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Abstract: In this work, we investigate a three-user cognitive communication network where a primary
two-user multiple access channel suffers interference from a secondary point-to-point channel,
sharing the same medium. While the point-to-point channel transmitter—transmitter 3—causes
an interference at the primary multiple access channel receiver, we assume that the primary channel
transmitters—transmitters 1 and 2—do not cause any interference at the point-to-point receiver.
It is assumed that one of the multiple access channel transmitters has cognitive capabilities and
cribs causally from the other multiple access channel transmitter. Furthermore, we assume that the
cognitive transmitter knows the message of transmitter 3 in a non-causal manner, thus introducing
the three-user multiple access cognitive Z-interference channel. We obtain inner and outer bounds on
the capacity region of the this channel for both causal and strictly causal cribbing cognitive encoders.
We further investigate different variations and aspects of the channel, referring to some previously
studied cases. Attempting to better characterize the capacity region we look at the vertex points of
the capacity region where each one of the transmitters tries to achieve its maximal rate. Moreover, we
find the capacity region of a special case of a certain kind of more-capable multiple access cognitive
Z-interference channels. In addition, we study the case of full unidirectional cooperation between
the 2 multiple access channel encoders. Finally, since direct cribbing allows us full cognition in the
case of continuous input alphabets, we study the case of partial cribbing, i.e., when the cribbing is
performed via a deterministic function.

Keywords: cognitive radio; multiple access channel; interference channel; capacity region; cognition;
cribbing; cooperative communication

1. Introduction

Two of the most fundamental multi-terminal communication channels are the Multiple-Access
Channel (MAC) and the Interference Channel (IFC). The MAC, sometimes referred to as the uplink
channel, consists of multiple transmitters, sending messages to a single receiver (base station). The
capacity region of the two-user MAC channel was determined, early on, by Ahlswede [1], and Liao [2].
However, the capacity regions of many other fundamental multi-terminal channels are yet unknown.
One of these channels is the Interference Channel (IFC). The two-user IFC consists of two point to
point transmitter-receiver pairs, where each of the transmitters has its own intended receiver and
serves as an interference to the other transmitter-receiver. The study of this channel was initiated
by C.E. Shannon [3], and extended by R. Ahlswede [4] who gave simple but fundamental inner and
outer bounds to the capacity region. The fundamental achievable region of the discrete memoryless
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two-user IC is the Han-Kobayashi (HK) region [5] which can be exressed by a simplified expression [6].
Much progress has been made toward understanding this channel (see, e.g., [7-13] and the references
therein). Although widely investigated, this problem remains unsolved except for some specific
channel configurations, enforcing various constraints on the channel [14].

A common scenario of multi-terminal network is comprised of these two channels. For instance,
looking at Wi-Fi or cellular communication, there are usually several portable devices (i.e., laptops,
mobile phones, etc.) “talking” to a single end point (i.e., base station, Access Point, etc.). Moreover,
the same frequencies are frequently used by nearby base stations, causing interferences at adjacent
receivers. This increasing usage of wireless services and constant reuse of frequencies imply an ever
increasing problem of optimizing the wireless medium for achieving better transmission rates. Cognitive
radio technology is one of the novel strategies for overcoming the problem of inefficient spectrum
usage which has been receiving a lot of attention [15-17].

Cognition stands for awareness of system paramters, such as operative frequencies, time
schedules, space directivity, and actual transmission. The latter refers to transmitted messages of
interfering transmitters, which are either monitored by receiving the interfering signals (cribbing),
or on a network scale (a-priori available transmitted messages). Examples of signal awareness are
reflected by Dynamic Spectrum Access (DSA) (see the tutorial [18], and references therein), as well as
a variety of techniques for spectrum and activity sensing (see [19] and references therein). The timely
relevance of cognitive radios and the information theoretic framework that can assess the potential
benefits and limitations are reflected in recent literature (see [15] and references therein).

In our study, we focus on aspects of cognition in terms of the ability to recognize the primary
(licensed) user and adapt its communication strategy to minimize the interference that it generates,
while maximizing its own Quality of Service (QoS). Furthermore, cognition allows cooperation between
transmitters in relaying information to improve network capacity. The shared information used by the
cognitive transmitter might be achieved through a noisy observation of the channel or via a dedicated
link. The cognitive transmitter may apply different strategies such as decode-and-forward (DF) or
amplify-and-forward (AF) for relaying the other transmitter information.

To obtain information theoretical limits of cognitive radios, the Cognitive Interference Channel
(CIFC) is defined in [20]. CIFC refers to a two-user Interference Channel (IFC) in which the cognitive
user (secondary user) is cognizant of the message being transmitted by the other user (primary
user), either in a non-causal or causal manner. The two-user CIFC was further studied in [21-25].
Cognitive radio was applied to the MAC in 1985, when Willems and Van Der Meulen established
the capacity region of the MAC with cribbing encoders [26]. Cribbing encoders means that one or
both encoders crib from the other encoder and learn the channel input(s) (to be) emitted by this
encoder in a causal manner. Since then, the cognitive MAC has received much attention, recently
characterizing capacity regions for various extensions [27-32]. Today, there are already practical
implications of advanced processing techniques in the cognitive arena. For example, [33], shows
coding techniques for an Orthogonal Frequency-Division Multiple Access (OFDMA)-based secondary
service in cognitive networks that outperform traditional coding schemes, see also [34]. Hence, aspects
of binning (dirty-paper coding [35]), as well as rate splitting [5], used in cognitive coding schemes, do
have even stronger practical implications.

In this paper, we study a common wireless scenario in which a Multiple Access Channel
(MAC) suffers interferences from a point-to-point (P2P) channel sharing the same medium. The
main motivation behind this model is trying to interweave a MAC channel on top of a licensed P2P
channel. The P2P licensed user must not suffer interference while the other users may use cognitive
radio to improve performance. Adding cognition capabilities to one of the MAC transmitters, we
investigate the case in which it has knowledge of signals transmitted by another user intended for
the same receiver as well as signals transmitted by the P2P user on a separate channel resulting in
an interference at the MAC receiver. We introduce Multiple Access Cognitive Z-Interference Channel
(MA-CZIC) which consists of three transmitters and two receivers; two-user MAC as a primary
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network and a point-to-point channel as a secondary channel. The communication system, including
the primary and secondary channels (whose outputs are Y and Z, respectively), is depicted in Figure 1.
The signal X is generated by Encoder 1. Encoder 2 is assumed to be a cognitive cribbing encoder,
that is, it has causal knowledge of Encoder 1’s signal, as well as non-causal knowledge of Encoder 3’s
signal. We note that while the signal X3 interferes with the other signals creating Y, it is observed
interference-free by the second decoder creating Z. The cognition of the P2P signal may model the fact
that the same user produced a P2P message to another point, and hence naturally it is cognizant of the
message Ws. This channel model generalizes several previously studied setups: without Encoder 3,
the system reduces to a MAC with a cribbing encoder as in [26]. Replacing the signal X3 with a state
process and ignoring the structure of X3, we get a MAC with states available at a cribbing encoder
as in [24,27]. Removing Encoder 2, the problem reduces to the standard Z-Interference channel, and
removing Encoder 1, we get the Cognitive Z-Interference channel, as in [36]. The Z-Gaussian Cognitive
Interference channel was further studied in [37]. The model of a cooperative state-dependent MAC
which is considered in [29] is very closely related to a special case of the MA-CZIC which is obtained
by replacing the interfering signal X of the MA-CZIC with an i.i.d. state sequence Sy which is known
non-causally to the cognitive transmitter. Some of the results which appear in this paper were presented
in part in [38,39].
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Figure 1. Multiple-Access Cognitive Z-Interference Channel (MA-CZIC).

The rest of the paper is organized as follows. In Section 2 we formally define the memoryless
MA-CZIC with causal and strictly causal cribbing encoder. In Section 3 we proceed to derive inner and
outer bounds on the capacity region of the channel with causal and strictly causal cribbing encoders
including a special case of the channel where the bounds coincide and the capacity region is established.
Section 4 is devoted to the case of full unidirectional cooperation from Encoder 1 to Encoder 2
(a common message setup). Section 5 deals with the case of partial cribbing. Finally, concluding
remarks are given in Section 6.

2. Channel Model and Preliminaries

Throughout this work, we will use uppercase letters (e.g., X) to denote random variables (RVs)
and lowercase letters (e.g., x) to show their realization. Boldface letters are used for denoting n-vectors,
e.g., x =x" = (xq,..,x,). Forasetof RVs S = {Xj, ..., Xi }, AZ(S) denotes the set of e-strongly, jointly
typical n-sequences of S as defined in ([40], Chapter 13). We may omit the index n from A7 (S) when it
is clear from the context.

A more formal definition of the problem is as follows: A discrete memoryless multiple-access
Z-interference channel (MA-CZIC) is defined by the input alphabets (X}, X,, X3) and output alphabets
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(Y, Z) and by the transition probabilities Py|x, x,x, and Pzx,, that is, the channel outputs are
generated in the following manner:

n

Pr(y", 2" |x], x5, x5) = [ [ p(velxre xo,0 x34) p (2] x34). (1)
t=1

Encoder i, i € {1,2,3}, sends a message W; which is drawn uniformly over the set M; £
{1,...,2"Ri} to its destined receiver. It is further assumed that Encoder 2 “cribs” causally and observes
the sequence of channel inputs emitted by Encoder 1 during all past transmissions before generating
its next channel input. The model is depicted in Figure 1.

