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Abstract: In this paper, we study the existence of homoclinic solutions for the fractional Hamiltonian
systems with left and right Liouville-Weyl derivatives. We establish some new results concerning
the existence and multiplicity of homoclinic solutions for the given system by using Clark’s theorem
from critical point theory and fountain theorem.
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1. Introduction

In this paper, we consider the following fractional Hamiltonian system

u € H*(R), 0

{th,‘o(_oth”‘u(t)) + L(Hu(t) = VW(tu(t)), teR,
where _ D} and ;Dg, are left and right Liouville-Weyl fractional derivatives of order a € (%, 1) on the
whole axis R respectively, u € R", W(t, u) is of indefinite sign and subquadratic as |u| — 400 and L(t)
is positive definite symmetric matrix for all t € R.

As usual, we say that a solution u(t) of (1) is homoclinic (to 0) if () — 0 as t — £co. In addition,
if u(t) # 0 then u(t) is called a nontrivial homoclinic solution.
In particular, if « = 1, (1) reduces to the standard second order Hamiltonian system of the
following form
u”(t) = L(Hu(t) + VW(t,u(t)) =0, teR. ()

The existence of homoclinic solutions for Hamiltonian systems and their importance in the study
of behavior of dynamical systems can be recognized from Poincaré [1]. Since then the investigation of
existence and multiplicity of homoclinic solutions has become one of most important areas of research
in dynamical systems. The existence of homoclinic orbits of (2) has been studied by several researchers
by using critical point theory. Examples and details can be found in a series of papers [2-14] and the
references cited therein.

It is important to study the multiplicity of homoclinic solutions for Hamiltonian systems.
Moreover, ones can show that Hamiltonian system has rich dynamics, in particular a positive entropy.
In [5,15] a more complete description of the dynamics is given. Precisely Séré proved the existence of a
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class of solutions, called multibump solutions. The existence of such a class of solutions implies that
the dynamics of the system is chaotic (in particular that its topological entropy is positive). Such a
result has been obtained under a nondegeneracy condition which is verified when the set of homoclinic
solutions is countable. Bolle and Buffoni [16] show that the existence of a homoclinic orbit that is the
transverse intersection of the stable and unstable manifolds, implies the existence of an infinite number
of ‘multibump” homoclinic solutions. In particular the topological entropy of the system is positive.

On the other hand, fractional calculus is playing a very important role in various scientific fields in
the last years. In fact, fractional calculus has been recognized as an excellent instrument for description
of memory and hereditary properties of various physical and engineering processes. Fractional-order
models are interesting not only for engineers and physicists, but also for mathematicians. There is an
increasing interest in the generalization of the classical concepts of entropy. Tenreiro Machado [17]
studied several entropy definitions and types of particle dynamics with fractional behavior where
traditional Shannon entropy has presented limitations. These concepts allow a fruitful interplay in the
analysis of system dynamics. Indeed, applying fractional calculus theory to entropy theory has become
a significant research work [17-26], since the fractional entropy could be used in the formulation of
algorithms for image segmentation and in the analysis of anomalous diffusion processes and fractional
diffusion equations [22-26].

It should be noted that critical point theory has become an effective tool in studying the existence
of solutions to fractional differential equations by constructing fractional variational structures.
Hamiltonian systems driven by fractional Laplacian operators have been considered by Dipierro,
Patrizi and Valdinoci in [27]. In such paper, the fractional setting was motivated by problems atom
dislocation in crystals, according to the so-called Peierls-Nabarro model. A throughout discussion
on this motivation can be found in Section 2 of [28]. In this paper, we instead consider a fractional
framework due to memory effect in the time evolution of the system. For the first time, Jiao and
Zhou [29,30] showed that the critical point theory is an effective approach to tackle the existence of
solutions for the following fractional boundary value problem

D% (oDfu(t)) = VF(t,u(t)), t € [0,T],
®)

Inspired by this work, Torres [31], Zhang and Yuan [32], Zhou [33], Nyamoradi and Zhou [34],
Zhou and Zhang [35] considered the fractional Hamiltonian system (1). The authors [31,32] recently
established the following results on the existence of solutions of system (1).

Theorem 1 ([31]). Suppose that L and W satisfy the following assumptions:

(L) L(t) is a positive definite symmetric matrix for all t € R and there exists an 1 € C(R, (0, 4+o0)) such
that 1(t) — 400 as |t| — +oo and

(L(H)u,u) > I(t)|u|?>, forallt € R, u € R,
(H1) W € CY(R x R",R), and there is a constant y > 2 such that
0<uW(t,u) < (VW(tu),u), VteR, ueR"\{0}.

(H2) |VW(t,u)| = o(|u|) as |u| — 0 uniformly with respect to t € R.
(H3) There exists W € C(R",R) such that

IW(tu)| + [VW(tu)| < W), VieR, ucR"

Then system (1) possesses at least one nontrivial solution.
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Theorem 2 ([32]). Suppose that (L) is satisfied. Moreover, assume that

(H4) W(t,0) =0fort € Rand W(t,u) > a(t)|u|", and |VW(t,u)| < b(t)|u|""! forall (t,u) € R x RN,
where 1 < v < 2 is constant, a : R — RY is a bounded continuous function, and b : R — Rt isa

continuous function such that b € L (R,R).
(H5) There exist constants 1 < o < v < 2 such that

(VW(t,u),u) < oW(t,u), YteR, ueRN\{0}.

(H6) W(t,—u) = W(t,u),V (t,u) € R x RN,

Then system (1) has infinitely many nontrivial solutions {u;} such that

%/R (I—ooD?‘uj(t)|2+(L(t)u,-(t),uj(t)))dt—/ W (t, u;(t))dt — 0~

R

as j — +oo.

