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Abstract: In this paper, we develop an energy-based, large-scale dynamical system model driven by
Markov diffusion processes to present a unified framework for statistical thermodynamics predicated
on a stochastic dynamical systems formalism. Specifically, using a stochastic state space formulation,
we develop a nonlinear stochastic compartmental dynamical system model characterized by energy
conservation laws that is consistent with statistical thermodynamic principles. In particular, we show
that the difference between the average supplied system energy and the average stored system
energy for our stochastic thermodynamic model is a martingale with respect to the system filtration.
In addition, we show that the average stored system energy is equal to the mean energy that can
be extracted from the system and the mean energy that can be delivered to the system in order to
transfer it from a zero energy level to an arbitrary nonempty subset in the state space over a finite
stopping time.
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1. Introduction

In an attempt to generalize classical thermodynamics to irreversible nonequilibrium
thermodynamics, a relatively new framework has been developed that combines stochasticity and
nonequilibrium dynamics. This framework is known as stochastic thermodynamics [1-5] and goes
beyond linear irreversible thermodynamics addressing transport properties and entropy production
in terms of forces and fluxes via linear system response theory [6-9]. Stochastic thermodynamics
is applicable to nonequilibrium systems extending the validity of the laws of thermodynamics
beyond the linear response regime by providing a system thermodynamic paradigm formulated
on the level of individual system state realizations that are arbitrarily far from equilibrium.
The thermodynamic variables of heat, work, and entropy, along with the concomitant first and second
laws of thermodynamics, are formulated on the level of individual dynamical system trajectories
using stochastic differential equations.

The nonequilibrium conditions in stochastic thermodynamics are imposed by an exogenous
stochastic disturbance or an initial system state that is far from the system equilibrium resulting in an
open (i.e., driven) or relaxation dynamical process. More specifically, the exogenous disturbance is
modeled as an independent standard Wiener process (i.e., Brownian motion) defined on a complete
filtered probability space wherein the current state is only dependent on the most recent event.
The stochastic system dynamics are described by an overdamped Langevin equation [2,3] in which
fluctuation and dissipation forces obey the Einstein relation expressing that diffusion is a result of both
thermal fluctuations and frictional dissipation [10].
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Brownian motion refers to the irregular movement of microscopic particles suspended in a liquid
and was discovered [11,12] by the botanist Robert Brown [13]. This random motion is explained as
the result of collisions between the suspended particles (i.e., Brownian particles) and the molecules
of the liquid. Einstein was the first to formulate the theory of Brownian motion by assuming that
the particles suspended in the liquid contribute to the thermal fluctuations of the medium and, in
accordance with the principle of equipartition of energy [14], the average translational kinetic energy
of each particle [10]. Thus, Brownian motion results from collisions by molecules of the fluid, wherein
the suspended particles acquire the same average kinetic energy as the molecules of the fluid. This
theory suggested that all matter consists of atoms (or molecules) and heat is the energy of motion
(i.e., kinetic energy) of the atoms.

The use of statistical methods in developing a general molecular theory of heat predicated on
random motions of Newtonian atoms led to the connection between the dynamics of heat flow and the
behavior of electromagnetic radiation. A year after Einstein published his theory on Brownian motion,
Smoluchovski [15] confirmed the relation between friction and diffusion. In an attempt to simplify
Einstein’s theory of Brownian motion, Langevin [16] was the first to model the effect of Brownian
motion using a stochastic differential equation (now known as a Langevin equation) wherein spherical
particles are suspended in a medium and acted upon by external forces.

In stochastic thermodynamics, the Langevin equation captures the coupling between the system
particle damping and the energy input to the particles via thermal effects. Namely, the frictional
forces extract the particle kinetic energy, which in turn is injected back to the particles in the form of
thermal fluctuations. This captures the phenomenological behavior of a Brownian particle suspended
in a fluid medium which can be modeled as a continuous Markov process [17]. Specifically, since
collisions between the fluid molecules and a Brownian particle are more inelastic at higher viscosities,
and temperature decreases with increasing viscosity in a fluid, additional heat is transferred to the
fluid to maintain its temperature in accordance with the equipartition theorem. This heat is transferred
to the Brownian particle through an increased disturbance intensity by the fluid molecules. These
collisions between the Brownian particle and fluid molecules result in the observed persistent irregular
and random motion of the particles.

The balance between damping (i.e., deceleration) of the particles due to frictional effects resulting
in local heating of the fluid, and consequently entropy production, and the energy injection of the
particles due to thermal fluctuations resulting in local cooling of the fluid, and consequently entropy
consumption, is quantified by fluctuation theorems [18-28]. Thus, even though, on average, the entropy
is positive (i.e., entropy production), there exist sample paths wherein the entropy decreases, albeit
with an exponentially lower probability than that of entropy production. In other words, a stochastic
thermodynamic system exhibits a symmetry in the probability distribution of the entropy production
in the asymptotic nonequilibrium process.

Fluctuation theorems give a precise prediction for the cases in which entropy decreases in
stochastic thermodynamic systems and provide a key relation between entropy production and
irreversibility. Specifically, the entropy production of individual sample path trajectories of a stochastic
thermodynamic system described by a Markov process is not restricted by the second law, but rather
the average entropy production is determined to be positive. Furthermore, the notions of heat and
work in stochastic thermodynamic systems allow for a formulation of the first law of thermodynamics
on the level of individual sample path trajectories with microscopic states (i.e., positions and velocities)
governed by a stochastic Langevin equation and macroscopic states governed by a Fokker-Planck
equation [29] (or a Kolmogorov forward equation, depending on context) describing the evolution of
the probability density function of the microscopic (stochastic) states.

In this paper, we combine our large-scale thermodynamic system model developed in [30] with
stochastic thermodynamics to develop a stochastic dynamical systems framework of thermodynamics.
Specifically, we develop a large-scale dynamical system model driven by Markov diffusion processes
to present a unified framework for statistical thermodynamics predicated on a stochastic dynamical
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systems formalism. In particular, using a stochastic state space formulation, we develop a nonlinear
stochastic compartmental dynamical system model characterized by energy conservation laws that
is consistent with statistical thermodynamic principles. Moreover, we show that the difference
between the average supplied system energy and the average stored system energy for our stochastic
thermodynamic model is a martingale with respect to the system filtration. In addition, we show that
the average stored system energy is equal to the mean energy that can be extracted from the system
and the mean energy that can be delivered to the system in order to transfer it from a zero energy level
to an arbitrary nonempty subset in the state space over a finite stopping time.

Finally, using the system ectropy [30] as a Lyapunov function candidate, we show that in the
absence of energy exchange with the environment the proposed stochastic thermodynamic model
is stochastically semistable in the sense that all sample path trajectories converge almost surely to a
set of equilibrium solutions, wherein every equilibrium solution in the set is almost surely Lyapunov
stable. In addition, we show that the steady-state distribution of the large-scale sample path system
energies is uniform, leading to system energy equipartitioning corresponding to a maximum entropy
equilibrium state.

2. Stochastic Dynamical Systems

To extend the dynamical thermodynamic formulation of [30] to stochastic thermodynamics we
need to establish some notation, definitions, and mathematical preliminaries. A review of some basic
results on nonlinear stochastic dynamical systems is given in [31-35]. Recall that given a sample space
), a o-algebra F on Q) is a collection of subsets of () such that @ € F, if F € F, then Q\F € F, and if
F,F,...€ F,then U2, F; € F and N;2; F; € F. The pair (Q), F) is called a measurable space and the
probability measure P defined on (Q), F) is a function P : 7 — [0,1] such that P(@) = 0, P(Q}) =1,
andif F, B,... € Fand FNF = &,i # j, then P(UZ; F;) = Y72, P(F). The triple (Q, F,P) is called
a probability space if F contains all subsets of () with P-outer measure [36] zero [33].

The subsets F of (2 belonging to F are called F-measurable sets. If () = R" and 8" is the family of
all open sets in R", then B" is called the Borel o-algebra and the elements BB of B" are called Borel sets.
If (O, 7, P) is a given probability space, then the real valued function (random variable) x : O — R
is F-measurable if {w € Q : x(w) € B} € F for all Borel sets B C R". Given the probability space
(Q), F,P), afiltration is a family {F;};>¢ of o-algebras F; C F such that 7; C Fsforall0 <t <s < oco.

In this paper, we use the notation and terminology as established in [37]. Specifically, define a
complete probability space as (Q), F,P), where Q) denotes the sample space, F denotes a o-algebra, and
IP defines a probability measure on the c-algebra F; that is, P’ is a nonnegative countably additive set
function on F such that P(Q)) = 1 [32]. Furthermore, we assume that w(-) is a standard d-dimensional
Wiener process defined by (w(-), Q, F,P%0), where P“0 is the classical Wiener measure ([33], p. 10),
with a continuous-time filtration {F; };>¢ generated by the Wiener process w(t) up to time t.

We denote a stochastic dynamical system by G generating a filtration {F; };>0 adapted to the
stochastic process x : Ry x Q — D on (Q, F,P%) satisfying Fr C F;, 0 < T < t, such that
{w e Q:x(t,w) € B} € Fi, t > 0, for all Borel sets B C R" contained in the Borel o-algebra B".
We say that the stochastic process x : Ry x Q — D is Fi-adapted if x(t) is F;-measurable for every t > 0.
Furthermore, we say that G satisfies the Markov property if the conditional probability distribution of
the future states of the stochastic process generated by G only depends on the present state. In this
case, G generates a Markov process which results in a decoupling of the past from the future in the sense
that the present state of G contains sufficient information so as to encapsulate the effects of the past
system inputs. Here we use the notation x(t) to represent the stochastic process x(t, w) omitting its
dependence on w. Furthermore, B" denotes the c-algebra of Borel sets in D C R” and & denotes
a o-algebra generated on a set S C R”.

We denote the set of equivalence classes of measurable, integrable, and square-integrable R” or
R"*™ (depending on context) valued random processes on (Q), F,P) over the semi-infinite parameter
space [0, o) by L0 (Q,F,P), L1 (Q, F,P),and L2 (Q), F,P), respectively, where the equivalence relation



Entropy 2017, 19, 693 4 of 48

is the one induced by P-almost-sure equality. In particular, elements of £°(Q), F,P) take finite values
[P-almost surely (a.s.) or with probability one. Hence, depending on the context, R" will denote either
the set of n x 1 real variables or the subspace of £L(Q), F,P) comprising of R" random processes that
are constant almost surely. All inequalities and equalities involving random processes on (Q), F,P)
are to be understood to hold P-almost surely. Furthermore, E[ - | and E*[ - | denote, respectively,
the expectation with respect to the probability measure PP and with respect to the classical Wiener
measure [P0,

Given x € L%(Q, F,P), {x = 0} denotes the set {w € Q : x(t,w) = 0}, and so on. Given
x € L°(Q, F,P) and £ € F, we say x is nonzero on &€ if P({x = 0} N &) = 0. Furthermore, given
x € L1(Q, F,P) and a c-algebra & C F, EF[x] and EF[x|€] denote, respectively, the expectation of
the random variable x and the conditional expectation of x given £, with all moments taken under
the measure P. In formulations wherein it is clear from context which measure is used, we omit the
symbol IP in denoting expectation, and similarly for conditional expectation. Specifically, in such cases
we denote the expectation with respect to the probability space (Q), F,P) by E[ - |, and similarly for
conditional expectation.