An (Z”Rl, 2nRz onRs n) code for the MA-CZIC with strictly causal Encoder 2 consists of:

1. Encoder 1 defined by a deterministic mapping
fr: My — &Y @

which maps the message Wj to a channel input codeword.
2. Encoder 2 which observes X’fl and Wjs prior to transmitting X5 ;, is defined by the mappings

) Myx Msx X1 5 k=1, @3)
3. Encoder 3 is defined by a deterministic mapping
fa: Mz — A3 4)
4. The primary (main) decoder is defined by a mapping
g1 : YY" — My X My. (5)
5. The secondary decoder is defined by a mapping

83 Z" — Ms. (6)

An (2R 2R 2R3 41y code for the MA-CZIC with causal Encoder 2 differs only in the fact that
Encoder 2 observes Xi (including the current symbol, X ;) before transmitting Xj ;, and is defined by
a the mappings

fz(ck)5M2><M3><X1k—>X2 k=1,2,...,n @)

For a given code, the block average error probability is

1 2”R1 2”R2 an3

P =y L L L Pri(r) £ () Ugs(27) £ wslWy =y, i = 1,2,3) ®)

w1=1wy=1w3z=1

A rate-triple (R1, Ry, R3) is said to be achievable for the MA-CZIC if there exists a sequence of
(2R 2nR2 2nRs ) codes with limy, e Pg<n) = 0. The capacity region of the MA-CZIC with a cribbing
encoder is the closure of the set of achievable rate-triples.

3. Main Results

In this section, we provide inner and outer bounds to the capacity region of the discrete
memoryless MA-CZIC.
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3.1. Inner Bound

We next present achievable regions for the strictly causal and the causal MA-CZICs.

Definition 1. Let R be the region defined by the closure of the convex hull of the set of all rate-triples
(R1, Ry, R3) satisfying

Ri < H(Xq|V) (9a)
R, < I(U;Y|VLXy) — I(U; X3|VL) (9b)
R+ Ry < I(VUXy; Y|L) — I(U; X3|VL) (9c)
R3 < I(X3;Z|L) -l—min{I(L;Y),I(L;Z)} (9d)

for some probability distribution of the form
Pyrux,x,x; = PvPLPx, . Px, \vPux,|vLxs- (10)
Theorem 1. The region R is achievable for the MA-CZIC with a strictly causal cribbing encoder.
The proof appears in Appendix A.

Definition 2. Let R, be the region defined by the closure of the convex hull of the set of all rate-triples
(R1, Ry, R3) satisfying (9a)—(9d), for some probability distribution of the form

Pyrux,x,xs = PvPLPx, 1. Px v Puivix, Px, | uvix; x; - (11)
Theorem 2. The region R is achievable for the MA-CZIC with a causal cribbing encoder.

The outline of the proof appears in Appendix B.

A few comments regarding the achievability region (9a)-(9d) are in order. In the coding scheme,
Encoder 1 and Encoder 2 use Block—-Markov superposition encoding, while the primary decoder uses
backward decoding [27]. In this scheme, the RV V represents the “resolution information” [26]; i.e., the
current block information used for encoding the proceeding block. Encoder 3 uses rate-splitting, where
the RV L represents the part of Wj that can be decoded by both the primary and secondary decoders
as can be observed by the term min{I(L;Y),I(L;Z)} which appears in (9d). The complementary
part of W3, while fully decoded by the secondary decoder, serves as a channel state for the primary
channel in the form of X3. To reduce interference the cognitive encoder (Encoder 2) additionally uses
Gel’'fand-Pinsker binning [41] of U against X3, assuming an already successful decoding of V and L at
the primary decoder, as can be seen in (9b).

It is important to note that the achievable region R is consistent with previously studied special
cases: By setting Ry = 0 and X; = 0 we can also set V = @. The equations then reduce to

R, < I(U; Y|L) — I(U; X3|L) (12)
Rs < I(X3; Z|L) + min{I(L;Y), I(L; Z)}, (13)

and this results in the region achievable for the cognitive Z-Interference channel, studied in [36], with
user 2 and user 3 as the cognitive and non-cognitive users, respectively.

Removing Encoder 2 by setting R, = 0 and X, = 0 we can also set U = @ and we get the classical
Z-Interference channel with the 2 users, Encoder 1 and Encoder 3. In this case Y is dependent of V
only through X, since V. — X3 — Y, and I(VUXy; Y|L) = I(X3; Y|L). We get
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Ry < I(Xy;Y[L) (14)
Rs < I(Xs; Z|L) + min{I(L;Y), [(L; Z)}. (15)

An interesting setup arises by setting W, = 0 without removing Encoder 2. This models a relay
channel, where Encoder 2 is a relay which has no message of its own and learns the information of the
transmitter by cribbing (modeling excellent SNR conditions on this path). This model relates to [42],
if the structure of the primary user (X3) is not accounted for, thus assuming i.i.d. state symbols known
a-causally at the relay, as in [42].

Removing Encoder 3 by setting R3 = 0 and X3 = 0 we can also set L = @, and the expression

reduces to
Ry < H(X1]V) (16)
Ry < I(U;Y|VX)) (17)
Ri1+ Ry < I(VUXy;Y). (18)

By setting U = X, we get the achievable region of the MAC with Encoder 2 as the cribbing
encoder [26].

By setting L = 0, removing inequality (9d) and replacing X3 by S, whose given probability
distribution is not to be optimized, the region reduces to the one in [27].

It is worth noting that in the case of a Gaussian channel, Encoder 2 can become fully cognitive
of the message W from a single sample of Xj. This special case can be made non-trivial by adding
a noisy channel or some deterministic function (quantizer for instance) between X; and Encoder 2.

Finally, we examine the case where Encoder 1’s output may be viewed as two parts
X1 = (X14, X1p) where only the first part of the input affects the channel; i.e., Py|x, x,x; = Py|x,,x,5-
In this case, if the second part Xy, is rich enough (e.g. continuous alphabet) Encoder 1 is able to
transfer to Encoder 2 infinite amount of data, specifically the entire message W;. This is equivalent
to the case of full cooperation from Encoder 1 to Encoder 2; i.e., the case where Encoder 2 has full
knowledge of Encoder 1’s data W;. Hence, the cooperative state-dependent MAC where the state
is known non-causally at the cognitive encoder [29] may also be considered as a special case of the
MA-CZIC, when Xj is replaced with an i.i.d. state S.

3.2. Outer Bound

In this section, we present an outer bound on the achievable region of the strictly causal and
causal MA-CZIC.

Theorem 3. Achievable rate-triples (Rq, Ry, R3) for the MA-CZIC with a strictly causal cribbing encoder
belong to the closure of the convex hull of all rate triples that satisfy

Ry < H(X4|V) (19a)
R, < I(W;Y|VLXy) — I(U; Z|VL) (19b)
Ry + Ry < I(VUXy; Y|L) — I(VU; Z|L) (19¢)
R3 < I(X3; Z|L) + min{I(L; Y), I(L; Z)} (19d)

for some probability distribution of the form

Pyrux,x,x; = Pxs PvPrx,v Px, v Pux, | vix,- (20)
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The proof is provided in Appendix C, it is based on Fano’s Inequality [40] and from the Csiszar
and Korner’s identity ([43], Lemma 7).

Theorem 4. Achievable rate-triples (Rq, Ro, R3) for the MA-CZIC with a causal cribbing encoder belong to the
closure of the convex hull of all rate regions given by (19a)—(19d) for some probability distribution of the form

Pyrux,x,xs = Px; Pv PLix,vPx, v Pux, | vixsx; - (21)

The outline of the proof is provided in Appendix D.
As for the alphabet cardinalities: using standard applications of Carathéodory’s Theorem we
obtain that it is sufficient to consider the alphabet cardinalities which are bounded as follows:

|L] <|X1|]|Xz|| A | + 4 (22)
V| <[ || X2]| Az L] +3 (23)
Ul <|x ||| A5 L] V] + 2. (24)

The details are omitted for the sake of brevity.

3.3. Special Cases
For the special case of a more-capable MA-CZIC channel we can actually establish the capacity

region of the channel, both in the causal and the strictly causal cases.

Definition 3. We say that the strictly-causal MA-CZIC is more-capable if 1(X3;Y) > 1(X3;Z) for all
probability distributions of the form Py Px, v Pxy Px,|vx, Py|x, x, x5 P7|x5-

Theorem 5. The capacity region of the more-capable strictly-causal MA-CZIC channel is the closure of the
convex hull of the set of all rate-triples (Rq, Ry, R3) satisfying

Ry < H(X1|V) (25a)
Ry < I(X2;Y|VX1X3) (25b)
R1+ Ry < I(X1X2; Y[ X3) (25¢)
Rs < (X3 2) (25d)
for some probability distribution of the form
Pyx,x,x5 = PvPx, v Px; Pxy v, (26)

The proof of Theorem 5 is provided in Appendix E.

Theorem 6. The capacity region of the more-capable causal MA-CZIC channel is the closure of the convex hull
of the set of all rate-triples (Rq, Ry, R3) satisfying (25a)—(25d), for some probability distribution of the form

PVXl XoX3 = PVPX1 ‘VPXS PX2 ‘ VX1X3- (27)

The proof of Theorem 6; i.e., the causal case, follows in the same manner as that of Theorem 5 and
thus omitted.

Unfortunately, the requirement that the MA-CZIC is more-capable implies that the receiver Y has
a better reception of the signal X3 than its designated receiver Z, which is somewhat optimistic.

We next consider the cases where either one of the transmitters wishes to achieve its maximal
possible rate; i.e., the vertex point of the capacity region.
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e Maximal rate at Transmitter 1:

Transmitter 2 may help Transmitter 1’s transmission and by doing so increase its rate. Therefore,
we that assume Transmitter 2 dedicates its transmission to help transmitting W;. Transmitter 3
should minimize its interference at the Y Receiver. Setting L = X3, the entire interference caused by
transmitter 3 at receiver 1 may be reduced via successive cancellation decoding. With no interference
caused by transmitter 3, transmitter 2 may drop the Gelfand-Pinsker scheme, setting U = X, to
maximize the rates. Thus, from (9a)-(9d) we get

Ry < min{H(X|V), (VX1 X; Y| X3)} (28a)
Ry < min{I(Xp;Y|VX;1X3),

I(VX1 X3 Y| Xs) — Ry} (28)
Rs < min{I(X3;Y), [(X3;2)}. (28¢)

From the Markov chain V — X1 X, X3 — Y we get (VX1 Xp; Y|X3) = I(X1Xp; Y|X3). Therefore,
we can rewrite (28a)—(28c) as

Ry < min{H(X1|V), [(X1X2; Y[X3)} (292)
R2 S min{I(Xz;Y|VX1X3),

I(X1X2;Y[X3) — Ry} (29b)
Rs < min{I(Xs;Y), 1(X3;Z)}. (29¢)

where in the strictly-causal MA-CZIC case, the union is over all probability distributions of the form

Pyx,x,x3 = PvPxy Px, v Px,y|v- (30)
e Maximal rate at Transmitter 2:

Both Transmitter 1 and 3 are not cognitive and have no knowledge of the message W, thus they
cannot help convey W, to Y and should only reduce their interference to a minimal level. Setting
L = X3 and U = X, follows as in maximizing R in (28a)—(29c¢).