In [31,32], the authors worked on X* which is compactly embedded in L7(R, R") for g € [2, +c0).
However, in this paper, X* is compactly embedded in L1(R,R") for 1 < g € (2/(3 —v),2) or for
@wel0,v)and1 <ge (2(1+w@)/(3—v),2), which is the novelty of the present work.

For the statement of our main results, also we suppose the following conditions for L(t) and
W(t, u):

(Ly) L(t) is n x n real symmetric positive definite matrix for all € R and there exists a constant
v < 2 such that

liminf |[t]'"2 inf (L(t)& &)| > 0;
[t|—=+o0 [g|=1

(W1) W(t,0) = 0 forall f € R and there exist constants max{1,2/(3 —v)} < 7; < 2and a; > 0
(i=1,2,...,m) such that

3

Wt u)| <Y ailul¥, ¥ (tu)ecRxRY,

I
—

(W2) There exists a function ¢ € C([0, +00), [0, +00)) such that
IVW(t,u)| < ¢(lu]), V (tu) e RxR",
where ¢(x) = O(x7+1 1) as x — 0%, max{1,2/(3—v)} < Y1 < 2;
(W3) There exists a constant Jp > 0 such that

1
W(tu) > Y be(t)|ul*, VteO, ueR", [u] <é,
k=1

for some positive measure subset () of R, where max{1,2/(3 —v)} < 1, < 2 are constants,
by : R — R™ are bounded continuous functions fork = 1,2,...,[;
(W4) There exist tp € R and max{1,2/(3 —v)} < ¢ < 2 such that

. W(t,u)
m 3
(tu)—(t0,0)  |u]

(W5) W(t,—u) =W(t,u)forallt € Rand u € R".

Now, we can state our main results.
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Theorem 3. Suppose that L and W satisfy (L,) and (W1)—(W3). Then, (1) has at least one nontrivial
homoclinic solution.

Theorem 4. Suppose that L and W satisfy (L,), (W1), (W2), (W4) and (W5). Then, (1) has at least d (€ N)
distinct pairs of nontrivial homoclinic solutions.

Next, we replace the conditions (W1)—-(W4) with the following conditions:
(W6) W(t,0)0 = 0 for all t+ € R, there exist constants @; € [0,2—v), g > 0 and
max{1,2(1+@;)/(3—v)} <1, <2(i=1,2,...,r)such that

r
Wt ) < Y g+ ) ul®, ¥ (tu) € R x R';
i=1

(W7) There exist r functions x; € C([0,4c0), [0, 4c0)) such that
r
|VW(t,u) 2 (1+ |19 (Ju]), V (t,u) e RxR",

where x(x) = O(x7+ 1) asx — 07, max{1,2(1+ @;)/(3—v)} < 1,; <2 (i=1,2,...,7);
(W8) There exists a constant (5(1) > 0 such that

W(t, u) >Z:b1 |u|Vk VicQ, ucR", |ul <4,

for some positive measure subset Q of R, and where max{1,2(1+@;)/(3 —v)} < v} < 2are

constants, b]l : R — R* are bounded continuous functions fork =1,2,...,1;
(W9) There exist tg € R and max{1,2(1+ ®;)/(3 —v)} < ¥ < 2 such that

im WD g
()= (t00) |1
Then, we have the following results.

Theorem 5. Suppose that L and W satisfy (L,) and (W6)—(W8). Then, (1) has at least one nontrivial
homoclinic solution.

Theorem 6. Suppose that L and W satisfy (L,), (W5), (W6), (W7) and (W9). Then, (1) has at least d (€ N)
distinct pairs of nontrivial homoclinic solutions.

We will use the following conditions on W(t, u) to fined infinitely many homoclinic solutions:

(W10) limy,| W|£¢\2) ~+oo uniformly for all t € R.

(W11) There exists ¢ > 0 such that W(t,u) > —o|u|? for all (t,u) € R x R".
(W12) W(t,0) = 0 and there exist D > 0and 7; > 2 (j = 1,...,1) such that

1
IVW(tu)| < D(|u| +y |u|%'*1), Y (t,u) € R x R";
j=1
(W13) There existp > 0,p;,q; > 0,0 < ¥}_q; < 57 and 0 < 0; <2 (j=1,...,1) such that
1

(VW(tu), 1) — pW(t,u) > — Z[p]|u|2+q] L(tyuw,u) + My(0)[ul], ¥ (tu) e R xR,
=



Entropy 2017, 19, 50 5o0f 24
where M; € L & i(R,RY) (j=1,...,1).
(W14) There ex1st 0>9i-1(=1,. l) ¢ > 0 and Ry > 0 such that

(VW(tu),u) —2W(tu) >clul®, YteR, ¥|ul >Ry,
(VW(t,u),u) >2W(t,u), VteR, V|ul <Rj.

v

Remark 1. In view of (W12), we have
1
W(tu) = [ (TW(t,su),u ds<D( lu \2+2 \u\%) ¥ (tu) € R x R".
0

Now, we can state our main results.

Theorem 7. Suppose that L and W satisfy (L), (W5) and (W10)-(W13). Then, system (1) possesses an
unbounded sequence of homoclinic solutions.

Theorem 8. Suppose that L and W satisfy (L), (W5), (W10)—(W12) and (W14). Then, system (1) possesses an
unbounded sequence of homoclinic solutions.

The paper is organized as follows. In Section 2, we give preliminary facts and provide some
basic properties which are needed later. Section 3 contains our results on existence and multiplicity of
homoclinic solutions.

2. Preliminaries

Here we present some basic concepts and lemmas that we need in the sequel.