A stochastic process x : Ry x Q — D on (Q, F,P%) is called a martingale with respect to the
filtration { F; }4>¢ if and only if x(t) is a F;-measurable random vector for all t > 0, E[x(#)] < oo, and
x(7) = E[x(t)|F¢] forall t > T > 0. Thus, a martingale has the property that the expectation of the
next value of the martingale is equal to its current value given all previous values of the dynamical
process. If we replace the equality in x(7) = E [x(t)|F¢] with “<” (respectively, “>"), then x(-) is
a supermartingale (respectively, submartingale). Note that every martingale is both a submartingale
and supermartingale.

A random variable T : O — [0, 0] is called a stopping time with respect to F; if and only if
{weQ:1(w) <t} e F,t>0. Thus, the set of all w € O such that T(w) < tis a Fi-measurable set.
Note that T(w) can take on finite as well as infinite values and characterizes whether at each time ¢ an
event at time 7(w) < t has occurred using only the information in F;.

Finally, we write || - || for the Euclidean vector norm, row;(A) and col;(A) for the i-th row and j-th

column of a matrix A € RP*4, tr(-) for the trace operator, (-) ! for the inverse operator, V'(x) = a‘gix)

for the Freéchet derivative of V at x, V" (x) £ 8281; (ZX) for the Hessian of V at x, and H,, for the Hilbert
space of random vectors x € R" with finite average power, thatis, H, = {x : Q — R" : E[xTx] < co}.
For an open set D C R”, HnD = {x € Hy : x : QO — D} denotes the set of all the random vectors
in H, induced by D. Similarly, for every xo € R", Hj’ = {x € Hy : x = Xo}. Moreover, @i
and R’ denote the nonnegative and positive orthants of R", that is, if x € R”, then x ¢ Ri and
x € R} are equivalent, respectively, to x >> 0 and x >> 0, where x >> 0 (respectively, x >> 0)
indicates that every component of x is nonnegative (respectively, positive). Furthermore, C> denotes
the space of real-valued functions V : D — R that are two-times continuously differentiable with
respect to x € D C R". Finally, we write x(t) — M as t — oo to denote that x(f) approaches the
set M, that is, for every ¢ > 0 there exists T > 0 such that dist(x(t), M) < ¢ for all t > T, where

dist(p, M) £ infe pq [[p — x]1.

Definition 1. Let (S, &) and (T, T) be measurable spaces, and let y : S x T — R... If the function u(s, B)
is &-measurable in s € S for a fixed B € T and (s, B) is a probability measure in B € < for a fixed s € S,
then y is called a (probability) kernel from S to T. Furthermore, for s < t, the function ps; : S x & — Ris
called a regular conditional probability measure if ys ¢ (-, &) is measurable, yis (S, -) is a probability measure,
and ps (-, -) satisfies

15 (x(s), B) = P(x(t) € Bx(s)) = P(x(t) € BIF), x(-) € Hu, )

where P(x(t) € Blx(s)) =P(0,x,t,B), x € R", and P(s, x,t,B), t > s, is the transition probability of the
point x € R" at time instant s into all Borel subsets B C R" at time instant t.



Entropy 2017, 19, 693 5 of 48

Any family of regular conditional probability measures {s}s<; satisfying the Chapman-—
Kolmogorov equation ([32])

P(s,x,t,B) = /R" P(s,x,0,dz)P(s,z,t,B), 2)

or, equivalently,
ps,i(x, B) = /R Hso(x,d2)poi(z, B), ©)

where 0 <s <o <t < oo, x,z€R" and B € B", is called a semigroup of Markov kernels. The Markov
kernels are called time homogeneous if and only if ys+ = p+—s holds for all s < ¢.
Consider the nonlinear stochastic dynamical system G given by

dx(t) = f(x(t))dt 4+ D(x(t))dw(t), x(0) = xo, t € Iyo), 4)

where, for every t € T, x(t) € HP is a F;-measurable random state vector, x(0) € H;?, D C R"
is relatively open set with 0 € D, w(-) is a d-dimensional independent standard Wiener process
(i.e., Brownian motion) defined on a complete filtered probability space (QQ, F,{F:}i>0,P), x(0) is
independent of (w(t) — w(0)),t >0, f: D — R"and D : D — R"*¢ are continuous, £ £ f~1(0) N
D~1(0) £ {x € D: f(x) = 0and D(x) = 0} is nonempty, and Zy0) = [0, Tx(0)), 0 < Ty(0) < 00, is the
maximal interval of existence for the solution x(-) of (4).

An equilibrium point of (4) is a point xe € R" such that f(x.) = 0 and D(xe) = 0. It is easy to
see that x, is an equilibrium point of (4) if and only if the constant stochastic process x(-) = x, is
a solution of (4). We denote the set of equilibrium points of (4) by £ £ {w € Q: x(t,w) = xe} = {xe €
D : f(xe) =0and D(xe) = 0}.

The filtered probability space (Q), F,{F:}i>0,P) is clearly a real vector space with addition
and scalar multiplication defined componentwise and pointwise. A R"-valued stochastic process
x : [0,7] x Q — D is said to be a solution of (4) on the time interval [0, 7] with initial condition
x(0) == xq if x(-) is progressively measurable (i.e., x(-) is nonanticipating and measurable in t and w)
with respect to the filtration {7 }1>0, f € £1(Q, F,P), D € £2(Q, F,P), and

t -t
x(t) = x0+/0 f(x(o))d(7+'/0 D(x(¢))dw(o) as., te€]0,7], (5)

where the integrals in (5) are It6 integrals [38]. If the map t — w(t, w), w € (), had a bounded variation,
then the natural definition for the integrals in (5) would be the Lebesgue-Stieltjes integral where w is
viewed as a parameter. However, since sample Wiener paths are nowhere differentiable and not of
bounded variation for almost all w € () the integrals in (5) need to be defined as Itd integrals [39,40].

Note that for each fixed t > 0, the random variable w — x(t, w) assigns a vector x(w) to every
outcome w € () of an experiment, and for each fixed w € (), the mapping t — x(t, w) is the sample
path of the stochastic process x(t), t > 0. A path-wise solution ¢ — x(t) of (4) in (Q, {Ft}+>0,P™) is
said to be right maximally defined if x cannot be extended (either uniquely or non-uniquely) forward in
time. We assume that all right maximal path-wise solutions to (4) in (Q, { F; }+>0, P*) exist on [0, o),
and hence, we assume that (4) is forward complete. Sufficient conditions for forward completeness or
global solutions of (4) are given in [34,38].

Furthermore, we assume that f : D — R" and D : D — R"*? satisfy the uniform Lipschitz
continuity condition

1f(x) = fFWII+ID(x) = D(w)lle < Lllx —yll, xy e D\{0}, (6)

and the growth restriction condition

LF P+ IDE)IE < L2+ [[x[?),  x € D\{0}, @)
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for some Lipschitz constant L > 0, and hence, since x(0) € HP and x(0) is independent of
(w(t) —w(0)),t > 0, it follows that there exists a unique solution x € £2(Q, F,P) of (4) forward in
time for all initial conditions in the following sense. For every x € HZ\ {0} there exists 7y > 0
such that if x; : [0,71] x Q — D and x; : [0,2] x QO — D are two solutions of (4); that is,
if x1,x0 € L2(Q), F, [P) with continuous sample paths almost surely solve (4), then 7y < min{7, o}
and P(x1(t) = x2(t), 0 <t < 1) = 1.

The uniform Lipschitz continuity condition (6) guarantees uniqueness of solutions, whereas the
linear growth condition (7) rules out finite escape times. A weaker sufficient condition for the existence
of a unique solution to (4) using a notion of (finite or infinite) escape time under the local Lipschitz
continuity condition (6) without the growth condition (7) is given in [41]. Alternatively, existence and
uniqueness of solutions even when the uniform Lipschitz continuity condition (6) does not hold are
given in ([38], p. 152).

The unique solution to (4) determines a R"-valued, time homogeneous Feller continuous Markov
process x(-), and hence, its stationary Feller transition probability function is given by (([31], Theorem 3.4),
([32], Theorem 9.2.8))

P(x(t) € Blx(to) = x0) = P(0,x0,t — to, B), x9 € R", ®)

for all t+ > ty and all Borel subsets B of R", where P(c, x,t,8),t > o, denotes the probability of
transition of the point x € R” at time instant s into the set B C R" at time instant ¢. Recall that every
continuous process with Feller transition probability function is also a strong Markov process ([31]
p- 101). Finally, we say that the dynamical system (4) is convergent in probability with respect to the
closed set ’HHDC C HPif and only if the pointwise lim;_;« s(¢, x, w) exists for every x € D. C R" and
w € 0.

Here, the measurable map s : [0, 7x) X D x Q3 — D is the dynamic or flow of the stochastic dynamical
system (2) and, for all t, T € [0, Tx), satisfies the cocycle property s(7,s(t, x),w) = s(t + 7, x,w) and the
identity (on D) property s(0,x,w) = x forall x € D and w € (). The measurable map s; S s(t, -, w) :
D — D is continuously differentiable for all ¢t € [0, 7,) outside a P-null set and the sample path
trajectory s* 2 s(-,x,w) : [0,7¢) — D is continuous in D for all t € [0, 7y). Thus, for every x € D,
there exists a trajectory of measures defined for all t € [0, Ty) satisfying the dynamical processes (4)
with initial condition x(0) & xg. For simplicity of exposition we write s(f, x) for s(t, x, w) omitting its
dependence on w.

Definition 2. A point p € D is a limit point of the trajectory s(-, x) of (4) if there exists a monotonic sequence
{tn Y, of positive numbers, with t, — oo as n — oo, such that s(t,, x) ©> p as n — co. The set of all limit
points of s(t,x),t > 0, is the limit set w(x) of s(-, x) of (4).

It is important to note that the w-limit set of a stochastic dynamical system is a w-limit set of
a trajectory of measures, thatis, p € w(x) is a weak limit of a sequence of measures taken along
every sample continuous bounded trajectory of (4). It can be shown that the w-limit set of a stationary
stochastic dynamical system attracts bounded sets and is measurable with respect to the o-algebra of
invariant sets. Thus, the measures of the stochastic process x(-) tend to an invariant set of measures
and x(t) asymptotically tends to the closure of the support set (i.e., kernel) of this set of measures
almost surely.

However, unlike deterministic dynamical systems, wherein w-limit sets serve as global attractors,
in stochastic dynamical systems stochastic invariance (see Definition 4) leads to w-limit sets being
defined for each fixed sample w € Q) of the underlying probability space (Q), F,P), and hence, are
path-wise attractors. This is due to the fact that a cocycle property rather than a semigroup property
holds for stochastic dynamical systems. For details see [42—44].
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Definition 3 ([33], Def. 7.7). Let x(-) be a time-homogeneous Markov process in HY and let V : D — R.
Then the infinitesimal generator £ of x(t), t > 0, with x(0) = x, is defined by

LV(xg) 2 tim oV (B = Vixo)

, xo0 €D, 9
t—0+ t 0 ©)

where BX0 denotes the expectation with respect to the transition probability measure P* (x(t) € B) = P(0, xo, t, B).