Therefore, we get (28a)—(28c) where the maximization is on R; instead of Ry, i.e.

Rl S mm{H(X1|V),I(X1X2,Y|X3) — Rz} (313)
Ry < I(X2; Y|VX1 X3) (31b)
Rs < min{I(X3;Y), (X5, Z)}. (31c)

e Maximal rate at Transmitter 3:

Looking at (9d) and (19d) we see that the lower and upper bounds on Rj coincide. Since
transmitter 3 is not affected by the transmission of both transmitters 1 and 2, we can treat the
transmitter 3—receiver 3 pair as a single user channel and thus achieve the Shannon capacity; i.e.,

R3 < I(X3; Z). (32)
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In the general case, the maximum rate at transmitter 3 is achieved by setting L = 0. In this case,
the higher rate at transmitter 3 comes at the expense of the other transmitters, since L was used for
conveying part of the interference X3 to Y. Thus, (9a)-(9d) become

Ry < H(X1|V) (33a)
Ry < I(W;Y|VXy) — I(U; X5|V) (33b)
Ri+ Ry < I(VUXy;Y) — I(U; X5|V) (33¢)
Rs < I(X3;Z). (33d)

Examining (9d), we see that maximum rate at transmitter 3 may also be achieved without
affecting Ry and Ry. This is true when the receiver Y is less-noisy than receiver Z in the sense that
I(L;Y) > I(L; Z) for all probability distributions of the form (20). In this case (9d) becomes

Rs < I(X3; Z|L) +min{I(L;Y), I(L; Z)}
I(X5;Z|L) + I(L; Z)
1(X5;2) (34)

Actually, it suffices to require that the channel will be more-capable; i.e., I(X3;Y) > I(X3; Z) for all
probability distributions of the form (20), for achieving maximum rate at Rs.

4. Cooperative Encoding

Let us now consider the case of full unidirectional cooperation from Encoder 1 to Encoder 2.
This becomes a setup in which Encoders 1 and 2 share a common message, and Encoder 2 transmits
a separate additional private message. Thus we have an interference cognitive channel (cognition
in terms of W3) with a common message, as depicted in Figure 2. Hence, Encoder 2 is given by
the mapping

f2: My X My x Mz — X k=1,...,n (35)

For this channel setup, a simpler outer bound on the capacity region can be derived providing
some insights on the original problem. A special case of this channel, in which the secondary channel
is removed and Xj is replaced with an i.i.d. state S for the main channel; i.e., Py|x, x,s, was studied
in [29] and the single-letter characterization of the capacity region was established for that channel.

A 4

N Xix
— 1 »
Wy — Pyxix2x3 Yi Wi, W,
’ Xik1 » g ———
> f XZ:k -
W, ———» 2.k 2
ry -
~ XBk Zk W
W3 t3 3

A 4
Q
[N

Pzx; g

Figure 2. MA-CZIC with full unidirectional cooperation from Encoder 1 to Encoder 2.

The following theorem provides a single-letter expression for an achievable region of the
MA-CZIC with full unidirectional cooperation (common message).
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Theorem 7. The closure of the convex hull of the set of all rate-triples (R1, Ry, R3) satisfying

Ry + Ry < I(XqWLY|L) — I(U; X5|LXq) (36a)
Ry < I(WU; Y|LXy) — I(U; X3|LXq) (36b)
Rs < I(X3; Z|L) + min{I(L;Y), I(L; Z)} (36¢)

for some probability distribution of the form

Prux,x,x; = Px, PLPx;. Pux,|x,1.x, (37)

is achievable for the MA-CZIC with with full unidirectional cooperation.

The outline of the proof for Theorem 7 appears in Appendix F.
The following theorem provides a single-letter expression for an outer bound on the capacity
region of the MA-CZIC with full unidirectional cooperation.

Theorem 8. Achievable rate-triples (R1, Ry, R3) for the MA-CZIC with full unidirectional cooperation belong
to the closure of the convex hull of rate-regions given by

Ry + Ry < I(VUXy; Y|L) — I(VU; Z|L) (38a)
Ry < I(U; Y|LVX,) — I(U; Z|LV) (38b)
Ry < I(X3; Z|L) +min{I(L; Y), I(L; Z)} (38¢)

for some probability distribution of the form

Pryvux,x,x3 = PvPxs Privx, 1x, = (v)y Pux, | vix, (39)

The outline of the proof of Theorem 8 is provided in Appendix G.

Notice that inequalities (38a)—(38c) are identical to (19b)-(19d), where the probability distribution
form (39) is a special case of (20). Thus, the outer bound established for Ry, R3 and the sum-rate Ry + Ry
in the strictly-causal MA-CZIC, also holds for the case of full unidirectional cooperation. However, we
would expect the outer bounds on R; and the sum-rate R; + R; to be smaller for the channel with the
cribbing encoder, thus implying that the outer bound for the MA-CZIC is generally not tight.

5. Partial Cribbing

Next we consider the case of partial cribbing, where Encoder 2 views X through a deterministic
function

h:X, — W (40)

instead of obtaining X; directly. This cribbing scheme is motivated by continuous input alphabet
MA-CZIC, since perfect cribbing results in the degenerated case of full cooperation between the
encoders and requires an infinite capacity link.

We define the strictly-causal MA-CZIC with partial cribbing as in (2)—(6) with the exception that
Encoder 2 is defined by the mapping

z(skC):MZXMBXyg_lﬁxz k=1,...,n (41)
where y, y = h(x1x) fork =1,...,n. The causal MA-CZIC with partial cribbing differs by setting

fz(skC):MZXM?aXyé(%Xz k=1,...,n (42)
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It is worth noticing that the state-dependent MAC with state information known non-causally at
one encoder [44] is a special case of the MA-CZIC with partial cribbing. This case is derived by setting
h(X;) = 0 and replacing X3 with an i.i.d. state S. The capacity region of this simpler case remains
an open problem. Therefore, it is hard to expect that capacity region would be established for the
MA-CZIC with partial cribbing. Next, we establish inner and outer bounds for the MA-CZIC with
partial cribbing.

Theorem 9. The closure of the convex hull of the set of rate-triples (Ry, Ry, R3) satisfying

Ry < HY,|V) + I(Xy; Y|VYoUL) (43)
Ro < (W;Y|VLXy) — I(U; X3|VL) (44)
Ry + Ry < [(VUXy; Y|L) — I(U; X3|VL) (45)
Ry + Ry < I(UXy; Y|VLY,) + H(Ya|V) — I(U; X3|VL) (46)
Rs < I(X3; Z|L) + min{I(L;Y), I(L; Z) } (47)

for some probability distribution of the form

Pyrux,v,x,x3 = PvPLPx, L Px, v, v Pux, | vixs- (48)

is achievable for the strictly-causal MA-CZIC with partial cribbing.
The outline proof of Theorem 9 appears in Appendix H.

Theorem 10. The closure of the convex hull of the set of rate-triples (Rq, Ry, R3) satisfying (43)—(47), for some
probability distribution of the form

Pyrux,v,x,x3 = PvPLPx, L Px, v, v Pu v P vy, uLxs- (49)

is achievable for the causal MA-CZIC with partial cribbing.

The proof of Theorem 10 is similar to that of Theorem 9 and thus is omitted.

Comparing this result to the achievability region found for the MA-CZIC we can see that
inequalities (44), (45) and (47) are identical to (9b)—(9d), while inequality (43) differs and inequality (46)
was added. In correspondence, the coding scheme for the MA-CZIC with partial cribbing differs from
Theorem 1 mainly in Encoder 1. Encoder 1 now needs to transmit data in a lossy manner to both Y
receiver and Encoder 2. To do so, Encoder 1 employs the rate-splitting technique. It splits its message
W into two parts (Wy,, Wy,) with rates Ry,, Ryj accordingly, such that Ry = Ry, + Ryp. The rate Ry,
represents the rate of transmission to Encoder 2. Combining the rate-splitting with the superposition
block Markov encoding (SBME) at Encoder 1 results in another codebook {3}, in addition to the
two codebooks {v"} and {x/}. The codebooks are created in an i.i.d. manner as follows: First, 2R
codewords {v"} are created using Py. Then, for each codeword v", 2"Rie codewords {y4} are drawn
iid. ~ Py, given v". Finally, for each pair (v",y"), 2R codewords {x"} are drawn i.i.d. ~ Px,|v,v
given (v",y5). Next, as in the scheme which corresponds to Theorem 1 SBME coding scheme, the
index of the codeword vy in time i becomes the index of v" in time i + 1. For successful decoding at
Encoder 2, we must require Ry, < H(Y2|V). The rate Ry, is therefore that of the information jointly
transmitted to Y by both encoders. The remaining quantity in (43), that is, I(X3; Y|VY,UL) represents
the rate Rq; super-imposed by X; and decoded by Y via successive decoding. One may notice that in
inequalities (44)—(45), the pair (Xj,Y>) can replace X;, however since Y, is a deterministic function of
X it can be dropped.