Definition 1 ([36]). The left and right Liouville~Weyl fractional integrals of order 0 < & < 1 on the whole
axis R are defined by

() = o [, @
B9 = o [ @0 e ®)

respectively, where x € R.
The left and right Liouville—Weyl fractional derivatives of order 0 < « < 1 on the whole axis R are
defined by

d
D) = el P (x), (©)
Digr) = k() 7)

respectively, where x € R.
The Definitions (6) and (7) may be written in an alternative form as follows:

—wDip(x) = 1_,,é/ Pl gm S, ®)

Do) = e P ©)

According to the results in [37,38], we note that solutions of equations with fractional derivatives
(differently from the classical setting) can approximate any smooth function.
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Also, we define the Fourier transform F (1) (&) of u(x) as

Fu) () = /oo e ™6y (x)dx.

—00

For any & > 0, we define the semi-norm and norm respectively as [31]

ulee, = [l-Dul[12,
1
2
ullie, = (1lulf+fulke ), (10)
and let the space I* ,(R) denote the completion of Cg*(R) with respect to the norm || - ||« _.

Next, for 0 < a < 1, we give the relationship between classical fractional Sobolev space H*(R)
and I* (R), where H*(R) is defined by

HY(R) = CP(R )H lla

with the norm

NI—=

o = (Il B2 + )7, an
and semi-norm

|ulo = [1G1°F ()] 2.

Observe that the spaces H*(R) and I* ., (R) are isomorphic and have equivalent norms (see [31]).
Therefore, we define

HY(R) = {u € IX(R)| [¢1*F(u) € L2(R) }.
Now we recall the following results of critical point theory.

Lemma 1 ([39]). Let E be a real Banach space and I € C'(E, R) satisfy Palais—Smale condition. If I is bounded
from below, then ¢ = infg I is a critical value of 1.

Lemma 2 (Clark Theorem [40]). Let E be a real Banach space and I & Cl(E,]R) with I even, bounded
from below, and satisfy Palais—Smale condition. Suppose that 1(0) = 0, there is a set K C E such that K is
homeomorphic to S~ (unit sphere) by an odd map, and supy I < 0. Then I possesses at least d distinct pairs
of critical points.

3. Proofs of Theorems

In order to establish our results via variational methods and the critical point theory, we firstly
describe some properties of the space on which the variational associated with (1) is defined. Let

X* = {u € HY(R)| / | _eoDu(t))* + (L(t)u(t),u(t)))dt < oo}.
The space X* is a Hilbert space with the inner product

(u,0)xe = /R ((—ooD?‘M(t)/—oo Fo(t)) +(L(t)”(f)rv(t)))df,
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and the corresponding norm
lal3 = {ot, 1) xe.

Lemma 3 (See Theorem 2.1 in [31]). Let &« > 3, then H*(R,R") C C(R,R") and there is a constant
C = Cy such that

[[tt]|co = sup [u(x)| < Clfu][a- (12)

xeR
So by Lemma 3, there exists a constant C, > 0 such that
l[ulleo < Calfue] 2 (13)
By (Ly), there exist integers Tp > 0 and My > 0 such that

|t|“*2‘élnfl(L(t)§,§) > Mo, |t > To,

which implies that
1 A(L(DE,8) = Molg?, [t > To, € R (14)

Lemma 4. Suppose that L satisfies (L,). Then, for 1 < q € (2/(3 —v),2), X* is compactly embedded in
L1(R,R"). Moreover

pide< LD vuext TT, 15
Jyop 0 < Gl ¥ > Ty (15)
and
7 N 0) g .
Hqu S </ [l(t)]z_‘?dt> + INE=IrE=) ||uHXl’¢/ YueX , T Z TO, (16)
[t|<T T2
where
2(2_‘7) 1_% M_% 17
p(q) = {W] 0 17)
and
I(t) = inf L(t)x,x). 18
()= inf (L) (18)

Proof. Let¢ = %. Then ¢ > 0. Foru € X* and T > Ty, it follows from (14) and (17) together
with the Holder inequality that

v 1-1 1
[ lurar < (/ |t|(224)th> 2(/ |t|2_"|u(t)2dt>2
|t|>T - [t|>T [t|>T
2\"2 /1 3
< (&) Gi /., eou0um)
- cTe My Jjt|>1
e
2
< e [l
MégTTf
p(q)

q
WH””;@-
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This shows that (15) holds. Hence, from (15) and (18) and the Holder inequality, one can get

[

' N / N
_/Mgm( raes [ o)
q
2

(/;STUU)]_JW)P; (f g iR +T{;(?2)32||u|§@
(/tq“(f)]zqﬂdf)l_g e+ Tg<f,2')32||u|g@,

This shows that (16) holds.
Finally, we prove that X* is compactly embedded in L7(R,R"). Let {uy} C X* be a bounded
sequence. Then by (13), there exists a constant A > 0 such that

[klleo < Calltellxe < A, k€N (19)

Since X* is reflexive, {uy} possesses a weakly convergent subsequence in X*. Passing to a
subsequence if necessary, we may assume that u, — 1y weakly in X*. It is easy to verify that

lim le(t) = uo(t), VtelR (20)

k— 00

For any given number ¢ > 0, we can choose T; > 0 such that

2 plg) [(A)q+ Jualle] < e

(37v2)q72 Cy
€

It follows from (20) that there exists kg € N such that
/ () — ug($)|7dt <&, ¥k > ko. (22)
[t <Te
On the other hand, it follows from (15), (19) and (21) that
t) — tth<2‘4’1/ D)7+ Jug(t)|7) dt
J o, ) — ot < 207 [ () 1+ o)1)

29-1
22 (e + ol

S (3—v)q—2
2
€
271 AN
< ZED (&) +lulk| <o ke @)

€

Since £ > 0 is arbitrary, we obtain by (22) and (23) that
e — o = /R g (£) — o (£)[9dt — 0, as k — +oo.

