%)
O b ) o G X Va1
- ) aloWixylx)— Y B(Y)Vyx(ylx),

xeA,yeBy xeAyeBy

where a(x,y) € Ry (x € A,y € By) and B(x) € R (x € A). The Karush-Kuhn-Tucker conditions yield

G’

Wyx (v 1x) = 2Qx(x") log Vy|x (y"[x") + Qx (x") — Qx (x*) log Wy x (y*|x")

Vi (9 )=V (v )

—Qx(x")log Y Qx(x)Vyx(y*|x') —a(x",y") — B(x")

x'eA
=0 forallx® € A, y" € By,
yix(y[x") =20 forallx” € A y* € By,

Z V{:|X(y*|x*) =1 forallx* € A,
]/*GBX*

a(x%,y ) Vyx(y*]x") =0 forallx®™ € Ay" € By
By the complementary slackness conditions (i.e., Vy, <(y*x*) > 0 = a(x*,y*) = 0), we have

VY*\X = Wy|x if and only if for all x* € A, y* € By,

Qx (x7) log Wy|x (y"[x") + Qx (x") — Qx (x") log ,ZA Qx () Wyx (y*[x") = B(x") =0,

i.e., the value of

WY\X(WX)
Lo Qx (") Wy x (y]x')

does not depend on y for all x,y such that Qx (x) Wyx(y|x) > 0.

Appendix B. Proof of Proposition 4

1. Itis known ([7], Exercise 5.17) that for every R > 0, > 0, and P € P, (X) there exists a constant
composition code C, C T, (P) such that

R(Cy) >R -0,

~ 108 Pomax(Cn, W) 2 Eex(P, Wy, R) 5
whenever n > ng(|X|, ||, ). Let P, be a sequence of types with P, € P,,(X) and
Jim [P, — x| = 0.
Define

V) = argmin ZPn(x)Vn(ﬂx)dWY‘X(x,?c) + I(Py, Vi) — R|,

x,X
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where the minimization is over V}, : X — X" subject to the constraints
ZP" xX)Vu(X|x) = Py(X¥) forallx € X,

I(P,, V) <R.

Note that {V}; } must contain a converging subsequence {V,; }. Define
V* = lim V, .
koo 'k

It is easy to verify that

Y Ox(x)V*(F]x) = hm Y. Py (x)V,y (R]x)

XeX ®xeX
= lim P, (X)

k—o0

= Qx(¥) forallx € X,
I(Qx, V*) = hm I(Pnk,V*)

<R.
Therefore, we have
lim sup Eex(Pn, Wy|x, R)
n—o0
> limsup Ecx (P, Wy|x, R)
k— o0

= limsup ) P (x)V; (Fx)dw, (¥, X) + [(P, Vi) = R

k—oo  xxeX

> Y Qu(x)V* (%x)dp,  (x,%) + [(Qx, V") - R

xxeX
> EEX(QX/ WY‘X/ R)-

It is also known ([7], Theorem 5.2) that for every R > 0, > 0, and P € P, (X)) there exists a
constant composition code C, C T,(P) such that

R(Cﬂ) Z R - 5/

1
- E 10g Pe,max(cn; WY\X) > Erc(P/ WY\X; R) -6
whenever n > no(|X|, ||, ). So it can be readily shown that

E(Qx, Wy|x, R) > Erc(Qx, Wy|x, R)

by invoking the fact that E.(P,Wyx,R) as a function of the pair (P,R) is uniformly
equicontinuous ([7], Lemma 5.5). The proof is complete.

2. By Definition 2, for every R > 0, > 0 there exists a sequence of block channel codes {C, } with
Cn C Tu(Py) for some P, € P,(X) such that

lim [P, — Qx| =0,
liminfR(C,) > R -,
n—o0
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. 1
lim sup - 10g Pe,max(Cn, Wy|x) = E(Qx, Wy|x, R) — 6. (A2)

n—o0

For simplicity, we assume R(C,) > R — ¢ for all n. Now it follows from ([7], Theorem 5.3) that
1
——log [2pe,max(cn, Wy, X)} < Eqp(Pu, Wyjx, R — 25)(1+ ) (A3)
whenever n > ny(|X|,|V|,6). Let

VX . = ar min D(VY HWY |QX)-
YiX gVY\XJ(QX/VY\X)SR—?)(S 1X X

Without loss of generality, we can set VY*‘X(~|x) = Wyx(+|x) forall x € {x’ € X : Qx(x') = 0}.
It is easy to see that there exists an € > 0 such that

I(P,Vy x) < R -2,

D(Vy x [IWy|x|P) < D(Vyx[[Wyx|Qx) + 6

for all P € P(X) with ||P — Qx]|| < e. Therefore, for all sufficiently large n,

Esp (P, Wy x, R —26) = min D ( 'V, Wy x| P,
er( ns YVy|X ) Vi (P Vy ) <R-26 (Y|X|| Y\X| n)
< D(Vyx [Wyx|Pn)
< D(Vyx Wy |x|Qx) +9

= Esp(Qx, Wy|x, R = 36) + 4. (A4)

Combining (A2)—(A4), we get
E(Qx, Wy|x, R) — 6 < [Esp(Qx, Wyx, R — 38) + 5](1 +9).

In view of the fact that & > 0 is arbitrary and that for fixed P and Wy, Esp(P, Wy|x,R) is a
decreasing continuous convex function of R in the interval where it is finite ([7], Lemma 5.4), the
proof is complete.

3. Itis known ([9], Lemma 5) that every constant composition code C;, of common type P for some
P € Py(X) and rate R(C;) > R+ 0 (with R > 0 and § > 0) has

1 .
—ElogPC(Cn, Wy x) > min [D(VY\X||WY|X|P) +|R—=I(P, VY\X)|+} -0

Y|X

whenever n > ny(|X|,|)],8). Moreover, it is also known ([9], Lemma 2) ([7], Exercise 5.16) that
for every R > 0, > 0, and P € P,(X) there exists a constant composition code C, C T, (P)
such that

R(CI’I) Z R — 5/

1 .
- E lOg Pc(Cn/ Wy|X> < r‘}u‘n {D(VY\XHWHX'P) + |R - I(P, VY\X) |+} +6
Y|X
whenever n > no(|X|,[Y[,4). In view of the fact that miny, [D(Vyx|[Wyx|P) +
IR —I(P, Vy|x)|*] as a function of the pair (P, R) is uniformly equicontinuous, it can be readily
shown that
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Ec(Qx, Wy|x,R) = min [D(VY\X||WY|X|QX) +|R—I(P, VY|X>|+} :
X

Y|

The proof is complete.
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