This result is based on [28], where a capacity region was established for the case of the two-user
MAC with cribbing through a deterministic function at both encoders.
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Theorem 11. Achievable rate-triples (R1, Ry, R3) for the strictly-causal MA-CZIC with partial cribbing belong
to a closure of the convex hull of the set of rate-regions given by

Ry < HY,|V) + I(Xy; Y[VYoUL) (50)
Ry < I(U;Y|TLX;) — I(U; Z|TL) (51)
Ry + Ry < I(TUXy; Y|L) — I(TU; Z|L) (52)
Ry + Ry < I(TUXy; Y|VLYs) + H(Y|V) — [(TU; Z|VL) (53)
Rs < I(X3; Z|L) + min{I(L;Y), I(L; Z) } (54)
for some probability distribution of the form
Pyrurx,v,x,xs = Prlv—n(r)} Pxs Primx, Pxy 1 {va=n(x0)y Pus, |vixs- (55)

The proof of Theorem 11 as well as the following Theorem Theorem 12 appear in Appendix L

Theorem 12. Achievable rate-triples (R1, Ry, R3) for the causal MA-CZIC with partial cribbing belong to
the closure of the convex hull of the set of rate-regions given by (50)—(54), for some probability distribution of
the form

Pyrurx,v,x,xs = Prliv=n(r)yPxs Pr T, Pxy |11 (Yo =) Pus v xs x, - (56)

It is easy to see that setting /(-) to be the identity function, T = V and Y, = Xj, the region of
Theorem 11 degenerates to the outer bound of the MA-CZIC with noiseless cribbing (Theorem 3).

A related problem is the Cognitive State-Dependent MAC with Partial Cribbing. This setup is
obtained by removing user 3 and replacing X3 with an i.i.d. state S known non-causally at Encoder 2.
From the inner bound (Theorem 9) and outer bound (Theorem 11) for the MA-CZIC with partial
cribbing derived in previous sections it is immediate to derive inner and outer bounds for the channel
by setting L = 0 and X3 = Z = S. Doing so yields the following inner and outer bounds.

Theorem 13. The closure of the convex hull of the set of rate-pairs (Rq, Rp) satisfying

R1 < HY,|V) 4+ I(Xy; Y|VY,U) (57)
Ro < I(U; Y[VXq) — I(U; S| V) (58)
Ry + Ry < I(VUXy;Y) — I(U; S|V) (59)
Ri+ Ry < I(UXy;Y[VYa2) + H(Y2|V) — I(U; S|V) (60)

for some probability distribution of the form
PyLux,v,x,5 = PvPsPx v, v Pux,|vs (61)
is achievable for the state-dependent cognitive MAC with partial (strictly-causal) cribbing.

Theorem 14. Achievable rate-pairs (Ry,Ryp) for the state-dependent cognitive MAC with partial
(strictly-causal) cribbing belong to the closure of the convex hull of rate-regions given by

Ry < HY,|V) + [(Xy; Y|V Y, U) (62)
Ry < I(W;Y[TXy) — I(U; S|T) (63)
Ry + Ry < I(TUXy;Y) — I(TU; S) (64)

Ry + Ry < I(TUXy; Y|VY2) + H(Y2|V) — [(TU; S| V) (65)
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for some probability distribution of the form

Pyurx,v,%,5 = Priqv—n(m)) PsPx, r11v,=n(x,)y Puss|vs- (66)

6. Discussion and Future Work

The use of cognitive radio holds tremendous promise in better exploiting the available spectrum.
Sensing its environment, a cognitive radio can use it as network side information resulting in better
performances for all users. The cognitive transmitter may use this information to reduce interference
at its end, reduce interference for the other users or help relaying information. However, obtaining this
side-information is not always practical in actual scenarios. The assumption of a-priori knowledge of
the other user’s information may only be applied to certain situations where the transmitters share
information through a separate channel. The assumption of causally sensing the environment is more
realistic in many cases of distinct transmitters. Nevertheless, the cognitive transmitter will most likely
acquire a noisy version of the information limiting its ability to cooperate. In addition, sensing the
environment involves complicated implementations of the transmitter as well as power consumption
for which the cognition improvement is weighed against. Nevertheless, the improved transmission
rates achieved via cognitive schemes motivate their integration into various wireless systems such
as Wi-Fi and Cellular networks. We note that cribbing requires parallel receiver/transmit technology
(duplex operation), which is useful and usually available, as in the 5G systems. Although receiving
much attention recently ([15,16]), many of the fundamental problems of cognitive multi-terminal
networks remain unsolved.

In this paper we investigated some cognitive aspects of multi-terminal communication networks.
We introduced the MA-CZIC as generalization of a compound cognitive multi-terminal network. The
MA-CZIC incorporates various multi-terminal communication channels—MAC, Z-IFC—as well as
several cognition aspects—cooperation and cribbing. For the MA-CZIC we have drawn inner and
outer bounds on its capacity region. In an effort to better characterize the capacity region, we studied
the extreme points of the achievability region, and were able to find the capacity region in the case
the channel is more-capable. Furthermore, we investigated some variations of the channel regarding
the nature of cooperation between the cognitive encoder—Encoder 2—and the non-cognitive encoder
sharing its receiver—Encoder 1. The case in which Encoder 2 has better cognition abilities and obtains
full knowledge of Encoder 1’s message was investigated. Furthermore, the case where Encoder 2 has
worse cognition abilities and cribs from Encoder 1 via a deterministic function, such as quantizer,
was studied.

As for possible future work, several directions can be considered. First, it would be interesting to
identify some concrete non-trivial channel specification for which the MA-CZIC inner and outer bounds
coincide, at least in partial regions. Finding such a channel may help us get insight about the capacity
region as well as the margins given by the inner and outer bounds. Moreover, the characterization of
the capacity region may be further improved by examining different interference regimes. Determining
the exact capacity region for the MA-CZIC will subsequently result in the capacity region for the
cognitive Z-IFC [36] as a special case. We believe that the opposite derivation also applies; i.e., the
capacity region of the MA-CZIC will follow from the capacity region of the cognitive Z-IFC. Our
model assumed that the cognitive transmitter—transmitter 2—has full non-causal knowledge of the
interference signal X3. While modeling the interference signal as a transmitter is very realistic in many
scenarios, the assumption of non-causal knowledge of the signal, may not hold in practice in case the
cognitive transmitter has sensing capabilities but not shared information. Therefore, the model where
transmitter 2 cribs from transmitter 3 is very much in place, and it would be very interesting to see if it
is possible to determine the capacity region for the channel. Possible iprovement of the achievable
bounds may incorporate the fact that X3 is associated with a coding scheme, and hence the interference
can be mitigated by partial/full decoding, with possible aid of the cognizant transmitter 2.
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Abbreviations

The following abbreviations are used in this manuscript:

MAC Multiple-Access Channel

IFC Interference Channel

OFDMA Orthogonal Frequency-Division Multiple Access
HK Han-Kobayashi

QoS Quality of Service

DF Decode and Forward

AF Amplify and Forward

CIFC Cognitive Interference Channel

MA-CZIC Multiple-Access Cognitive Z-Interference Channel
pP2p point-to-point

RV Random Variable

AEP Asymptotic Equipartition Property

Appendix A

Proof of Theorem 1. Below is a description of the random coding scheme we use to prove achievability
of rate-triples in R, the analysis of the average probability of error is omitted.

We propose the following coding scheme, which includes Block-Markov superposition coding,
backward decoding, rate splitting and Gelfand-Pinsker coding [41]. The coding scheme combines the
coding techniques of [36] with that of [27], which, in turn, is based on the coding technique of [26,29].

For a fixed distribution Py P Px, 1 Px,|vPux,|vix, the coding schemes are as follows:

Appendix A.1. Encoder 3 and Decoder 3 Coding Scheme

Appendix A.1.1. Encoder 3 Codebook generation

Generate independently 2"7 codewords 1 = (I3, ..., I;), each with probability Pr(1) = [T, pr.(l;).
These codewords constitute the inner codebook of Transmitter 3. Denote them as 1(k) where
k € {1,..,2"7}. For each codeword 1(k), generate 2"(Rs=7) codewords x3 = (x31,...,X3,), each
with probability Pr(xs|1(k)) = ITiL; Px,1(x3,[li(k)). Denote them as x3(j,k), j = 1,..., 21(Rs=7),
The codewords {x3(j, k)}jzl(f 37 constitute the outer codebook of Transmitter 3 associated with the
codeword 1(k).

Appendix A.1.2. Encoding Scheme of Encoder 3

Encoder 3 splits its message Wj into two independent parts W3 = (Ws,, W3;), with rates v and
R3 — 1y respectively. For W3, = w3, and W3;, = wj,, it transmits x3(ws,, w3y ).

Appendix A.1.3. Receiver 3 Decoding

Receiver 3 looks for @3 = (W3,, W3p) such that

(H(@34), x3(W34, D3p), 2) € Ae(L, X3, Z).
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If no such @3 exists an error is declared, and if there exists more than one @3 that satisfies the condition,
the decoder chooses @3 at random among them.

Appendix A.2. Encoder 1, Encoder 2 and Main Decoder Coding Scheme

We consider B Blocks, each of nn symbols. A sequence of B — 1 message pairs (Wl(b), WZ(h)) for
b=1,.., B —1,will be transmitted during B transmission blocks. As B — oo, for a fixed 7, the rate pair
of the message (W1, W,), (Ry,Ry) = (Ry(B —1)/B, Ry(B —1)/B) converges to (R1, Ry).

Appendix A.2.1. Encoder 1 Codebook generation

Generate 2"R1 codewords v = (vy,...,0,), each with probability Pr(v) = [T", Py(v;). These
codewords constitute the inner codebook of Transmitter 1. Denote them as v(wp) , where
wy € {1,..,2"~1}. For each codeword v(wp) generate 2"%1 codewords x;, each with probability
Pr(xq|v(wo)) = TTiq Px,v(x1,ilvi(wo)). These codewords, {x;}, constitute the outer codebook of
Transmitter 1 associated with v(wy). Denote them as x; (w1, wy) where wy is as before, representing the
index of the codeword v(wy) in the inner codebook and w; € {1, ..., Z”Rl} the index of the codeword
x1 in the associated outer codebook.

Appendix A.2.2. Encoding Scheme of Encoder 1

Given Wl( ) — wl € {1,..,2"%} for b = 1,2,..,, B, we define wébﬂ) ( ) for b = 1,2,..,B—1.