This shows that {u; } possesses a convergent subsequence in L7(R, R"). Therefore, X* is compactly
embedded in L7(R,R") for1 < g € (2/(3 — v),2). Therefore, the proof is complete. [

Also, by (L), since I € C(RR, (0,00)) and ! is coercive, then Iy, = min,cg I(t) exists, then we have

(L(tu(t), u(t)) = 1B u()? > lninu(H)]>,  VEER. (24)
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Lemma 5. Suppose that L satisfies (L). Then for 2 < q < oo, X" is compactly embedded in L1(R,R");
moreover

ci?
u(t))idt < ———||u||%., YueXx*, T>1, 25
Jop 0 < sl (25)
and
2
Hqu <lm11nC" HMHX"" Vue X~ (26)

Proof. From (13) and (24), one can get

tdt < Zo‘z/ t)[2dt
J e < & [ o)
-2 _
< ISR [ B L@u, )
[t|>T
[
< U] %e
> m1n|s|2Tl(S)H HX
cl? ]
< = Ul xar 27
=~ m1n|s|2Tl(s)|| HX ( )
and
1< Z;Z/ t)[2dt
ey < Jull&? [ (o)
< SR [ (L), un)a
teR
2
<l CE Pl e,

min

which, together with (27), shows that (25) and (26) holds.

We now can prove that X* is compactly embedded in LI(R,R") for 2 < q < oo by (L).
By Lemma 2.2 in [31], we know that the embedding of X* in L?(R,R") is continuous and compact.
On the other hand, from Lemma 3, we know that if u € H* with % <wa <1, thenu € L1(R,R") for all
g € [2,400), because

-2
/RIM(X)I"dx <l & uliz
So, it is easy to verify that the embedding of X* in LY(RR,R") is also continuous and compact for
2 < g < oo. Therefore, combining this with Lemma 2.2 in [31], we have the desired conclusion for

2 < g < oo. Therefore, the proof is complete. [J

Now, we establish the corresponding variational framework to obtain solutions of (1). To this end,
define the functional I : X* — R by

I(u) = | _eoD¥u(t))? + (L(H)u(t), u(t)) )dt — | W(t, u(t))dt
2 R
- §||u||xa—/RW(t,u(t))dt. (28)

Lemma 6. Assume that the conditions (Ly), (W1) and (W2) hold. Then the functional I is well defined and of
class C1(X*,R) with

I'u)p = /R ((_ooD?‘u(t),_ooDi‘v(t)) + (L(H)u(t),o(t)) — (VW(t,u(t)),U(t)))dt. (29)

Furthermore, the critical points of I in X* are solutions of (1) with u(t) — 0 as t — oo,
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Proof. We firstly show that I : X* — R. For T > T, in view of (W1) and (26), we have

’/RW(t,u(t))dt‘ < /|u o
= ;ai [(/m[z( i=har)’ B +Tf’(”)>] 1%

2 i (T)lu]| X Xar (30)

IN

s -4 ,
where ¢;(T) := a; (ft<T[l( )] 2 dt) + % . Combining this with (28), it follows that
= T 1
I:X%—R.
Next, we prove that I € Cl(X"‘,R). Rewrite I as I = I] — I, where

e = g [ (DO + L, u)d,
I(u) /R WL u(t))dt. (31)

It is easy to check that I; € C'(X%,R), and that
o = [ (CaDfu(e), —wDfol) + (Lu(t), o(t))dr
Then, it is sufficient to show that I, € C! (X*,R). So, we have
Lo = /R(VW(t,u(t)),v(t))dt, Vu,ve X (32)
By (W2), one can choose a constant ¢y > 0 such that
o(lul) < golu[™+ 71, VueR", [u] <1 (33)

For any u,v € X%, there exists Ty > 0 such that |u(t)| + |v(t)| < 1 as |t| > T;. Then for any
function 6 : R — (0,1) and any number i € (0,1), by (W2), (33) and Lemma 4, we have

LI (VW k() + 6(8)o(8)), o) at
g/MSTl|(VW(t,u(t)+6(t)hv( V[0 (t))|dt

+ [((VW(t, u(t) +6(t)ho(t))||v(t))|dt

[t/>Ty

S/ max \(VW(er)Ilv(t))\der(Po/ (lu(®))] + () )1~ o(t))|dt

[H<Ty [x|<[|ulloo+][0lloo [t>Ty

</ max (W0l o(0)lde+ o [ fole)mde

H<Ty [x|<[|ulloo+][0leo JIH>Ty

1— 1 _1
+§00 (/ |u(t)|'ym“dt> Tm+1 (/ |v(t)|'ym+1dt) Tm+1
[t[>T [t|>Ty

[(VW(t, x)|[o(t))]dt

< / max
Ty [x|<[Julleot[|o]leo

m 1 m -1
oo Gl e ™+ el ol < 4o 64

B=)rp41-2
2
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Then by (28) and (34), the mean value theorem and Lebesgue’s dominated convergence theorem,

we get
Blupo = lim 12(”””;1)_12(”)
_— UR W(t,u(t)+hv(£)) —W(t,u(t))dt}
— lim /R(VW(t,u(t)+9(t)hv(t)),v(t))dt]
- /(VW(t,u(t)),U(t))dt

This shows that (32) holds.
It remains to prove that I} is continuous. Suppose that uy — up in X%, then, by the
Banach-Steinhaus theorem, there exists a constant ¢ > 0 such that

1 1
luol[xx < =—@,  sup [Jugl|x« < =e. (35)
Cu keN Ca
In view of (13), we have
[uollo <0, sup [Juglleo < 0 (36)
keN

Now, by (W2), we can choose a constant ¢; > 0 such that
o(lul) < grlul™n™, VueR", ul <o (37)
Thus by (15), (29), (35)-(37), (W2) and the Holder inequality, we obtain
| (ug)o — L(ug)o| = /R (VW (t, ug(t)) — VW(E, uo(t)), o(t))|dt
/MST [((VW(t,ur(t)) = VW(E uo(t))[[o(t)) |t
+ [ (TWC(0) = TW G o (0)]o(e)

oW +er [ (IO 4 fug(B)[ 71T [o(t)) at

[t[>T4

j —— _1
0(1) + @1 </ |uk(t)|7m+1dt> Tm+1 </ |U(t>|7m+1dt> Ym+1
t>T #>Ty

-1 1
o ([ o) ([ o)™
[t|>T [t|>Ty

< o(1)+ (Pli}(jﬁ
T

IN

IN

IN

-1 -1
s (el + ol )0l xe
B2

= 0(1), as k— +oo, T — +o0, Vv € X¥,
which shows the continuity of I3.