IfV € C?and has a compact support [45], and x(t), t > 0, satisfies (4), then the limit in (9) exists
for all x € D and the infinitesimal generator £ of x(t), t > 0, can be characterized by the system
drift and diffusion functions f(x) and D(x) defining the stochastic dynamical system (4) and is given
by ([33], Theorem 7.9)

02V (x)
0x2

é BV(x) 1

5 f(x) + tr DT(x)

LV (x) 3

D(x), x¢€D. (10)

Next, we extend Proposition 2.1 of [30] to stochastic dynamical systems. First, however, the
following definitions on stochastic invariance and essentially nonnegative vector fields are needed.

Definition 4. A relatively open set D C R" is invariant with respect to (4) if D is Borel and, for all xy € D,
PY (x(t) e D) =1,t>0.

Definition 5. Let f = [f1,..., fu]T : D C R, — R™. Then f is essentially nonnegative if f;(x) > 0 for
alli=1,...,nand x € @i such that x; = 0, where x; denotes the i-th component of x.

Proposition 1. Suppose Ri C D. Then @1 is an invariant set with respect to (4) if and only if f : D — R”"
is essentially nonnegative and D(i/]«)(x) =0,j=1,...,d, whenever x; =0,i =1,...,n.

Proof. Define dist(x,R’) = inf, g
essentially nonnegative and let x ¢ ﬁi. For every i € {1,...,q}, if x;, = 0, then x; +
hfi(x) + row;(D(x))[w(h,w) — w(0,w)] = hfi(x) > 0 forallh > 0 and all w € ), whereas,
if x; > 0, then it follows from the continuity of D(-) and the sample continuity of w(-) that
x; + hfi(x) + row;(D(x))[w(h,w) — w(0,w)] > 0 for all || sufficiently small and all w € Q. Thus,
x4 hf(x) 4 row;(D(x))[w(h, w) — w(0,w)] € R, for all sufficiently small 1 > 0 and all w € O, and
hence, limy,_,q+ dist(x + if (x) + row;(D(x))[w(h, w) — w(0,w)], R} )/h = 0. It now follows from

a.s.

Lemma 2.1 of [46], with x(0) = x, that P* (x(t) € @1) =1forallt € [0,7y,).

lx —y|l, x € R". Now, suppose f : D — R" is

Conversely, suppose that R is invariant with respect to (4), let P*0(x(0) € R}) = 1,
and suppose, ad absurdum, x is such that there exists i € {1,...,q} such that x;(0) = 0 and
fi(x(0))h + row;(D(x))[w(h,w) —w(0,w)] < O for all w € Q. Then, since f and D are continuous
and a Wiener process w(-) can be positive or negative with equal probability, there exists sufficiently
small i > 0 such that P*(f;(x(t))dt + row;(D(x(t)))dw(t) < 0) # 0 for all t € [0,h), where x(t) is
the solution to (4). Hence, x;(t) is strictly decreasing on [0, ) with nonzero probability, and thus,
o (x(t) € @1) # 1forall t € (0,h), which leads to a contradiction. [J

It follows from Proposition 1 that if xy >> 0, then x(t) gsz 0,t > 0, if and only if f is essentially
nonnegative and D(i,j)(x) =0,7=1,...,d whenever x;, = 0,i = 1,...,n. In this case, we say
that (4) is a stochastic nonnegative dynamical system. Henceforth, we assume that f and D are such that
the nonlinear stochastic dynamical system (4) is a stochastic nonnegative dynamical system.
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3. Stability Theory for Stochastic Nonnegative Dynamical Systems

In this section, we establish key stability results in probability for stochastic nonnegative
dynamical systems. The mathematical machinery used is supermartingale theory and ergodic theory
of Markov processes [31]. Specifically, deterministic stability theory is extended to stochastic dynamical
systems by establishing supermartingale properties of Lyapunov functions. The following definition
introduces several notions of stability in probability for the equilibrium solution x () Zx e @1 of
the stochastic nonnegative dynamical system (4) for Z, ) = [0, o).

Definition 6. (i) The equilibrium solution x(t) Z x. e R . to (4) is Lyapunov stable in probability with
respect to R, if, for every e > 0,

X0 _ —
Jim P (stgp [[x(t) — xel| > e) 0. (11)
Equivalently, the equilibrium solution x(t) Zxe € Ri to (4) is Lyapunov stable in probability with respect to
R if, for every e > 0 and p € (0,1), there exists § = 6(p,€) > 0 such that, for all xg € Bs(xe) "R,

P (sup lx(t) — xel| > ) <p. 12)
t>0

(ii) The equilibrium solution x(t) Z € R’ to (4) is asymptotically stable in probability with
respect to EZ if it is Lyapunov stable in probability with respect to EZ and

3 X0 3 _ — —
Jim P (tlggo lx(t) - xel| = o) -1 13)
Equivalently, the equilibrium solution x(t) Z x. € R 4 to(4)is asymptotzcully stable in probability with

respect to ]R if it is Lyapunov stable in probabzlzty with respect to R and, for every p € (0,1), there exists
5=105(p) > 0 such that if xg € Bs(xe) N R+, then

X0 : _ — > — .
P (Jim ()~ xe] =0) 21 (14

(iii) The equilibrium solution x(t) Zxe € Ei to (4) is globally asymptotically stable in probability
with respect to @1 if it is Lyapunov stable in probability with respect to @1 and, for all xy € Ri,

P (ggn () — xel —o) —1, 15)

As in deterministic stability theory, for a given € > 0 the subset Be(xe) N @i defines a cylindrical
region in the (¢, x)-space wherein the trajectory x(t), t > 0, belongs to. However, in stochastic stability
theory, for every xp € Bs(xe) N Eﬁ, there exists a probability of less than or equal to p that the system
solution s(t, xg) leaves the subset B;(xe) N Ri ; and for xop = x. this probability is zero. In other words,
the probability of escape is continuous at xg = x. with small deviations from the equilibrium implying
a small probability of escape.

The following lemma gives an equivalent characterization of Lyapunov and asymptotic stability
in probability with respect to R’i in terms of class K, K, and KL functions ([47], p. 162).
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Lemma 1. (i) The equilibrium solution x(t) = x to (4) is Lyapunoo stable in probability with respect to RY
if and only if for every p > O there exist a class K function a,(-) and a constant ¢ = c(p) > 0 such that, for all
X0 € Be(xe) NRY,

P ([lx(t) = xell > ap(llxo — xell)) <p, t=0. (16)

(ii) The equilibrium solution x(t) 2 xe to (4) is asymptotically stable in probability with respect to @1
if and only if for every p > 0 there exist a class KL function B,(-,-) and a constant ¢ = c(p) > 0 such that,
forall xg € Be(xe) NRY,

P ([lx(t) = xell > Bp(llxo — xell, £)) <p, t=0. (17)

Proof. (i) Suppose that there exist a class K function a,(-) and a constant ¢ = c(p) > 0 such that, for
every p > 0 and xg € B.(xe) ﬂﬁrfr,

PO (Jlx(t) = xell > ap(llxo — xell)) <p, t=0. (18)

Now, given ¢ > 0, let §(p, €) = min{c(p), a, ' (¢) }. Then, for xg € B (xe) NR} and ¢ > 0,

P (x(t) = xell > ap(llxo — %el)) = P ([x(t) — xell > ap(6))
> PO ([lx(t) = xell > (e (€)))
> P (lx(t) = x| > e).

Therefore, for every given ¢ > 0 and p > 0, there exists 6 > 0 such that, for all xg € Bs(xe) N Ri,

P¥o (sup [[x(t) — xell > £> <p,

t>0

which proves that the equilibrium solution x(t) 2 xeis Lyapunov stable in probability with respect
toR}.

Conversely, for every given ¢ and p, let (¢, p) be the supremum of all admissible §(¢, p). Note that
the function 4(-, -) is positive and nondecreasing in its first argument, but not necessarily continuous.
For every p > 0 chose a class K function 7,(r) such that 7,(r) < ké(r,p), 0 < k < 1. Let
c(p) = limy 00 7p(r) and ap(r) = 'yp’l(r), and note that a,(-) is class IC ([48], Lemma 4.2). Next,
for every p > 0 and xg € B (,)(xe) ﬂ@i, lete = ay(||xp — xel|). Then, |[xg — xe|| < (¢, p) and

p*o (sup ||x(£) — xe|| > s) <p (19)
t>0

imply
P ([lx(t) = xell > ap(l|lxo — xel])) < p, t>0. (20)

(ii) Suppose that there exists a class KL function (r, s) such that (17) is satisfied. Then,
PO ([l (t) = xell > Bp(llxo — xell,0)) <p, t=>0,

which implies that equilibrium solution x(f) Zxis Lyapunov stable in probability with respect to
Ryfr. Moreover, for xg € B(,)(xe) N err, the solution to (4) satisfies

P ([lx(t) = xell > Bo(llc(p) I, 1)) <p, t=0.
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Now, letting t — oo yields P* (limo [[x(t) — Xe]| > 0) < p for every p > 0, and hence,
P¥ (lim; 0 [|x(t) — xe]| =0) > 1 — p, which implies that the equilibrium solution x(t)
asymptotically stable in probability with respect to Ri.

Conversely, suppose that the equilibrium solution x(#) Z xeis asymptotically stable in probability
with respect to @i. In this case, for every p > 0 there exist a constant c¢(p) > 0 and a class K function
ap(-) such that, for every r € (0,c(p)], the solution x(t), t > 0, to (4) satisfies

P¥o <sup l|x(t) — xe|l > zxp(r)> < P¥o (sgg [[x(t) — xell > ocp(||x0 — xe|)) <p (21)
t>

t>0

for all || xg — xe|| < r. Moreover, given 17 > 0 there exists T = T,(77,7) > 0 such that

P ( sup [|x(t) — xe| > 17) <p.

t>Ty(1,1)

Let Ty(77,7) be the infimum of all admissible Ty (#,7) and note that T,(#,r) is nonnegative and
nonincreasing in 7, nondecreasing in r, and Ty (1, r) = 0 for all 7 > a(r). Now, let

2 (1= r = r
Wi o) = 5/E Tyls,r)ds+ 0 2 To(nr) +

2

and note that W; ,(7) is positive and has the following properties: (i) For every fixed r and p, W; ,(77)
is continuous, strictly decreasing, and lim; . Wi, (#7) = 0; and (ii) for every fixed n and p, W, ,(77) is
strictly increasing in r.

Next, let Uy, = W, pl and note that U, , satisfies properties (i) and (ii) of W, ,, and TP (Uyp(0),7) <
W, (Urp(0)) = 0. Therefore,

PY ([lx(t) = xell > Urp(t)) <p, t=0, (22)

for all |[xp — xe|| < r. Now, using (21) and (22) it follows that

B (Jlx(t) = xell > \Jatp (30 = xe)Uep) (D)) <o, lx0 = xell < clp), £ 0.

Thus, inequality (17) is satisfied with B, (||xo — xe|,t) = \/rxp(on — xe||)\/uc(p),p(t). O

Next, we present sufficient conditions for Lyapunov and asymptotic stability in probability for
nonlinear stochastic nonnegative dynamical systems. First, however, the following definition of
a recurrent process relative to a domain D, is needed.