In block 1 Encoder 1 sends
_ (1) 1
x; ' =x1(w; ', 1),

inblock b = 2,3, ..., B— 1 Encoder 1 sends

W xa(wl® 0ff)

and in block B Encoder 1 sends

Appendix A.2.3. Encoder 2 Codebook Generation

This encoder’s codebook is based on both Encoder 1 and Encoder 3 inner codebooks. For each
two codewords v(wp) and 1(k) generate 2"(R2+8) codewords u = (uy, ..., u,), each with probability
Pr(u|v(wo)l(k)) = ITiLq pujve (uilvi(wo)li(k)). These codewords constitute Encoder 2’s codebook
associated with v(wp) and 1(k). Randomly partition each of the codebooks into 2"%2 bins, each
consisting of 2"F codewords. Now label the codewords by u(wy, wy, w3,, t), where the codebook is
chosen according to v(wp) and 1(ws,), wp € {1,...,2"R2} defines the bin according to Encoder 2’s
message, and t € {1, ..., 2”5} is the index within the bin.

Appendix A.2.4. Encoding Scheme of Encoder 2

Given (wéh),wgh),wéh)) as before and Wz(b) = wéb) € {1,..,2"%2}, search for the lowest
t € {1,.,2"} such that ul®) = u(w(()b) wgh),wgl;),t) is jointly typical with the triplet

(b) _ (D) (b))

(v(w (b)) (wgu)) x;,(wéb))), denoting that t as t(w, ', w, ', wy ). If such a t is not found or if the

triplet (v(w (b>) (wéa)) X3(w§b))) is not jointly typical, an error is declared and t(wéb),wéb),wé )) =1.

(b):x( (0) _ (&) _ (b)

Now, create the codeword x;, 2(wy ', wy ', wy ) by drawing its components i.i.d. conditionally on

the quadruple (v(wéb)), l(wg;) ), u(w(()b), wgb), wél;), £), X3(w§b))), where the conditional law is induced

by (10).
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In block 1 Encoder 2 sends
x2(1, wél), wgl)).
As a result of cribbing from Encoder 1, before the beginning of block b = 2, 3, ..., B, Encoder 2 has
an estimate z@(()b) for w((]b). Then, for b = 2,3, ..., B— 1, Encoder 2 sends

0@, o, wl®)

and in block B Encoder 2 sends

xz(z@(()B), 1, wéB)).

Schematic description of the encoding appears in Figure Al.

X P
3nR1
codewords
-
Ve .
Primary
2nR1 W= | 3 oy O vy 1) —————————> 4.0l
codewerds -
7 -
i .
e
U2 : Pywt
. —
- .
20 codeword: .
Within 277 bins -
\
Ui U vy, k) | —— 3t => Primary
I» T channel
-
2 .
codewerds .
X" Py
Wam> S —
.
* 20R3-y) .
codewords :
Wa=> ——— Zecondary
= channel
.

Figure Al. A schematic description of the codebooks hierarchy and encoding procedure at the

three encoders.

Appendix A.2.5. Decoding at the Primary Receiver (g1)

After receiving B blocks the decoder uses backward decoding starting from decoding block B
moving on downward to block 1. In block B the receiver looks for Zf)((]B> = szgB*l) such that

(v@ ), x (1,5, @B, 1, 0, ), 1),y ) € Ac(V, X1, U, L,Y)
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for some wglj), where t = t(z@%Bil), 1, wgb)).

Atblock b =1,2,..., B—1, assuming that a decoding was done backward down to (and including)

block b + 1, the receiver decoded 71}53_1), (z@éB_l), Zb&B_z)), ey (W (b+1) wlb )) Then, to decode block b,

(b) ~(b—-1)

the receiver looks for (@, *,@; ) such that
(v(@" ), xg (@, 2" 7V), w(@ Y, o ), ), 1)), y ) € Ac(V, X, U, L, Y)

(b) H0=1) (b))  (b)

for some w,,, where t = t(; /1, ', wy ).

Appendix A.2.6. Decoding at Encoder 2

To obtain cooperation, after block b = 1,2, ..., B— 1, Encoder 2 chooses wgb) such that

(v@{), @, @), x\") € Ac(V, X1, X1)
where @,(?) = wgbil) was determined at the end of block b — 1 and w(()” =1
At each of the decoders, if a decoding step either fails to recover a unique index (or index pair)
which satisfies the decoding rule, or there is more than one index (or index pair), then an index
(or index pair) is chosen at random among the indices which satisfies the decoding rule.
It can be shown that the error probability will be arbitrarily small if (9a)—(9d) hold.

Appendix A.3. Bounding the Probability of Error

We define the error events E(()b) — Eéb) as follows:
o E(()b): Codebook error, the codewords v,x;,1,x3 are not jointly typical. That is

(@), x (@, w)) & Ac(v, X1) U (1@, x3 (@2, wl))) ¢ Ac(L, X3)

(b)

e E "), Error decoding w; ’ at Encoder 2, that is, there exists wl 7& wl ) such that
(v(@), x1 (@, 0l x\") € Ac(V, X1, X)) (A1)

° Eéb): Encoding error at Encoder 2, no suitable encoding index t. That is, thereisno t € {1, ..., 2”/3}
such that

(v(wéb)) l(wéz)), (wéb),wgb),wga),t) x;,(wéz),wéz))) € A:(V,L, U, X3)

(b)

E;”’: Channel error, one or more of the input signals is not jointly typical with the outputs y and z.
That is

b b b b b
V(@) u(wy, Wy, wi), ), x (@, wi), @), xs (@), w)), y®,2)
g Ae(v/ u/ Xl/ L/ X3/ Y/ Z) (AZ)
E ib): Codebook error in decoding wél;) at either one of the decoders, a false message was detected.

That is, there exists wé’;) # wéz) such that

1(@),y?) € AL, Y)U (1(@L)),2")) € Ac(L, Z)
( (0)

ESb) : Codebook error in decoding w, ’. There exists wéb) # w(()h) such that

(v@), a@, 1,0, ), % (@, a"), 1)),y € Ac(V, U, X1, L, Y)



Entropy 2017, 19, 378 18 of 33

for some pair (j,t) j € Wy, t € {1,...,2"F}.
o Eéb): Codebook error in decoding w, . There exists a different bin wz 75 w2 , such that

(v, u(@, @5, w0l ), x (@, wi) @),y V) € Ac(v, U, X4, L,Y)

for some t € {1,...,.2"F}.

o (b) : Codebook error in decoding wé’;) There exists w3b # wgb) such that

(@), x5 (@), @), 20)) € Ac(L, X3, 2)

Notice that when Encoder 2 observes x; error-free, as in this setup, the error event E (Al) can
be replaced with the explicit case of having two identical codewords in {x; } codebook, i.e, there exists

o) #* wg such that xl(wg ) w (b)) = xgb).

We now define the events F;, i = 0...5 as follows:

L ReuL 1<E§b> e
* Ub 1
. F3_Ub 1((2 %b;UE% UE(b)

e F 2 Ub:l( ?b) U E%h UE%b) U E%b UE )
e FV27, Efb)r b=1,.,B

We upper bound the average probability of error P, averaged over all codebooks and all random
partitions, as in [27], by

B
P, < Z{Pr D)+ (e R, BTy 4+ Y {r[ED B + Pr(ED B, (T
b=

where F(1-0=1° denotes the complement of the event U?;ll F@),
Furthermore, we can upper bound each of the summands in the last component of (A3) by the
union bound as

[ (b) IFS,F 5(b+1...B)C}

(O (b+1..B)C
— ‘F4’ .es )

<Y Pr(E" Eg, EP 0. (Ad)

el

Now, we can separately examine and upper bound each of the summands in (A3):

e By the Asymptotic Equlpartltlon Property (AEP) [40], Pr(E, )] —0asn — oo.

1..b—1)€

e In the second summand, Pr[ |FC, E; (1.b-1)C |, the conditioning on F§, EE insures that

(xgb), v(t)) are jointly typical, and that Encoder 2 decoded correctly all the previous messages

w(l), ,w(b R and specificall w(> = ( R . Since each codeword xq -,w(b) is drawn i.i.d.
1 1 p y 0

given w(() ) , from the strong typicality Lemma we get

PrlE) (RS, 7] < 27 HOaI—d, g2 o) (A5)
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where Eg? is the event
b . (b b
(v(w{"),x1 (j, i), x\")) € Ac(V, Xy, Xy). (A6)
Assuming, without loss of generality, that wgb) = 1, we get by using the union bound

2nR1
Pr[E‘Eh)lpéjl Egl...bfl)c] S 2 Pr[E§Z)|F5, Egl...hfl)c] S (anl _ 1) X 2—71[H(X1|V>—€].
j=2

Hence for
Ry < H(Xi|V) —¢ (A7)

(b)) pe p(1.b—1)C
we get Pr[E; " |F§, E; | = 0asn — co.
e Since the codewords {u} are generated in an i.i.d. manner we have

onp
By =N EY (A8)
t=1

(b)

where E, / is the event

(v(w{), 1@, u(@(”, 0, W), ), x3(w?)) & Ac(V,L,U, X3)

for a specific index ¢t. Hence, we have
) pe — TTpel)
prlEy) | Ff) = [T PrlEy 5] (A9)
t=1

Conditioning on V and L in ([41], Lemma 3) we get
Pr(E{) Ff] < 127 IWXsIVL 4l (A10)
forallt € {1, ...,2”/3}, where €; — 0 as ¢ — 0. Hence
PrEWY)|F) < (1 — 2 nIUXalVE) ber] )2 (A11)
The expression converges to 0 as n — oo for

B> I(U; X3|VL) + €. (A12)

C
e By the AEP Pr[E{ |F5, E{"" V"] 5 0as n — oo,
o If

v <min{I(L;Y),I(L;Z)} (A13)

then, from joint typicality decoding, Pr[Eib) |F§] = 0asn — oo

e We state that
2nR

=
=
)

2nRy onp
b b+1..B)€
PrlEQ ), |Ff, E TP

.