Finally, by a standard argument, it is easy to show that the critical points of I in X* are solutions
of (1) with u(£oc0) = 0. Therefore, the proof is complete. [J

Proof of Theorem 3. In view of Lemma 6, I € C!(X*,R). We show that I satisfies the hypotheses of
Lemma 1.
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Claim 1. We first show that I is bounded from below. Selecting T, > Ty, it follows from (30) that
m
[ Wit u()de < Y gu(T)lulfe, Vue x (38)
i=1
From (28) and (38), we get
1 5 " 1 5 1 7i
I(u) = % = /R W(t,u(t))dt > 2 [lullze =) i(Ta) [ull X (39)
i=1

Since max{1,2/(83 —v)} < 7v; < 2, (39) implies that I(u) — +oco as ||u||xa — +oco. Therefore, I is
bounded from below.

Claim 2. We show that I satisfies the Palais-Smale condition. Assume that {uy };en C X is a sequence
such that {I(u) }xen is bounded and I’ (1) — 0 as k — +o0. So by (13) and (39), there exists a constant
A1 > 0 such that

luglleo < Callugllxe < Aq, keN. (40)

Hence, passing to a subsequence if necessary, one may assume that u; — u weakly in X*. It is

easy to verify that
lim ug(t) =u(t), VteR. (41)
k—o0
So,
(I'(ug) = I'(u)) (ug —u) = 0 as k — oo, (42)
it follows from (40) and (41) that
HuHth §A1 (43)

By (W2), we can choose ¢, > 0 such that
g(lul) < gaful™71, Vu eR", Ju| < Ar. (44)

For any given number ¢ > 0, we can choose T3 > 0 such that

Ym+1
p(Ym+1) [(Al) —|—|u||§'§“:| <e (45)

(3—v)'y2m+] -2 Ca
3

It follows from (41) and the continuity of VW (¢, x) on x that there exists k; € N such that
/\t\STs [IVW (£, ur(t)) — VIW(Eu(t)||ue(F) —u(t)|dt <e, YVk>k. (46)
Therefore, in view of (15), (40), (43)—(45) and (W2), we obtain
o, VWb (8)) = VW00 e 6) = ()
<go [ (IO fu(t) ) (Jue(t)] + u(e)] )t 47)

|t[>T5

<202 [ (O™ + () de
|t]>T3
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<20, P('Ym—&-l) u 'erJrl_i_ u %Zﬂ
e — kllx X

(3—1/)7”l+1—2
T3 2
p(,YTI’H’l) Al Tl Ym+1
SZ(PZW [(Ca + [l &
T3
<2¢¢, kel

Since € > 0 is arbitrary, so by (46) and (47), we get
/R(VW(t, ur(£)) — VW(t,u(t)), up(t) —u(t))dt — 0, ask — +oo. (48)
On the other hand, we have

(1 (1) = 1/ (1)) 1 — )
= =l — [ (TW(tu(6)) = VWt (), m(t) —u()dt. (@9)

Hence, it follows from (42), (48) and (49) that ||ux — u||x« — 0 as k — +o0. Therefore, I satisfies
Palais—Smale condition.

Then, by Lemma 1, ¢ = infx= I(u) is a critical value of I, that is, there exists a critical point e such
that I(e) = c.

Finally, we show that e # 0. Take some u € X* such that ||u|x« = 1. Then there exists a subset
Q of positive measure [} < oo of R such that u(t) # 0 for t € Q). Take ¢ > 0 small enough so that
alu(t)| < & for t € Q). By (W3), there exists a constant 7 > 0 such that

l

W(tu) >n Y |ul*, VteQ, ueR", Jul <d. (50)
k=1
Then by (50), one can get
o2
low) = Tlulfe— [ Witou(t)ar
2 R
2 I :
< Sy aVk/ lu(t) [V dt. 51)
k=1 0

Since max{1,2/(3 —v)} < v < 2 (k = 1,2,...,1) and [ |u(t)|"dt > 0, (51) implies that
I(ou) < 0 for some ¢ > 0 with o|u(t)| < &y for t € Q. Thus, I(¢) = ¢ = infx« I(1) < 0, therefore e
is a nontrivial critical point of I, and hence e = e(t) is a nontrivial homoclinic solution of system (1).
The proof is complete. [J

Proof of Theorem 4. In view of Lemma 6 and the Proof of Theorem 3, I € C! (X%, R) is bounded from
below and satisfies the Palais—-Smale condition. It is obvious that I is even and I(0) = 0. In order to
apply Lemma 2, we show that there is a set K C X? such that K is homeomorphic to $*~! by an odd
map, and sup, I < 0.