Definition 7. A Markov process x(-) in HPE is recurrent relative to the domain D; o, equivalently, Dy C D
is recurrent in D, if there exists a finite-time t > 0 such that

P* (x(t) € D) = 1. (23)
In addition, D is positive recurrent if

sup E¥inf{t > 0: x(t) € Dy} < 00 (24)
x€D.

for every compact set D, C D.
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Theorem 1. Let D be an open subset relative to R’l that contains xe. Consider the nonlinear stochastic
dynamical system (4) where f is essentially nonnegative and f(xe) = 0, D(; ;y(x) = 0,j =1,...,d, whenever
x;j=0,i=1,...,n,and D(xe) = 0. Assume that there exists a two-times continuously differentiable function
V : D — Rsuch that

V(xe) =0, (25)
V(x) >0, xeD, X # Xe, (26)

1% 1 92V
aix) f(x) + 5t DT (x) ax(ZX) D(x) <0, xeD. (27)

Then the equilibrium solution x(t) = x. to (4) is Lyapunov stable in probability with respect to Ki. If,

in addition,
a‘gix)f(x) + 1’cr DT(x)

2
then the equilibrium solution x(t) = x. to (4) is asymptotically stable in probability with respect to Ri.
Finally, if D = R, and V(-) is radially unboundedi,’fhen the equilibrium solution x(t) = xe to (4) is globally
asymptotically stable in probability with respect to R, .

0%V (x)
0x2

D(x) <0, xeD, X # Xe, (28)

Proof. Let ¢ > 0 be such that Bs(xe) N ﬁi C D, define V; = infxeD\B(;(xe)nﬁi V(x) > 0, and let 75 be

the stopping time wherein the trajectory x(t), t > 0, of (4) exits the bounded domain Bj(xe) N err cD

with 75 (t) = min{t, 75 }. Since V(+) is two-times continuously differentiable and (27) holds it follows
from Lemma 5.4 of [31] that
E¥ [V(x(ts(8)))] < V(x) (29)

forall x € Bs(xe) N @1 and t > 0. Now, using Chebyshev’s inequality ([31], p. 29) yields

x B E* [V(x(w®))] _ V(x)
P <0S<L;Et|IX(S) Xel| >5> < v, ST (30)

Next, taking the limit as ¢t — oo, (30) yields

Pt <sup Jx(s) — xell > 5) < V0 G1)

s>0

and hence, Lyapunov stability in probability with respect to E’i follows from the continuity of V(-)
and (25).

To prove asymptotic stability in probability with respect to @1, note that the stochastic process
V(x(ts(t))) is a supermartingale ([31], Lemma 5.4), and hence, it follows from Theorem 5.1 of [31] that

a.

n

lim V(x((£)))

t—o0

v. (32)

Let B~ denote the set of all sample trajectories of (4) starting from x € @1 for which 75 = co. Since
the equilibrium solution x(t) = x to (4) is Lyapunov stable in probability with respect to @1, it
follows that

lim P¥(B*) = 1. (33)

X—Xe

Next, it follows from Theorem 3.9 of [31] and (28) that all sample trajectories contained in B7,
except for a set of trajectories with measure zero, satisfy inf;~¢ ||x(t) — xe|| = 0. Moreover, it follows
from Lemma 5.3 of [31] that

lim inf ||x(¢) — xe|| =0, (34)
t—oo
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and hence, using (25), lim inf; . V(x(¢)) = 0. Now, (32) implies

lim V(x(z5(t))) = lim V(x(t)) (35)

t—o0

for almost all sample trajectories in B*, and hence,

lim V(x(t)) = lim inf V(x(£)) = 0, (36)

t—o0 t—ro0

which, using (25) and (26), further implies, that

lim ||x(t) — xe|| = 0. (37)
t—ro0
Now, asymptotic stability in probability with respect to R  is direct consequence of (33) and (37).
Finally, to prove global asymptotic stability in probablhty with respect to R note that it follows
from Lyapunov stability in probability with respect to R that, for every ¢ > 0 and o = ¢, there exists
& > 0 such that, for all x € B;(xe) "R,

p* (sup [|x(t) — xe| > S) <e. (38)

t>0

Moreover, it follows from Lemma 3.9, Theorem 3.9 of [31], and the radial unboundedness of V(-)
that the solution x(t), t > 0, of (4) is recurrent relative to the domain B,(xe) N Ri for every € > 0.
Thus, % < oo, where %; is the first hitting time of the trajectories starting from the set R} \ Bj(x.) and
transitioning into the set Bs(xe) NR',.

Now, using the strong Markov property of solutions and choosing & > 0 such that x € @1 \ Bs(xe)
yields

P (hm sup ||x(f) — xe|| > s)

t—c0
= / / _ P(% edo, x(%5) € dy) PY (lim sup ||x(f) — xel| > e) (39)
=0 JyedB;s(xe)NR f—o0
:oo P (% € do, x(t5) € dy) PY t) — >
Lo S B € 4 x(3) € dy) (i‘iﬁ"x” el )
<e

7

which proves global asymptotic stability in probability with respect to Ei. O

As noted in [37], a more general stochastic stability notion can also be introduced here involving
stochastic stability and convergence to an invariant (stationary) distribution. In this case, state
convergence is not to an equilibrium point but rather to a stationary distribution. This framework
can relax the vanishing perturbation assumption D(x.) = 0 at the equilibrium point x and requires a
more involved analysis framework showing stability of the underlying Markov semigroup [49].

As in nonlinear stochastic dynamical system theory [31], converse Lyapunov theorems for
Lyapunov and asymptotic stability in probability for stochastic nonnegative dynamical systems can
also be established. However, in this case, a non-degeneracy condition on D(x), x € D, is required [31].

Finally, we establish a stochastic version of the Krasovskii-LaSalle stability theorem for nonnegative
dynamical systems. For nonlinear stochastic dynamical systems this result is due to Mao [50].

Theorem 2. Consider the nonlinear stochastic nonnegative dynamical system (4). Let D C Ri be an invariant
set with respect to (4) and assume that there exists a two-times continuously differentiable function V : D — R
and a continuous function 7 : R — Ry such that
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X 2V (x
a‘gi )f(x) + %tr DT(x)a ;;(2 )D(X> < —n(V(x)), x €D. (40)

Then, for every xo € D, lim;_,o V(x(t)) exists and is finite almost surely, and

lim 7(V(x(t))) £ 0. (41)
t—o0
Proof. Since D C R, is invariant with respect to (4), it follows that, for all xg € D, P¥ (x(t) € D) =1,
t > 0. Furthermore, using It6’s chain rule formula and (40) we have

V(x(t)) = V(xo)+/Ot£V(x(a))da+/otwl)(x(a))dw(a)
< V() - [ 9o+ [ D pia(o))due) @)

Now, it follows from Theorem 7 of ([51], p. 139) that lim; ., V' (x(t)) exists and is finite almost surely,

and
t a.s.

tll)ngo ; n(V(x(0)))do < oo. (43)
To show that lim; e 77(V (x(t))) = 0 suppose, ad absurdum, that there exists a sample space

Q C O such that P(Q)) > 0 and

limsupn(V(x(t,w))) >0, weQ. (44)

t—o0

Let {t,}:" ,, n € Z,, be a monotonic sequence with f, + 1 < t,,1 and note that there exist ¢ > 0 and
N € Z such that
n(V(x(ty,w))) >¢, n>N. (45)

Now, it follows from the continuity of #(-) and V(+), and the sample continuity of x(-) that there exist
6 >0,6; >0,and &, > 0, such thatif |V (x(t,, w)) — V(x(t,w))| < &, then

[V (x(tn, w))) = n(V(x(t,w)))| < % (46)
if ||x(ty, w) — x(t,w)]|| < &y, then
[V (x(tn, ) = V(x(t,w))| < &2, (47)
and if |t, — t| < §, then
[lx(tn, w) — x(t, w)|| < 0. (48)

Thus, using (45) and (46) it follows that, for all |t, —t| < dand n > N,

DV (b)) > 0V (xlt @) — IV (x(b ) = p(Vx(b@))] > 9)
and hence,
im [(y(vxo)ae > 3 [ oo ¥ D =, (50)
n=N """ n=N
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Note that if we define D, £ {v > 0:7(v) = 0}, then it can be shown that Dy # @ and (41) implies

. . a.s.
tlglgo dist(V(x(t)), Dy) =0, (51)
that is, V(x(t)) will asymptotically approach the set D, with probability one. Thus, if 77(V (x)) = xe if
and only if x = x and V/(+) is positive definite with respect to x, then it follows from Theorems 1 and 2

that the equilibrium solution x(t) Z xeto (4) is asymptotically stable in probability with respect to @1.

4. Semistability of Stochastic Nonnegative Dynamical Systems

As shown in [30], thermodynamic systems give rise to systems that possess a continuum of
equilibria. In this section, we develop a stability analysis framework for stochastic systems having a
continuum of equilibria. Since, as noted in [37,52], every neighborhood of a non-isolated equilibrium
contains another equilibrium, a non-isolated equilibrium cannot be asymptotically stable. Hence,
asymptotic stability is not the appropriate notion of stability for systems having a continuum of
equilibria. Two notions that are of particular relevance to such systems are convergence and semistability.
Convergence is the property whereby every system solution converges to a limit point that may depend
on the system initial condition. Semistability is the additional requirement that all solutions converge
to limit points that are Lyapunov stable. Semistability for an equilibrium thus implies Lyapunov
stability, and is implied by asymptotic stability.

In this section, we present necessary and sufficient conditions for stochastic semistability. It is
important to note that stochastic semistability theory was also developed in [37] for a stronger set of
stability in probability definitions. The results in this section, though parallel the results in [37], are
predicated on a weaker set of stability in probability definitions, and hence, provide a stronger set of
semistability results. First, we present several key propositions. The following proposition gives a
sufficient condition for a trajectory of (4) to converge to a limit point. For this result, D. C D C @1
denotes a positively invariant set with respect to (4) and st(’HnD“) denotes the image of HDe C HD

under the flow s; : H5< — HD, that is, s;(H2*) S {y :y = st(x) for some x(0) = xy € H, °}.

Proposition 2. Consider the nonlinear stochastic nonnegative dynamical system (4) and let x € D.. If the
limit set w(x) of (4) contains a Lyapunov stable in probability (with respect to @i ) equilibrium point y, then
limy—y P* (|| lims—eo 5(t, ) —y|| = 0) = 1, that is, w(x) = {y} as x — v.

Proof. Suppose y € w(x) is Lyapunov stable in probability with respect to Ei and let Ny C D, be
a relatively open neighborhood of y. Since y is Lyapunov stable in probability with respect to @1,
there exists a relatively open neighborhood Ny C D, of y such that st(’H{l\/‘S) C Hpasx — y for
every t > 0. Now, since y € w(x), it follows that there exists T > 0 such that s(,x) € qu\/" . Hence,
s(t+1,x) = s¢(s(t,x)) € st(Hﬁ[5) C Hp* for every t > 0. Since N C D is arbitrary, it follows

that i = limy e s(t, x). Thus, limy, e (£, X) = y as x — y for every sequence {t, }°

-2 1, and hence,

wx)Z{ytasx —y. O

The following definition introduces the notion of stochastic semistability.

Definition 8. An equilibrium solution x(t) Zxe ek of (4) is stochastically semistable with respect to
R, if the following statements hold.

(i) For every e > 0, limy,—y, P <sup0§t<Do l|x(t) — xel| > s) = 0. Equivalently, for every ¢ > 0 and
p € (0,1), there exist § = 8(¢,p) > 0 such that, for all xg € By(xe) "R,

po ( sup ||x(t) — xell > e> <p.