I
—
-
—_

where Eéb%t stands for the event

(v(i),ui,j,wl),£),x (@, i), 1)), y ) € Ac(V,U, X3, L, Y).
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By using the strong typicality Lemma we bound each of the summands above

on[H(VUX{LY)+e]

(b) (b+1..B)¢
Pr(E; |y, F5 | < HVURD YD~

— o—n[I(UVXy;Y|L)=3¢]

Summing over all codewords we get

Pr[Eéb)|Fi, Fébﬂ...B)C] < 5—n[[(UVXy;Y|L)+3e]gn(R1+Ry+p)
Therefore, if
Ri+Ry+ B < I(VUXy;Y|L) + 3¢ (A14)

c
then Pr[Eéh) |Fs, F5(b+1"'B) | = 0asn — oo.
e Similarly, using the same technique as the previous step, if

Ry + B < I(U;Y|VLX;) + 3¢ (A15)

then Pr[Eéb) |ES, F5(b+1.‘.B)C]

e Finally, if

— 0asn — oo.

Rz —9 < I(X3;Z|L) (Alo)

b+1..B)C
* )]—>Oas1’l—>oo.

then PrE{" | FS, E
From (A7)—(A16) we get (9a)—(9d), thus concluding the proof. O

Appendix B
Outline of the Proof of Theorem 2:

The achievability part follows similarly to that of Theorem 1, the only difference being in
(b) . (b)

the way the codeword xz(@éb),wz , Wy ) is generated. Here, the second encoder generates the

codeword xz(z@éb),wéb),wgb)) by drawing its components i.i.d. conditionally on the quintuple

(v(wéb) ), l(wél;) ), ul, xgb), x§b)), where the conditional law is induced by (11).

Appendix C

Proof of Theorem 3—Strictly Causal MA-CZIC Outer Bound. Consider an (Z”Rl, 2nRy onRs n) code

with average block error probability PE(") = ney, and a probability distribution on W x W, x Wjs x
X x X x A3 x Y x Z given by

n
PWiWa W xg Xa Xy ze = Py PWo PWs 1 xn= (i)} L= £ (W)} ’anzi\szin’l PY;| X1 X0 X5 P Zi | X3 (A17)
1=

Fori e {1,2,..,n},letV;, L; and U; be the random variables defined by
VXL LAYz, UEw (19)

and let U be the random variable defined by further defining Q to be an auxiliary (time-sharing)
random variable that is distributed uniformly on the set {1,2,...,n}, and let

VE(Vp Q) Xi£Xg L2(LgQ),
Xs£Xs0, YEYy Z%2Zg U=Up. (A19)
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We start with an upper bound on R,

nRy = H(Wi|Wa)
= I(Wl,'Yn|W2) +H(W1|W2Yn)
< I(Wy; Y"| W) + ney

9

—

X1 Y Wa) + ney

[(Xq5 Y"|Wa Xi71) + ey

Il
=

Il
MR

H(Xy:| X1 + ney

IN
=

Il
—

H(X11|V1) + ney

|
™=

Il
_

Xlg‘VQQ) + ney
Xl | V) + ney, (AZO)

I
Iz

where (a) follows from the encoding relation in (2).
Next, consider Rj
nRs = H(W;3)
= I(W3;Z2") + H(W5|Z")
< I(Ws; Z") + ney
= H(Z") — H(Z"|W3) + ney
H(Z") — H(Z"|W3X%) + ney
= H(Z") — H(Z"|X}) + ney
H

(z") - i H(Z;|X3;) + ney, (A21)

where (b) follows from the fact that conditioning decreases entropy, (c) follows from the Markov chain
W; — X3 — Z" and (d) follows since the channel Py x, is memoryless.
Using the Csiszar-Korner’s identity ([43], Lemma 7) we obtain

H(Y") - H(Z") [H(YY"'Z]y)

I
™=

I
—

— H(Z|Y"'Z],y)]

M-

Il
—_

[H(Yi|Li) — H(Zi|L;)], (A22)

where the last equality follows from (A18). Substituting (A19) into (A22) we get

L(H() ~ H(Z") = H(Y|L) - H(Z]L). (A23)

Notice that (A23) implies that there exists a number v where

7= SH(Y") ~ H(Y|L) =  H(Z") - H(Z|L) (A24)
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0 <7 <min{I(L;Y),I(L; Z)} (A25)
where the right inequality of (A25) follows since H(Y") < nH(Y) and H(Z") < nH(Z), and the left
inequality follows since

n n
H(Y") =Y H(Y;|Y"™™) Z (Y;|Y"'z! ) = nH(Y|L). (A26)
i=1 i=1
Following from (A21) we have
1, on 1
Rz < ;H(Z ) - ZH(Zi\X&’) +€n

+7—H(Z|X3Q) +€n
+v—H(Z|X3) + €n
— H(Z|X3) + min{I(L;Y),I(L; Z)} + €,
H(Z|XsL) + min{I(L;Y), [(L; Z)} + en
= I(X3; Z|L) + min{I(L;Y), [(L; Z)} + €n, (A27)

where (e) follows from (A24) and the definitions of random variables in (A19); (f) follows since the
channel Py x, is memoryless, and (g) follows from the Markov chain L — X5 — Z.
Next, consider Ry

1
RZ = EH(WZIWl)
< %I(Wz;Y”\Wl) +en
1 1
= JHY"|Wi) = —H(Y"[WiW2) + en. (A28)

By conditioning (A22) on W; we get

n

H(Y"|Wi) = H(Z"|Wy) = Y [H(YGY 2 Wh) — H(Zi[ Y1 2] W)

Il
_

n
LY [HY Y ZE Wi Xy XY — H(Z Yzl Wi X))
i—1
) & i i1 i
= Y HYGY ' 28 XXy ) — H(ZY T 28, X))
i=1
n
= Y [H(Y|LiX1;V;) — H(Zi|L;V})], (A29)
i—1
and hence ;
1 1
H(Y"[W;) = ;Z (YilLiXy;Vi) — H(Zi|LiVy)] + — H(Z"[Wh), (A30)

=1

where (h) follows from the encoding relation in (2) and (7) follows since Wy — (Xy;, Xfl, yi-1) —;
and Wy — (Xz Lyi-t ,Z}',1) — Z; are Markov chains.
In the same manner, conditioning (A22) on (W;, W,) yields
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1 & 1
H(Y*[WiW;) = " Z (Yi|LiXa;ViW2) — H(Zi|LiViW2)] + —H(Z" Wi Wa). (A31)

Substituting (A30) and (A31) into (A28) we get

1 & 1 1
Ry <~ Y [H(Y|LiX1;V;) — H(Z{|LiV;)] + ;H(Z"|W1) - ;H(Z”|W1W2)
i=1
1 n
- Z (Yi|Li X1;ViW2) — H(Z{|L;V;W2)] + €n
7’1 i—1
(1) 1& 1&
= Y [H(Y|LiX1;V;) — H(Zi|L;iV;)] - Y [H(Yi|LiX1;ViWa) — H(Z;|L;iViW,)] + €,

,_.

i= i=1
( QIYQ\VQX@LQQ) — I(Ug; Zg|VoLgQ) + en
O [ Y|LX, V) — I(U: Z|LV) + en, (A32)

where (j) follows since Z" is independent of (W;, W,) and therefore H(Z"|W;) = H(Z"|W1W,) =
H(Z"), (k) follows from the definitions of random variables in (A19), and (/) follows since the channel
Py|x,x,x,Pz|x, is memoryless.

Finally, we consider the sum-rate R + R»

1
Ri+Ry = EH(W1W2)

1
EI(W1W2,Y )+ en
1 " 1 n

= ;H(Y ) — ;H(Y [WiW2) + e

m 1 & 1 . 1 .

2 = Y IH(YGIL) — H(ZI|L)) + e + _H(Z") = ~H(Z"|[WiWy)

Il
—

|
S|
.M:

Il
—

[H(Y;|LiX1;ViWa) — H(Z;|L;V;Wa)]

1

n

n

IS
S| =
=

Il
—_

n
[H(Y;|L;) — H(Zi|L;)] +en — Z (Yi|Li X1;ViW2) — H(Z;|L;V;W2)]

/\ ~

H(Yq|LoQ) — H(Zg|LoQ) +en — H(Yg|LoX10VoUQ) + H(Zg|LqVoUgQ)
= I(VoUpX10; Yo|LoQ) — I(VoUg; Zg|LoQ) +€n
Y 1(vUXy; Y|L) = I(VU; Z|L) + €n, (A33)

where (m) follows from (A22) and (A31), (n) follows since Z" is independent of W; and W, and
therefore H(Z"|Wy) = H(Z"|W1W,) = H(Z"), (0) follows from the definitions of random variables
in (A19), and (p) follows since the channel Py x, x, x, Pz|x, is memoryless.
It remains to show that the joint law of the auxiliary random variables satisfy (20); i.e., we wish to
show that the RVs V;, U; and L; as chosen in (A18) satisfy

PUVELi Xy x X0k Xax = PViP Xy | Vi P X3 PLic| Vi X 1 P U | L Vie X3 10 P X Ui Vi X i L (A34)