By (W4), there exist an open set D C R with g € D, 0y > 0 and # > 0 such that

W(t,u) > nlul®, V¥ (tu) € DxR", |u| <oy. (52)

For any d € N, we take d disjoint open sets D; such that Uflzl D, ¢ D. Fori = 1,2,...,d,
letu; € (H}(D;) N X*) \ {0} (for detail of H§(D;), see [41]) and ||u;||x» =1, and

Xy =span{uy,...,uz}, Sp={ueXy: ||ul|x. =1} (53)
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Forau € X, thereexist A; e R, i =1,2,...,d such that
d
= Z Aui(t) fort e R. (54)
i=1

So

|MM-—(/|u ﬂm) <X]A|‘/ i (t 0m> , (55)

and

| =

(- DFu(®) + (L(Bu(t),u(t) )dt
)\

M&%\

/ (l D1 ()|2+(L(t)ui(t),ui(t))>dt

Il
—

|
™=

Il
—_

22 [ (1Dt + (L(Ou(0) mi(e)) )t

|
-M‘“‘“

Il
—_

d
M lluillie = Y A7 (56)
i=1

As all norms of a finite dimensional normed space are equivalent, there is a constant C' > 0
such that

Cllullxe < |lullo forue X,. (57)
Note that W(t,0) = 0, and so according to (52), (54), (55)—(57), one can get
§2
IW):AAM&—/W@WQW
e - Z/ (t,shiui(1))

S

< Shulfe - L7 [ Julolat
i=1 D;

< f 2By,
< o lule = s ull

2

B}
< Tl =n(Cs) ulke, Ve Sy, (58)

and sufficiently small s > 0. In this case (52) is applicable, since u is continuous on D and so
|sAiu;(t)] < oy forany t € D, i = 1,2,...,d can be true for sufficiently small s. Hence, it follows
from (58) that there exist ¢ > 0 and 0, > 0 such that

I(pu) < —e YueS,. (59)

Let

A A AT d )2
S? ={opu: uesy}, Sdl:{(l,Z,...,d> eR?: 2012:1},
j 2

0y 03 %]
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Then it follows from (56) that

SP = {E/\ul : EAZ —02}
By (52), we defineamap ¥ : S — 541 as follows

MM

T
==, .., ) , Yuesy
(%% 2

Y(u)=o0," (

It is easy to verify that ¥ : 572 — $%~1 is an odd homeomorphic map. On the other hand, by (59),
we have

I(u) < —e YueSp?

and thus sup,» I < —¢ < 0. By Lemma 2, I has at least d distinct pairs of critical points, and so

system (1) possesses at least d distinct pairs of nontrivial homoclinic solutions. The proof is complete.
O

Lemma 7. Suppose that L satisfies (Ly). Then for @ € [0,v)and1 < g € 2(1+w)/(3—v),2), X" is
compactly embedded in L1(R, R™); moreover

@,
1) rat < OBl vuexs, T2, (60)
H>T Tf
and
/(1+\t|‘”)|u(t)|th< / (14 [¢|2) 79 [1(1)] 7 dt 17%& ]|
TR Vst B 20ve) xes
Vue Xa, T > To, (61)
where q
_ 2(2—q) g
P((O,Q)—Z[(3_V)q_2(l+w)] M, 2, (62)

and 1(t) is defined in (18).

Proof. Let { = (3%)%;72;1%. Then { > 0. Foru € X* and T > Ty, it follows from (14) and (62) and
the Holder inequality that

L) —2@ 1_% %
[ astolpa < 2 ([0 ) ([P
[t[>T |t|>T |t|>T

q

1-] 2
- 2(/ ¢~ (&) dt) (/ t|2_"|u(t)|2dt>
[t|>T [t|>T

< 2(2>1_g (1/ (L(B)u(t) u(t))azt>g
B CTC Mo Jit|>T ’
1431
< )
Mfgz%qTG v_2(1+a)
0
__plag g

WH””)@-
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This shows that (60) holds. Hence, from (60) and (18) and the Holder inequality, one can get

Las e uora = [ Qi [0

q

(/7 >rz”ut)1 a /;|gl<t>|u<t>|2dt>g

p(@,9q)
+WH”H
L 1 1-4
(f )] Har )l
p(@,q)
+WH ]| %e-

This shows that (61) holds.
Finally, by similar argument in the proof of Lemma 4, it is easy to show that X* is compactly

embedded in L7(R, R"). Therefore, the proof is complete. (]

In this case Lemma 7 holds again with replacing (W1) and (W2) by (W6) and (W7), and in view of
(W6) and (61), we have

’/RW“'”(”)df‘ < Zgz/ (1-+ [ u(8) |t

r 2 T 1_%
< + [HC) 2T [1()] > dt
< Lol (f, 0P me )
w;, T
+*<f§; D]l
r
< LI ul, (63)

I
—

1

((Di/Ti>

2 o \1-7
where ITj(T) := g; [(fﬂq(l + [¢[@r) 2 [1(8)] > dt) + M]
N
Therefore, the proof of Theorems 5 and 6 are similar to Theorems 3 and 4, respectively,

and are omitted.
Let X be a Banach space with the norm || - || and X = @y X, where X; are finite-dimensional

subspace of X, for each k € N, assume that Y, = @;‘ZOXj and Z; = m The functional ® is said to
satisfy the Palais-Smale condition if any sequence {u;};cny C X such that {®(u;) },cn is bounded and
®'(u;) — 0as j — 400 has a convergent subsequence.

Now, let us recall, for the reader’s convenience, a critical point result as follow:

Theorem 9 ([42,43]). Suppose that the functional ® € C'(X,R) is even. If, for every k € N, there exist
O > 1 > 0 such that

(F1) ay := max,cy, |u|— Qk d(u) <0.
(F2) by := lnquZk | =ry ( ) — +ooas k — oo,
(F3) @ satisfies the Palais—Smale condition.

Then ® possesses an unbounded sequence of critical values.
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Proof of Theorem 7. Let {ej}]?"’zl be the standard orthogonal basis of X" and define X; := Re;, then Z;
and Y can be defined as that in Theorem 9. From (29) and (W5), we can obtain that ® € C!(X%,R) is
even. Let us prove that the functionals ® satisfy the required conditions in Theorem 9.