0<t<oo
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(ii) limgigy(xy,e)—0 P (limeo dist(x(t),£) = 0) = 1. Equivalently, for every p € (0,1), there exist
0 = 0(p) > 0 such that if dist(xg, £) < 9, then P (lim;_, dist(x(t),£) =0) > 1 —p.

The dynamical system (4) is stochastically semistable with respect to R’l if every equilibrium solution of (4)
is stochastically semistable with respect to RZ_. Finally, the dynamical system (4) is globally stochastically
semistable with respect to Ri if (i) holds and P* (lim;_,, dist(x(t), ) = 0) = 1 forall xp € R".

Note that if x() Eox €& only satisfies (i) in Definition 8, then the equilibrium solution
x(t) 2 xe € £ of (4) is Lyapunov stable in probability with respect to @1.

Definition 9. For a given p € (0,1), the p-domain of semistability with respect to Ei is the set of points
xo € D C R" such that if x(t), t > 0, is a solution to (4) with x(0) = xq, then x(t) converges to a Lyapunov
stable (with respect to Ri ) in probability equilibrium point in D with probability greater than or equal to 1 — p.

Note that if (4) is stochastically semistable, then its p-domain of semistability contains the set of
equilibria in its interior.

Next, we present alternative equivalent characterizations for stochastic semistability of (4). This
result is an extension of Proposition 2.2 of [37] to the more general semistability definition presented in
this paper.

Proposition 3. Consider the nonlinear stochastic nonnegative dynamical system G given by (4). Then the
following statements are equivalent:

(i) G is stochastically semistable with respect to R’i.

(ii) For every xe € & and p > 0, there exist class K and L functions a,(-) and B,(-), respectively,
and 8 = 8(xe,p) > 0 such that, if xg € Bs(xe) N R, then

PO ([lx(t) = xell > ap(llxo — xel)) <o, £ >0,

and P* (dist(x(t),E) > Bo(t)) < p, t > 0.
(iii) For every xe € & and p > 0, there exist class K functions ay,(+) and az,(-), a class L function B,(-),
and & = 8(xe,p) > 0 such that, if xo € Bs(xe) "Ry, then

P (dist(x(t), €) > azp([|x0 — xell)Bp(t))
<P (agp([[x(t) — xell) > azo(llx0 — xel])) <p, t>0.

Proof. To show that (i) implies (ii), suppose (4) is stochastically semistable with respect to E’i and
let xe € £. It follows from Lemma 1 that for every p > 0 there exists § = é(xe,p) > 0 and a class K
function a,(-) such thatif ||xg — xe|| < 6, then P* (||x(t) — xe|| > a,(|[x0 — xe||)) < p, t > 0. Without
loss of generality, we can assume that ¢ is such that Bs(xe) N @1 is contained in the p-domain of
semistability of (4). Hence, for every xg € Bs(xe) N @1, lim—se0 x(1) > x* € £ and, consequently,
P* (lim;—oo dist(x(¢),£) = 0) = 1.

Foreverye > 0,p > 0,and xg € Bs(xe) N @i, define Ty, (¢, p) to be the infimum of T with the

property that P* (suptET dist(x(t), &) > 8) < p, thatis,

Ty, (€,p) £ inf {T : pro (sup dist(x(t),&) > s) < p} .

t>T

For each xy € Bs(xe) N @i and p, the function Ty, (¢, p) is nonnegative and nonincreasing in ¢, and
Ty, (& p) = 0 for sufficiently large e.
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Next, let T(g, p) = sup{Tx,(€,p) : x0 € Bs(xe) N ﬁi} We claim that T is well defined. To show
this, consider ¢ > 0, p > 0, and xp € Bjs(xe) ﬂ@i. Since P*o (suptZTXO(S,p) dist(x(t),&) > s) <op,
it follows from the sample continuity of s that, for every ¢ > 0 and p > 0, there exists an open
neighborhood U of xy such that P* (Suptsz(e,p) dist(s(t,z), &) > 8) < p for every z € U. Hence,
limsup, T.(e,p) < Ty, (¢ p) implying that the function xg — Ty, (¢, p) is upper semicontinuous at
the arbitrarily chosen point xg, and hence on B;(xe) N @1. Since an upper semicontinuous function
defined on a compact set achieves its supremum, it follows that T (g, p) is well defined. The function
T(-) is the pointwise supremum of a collection of nonnegative and nonincreasing functions, and hence
is nonnegative and nonincreasing. Moreover, T (g, p) = 0 for every £ > max{a,(||xo — xel|) : x0 €
Bs(xe) N Ri .

Let ¢, () £ 2 ;/2 T(o,p)do + 1 > T(e,p) + L. The function y, (¢) is positive, continuous, strictly
decreasing, and ¢,(¢) — 0 as ¢ — co. Choose B,(-) = ¥~!(-). Then B,(-) is positive, continuous,
strictly decreasing, and limgy o Bo(0) = 0. Furthermore, T(B,(c),p) < $p(Bp(c)) = 0. Hence,
P (dist(x(t),£) > Bp(t)) < p, t > 0.

Next, to show that (ii) implies (iii), suppose (ii) holds and let xe € £. Then it follows from (i) of
Lemma 1 that xe is Lyapunov stable in probability with respect to Ri. For every p > 0, choosing x
sufficiently close to x,, it follows from the inequality P (||x(t) — xe|| > ap(||xo — xe|)) < p, t >0,
that trajectories of (4) starting sufficiently close to x. are bounded, and hence, the positive limit set
of (4) is nonempty. Since P*0 (lim;_,o dist(x(t),£) =0) = 1 as dist(xg,£) — 0, it follows that the
positive limit set is contained in £ as dist(xg, £) — 0.

Now, since every point in £ is Lyapunov stable in probability with respect to ﬁi, it follows from

Proposition 2 that lim;_,e x(t) = x* as xg — x*, where x* € £ is Lyapunov stable in probability with
respect to @i. If x* = x, then it follows using similar arguments as above that there exists a class £
function B, (-) such that

B (dist(x(t), €) > Bo(t)) < B ([x(t) — xell > Bol(t)) < p

for every x satisfying ||xg — xe|| < d and t > 0. Hence,

Yo (dist(x(t),é') >/ lx(t) - er\/ﬁp(t)) <p t>0.

Next, consider the case where x* # x. and let a1, (+) be a class K function. In this case, note that

o (tlggodist(x(t),g)/mp(|x(t) —x|) = o) >1-p,

and hence, it follows using similar arguments as above that there exists a class £ function f,(-)
such that
P¥0 (dist(x(t), £) > agp([|x(t) — xel|)Bp(t)) <p, t>0.

Now, note that a1, o a, is of class K (by [48]), Lemma 4.2), and hence, (iii) follows immediately.
Finally, to show that (iii) implies (i), suppose (iii) holds and let xe € £. Then it follows that for
every p > 0,
PO (g ([Jx(t) — xell) > ap(|x(0) = xell)) < p, t20,

that is, PX0[[|x(f) — xe|| > a,([|x(0) — xe||)] < p, where t > 0 and &, = 1y, 0 ay, is of class K (by [48],
Lemma 4.2). It now follows from (i) of Lemma 1 that x is Lyapunov stable in probability with respect
to @1. Since xe was chosen arbitrarily, it follows that every equilibrium point is Lyapunov stable in
probability with respect to R, . Furthermore, P* (lim;_, dist(x(t),£) = 0) > 1 — p.
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Choosing xy sufficiently close to xe, it follows from the inequality
pro (Hx(t) — Xel| > ap(||xo — er)) <p, t=>0,

that trajectories of (4) are almost surely bounded as xop — x., and hence, the positive limit set of (4) is
nonempty as xp — Xe. Since every point in £ is Lyapunov stable in probability with respect to @1,
it follows from Proposition 2 that lim;_c x(t) = x* as xg — x*, where x* € £ is Lyapunov stable in
probability with respect to Ri. Hence, by Definition 8, (4) is stochastically semistable with respect to
NG
R,. O

Next, we develop necessary and sufficient conditions for stochastic semistability. First, we present
sufficient conditions for stochastic semistability. The following theorems generalize Theorems 3.1 and
3.2 of [37].

Theorem 3. Consider the nonlinear stochastic nonnegative dynamical system (4). Let Q C Ki be a relatively
open neighborhood of £ and assume that there exists a two-times continuously differentiable function V : Q —
R such that

V(x)f(x) + %tr DT(x)V"(x)D(x) <0, x€ Q\E. (52)

If every equilibrium point of (4) is Lyapunov stable in probability with respect to @i, then (4) is stochastically
semistable with respect to ﬁi. Moreover, if Q = Ri and V(x) — oo as ||x|| — oo, then (4) is globally
stochastically semistable with respect to ﬁi.

Proof. Since every equilibrium point of (4) is Lyapunov stable in probability with respect to @i by
assumption, for every z € &, there exists a relatively open neighborhood V, of z such that s([0, o) x
V. N Be(z)), & > 0, is bounded and contained in Q as e — 0. The set V; = ,ce V. N Be(z), & > 0, is
a relatively open neighborhood of £ contained in Q. Consider x € V; so that there exists z € £ such
that x € V. N Be(z) and s(t, x) € ’HVZQB*( ) ,t>0,as e — 0. Since V; N Be(z) is bounded and invariant
with respect to the solution of (4) as ¢ — 0, it follows that V; is invariant with respect to the solution
of (4) as ¢ — 0. Furthermore, it follows from (52) that LV (s(,x)) < 0, t > 0, and hence, since V is
bounded it follows from Theorem 2 that lim; e LV (s5(t,x)) = 0as e — 0.

It is easy to see that LV (x) # 0 by assumption and LV (xe) = 0, xe € £. Therefore, s(t,x) 2% £ as
t — oo and € — 0, which implies that limg;g( £)—0 P* (lims—e dist(s(t, x), £) = 0) = 1. Finally, since
every point in £ is Lyapunov stable in probability with respect to Ri, it follows from Proposition 2
that lim;_,e 5(t, x) = x* as x — x*, where x* € £ is Lyapunov stable in probability with respect to
]R . Hence, by Definition 8, (4) is semistable. For Q = R global stochastic semistability with respect
to R follows from identical arguments using the radlally unbounded conditionon V(-). O

Next, we present a slightly more general theorem for stochastic semistability wherein we do not
assume that all points in £V ~1(0) are Lyapunov stable in probability with respect to R’l but rather we
assume that all points in (7 o V)~1(0) are Lyapunov stable in probability with respect to @1 for some
continuous function 7 : Ry = R,.

Theorem 4. Consider the nonlinear stochastic nonnegative dynamical system (4) and let Q C @1 be a relatively
open neighborhood of €. Assume that there exist a two-times continuously differentiable function V : Q — R4
and a continuous function 17 : Ry — Ry such that

V/(x)f(x) + %tr DT(x)V"(x)D(x) < —p(V(x)), x€ Q. (53)
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If every point in the set M = {x € Q : (V(x)) = 0} is Lyapunoo stable in probability with respect to RS,
then (4) is stochastically semistable with respect to Ri. Moreover, if Q = @1 and V(x) — oo as ||x|| — oo,
then (4) is globally stochastically semistable with respect to @i.