From (A17) and the encoding rules (2)—(4) we may write

Pw, woWs Xk xkxnyk=17n
o 1VV2VV3 A1 Ay Ag (A35)
= PWi Pt wy Py jwy xb- 1 PWs X3 Ws Pz x5 PWa P ek w, x5 1w Pyk—1 b1 Xk 11
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Since pyw, PXyws = PX1Pw,|xz, Summing this joint law over wy, w3 and all possible sub-sequences

zF we obtain
Pw.xtxsxgyizy,
= WWZB,Z]( Pwy wy W xk Xk xryk=1zn
TP PXEPZ (X5 PWa Pk X x Pkt xd o1k
TPXEP R X PXa ik Pk P 13671
Pz X PP o X X Pt g (A36)
From the memorylessness of the channel we get
PX3P X571 X5 ng,k+1‘X§71X3,kp ZE X e
:pxlskl X3J<X§l,k+l ZI?+]
PP 2L PP 2t P X a2 (A7)
From (A37), summing the joint law in (A36) over all possible sub-sequences x3, . ; we obtain
Pwa xkxkxkyk-1zp |
= xg‘El Pw, Xkxkxgyk-1zp |
TPy xE T PXa kP2 [ Xa gk PXE 2 X PW2 Pk w, xb X1 2 Pyt xb-txd-1xg 1 (A38)
From the memoryless property of the channel we may write
PXE W, XE-1xk x5z, Pyt xb-1xh-1xk1
TP W XE X Xz T PR WX X gz Pk XA Ty X 2
TP Y W XXXz T P RS e X X g zn (A39)
Summing (A38) over all possible sub-sequences (x’zkl, xéfl) and using (A39) we obtain
PWa xkx, X5 YE1 zr
) (xlﬁl,ZX}éU PR iz
PP x g XXk P2 [ X PWaP oy v o X120
:pxllffl le,k\XIfA PX3,k pZ,t’+l | X3 Pw, sz,k | szllﬁl Xs,kyk—l 7z, Pyk—1 |W2X’1"1 X3,sz+1 . (A4O)
From the encoding rules (2)-(4) it holds that p 271X p 70, [WyXE X5 7 hence we can
write (A40) as

PWa Xk, X Y127

TPWoXE X X X Y12,

= _ _ . _ _ . A4l
PXEAPX, xE 1 PXakPWa " P, Wy XE 1 viet e Pyk-1zn (wp X1, (A41)
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From (A41) and (A18) we get

PUiVi L X1 jXox Xax = PViP Xy | Vie PX3  PUk P X iUk VieX i Lic P Li Uk Vie X (A42)
Using the identity

_ PunviXs  PLiViXax
PLiuvixse =

Pu Vi X

_ PU L ViXs j PLi | VieXs PV P X
PuyPviPXsx

_ PU|LiVieXa i PLi Vi X5

Pu,

(A43)

in (A42) we get (20), thus establishing the desired form of the probability function. O

Appendix D
Outline of the proof of Theorem 4—Causal MA-CZIC Outer Bound:
The outer-bound for the causal MA-CZIC follows similarly to that of Theorem 2. Consider

an (21, 2mR2 2nRs 1) code with average block error probability Pg(n) = mney, and a probability
distribution on W) x Wh x W3 x &1 X Xp x A3 x Y X Z given by

n
PwWiWoWa Xy X xsynzn = Pw, szpws1{X{’:f1(Wl)}l{X§:f3(W3)} ’ quzi\WZWﬁ({ Py, X1 X0 X3 PZi| X5 (Ad4)
=

The inequalities for the causal cribbing case are identical to (A20), (A27), (A32) and (A33).
It remains to obtain the joint law of the random variables.
It can be seen that in this case (A41) becomes

PWa Xk, X5, Y120,

TP W, XE LX) X X YR 128

k1
=P i _ . _ _ A45
PX’{ ! le,k\X]f 1P X3 P, sz,Ak\szlf WXy Xa Y122 ka*lZ!?+1|W2X§ X ( )

and using (A43) we get from (A45)
PUiViLi X xXax Xax = PViPXq | Vi PXa ik PLi| VX 1 P X k| VieXa e X3 Li PUR | L Vi X (Ad6)

Appendix E

Proof of Theorem 5—More Capable Channel—Strictly Causal Case. Proof of the Converse Part:
Fori € {1,2,..,n}, let V; be defined as in (A18). Define Q to be an auxiliary random variable that is
distributed uniformly on the set {1,2,...,n}, and let V, Xy, X5, X3 be defined as in (A19).

We bound R; as in (A20), we get

Ry < H(X4|V). (A47)
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Next, consider R,
Ry = —H(W,|W1W3)
I(Wo; YW1 W3) + €y
1
H(Y"[WiW3) — —H(Y"[Wi W2 W3) +en

[H(Y; Y TWiW3) — H(Y| Y T Wi Wa W3)] + €

-

Il
—

[H(Y; Y Wi X X0 W Xa:) — H(Y | Y Wi X5 X0 Wo X0 W5 X3:)] + €

I
—

-

Il
MR

[H(Y;| XX X5:) — HOY; Y Wy XU X Wa X0 W5 X3)] + €

-

Il
—

[H(Y;| X1 X X5) — H(Yi| X X0, X0 X31)] + €n

1=
|~ I~ I~ R NP, INP,IR,I-
1=

=

[(Xo5 Vi | X3 X0 X50) + €n

XZQ; YQ | VQXlQX3Q Q) +€n
Xs; Y|VX1X3) + €n, (A48)

Il
_

= I(
where

(a) follows from the encoding relation in (2)-(4),
(b) follows since conditioning reduces entropy, and
(c) follows since (W1, Wp, W3, Xi1, YI=1) — (Xy;, Xpi, X3;) — Y; is a Markov chain.

Next, consider the sum-rate R; + R»
Ri+ Ry = —H(W1W,|W3)
I(W1W2,' Yn|W3) + €,
1
H(Y"|W3) — EH(Y”|W1W2W3) + €,

[H(Y;|YTIW3) — HY; | Y ' Wi Wo W5)] + €,

-

I
—

[H(Y;| Y " W3 X5;) — H(Y;| Y Wy X1 X0 Wo Xoi W3 X31)] + €

Il
MR

-

I
—

[H (Y| X3) — HY; YT Wy XX Wa X0 W5 X3:)] + €n

-

Il
-

[H(Y;|X3i) — H(Y;| X1i X0 X3;)] + €n

1=
S|~ I~ I~ N~ I, INRPI|R,I
1=

=

I(X4iX0i; Yi| X3i) + €n

XlQXZQ/' YQ|X3QQ) + €y,
X1X2}Y‘X3) + €y,

Il
—

~ o~
—~

where the reasoning for steps (a)—(c) is as in (A48).
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Finally, clearly
R; < I(X3;2). (A49)

Since in this case, the only auxiliary random variable used is V, defined the same as in (A19),
and (27) is a special case of (10), it follows that V satisfies (27).

Proof of the Direct Part: 1t is easy to verify that the region in (9a)—(9¢c) contains the region in (25a)—(25d).
To realize this, set X, = U and L = X3. Hence in (9b), (9c) we get I(U; X3|L = X3) = 0 and
I(U; Z|L = X3) = 0 and both equations coincide with (25b), (25¢). The inequality (9a) remains as it is
and (9d) becomes R3 < I(X3; Z) since min{I(L;Y),I(L; Z)} = I(X3; Z) for L = X3 in the more-capable
case. Hence, since the p.m.f, in (27) is a special case of the probability mass function in (10), the region
(25a)—(25d) is achievable thus concluding the proof of Theorem 5. [J

Appendix F
Outline of the Proof of Theorem 7:

The achievability theorem is based on random coding scheme in addition to superposition
coding, rate-splitting, and Gel’fand-Pinsker binning. However, since there is no cribbing involved, and
Encoder 2 has full knowledge of Wy, there is no need of Block-Markov coding and Backward-Decoding,
and the coding scheme becomes simpler than the one used in proving Theorem 1. In what follows,
we sketch the main elements of the encoding and decoding procedures and provide an intuitive
explanation for the proposed choices.

For a distribution Py 1x, x, x, satisfying (37), User 3 uses the same rate-splitting coding technique
as in Appendix A. It encodes one part of W3 by an inner codebook represented by L and the second
part by an outer codebook represented by X3, where the inner codebook can be decoded by both
decoders. Now, User 1 may transmits at rate R} = I(X3; Y|L). The cognitive user, User 2, relying on
the fact that L and X; were decoded by the main decoder, bins U against X3, hence transmitting at rate
R, = I(U; Y|LX;y) — I(U; X3|LX;). Now the information sent by Encoder 2 at rate R, may be shared
between the private message W, and the common message W in such a manner that

Ry <R
R+ Ry <R|+R)

thus, establishing (36a)—(36¢).

Appendix G
Outline of the proof of Theorem 8 :

Let the RVs Xj, X5, X3,L, V, U, Q be defined as in (A18)—(A19) with the exception of V; 2w
We start by bounding R3 as in (A27), thus getting

Rs < I(X3; Z|L) + min{I(L; Y), I(L; Z)}. (A50)
Next, consider R,
Ry = - H(W|Wy)
< LI(W Y| Wh) + e

1 1
= H(Y"[Wh) = _H(Y"[Wil%) + .
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Using the identities (A22) and (A31) we get

1 & 1 1
Ry <~ Y [H(Yi|LiWy) — H(Z;i|LiWy)] + SH(ZM W) = —H(ZM Wi W)
i=1

1 n
= LHMILWIW2) — H(Zi|LiWiW2)] + e
i=1
w 1 ¢ 1
= EZ[H(YJL'WO H(Z;|LiW1)] EZ (Yi|LiW1W2) — H(Z;|LiW, Wp)] + €
i=1 i=1
0 1 1
= Y [H(GILWi Xy;) — H(Yi|LiW1 X1;W2)] - Y [H(Z{|LiWy) — H(Z{| LW, W2)] + €
i=1 i=1
1 n
= Z[I(WZ}Yi‘Liwlxli) — I(Wo; Z;|LiWh)] + €

I
—

5

I(Wa; Yq|LoWiX10Q) — I(Wa; Zg|LoWiQ) + en
I(UQ, YQ|LQVQX1QQ) — I(UQ, ZQ|LQVQQ) + €,
I(U Y|LVX1) — I(U Z|LV) + €. (A51)

Now, consider the sum-rate Ry + Rp

1
Ri+ Ry = EH(W1W2)

IN

1
EI(W1W2; Yn) + €,

1 1
= “H(Y") — “H(Y"[WiWa) +én.