We firstly verify condition (F2) in Theorem 9. Let

M= sup lullpz,
L{GZk,HuHXa:1

B, = sup [ull;r, foranyj=1,...,1,
ueZy,||ul|xa =1

then Ay — 0 and ,B;{ — 0ask — +ooforanyj=1,...,1. Clearly the sequence {A;} is nonnegative and
nonincreasing, so we assume that Ay — A > 0, k = +oo. For every k > 0, there exists u; € Z; such
that ||ug||xe =1 and [Jug||;2 > % Then, up to a subsequence, we may assume that u; — u weakly in
X*. Noticing that Zj is a closed subspace of X*, by Mazur’s theorem, we have u € Z;, for all k > 7.
Consequently, we get u € ;2 Zx = {0}, which implies u; — 0 weakly in X*. By Lemma 5, we have
ug — 0in L*(R,R"). Thus we have proved that A = 0. Similarly, we can prove that p} — 0 as k — o0
foranyj=1,...,I. In view of (28) and (W3), one can get

1
o) = Slulf— [ Wt ()
1, 1 T, 10 &1 7
> 2||u||xw—D<2||u||Lz+];,yjIMIILQJ-
1 2 Loa2i2 L1 AT,
> Sllullke — 5DAR[ullke =D ) — By lullx- (64)
2 2 ]':17]

Since A — 0 as k — +oo, there exists a positive constant Ny such that

DA2 <, Vk>Np. (65)

NI —

By (64) and (65), we have

1 Lol i
@) 2 glullke =D 35 B lullx, Yk = No. (66)
j=11j

1 1
If we choose r = } max { (S%ﬁzl) L, (8%/320 = }, then

1
by = inf  ®(u) > =r2, Yk> Np. (67)
u€Zp ||| xa =ry 8

Since By —+ 0ask — ooand’yj > 2foranyj=1,...,], we can obtain

by — +oo, ask — oo.
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We now verify condition (F1) in Theorem 9. Since dimY; < oo and all norms of a
finite-dimensional normed space are equivalent, there exists a constant My > 0 such that

lullxe < Mo|lull;2, Yuc€ Y. (68)
min

By (W1), fore; = (1 +ol -1 ) M3 where ¢ is given in (W2), there exists § = (1) > 0 such that

W(t,u) >er|u®, V|ul >4, VteR. (69)

Then, for any u € Y}, in view of (26), (28) and (69), one has

1
o) = olulke— [ Wtu)at

1 5 /

= —|ul|%e — Wt,utdt—/ W(t,u(t))dt
2” I {teR; |u(t)>5) (£ u(t)) {teR; |u(t) <5} (£ u(t))
1

< 5”””%«1—€1HM||%2+Q||MH%2
1 &1 _

< §||u||%<a—W|lu||%<a+01miln||“\|§(w

0
I & -1 2 Lo
::@—w+%ﬁwmzywm
Hence, we can choose ||u||x« = o large enough (¢x > r¢ > 0) such that

= max P(u) <O0.
UEYp [[ull =0k

Finally, We prove that ® satisfies the Palais-Smale condition. Let {u;};cny C X* be a Palais-Smale
sequence, that is, {®(u;) },en is bounded and @' (u;) — 0 as i — +oo. Then there exists a constant
M; > 0 such that

|D(u)] < My, [ ()|l (xn)- < My (70)

for every i € N, where (X*)* is the dual space of X*.
We now prove that {u;} is bounded in X*. In fact, if not, we may assume that by contradiction
that ||u;||x« — 00 asi — +o0. Set v; = —i—. Clearly, ||v;||x» = 1 and there is vy € X* such that, up to

[ xa
a subsequence

v; = vy, weaklyin X*, 1)
v; — vy, stronglyin L1(R,R"), 2 < g < oo,
as i — 4-o0. Since v; — vy in X%, it is easy to verify that
lim v;(t) =vo(t) VteR. (72)

i—+00

Now, we consider the following two cases:
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Case 1. vg = 0. From (26), (70), (W13) and the Holder’s inequality, we can obtain
pMi + M [l xx > pP(u;) — @' (u;)u;
= (§=1) Il + [ 1TWCEmi(0)), () = pW (L 1) It
> (P 1 - Jui () + g (L(Owi (1), ui (1) + M; %t
> luillfe = X [ |pilui(®) 1P + q;(L(O)ui(t), ui (1)) + M;(£)[ui(#)]
2 =R
-2 2 l 2
> S5 =y il = Yo pilluillz — Z | M; || 2 Iqulle
j=1 j=1
p-2 2 l 2 1
> 5 =y il = Yopilluillz — Z [IM; || mm) gl (73)
j=1 j=1

,1), one has

Divided by ||u;[%« on both sides of (73), noting that 0 < Yji19j < 5 and 0 < 6; < 2
(j=1,...

iy 4
loi]|2 > 7f“>o, as i— co.
L
Ej:1 i

(74)
It follows from (71) and (74) that vg # 0. This is a contradiction

Case 2. vy # 0. Since {®(u;) },en is bounded, then by (70), we have

() = 5 il — [ Wit ui(6)

))dt > —M.
Divided by ||u;]|%« on both sides of (75), we have

(75)
/ Wit ui®) gy 1, M (76)
A [[u4i || %a
Let A := {t € R: vy(t) # 0}, then A # @. Hence, by (72), we can obtain
lim u;(t) = lim v;(f)]|ui]|xe = 400 Vi€ A.
i—4-o00 1——+00
Combining (W10) and (W11), one has
. W(t, u;(t)) »
1 — (D] = e A. 77
Jﬂ‘k( O e b7 =4 Ve (77)
So, by (W11), (71), (77) and Fatou’s lemma, one can get
[Wene), w<t,ui2<t>> e [ W),
R Juil%a teA ||”i|| . tER\A ||”i||xtx
W(t )2
— ot — dt
Jon ™ T 1= gy 0

B /teA - z(|33(;)#|g|ul()| |vi(t)|2dt_Q/R|vi(t)\2dt—>+oo

asi — +o0. This contradicts (76). Therefore, {u;} is bounded in X%, that is, there exists & > 0 such that

uillxe < 1.