Proof. Since, by assumption, (4) is Lyapunov stable in probability with respect to @1 forallz € M,
there exists a relatively open neighborhood V; of z such that s([0,00) x V, N B(z)), € > 0, is bounded
and contained in Q as ¢ — 0. The set Ve £ [, V2 N Be(z) is a relatively open neighborhood
of M contained in Q. Consider x € V; so that there exists z € M such that x € V, N B,(z) and
s(t,x) € H;}ZQBS(Z), t >0, as e = 0. Since V, is bounded it follows that V; is invariant with respect to
the solution of (4) as ¢ — 0. Furthermore, it follows from (53) that LV (s(t,x)) < —5(V(s(t,x))), t >0,
and hence, since V; is bounded and invariant with respect to the solution of (4) as ¢ — 0, it follows
from Theorem 2 that lim; e 77(V (s(t,x))) = 0 as ¢ — 0. Therefore, s(t,x) 3 M ast — coand e — 0,
which implies that limgs(x ()0 P* (limeo dist(s(t, x), M) = 0) = 1.

Finally, since every point in M is Lyapunov stable in probability with respect to Ri, it follows
from Proposition 2 that lim; e s(t, X) S x* as x — x*, where x* € M is Lyapunov stable in
probability with respect to Ei. Hence, by definition, (4) is semistable. For Q = @1 global stochastic
semistability with respect to Ri follows from identical arguments using the radially unbounded
conditionon V(-). O

Example 1. Consider the nonlinear stochastic nonnegative dynamical system on H, given by ([37])

dxq(t) = [o12(x2(t)) — 21 (x1(#))]dt + v (x2(t) — x1(8))dw(t), x1(0) = x10, £>0, (54)
dxa(t) = [o21(x1(t) — or2(x2(£))]dt + 7 (x1 (t) — x2(t))dw(t), x2(0) = xp0, (55)

where Ui]-(~), i,j = 1,2,i # j, are Lipschitz continuous and v > 0. Equations (54) and (55) represent the
collective dynamics of two subsystems which interact by exchanging energy. The energy states of the subsystems
are described by the scalar random variables x1 and xy. The unity coefficients scaling o;;(-), i,j € {1,2},
i # j, appearing in (54) and (55) represent the topology of the energy exchange between the subsystems. More
specifically, given i,j € {1,2}, i # j, a coefficient of 1 denotes that subsystem j receives energy from subsystem
i, and a coefficient of zero denotes that subsystem i and j are disconnected, and hence, cannot exchange energies.

The connectivity between the subsystems can be represented by a graph & having two nodes such that &
has a directed edge from node i to node j if and only if subsystem j can receive energy from subsystem i. Since
the coefficients scaling 0;i(-), i,j € {1,2},1 # j, are constants, the graph topology is fixed. Furthermore, note
that the directed graph & is weakly connected since the underlying undirected graph is connected; that is, every
subsystem receives energy from, or delivers energy to, at least one other subsystem.

Note that (54) and (55) can be cast in the form of (4) with

D(X) _ |j7(3q _xl)‘| ,

_ |o12(x2) — o2 (1)
fix) = [ 70— x2)

o1 (x1) —o2(x2) |

where the stochastic term D(x)dw represents probabilistic variations in the energy transfer between the two
subsystems. Furthermore, note that since

e;dx(t) = e3 f(x(t))dt +e1 D(x(t))dw(t) =0, x(0) = xo, t>0,

where ey = [11]T, it follows that dx; (t) + dxa(t) = 0, which implies that the total system energy is conserved.

In this example, we use Theorem 3 to analyze the collective behavior of (54) and (55). Specifically, we are
interested in the energy equipartitioning behavior of the subsystems. For this purpose, we make the assumptions
03j(xj) — ji(x;) = O if and only if x; = xj, i # j, and (x; — x))[03;(x;) — 05i(x:)] < —7*(x1 — x2) for
i,je{1,2}.
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The first assumption implies that if the energies in the connected subsystems i and j are equal, then
energy exchange between the subsystems is not possible. This statement is reminiscent of the zeroth law of
thermodynamics, which postulates that temperature equality is a necessary and sufficient condition for thermal
equilibrium. The second assumption implies that energy flows from more energetic subsystems to less energetic
subsystems and is reminiscent of the second law of thermodynamics, which states that heat (enerqy) must
flow in the direction of lower temperatures. It is important to note here that due to the stochastic term D (x)dw
capturing probabilistic variations in the enerqy transfer between the subsystems, the second assumption requires
that the scaled net energy flow (x; — x;)[0yj(x;) — 0ji(x;)] is bounded by the negative intensity of the diffusion
coefficient given by tr D(x)DT (x).

To show that (54) and (55) is stochastically semistable with respect to Ri, note that £ = 7o) n
D7Y0) = {(x,x2) € Ri :x1 = xp = a,a € Ry} and consider the Lyapunov function candidate
V(x1,x2) = 3(x1 — )% + 3 (x2 — )%, where « € Ry Now, it follows that

LV (x1,%2) = (%1 —a)[o12(x2) — 021 (x1)] + (x2 — &) [021(x1) — 012(x2) ]
+3[(r(2 = x1))? + (7(x1 — x2))]
= x1[o12(x2) — 021 (x1)] + x2[021 (x1) — 012(x2)] + (7(31 — x2))?
(x1 — x2)[012(x2) — 021 (x1) + 7* (21 — x2)]
<0, (x,x)€R; xRy, (56)

which implies that x1 = xp = a is Lyapunov stable in probability with respect to Ri.

Next, it is easy to see that LV (x1,x3) 7# 0 when x1 # xp, and hence, LV (x1,x) < 0, (x1,x2) € @i\é’.
Therefore, it follows from Theorem 3 that x1 = xp = w is stochastically semistable with respect to Ri for all
« € R. Furthermore, note that e;dx(t) 0,t>0, implies

as. 1 T as. 1
x(t) = 5020 x(0) = i[xl (0) + x2(0)]ex as t — oo.
Note that an identical assertion holds for the collective dynamics of n subsystems with a connected undirected
energy graph topology. A

Finally, we extend Theorem 3.3 of [37] to provide a converse Lyapunov theorem for stochastic
semistability. For this result, recall that LV (x.) = 0 for every x. € £. Also note that it follows from (9)
that LV (x) = LV (s(0,x)).

Theorem 5. Consider the nonlinear stochastic nonnegative dynamical system (4). Suppose (4) is stochastically
semistable with a p-domain of semistability Dy. Then there exist a continuous nonnegative function
V :Dy — Ry and a class K« function a(-) such that (i) V(x) = 0, x € &, (ii)) V(x) > a(dist(x,&)),
x € Dy, and (iii) LV (x) < 0, x € Dy\&.

Proof. Let B denote the set of all sample trajectories of (4) for which lim;_, dist(x(t,w),£) = 0 and
x({t >0}, w) € B, w € O, and let 1yx (w), w € Q, denote the indicator function defined on the set
B0, that is,

Tygeo () a )1, ifx({t >0}, w) € B,
B0 ] 0, otherwise.

Note that by definition P* (%) > 1 — p for all xy € Dy. Define the function V : Dy — R by

V(x) £ sup {HZtE [dist(s(t,x),g)l%x(w)}}, x € Dy, (57)
>0 L1+t
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and note that V() is well defined since (4) is stochastically semistable with respect to Ri. Clearly, (i)
holds. Furthermore, since V(x) > dist(x, &), x € Dy, it follows that (ii) holds with a(r) = r.

To show that V() is continuous on Dy\&, define T : Do\ — [0,00) by T(z) = inf{h :
E [dist(s(h,z), E)1yp=(w)] < dist(z,E)/2 for all t > h > 0}, and denote

W, & {x €Dy:P* (supdist(s(t,X),g) < 8) >1 —P} : (58)

£>0
Note that WW; O £ is open and contains an open neighborhood of £. Consider z € Dy\& and define
A £ dist(z,€) > 0. Then it follows from stochastic semistability of (4) that there exists 1 > 0 such that
P= (s(h,z) € Wy,2) > 1 —p. Consequently, P* (s(h+t,z) € W) ,p) > 1—p forall t > 0, and hence,
it follows that T(z) is well defined. Since W, /, is open, there exists a neighborhood B (s(T(z),z)
such that P* (B,(s(T(z),z)) C Wy,2) > 1 —p. Hence, N' C Dy is a neighborhood of z such that
1 () 2 Bo(s(T(2), 2)).
Next, choose 17 > 0 such that 7 < A/2 and B;(z) C N. Then, for every t > T(z) and y € B(z),

[(1+2t)/(1+t)]|E[dist(s(t,y), E)Lyy (w)] < 2E [dist(s(t,y), E)Lyy(w)] < A.

Therefore, for every y € By (z),

V(z) = V(y)

142t .
St;g {WE [dlst(s(t, Z), 5)]1‘32 ((L))] }
1+2¢t .

1+2¢

= sup(z) {14—1‘E [dist(s(t,z),E)Lm= (w)}} (59)

142t .
— sup(z) {l—FtE [dist(s(t,y),E) Loy (w)]} .

Hence,

1+ 2t

14t

<
&
|
=
N
A

sup
0<I<T(z)

(E [dist(s(t,2), ) Lz (w)] (60)

B fdist((t,4), ) 1w )] )|
205215( ) |E [dist(s(t,z), E) L= (w)] — E[dist(s(t,y), £) Ly (w)]|

2 sup E[dist(s(t,z),s(t,y))], z€Do\E ye€ Byz). (61)
0<t<T(z)

IN

IN

Now, since f(-) and D(-) satisfy (6) and (7), it follows from continuous dependence of solutions s(-, )
on system initial conditions ([32], Theorem 7.3.1) and (61) that V(-) is continuous on Dy\£.

To show that V(-) is continuous on &, consider xe € £. Let {x,};_; be a sequence in D\ & that
converges to x.. Since x. is Lyapunov stable in probability with respect to @1, it follows that x(t) =
is the unique solution to (4) with x(0) = x.. By continuous dependence of solutions s(-, -) on system
initial conditions ([32], Theorem 7.3.1), s(f, x,,) % s(t, xe) E xeasn — oo, t > 0.

Let ¢ > 0 and note that it follows from (ii) of Proposition 3 that there exists § = J(x.) > 0 such that
for every solution of (4) in Bs(x.) there exists T = T(xe, &) > 0such that P (st( fé(xe)) C Wg) >1-p
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for all t > T. Next, note that there exists a positive integer Nj such that x, € B;(x.) forall n > Nj.
Now, it follows from (57) that

V(xn) < 2 sup E[dist(s(t, xn),E)Lgm (w)] +2¢, n > Nj. (62)
o<t<T

Next, it follows from ([32], Theorem 7.3.1) that E[|s(-, x,,)|] converges to E[|s(-, x¢)|] uniformly on
[0, T]. Hence,

lim sup E[dist(s(t, x,),E)lpwm(w)] = sup E {lim dist(s(t, x), E) Logxn (w)}

"R 0<i<t o<t<t T
< sup dist(xe, &) (63)
o<t<T
p— 0,

which implies that there exists a positive integer Ny = Np(xe,€) > Nj such that

sup E [dist(s(t,x,),E)Llgw(w)] < e
o<t<T

for all n > Np. Combining (62) with the above result yields V(x,) < 4e¢ for all n > Nj, which implies
that lim, o V(1) = 0 = V(xe).