Again, using the identities (A22) and (A31) we get

13 1 1
Ri+R; < . Y [H(Yi|L;) — H(Z;|L;)] + e + EH(Z") - EH(Z"|W1W2)
izl
1 n
- Y [H(YG|LiWyWa) — H(Zi| LW, W, )]
-1
@1 & 1 &
= Y [H(Yi|L;) — H(Z;|L;)] + en — - Y [H(Y;| LWy Wa) — H(Z;|L;W, W)
-1 i-1
w1 & 1
= Y [H(Y;|L;) — H(Y;|LiW; X1;Wa)] — . Y [H(Zi|L;) — H(Z;|LiW,Wy)] + €en
i=1 i=1
1 n
= Y [T(WiWo X5 G| Li) — (W1 Wa; Zi|Ly)] + €n
i=1
= [(W1W2X1q; Yo|LoQ) — I(W1Wo; Zg|LgQ) + €n

(
= [(VoUgX10; YolLoQ) — I(VoUg; Zo|LoQ) + €n
= [(VUXy;Y|L) — I(VU; Z|L) + €y, (A52)

where (a) follows since Z" is independent of (W, W), (b) follows from the encoding relation in (2).
Similarly to Theorem 3, it can easily be seen that auxiliary random variables defined here satisfy (37).

Appendix H

Proof of Theorem 9—Partial Cribbing MA-CZIC Inner Bound. We introduce the following coding
scheme, based on the coding scheme of Appendix A. The difference from Appendix A is that Encoder 1
now uses rate-splitting in addition to block Markov superposition coding. Encoders 2 and 3 use
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the same coding scheme as in Appendix A. Since the analysis of the average probability of error
is very similar to that of Appendix A, for the sake of brevity we omit it as well as similar parts to
Appendix A which will not be repeated here. For a fixed distribution Py PP, |1 Px, v,|vPux,|vix, the
coding schemes are as follows:

Encoder 3 and Decoder 3 Coding Scheme: Same as in Appendix A.

Encoder 1 Coding Scheme: We consider B Blocks, each of n symbols. A sequence of B — 1 message pairs

b
W,

Wz(b)) forb =1, .., B —1, will be transmitted during B transmission blocks.

Encoder 1 Codebook generation: Encoder 1 splits its message W; into two independent parts W; =
(W14, Wip), with rates Ry, and Ry, accordingly. Generate 2"R1« codewords v = (v, ..., vy,), each with
probability Pr(v) = [T/_; Pv(v;). These codewords constitute the inner codebook of Transmitter 1.
Denote them as v(wp,) , where wgy, € {1,..,2"12}. For each codeword v(wg,) generate 2R
codewords yj, each with probability Pr(y2|v(woa)) = ITiZ1 Py,|v (42,i|vi(wos))- These codewords, {x },
constitute the outer codebook of Transmitter 1 associated with v(wy,). Denote them as y; (w1, wo,)
where wy, is as before, representing the index of the codeword v(wy,) in the inner codebook and
wy, €1{1,.., Z”Rlﬂ} the index of the codeword y; in the associated outer codebook. Finally, for each pair
(v(woq), y2(w14, wog)), generate 2Rt codewords x; each with probability Pr(x1|v(wo,), y2(w14, wos)) =

[T Px, vy, (x1,i[vi(woa), Yai (w14, Woa)). Denote them as xq (w1p, w14, Woa)-

Encoding Scheme of Encoder 1: Given Wl(i) = wl € {1,..,2"i}, where i € {a,b}, forb =1,2,..., B,

we define wébﬂ) = wgz) forb=1,2,..,B—1.

In block 1 Encoder 1 sends

xiV = x (wl), wil), 1),

in block b = 2,3, ..., B— 1 Encoder 1 sends

b () )
Xg )= (wlb)’wla ’w(()a))
and in block B Encoder 1 sends
B B
xg ) = x1(1,1, w(()a))
Encoder 2 Coding Scheme: Same as in Appendix A, where the index wy is now replaced with wy,, and x1,
unknown at Encoder 2, is replaced with y5.

Decoding at the primary receiver (g1): After receiving B blocks the decoder uses backward decoding
starting from decoding block B moving on downward to block 1. In block B the receiver looks for

u?éf) = wgB 1 such that

(v@E ™), y2(1, @5 7), x (1,1, 25 u@E Y, 1,0, ), 1), yB)) € Ac(V, Yy, X4, U, L,Y)

for some wéf), where t = t(?f(}gB_l), 1, wéh)).
Inblock b =1,2,..., B — 1, assuming that a decoding was done backward down to (and including)

block b + 1, the receiver decoded !B (zbéBil),zi)glg*z) ZD(sz)), e, (zbgbﬂ), w“’*” A(b)) Then,

la la 1b
to decode block b, the receiver looks for (wgh), wgl;), wgl; 1)) such that

b— b b— L (b) (b)) (b— A (b—=1) b
( (w§u 1)),y2(w( ) wgﬂ 1))/X1(w§b),w§a),w§a 1))/“(w§a 1)/w£) éa)/f) (w (a)),y(b))

la’

€ Ae(V, Y2, X1,U,LY) (A53)

(b) b=1) () _ (b)

for some w,,’, where t = t(; ( Sy wy ).
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(b)

Decoding at Encoder 2: To obtain cooperation, after block b = 1,2,..., B — 1, Encoder 2 chooses @,

such that
(v(@y) ya(@ig 2g,)),y3") € AV, o, v2)
where wba(b) = w{i’l) was determined at the end of block b — 1 and ZT)(()H) =1
At each of the decoders, if a decoding step either fails to recover a unique index (or index pair)
which satisfies the decoding rule, or there is more than one index (or index pair), then an index
(or index pair) is chosen at random among the indices which satisfies the decoding rule. [J

Appendix I

Proof of Theorem 11—Partial Cribbing MA-CZIC Outer Bound. Let the RVs X;, X5, X3, L, U, Q be
defined as in (A18)-(A19). In addition define V; and T; to be

v,i2y !l TAEXx (A54)
accordingly, define V, T, Y; as follows

VE(VQ) Y22 (Y0Q), T2 (T Q). (A55)

We start with an upper bound on R

2
2

= H(W;|W>)

a)

H
=H
=H
=H

—

W1Y;'[W,)

Y3 |Wa) + H(Wi Y3 W2)

Y3 W) + I(W; Y YSW,) + ney

Y3 [W2) + H(Y"|Y3 W) + H(Y"|Y; W1 W2) + ney

— = =

=

H(Yai|Yi Wa) + H(Y"|YSWa) + H(Y"|YS W1 W,) + ey

Il
-

= i%[ (Yai Y37 'Wo) + H(Y; YW, L;) — H(Zi| YA W,L;) + H(Y;[YE Wi W, L) — H(Z;|YF Wi W, Ly)]
=
+H(Z"WoY2) — H(Z" Wi W Y2) + ney

= ‘i‘i[ (Yoil Y3~ 1) + H(Y; | Yy WaL;) — H(Z;| Y3 W, L;) + H(Y; | Yy Wy WoLy) — H(Z;| Y3 Wi W, Ly)] + ne,
=

= Y [HOYG YY)+ H(Wy YV WaL,) — [(Wes Z[ Y WaLo)] + i,
=1

22[ (Yol Y5 1) + 1(Xa YilYy ' YaiWaLi) = 10Xy Zi|Y; " WaLi)] + nen

Il
—_

[H (Yo |Yi 1) + I(Xq5; Yi| YA Yo Wa L)) + ney. (A56)

IN
=

Il
—_

where (a) follows from the encoding relation and the fact that Y, is a deterministic function of Xj.
Step (b) follows from the identity (A22). Step (c) follows from the fact that conditioning decreases
entropy and that Z" is independent of the triplet (W1, Wy, YI). Step (d) follows from the Markov
chains Wy — (Xy;, YA™1, Y3, Wy, L;) — Y; and Wy — (X071, VA1, Wy, L)) — Z.

Next, we bound R3 as in Appendix C. We get

R3 < I(X3;Z|L) +min{I(L;Y), I(L; Z)} + €. (A57)
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We continue to bound R; as in Appendix C. It is easy to see that the bound for the MA-CZIC with
full strictly-causal cribbing must also bound the MA-CZIC with partial cribbing. Hence, we get

Ry < = Y [I(Wy Y| LiXy; Xy 1) — I(Wo; Zi|LiXi )] + €. (A58)

I |-
AM:

1

Finally, we consider the sum-rate R; 4+ Rp. As in Appendix C, the bound for the MA-CZIC with
full strictly-causal cribbing must also bound the MA-CZIC with partial cribbing. we get

1& - -
Ri+Ry <~ Y (XX " Wo; YilLy) — I(X] " Wa; Zi|Li)] + e (A59)
i-1

A second bound on the sum-rate is obtained as follows

n(Ry + Rp)
= H(W1W2)
H(WiW,Y7')
= H(Y;) + HWiW,|Y3)
(Y3) + I(Wy W, YY) + ney
() + H(Y"|YS) + HY" | YIS Wi W,) + ney,

I
T =

H(Yo| YA + H(Y"|YS) + H(Y"[YI W W) + ney

I
™=

I
—_

[H(YailY; ") + HY;|[YJLi) — H(Zi[ Y3 L) + H(Y; Yy WiWaL;) — H(Zi|YJ Wi W, L;)]

=
™=

0
E»—-

(Z"Yy) = H(Z"[WiW,Y5) + ney

ll=
™=

Il
—_

[H(Yo | YY) + H(Yi| Y L;) — H(Z|YSL;) + H(Y;|[YF Wi W L) — H(Zi| YWy WaL;)] + ney

(H(Yp Y5 1) + I(Wy Wo; Y;[Y5'Ly) — I(Wi Wo; Z;|YJLy)] + ney

1= Il
= 1D

Il
—_

[H (Yo | Y31 + I(Xy X "W, Y| Ya1YAL) — T(XS T Wa; Zi| Y3 L)) + ney, (A60)

where (e) follows from the encoding relation and the fact that Y is a deterministic function of Xj.
Step (f) follows from the identity (A22). Step (g) follows from the fact that Z" is independent of the
triplet (Wy, W, Y3'). Step (h) follows from the fact that conditioning reduces entropy and from the
Markov chains

Wy — (Xq;, X1, Wo, YL Y8, L) — Y,

Wl - (Xi_lr WZ/ Ygi_lrLi) - Zi

Now, similarly to Appendix C, we use (A56)-(A60) and the time-sharing RV Q to derive the
outer bound. O
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