(78)
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Then the sequence {u;} has a subsequence, again denoted by {u;}, and there exists u € X* such
that u; — u in X*. Hence we will prove that u; — u in X*. By (W13), (26) and (78), we have

/R(VW(t, u;(t)) — VW(t,u(t)), u;(t) — u(t))dt
< [ AW wi(0) |+ [TW(Eu(0) (1) — ()]
<D [ () + y ()70 ) i (1) — ()t
= R i = i i

1
u ()Y [ (8) — u(t)|d
+D [ (( 1+ L ) i) = u(o)lat

!
vi—1
D (lnllz + Y- il ) s = il

j=1

!
7i—1

+D (lll2 4+ 3 el by ) s = w2

j=1

1 L 1~
Dy allllxs + 32y Tk € sl s = ]2
j=1

I o1
+D(llullz + 3o Ml oy o)) s = w2

j=1

l
_ i—1 ‘
D(\/lmiln@ +3Y ZmllnC(y] Y] ) |\uj —ull;2 — 0, asi— oo (79)
j=1
It follows from u; — u weakly in X* and (79) that
(@ () = @' (u), u; — u) = [Ju; — uffe — /R(VW(L ui(t)) = VW(t u(t)), ui(t) — u(t))dt,
it is easy to deduce that ||u; — u||x« — 0 as i = +oo. Therefore, ® satisfies the Palais-Smale condition.
Therefore, it follows from Theorem 9 that ® possesses an unbounded sequence {d;} of critical
values with d; = ®(u;), where u; is such that ®(u;) = 0 fori = 1,2,.... If ||u;||x» is bounded, then
there exists R > 0 such that

||l/li||Xa <R, forieN. (80)

Hence, by virtue of (26) and (W12), we have

1
Sl = dit [ W)
> 4 . 2 il )|
> 4 D/R< \+2 |u )7 )dt
¥i—2 ¥i
> (zmmnuznxwzflm}n 2l %)

Thus, this follows that

1 NPT
E”ulHX“ + D(2 mmHulHX”‘ + Z 7Zm11r1 K ||ul||X]"‘> < +oo.
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This contradicts the fact that {d;} is unbounded, and so ||u;||x= is unbounded. The proof is
completed. [

Proof of Theorem 8. By a similar argument as that in Theorem 4, we can prove Theorem 8. In fact, we
only need to prove that @ satisfies the Palais-Smale condition. Let {u;};cny C X* be a Palais—Smale
sequence, that is, {®(u;)},en is bounded and @' (u;) — 0 as i — +oc0. We now prove that {u;} is
bounded in X*. In fact, if not, we may assume that by contradiction that ||u;||x« — o0 as i — +oo.
We take v; as in the proof of Theorem 4.

Case 1. vy = 0. From (W14), one has

20 (1) — D' (u;)u; = /R[(VW(t, wi(1), ui(t)) — 2W(t u;(t))]dt
- /{fGR/Wi(t)\ZRl}[(VW(t ui(t)), ui(t)) —2W(t, u;(t))]dt

>c

A(D)[Pdt, 81
[{fERJui(f)\ZRl} |7/l ( )‘ &)

which implies that

9
fteR,\tti(t)IZRl |ui(t)]°dt

] — 0, as i— oo. (82)
il X*

It follows from (13), (W12), (W14) and Remark 1 that
1
My = O(u) = 5|k = [ Wit ()t

1, 1 , w1 .
> il =D [ (G0 +;7\ui<t>|%)dt

1, ., 1 ) / ,
> —||uil|5%« — =D||u; (1)|Tidt
2 S lluill3x = 5 Dlluill12 L 1% (R s ‘>R1}| u;i(t)]
L1
-D) — |u;(t) [V dt
j=1 Vi J{tER Ju;(£)|<Rq }
Zl””i”%{ﬂé_lD””iH%Z DlluzllooZ / i (£) [V dt
2 2 = ) SR ui(1)] =R}
!
1 _yi—2
-DY =R/ / u;(t)2dt
]; 7! e uoiery )

1, » 1 ) L1 q-0-1 9
> ;|5 — =D|lu;l|%, — Dl|uillee Yy —R,’ / u; () |Vdt
= 2” z”X 2 H 1HL2 || zH ]; 'Yj 1 {teR,\u,—(t)|2R1}| z( )|

Dy Lrp? / (1) Pt
Syt SR )<k}
1, 1 &1 a2 )
2> > lluill3« =D (2 + ; ;Rl’ ) lJuill 72
1 _yj—0-1 8
—DCullui|lxe Y —RY / dt, (83)
[ ]; 7 {teR,|u()|>R1}| ui(t)]
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for some M; > 0. Divided by ||#; %« on both sides of (83), noting that (82), we have

1
1 I 1p72
2D (§+zj:17],R1f )

l[o]|7, > >0, as i— oo. (84)

It follows from (71) and (84) that vg # 0. This is a contradiction.

Case 2. vy # 0. The proof is the same as that in Theorem 4, and we omit it here. Hence, {u;} is bounded
in X*. Similar to the proof of Theorem 4, we can prove that {u;} has a convergent subsequence in X*.
Hence, @ satisfies the Palais-Smale condition. The proof is completed. O

4. Conclusions

Using variational methods, we have obtained homoclinic solutions for fractional Hamiltonian
systems. The fractional component of the equation is due to a memory effect modeled by means of
Liouville-Weyl type derivative in time. The introduction provides an overview about the state of the
fractional Hamiltonian systems and authors’ motivation. In Section 2, we have recalled some related
preliminary concepts for the convenience of the reader. Section 3 contains main theorems, which are
proved by applying Clark’s theorem from critical point theory and fountain theorem.
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