Finally, we show that LV (x(t)) is negative along the solution of (4) on Dy\E. Note that for every
x € Do\& and 0 < h < 1/2such that P (s(h, x) € Dy\E) > 1 — p, it follows from the definition of T(-)
that E [V (s(h, x))] is reached at some time f such that 0 < f < T(x). Hence, it follows from the law of
iterated expectation that

E[V(s(hx))] = E {E [dist(s(E + %), €) Lygstuny ()] 11++2:]
) 142f+2h h
= E [dist(s(F+ 1, x), &) Logx (w)] 11;::11 [1_ ST

h
< V) 1~ g
which implies that
LV(x) = hlig)L E[Visth, ’;))] — V) < —%V(x)(l +T(x))"2<0, x€Dy\E,

and hence, (iii) holds. [

5. Conservation of Energy and the First Law of Thermodynamics: A Stochastic Perspective

In this section, we extend the thermodynamic model proposed in [30] to include probabilistic
variations in the instantaneous rate of energy dissipation as well as probabilistic variations in the
energy transfer between the subsystems. Even though the treatment in this and the next two sections
closely parallels that of [30] for deterministic thermodynamics, the thermodynamic models and proofs
of our results are rendered more difficult due to the inclusion of stochastic disturbances. To formulate
our state space stochastic thermodynamic model, we consider the large-scale stochastic dynamical
system G shown in Figure 1 involving energy exchange between g interconnected subsystems and use
the notation developed in [30].
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Figure 1. Large-scale dynamical system G with D(E) = 0 and J(E) = 0.

Specifically, E; : [0,00) — R denotes the energy (and hence a nonnegative quantity) of the i-th
subsystem, S; : [0,00) — R denotes the external power (heat flux) supplied to (or extracted from)
the i-th subsystem, 0ij ﬁi —R,,i# j,i,j = 1,...,q, denotes the instantaneous rate of energy
(heat) flow from the j-th subsystem to the i-th subsystem, J; : @i —Ry,i=1,...,9.k=1,...,dq,
denotes the instantaneous rate of energy (heat) received or delivered to the i-th subsystem from all
other subsystems due to the stochastic disturbance wy (), 0j; : @i — R4, i =1,...,q, denotes
the instantaneous rate of energy (heat) dissipation from the i-th subsystem to the environment,
and D(z‘,l) : @i Ry, i=1,.. .,q,1 =1,...,dy, denotes the instantaneous rate of energy (heat)
dissipation from the i-th subsystem to the environment due to the stochastic disturbance wy;(-).
Here we assume that 0ij ﬁi - Ry, i,j=1,...,q, ](i,k) : @'i - Ry, i= 1,...,9, k=1,...,dq,
and D(i/,) : @1 Ry, i=1,... ,q, 1 =1,...,dy, are locally Lipschitz continuous on @i and satisfy
a linear growth condition, and S; : [0,00) — R, i = 1,...,q, are bounded piecewise continuous
functions of time.

An energy balance for the i-th subsystem yields

q T
B(T) = Eto)+ L o (E) — (B la
T e T
+ [ rowi(J(E@)dwn (6) — [ e E(e)de (65)

[ rowi(D(E@®)dwa(t) + [ si(tyat, T >t

to to
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or, equivalently, in vector form,

E(T) = E(t0)+/tTf( dt+/ ))dws (f) — /Td(E(t))dt

to
T
—/ DE®)dwa() + [ S(Hdt, T > to, 66)
Jtg Jtg
where E() < [E1(t),..., Eq(t)]T, wi(-) and wy(-) are, respectively, a dq-dimensional and

dy-dimensional independent standard Wiener process (i.e., Brownian motion) defined on a complete
filtered probability space (Q, F, {F;}>t,,IP), E(to) is independent of (wy(t) — wi(tg)),t > to, and
(wa(t) — wa(to)), t = to,

d(E(t)) = [o11(E(H)), ..., oq(E(t)],

S(t) = [S1(t),..., ST,

FE) = [A(E),.. fq(E)]T R} - R,

J(E) = [row1(J(E)), ..., rowg(J(EN]T : RY. — R x R™,
D(E) = [row;(D(E)),. ..,1’0wq(D(E))]T : @Z_ — R7 x R%,

Here, the stochastic disturbance J(E)dw; in (66) captures probabilistic variations in the energy transfer
rates between compartments and the stochastic disturbance D(E)dw, captures probabilistic variations
in the instantaneous rate of energy dissipation.
Equivalently, (65) can be rewritten as

9
dEi(t) =} [oy(E(t)) — oji(E(£))]dt + row; (J(E(t)))dws (£) — 03 (E(t) dt
J=Lj#

—row;(D(E(t)))dwa(t) + Si(t)dt, Ei(to) = E, t > o, (67)

or, in vector form,
dE(t) = f(E(t))dt + J(E(t))dwy (t) — d(E(t))dt — D(E(t))dw,(t) + S(t)dt, E(to) = Eo, t > t, (68)

where Ey = [Eo, - -, Eq]', yielding a differential energy balance equation that characterizes energy
flow between subsystems of the large-scale stochastic dynamical system G. Here we assume that
S(-) satisfies sufficient regularity conditions such that (68) has a unique solution forward in time.
Specifically, we assume that the external power (heat flux) S(-) supplied to the large-scale stochastic
dynamical system G consists of measurable functions S(-) adapted to the filtration { F; }>¢, such that
S(t) € Hg, t > to, forall t > s, w(t) — w(s) is independent of S(7), w(7), T < s, and E(tg), where
w(t) = [w] (t), w3 (t)]*, and hence, S(-) is non-anticipative. Furthermore, we assume that S(-) takes
values in a compact metrizable set. In this case, it follows from Theorem 2.2.4 of [53] that there exists
a path-wise unique solution to (68) in (Q, {F; }i>¢,, PF0).

Equation (66) or, equivalently, (68) is a statement of the first law for stochastic thermodynamics as
applied to isochoric transformations (i.e., constant subsystem volume transformations) for each of the
subsystems G;, i = 1,...,4q. To see this, let the total energy in the large-scale stochastic dynamical
system G be given by U £ eTE, where T £ [1,...,1]and E € @i, and let the net energy received by
the large-scale dynamical system G over the time interval [t1, f;] be given by

Q2 ["eMIs(t) —d(E@®)]at [ DB dua), )

t1 t
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where E(t), t > tp, is the solution to (68). Then, premultiplying (66) by e! and using the fact that
e f(E) = 0and e'J(E) = 0, it follows that

AU = Q, (70)

where AU = U(tp) — U(t1) denotes the variation in the total energy of the large-scale stochastic
dynamical system G over the time interval [y, t5].

For our large-scale stochastic dynamical system model G, we assume that ¢;;(E) =0, E € R7,
0ii(E) =0,E€ R}, J(E) =0,E€ R}, k=1,...,d,and D(;;(E) = 0, E € R}, 1 = 1,...,d,
whenever E]- =0,j=1,...,9. Inthis case, f(E) —d(E), E € Rﬂ, is essentially nonnegative. The above
constraint implies that if the energy of the j-th subsystem of G is zero, then this subsystem cannot
supply any energy to its surroundings nor dissipate energy to the environment. Moreover, we assume
that S;(t) > 0 whenever E;(t) =0, t > ty,i = 1,...,q, which implies that when the energy of the i-th
subsystem is zero, then no energy can be extracted from this subsystem.

The following proposition is needed for the main results of this paper.

Proposition 4. Consider the large-scale stochastic dynamical system G with differential energy balance equation
given by (68). Suppose 0j;(E) = 0, E € R, J;y(E) =0, E€RY, k=1,...,dy,and D(j;(E) = 0, E €
R‘i, I'=1,...,dy, whenever E; =0,j =1,...,q,and S;(t) > 0 whenever E;(t) =0, t > to,i: 1,...,q
Then the solution E(t), t > to, to (68) is nonnegative for all nonnegative initial conditions Ey € Ri.

Proof. First note that f(E) — d(E), E € R, is essentially nonnegative, Jix(E) = 0, E € @i,
k=1,...,d, and D(]-,l)(E) =0,EecRl,1=1,...,4d, whenever Ej =0,j=1,...,9. Next,
since S;(t) > 0 whenever E;(t) = 0,t > ty,i = 1,...,q, it follows that dE;(t) > 0 for all t > &
andi = 1,...,q whenever E;(t) = 0 and E;(t) > 0 for all j # i and t > t;. This implies that for all
nonnegative initial conditions Ey € R’i, every sample trajectory of G is directed towards the interior of
the nonnegative orthant Ri whenever E;(t) =0, =1,...,q, and hence, remains nonnegative almost
surely forall t > t;. O

Next, premultiplying (66) by e!, using Proposition 4, and using the fact that e! f(E) = 0 and
e'J(E) = 0, it follows that

eTE(T) — eE(to) + | eTS(t)dt - /T

to Jto

er(E(t))dt—/TeTD(E(t))dwz(t), T>t. (71)

fo

Now, for the large-scale stochastic dynamical system G, define the input u(t) = S(t) and the output

y(t) 24 (E(t)). Hence, it follows from (71) that for any two F;-stopping times 7y and 1, such that
T1 > T» almost surely,

E[eE(w)|Fy | = eE(n) +E _/T2 eTS(t)dt]-"Tl} _E UZ er(E(t))dﬂfﬁ}

(¢]

& | [7 D(E® a0 7 | ™)

1

— 'E(n) +E /2 [eTS(t) - er(E(t))} dt]-}l} .

LV 1

Thus, the large-scale stochastic dynamical system G is stochastically lossless [54] with respect to the

energy supply rate r(u,y) = eTu — eTy and with the energy storage function U(E) 2 eTE,E € R

In other words, the difference between the supplied system energy and the stored system energy is
a martingale with respect to the differential energy balance system filtration.
The following lemma is required for our next result.
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Lemma 2. Consider the large-scale stochastic dynamical system G with differential energy balance Equation (68).

Then, for every equilibrium state E, € 7—[;; and every € > 0and T B 0, there exist Se € Hq, & > 0, and
a.s.

% %0 such that, for every E € Hy with |E — Ee| a'g& at, there exists S : Ry — H, such that
a.s. A
IS(t) = Sel| < & t € [0,%], and E(t) = Ee + EEedt € [0, %).

T

Proof. Note that with S, = d (Ee) — f(Ee), the state E¢ € E‘i is an equilibrium state of (68). Let6 > 0

and T % 0, and define

M(,7) = sup  ||f(Ee+ 0tE) — d(Ee + 0tE) + Se||, (73)
eenf ), tefoq]

My(6,7) £ sup H i (Ee + fé:ijw) ) (74)
e\, efo7)

Mp(6,7) 2 sup HD (Ee—l— fé:gzﬁat)H. (75)

e, efo7)

Note that for every T <o, limg_,o+ M(8,7) = 0, limg_,o+ M;(6,7) = 0, and limg_,o+ Mp(8,7) =0,
and for every 6 > 0, im a5, M(6,7) =, lim_as, . M;(6, ) = 0, and lim as,. Mp(6,7) 0.
Moreover, it follows from Lévy’s modulus of continuity theorem [55] that for sufficiently small df > 0,

Ideon (£)]] S My (de)dt and [[dews (1) S My (dt)dt, where My (dr) = | [2d¢log, ().

Next, lete > 0and T > 0be given and, for sufficiently small d¢ > 0, let « > 0 be such that

a.s.

a

o 12

o

.S.

M(a, T) +a + Mj(a, T) My (dt) + Mp(a, T) My (dt) < e.

(The existence of such an « is guaranteed since M(a,7) =3 0, Mj(a,7) 3 0, and Mp(a, 7) %3 0 as

+ A + £ as 1oa O E-E| 22
a — 07.) Now, let E € H be such that ||[E — E[| < at. With T = == < Tand
S(H)dt = —f(E(t))+d(E(t))+oc(L:_7Ee) dt
|IE — Eell
—J(E(t))dw:(t) + D(E(t))dws(t), te€[0,1], (76)
it follows that
E(t) = Ee + @at, telo,1], (77)
IE — Eell

is a solution to (68).
The result is now immediate by noting that E(%) 2 E and

1S(£) — Selldt < ‘f (Ee + ﬁg:gjm) —d (Ee + ‘(é:gz‘)‘at) + S| dt
adt +||] (Ee + {=mat )| ldwn ()] (78)

+ [ (e + fgegar) | lawan)

< [M(a, 1) + &+ Mj (o, T)Myg(df) + Mp(a, T) My (dt)]dt, ¢ € [0,2],
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and hence,

o

.S.

1S(t) — Sell S M(a, )+ + My (@, T) My (df) + Mp (&, T) My (dt) < ¢,

which proves the result. [

It follows from Lemma 2 that the large-scale stochastic dynamical system G with the differential
energy balance Equation (68) is stochastically reachable from and stochastically controllable to the origin in
@1. Recall from [54] that the large-scale stochastic dynamical system G with the differential energy
balance Equation (68) is stochastically reachable from the origin in R{i if, for all £y € Ri and e > 0,

there exist a finite random variable 7, (g a.ZS. to, called the first hitting time, defined by
TB.(Eo) (w) = inf{t > ty: E(t,w) € Be(Ep)},

and a Fi-adapted square integrable input S(-) defined on [to, T3, (g,)] such that the state E(t), t > to,
can be driven from E(ty) %= 0 to E(15,(g,)) and E [1g,] < oo, where T, £ sup,. T4,(g,) and the
supremum is taken pointwise. Alternatively, G is stochastically controllable to the origin in Ei if,

for all E(ty) = Eo, Eg € ﬁi, there exists a finite random variable 7, ) ag to defined by
T8, (Ey) (@) 2 inf{t > to: E(t,w) € B:(0)},

and a Fi-adapted square integrable input S(-) defined on [fo, T5,(g,)| such that the state E(t), t > to, can
be driven from E(ty) = Ej to E(TB,(k,)) € Be(0) and T, £ sup,. 5, (E,) With a pointwise supremum.

We let U; denote the set of measurable bounded 7-[; -valued stochastic processes on the
semi-infinite interval [fp, o) consisting of power inputs (heat fluxes) to the large-scale stochastic

dynamical system G such that for every 7, a.zs“ to the system energy state can be driven from E(ty) = 0
to E(7g,) by S(-) € Uy. Furthermore, we let Uc denote the set of measurable bounded 7 -valued
stochastic processes on the semi-infinite interval [t, o) consisting of power inputs (heat fluxes) to
the large-scale stochastic dynamical system G such that the system energy state can be driven from
E(ty) = Eo, Eo € R to E(Tg,) by S() € Ue. Finally, let U be an input space that is a subset of
measurable bounded ’H[f -valued stochastic processes on R. The spaces Uy, U, and U are assumed
to be closed under the shift operator, that is, if S(-) € U (respectively, U. or U;), then the function St
defined by St(t) £s (t+ T) is contained in U (respectively, U, or U;) for all T > 0.

The next result establishes the uniqueness of the internal energy function U(E), E € @i, for our
large-scale stochastic dynamical system G. For this result define the available energy of the large-scale
stochastic dynamical system G by

A

U.(Eg) = —  inf E{E UT[eTu(t)—eTy(t)]dt|E(t0)a'=S'E0H, EyeR7, (79)

a.s.
u(»)eL{,thg 0

where E(t), t > to, is the solution to (68) with E(t) == Ey and admissible inputs S(-) € U. The infimum
in (79) is taken over all F;-measurable inputs S(-), all finite F;-stopping times T ag 0, and all system
sample paths with initial value E(tg) = Ey and terminal value left free. Furthermore, define the
required energy supply of the large-scale stochastic dynamical system G by

A

Uy (Eo) inf ]E[E [ /OTEO[eTu(t)—eTy(t)]dt|E(0) = o” Eo € RY%. (80)

as.
u(~)€ U, TEy >0

The infimum in (80) is taken over all system sample paths starting from E(ty) = 0 and ending at
E(tg,) = E,attime t = Tg,, and all times t > t.
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Note that the available energy U, (E) is the maximum amount of stored energy (net heat) that can
be extracted from the large-scale stochastic dynamical system G at any finite stopping time 7, and the
required energy supply U, (E) is the minimum amount of energy (net heat) that can be delivered to the
large-scale stochastic dynamical system G such that, for alle > 0, Y (limt_wEo E(t) € BS(EO)) =1.

Theorem 6. Consider the large-scale stochastic dynamical system G with differential energy balance equation
given by (68). Then G is stochastically lossless with respect to the energy supply rate r(u,y) = eTu — ely,
where u(t) = S(t) and y(t) = d(E(t)), and with the unique energy storage function corresponding to the total
energy of the system G given by

U(Ey) = e'E
= -F {]E [/(;To[eTu(t) —eTy(t)]dt|E(0) = Eo” (81)

:EFM%HMWwWMWE@qu Eo e R,

where E(t),t > to, is the solution to (68) with admissible input u(-) € U, E(19) = 0,and E(tg,) = Eo € R‘i.
Furthermore,

0 < Ua(Eg) = U(Ep) = Uy (Eg) < o0, EpeRY. (82)

Proof. Note that it follows from (71) that G is stochastically lossless with respect to the energy supply
rate r(u,y) = e"u — eTy and with the energy storage function U(E) = e'E, E € R’.. Since, by Lemma 2,

G is reachable from and controllable to the origin in RY, it follows from (71), with E(to) = Eye RZ_
and E(t;) 2 0 for some ;. ag toand u(-) € U, that

e'Ey = —E [E U:[eTu(t) —ely(t)]dt|E(ty) = EOH
< s -B[E| [T - <My)drE) k|| )

a.s.
u(-)eU, 1+ >t

_ inf E {]E [/ton [eTu(t) — ely(t)]dt|E(ty) = EOH

a.s.
u()eU, 4 >ty

= U,(Ep), EoeRl.
Alternatively, it follows from (71), with E(0) %2 0 for some T_ ag O0and u(-) € Uy, that
T—
J%_EFM[&mymem@ﬁq]
T—
inf E {IE [/ leTu(t) — ely(t)]dt|E(0) = OH (84)
0

a.s.
u(-)eU, 7— >0

ul‘(EO)/ EO € Ei

Y

Thus, (83) and (84) imply that (81) is satisfied and

Ur(Eg) < e"Eg < Ua(Eo), Eo€RY. (85)
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Conversely, it follows from (71) and the fact that U(E) = e'lE>0,E ¢ @i, that, for all T a'zs' to
and u(-) € U,

e'Ey> —E [E [/tr[eTu(t) —ely(H)]dt|E(ty) = EOH , EjeR’, (86)

0

which implies that

e'E(lp) > sup —E [E [ [ eTutt) - Tyn)aEw) 2 EOH

a.s.
u(-)el, >ty

— —  inf E[E [/t'T[eTu(t)—eTy(t)]dt|E(to)a':S'EoH 87)

as.
M(')EM,TZtO 0

— U,(Ey), EoeRL.

Furthermore, it follows from the definition of U, (-) that U,(E) > 0, E € @i, since the infimum in (79)
is taken over the set of values containing the zero value (v = ).

Next, note that it follows from (71), with E(0) 0 and E(7) Ey, Ep € @i, forall T aés' 0 and
u(-) € Uy, that

e'Ey = E {E [/OT[eTu(t) —eTy(t)]dt|E(0) = O”

~ i E[E[/OT[eTu(t)—eTy(t)]dﬂE(o)aéoH (88)

a.s.
u(-)eUy, >0

= U,(Ey), EoeRl.

Moreover, since the system G is reachable from the origin, it follows that for every Ey € ﬁi, there

exists T a'zs' 0 and u(-) € Uy such that
E [E [/OT[eTu(t) —ely(t)]dt|E(0) = 0” (89)

is finite, and hence, U (Ey) < o0, Eg € Ri. Finally, combining (85), (87), and (88), it follows
that (82) holds. O

It follows from (82) and the definitions of available energy U, (Ey) and the required energy supply
U, (Ep), Eg € RZ_, that the large-scale stochastic dynamical system G can deliver to its surroundings
all of its stored subsystem energies and can store all of the work done to all of its subsystems. This is
in essence a statement of the first law of stochastic thermodynamics and places no limitation on the
possibility of transforming heat into work or work into heat. In the case where S(t) = 0, it follows
from (71) and the fact that 0;;(E) > 0, E € R,i=1,... ,q, that the zero solution E(f) = 0 of
the large-scale stochastic dynamical system G with the differential energy balance Equation (68) is
Lyapunov stable in probability with respect to @1 with Lyapunov function U (E) corresponding to the
total energy in the system.

6. Entropy and the Second Law of Thermodynamics

As for the deterministic dynamical thermodynamic model presented in [30], the nonlinear
differential energy balance Equation (68) can exhibit a full range of nonlinear behavior, including
bifurcations, limit cycles, and even chaos. However, a thermodynamically consistent energy flow
model should ensure that the evolution of the system energy is diffusive in character with convergent
subsystem energies. As established in [30], such a system model would guarantee the absence of the
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Poincaré recurrence phenomenon [56]. To ensure a thermodynamically consistent energy flow model,
we require the following axioms [57]. For the statement of these axioms, we first recall the following
graph-theoretic notions.

Definition 10 ([58]). A directed graph &(C) associated with the connectivity matrix C € R7*4 has vertices
{1,2,...,q} and an arc from vertex i to vertex j, i # j, if and only if C(;; # 0. A graph &(C) associated
with the connectivity matrix C € R7*9 is a directed graph for which the arc set is symmetric, that is, C = C'.
We say that &(C) is strongly connected if for any ordered pair of vertices (i, ), i # j, there exists a path
(i.e., a sequence of arcs) leading from i to j.

Recall that the connectivity matrix C € R7*1 is irreducible, that is, there does not exist a
permutation matrix such that C is cogredient to a lower-block triangular matrix, if and only if &(C)
is strongly connected (see Theorem 2.7 of [58]). Let ¢;;(E) = 0;j(E) — 0ji(E), E € R?, denote the net
energy flow from the j-th subsystem G; to the i-th subsystem g; of the large-scale stochastic dynamical
system G.

Axiom (i): For the connectivity matrix C € R7*7 associated with the large-scale stochastic dynamical
system G defined by

i { 1, otherwise, iA g b= 1e (90)
and
q
V2= ), Cupyp =] i=1...4 (91)
k=1, k#i

rank C = g —1,and for C(;;y = 1,1 # j, ¢;;(E) = 0if and only if E; = E;.
Axiom (ii): Fori,j=1,...,q, (E;— Ej)(,t)ij(E) a'§s‘ 0,EcR%,and, forallc > 0,

1 E;
L (B By B < —row(E)row! ((E)), i=1,.000g
j=1,j#i

As discussed in [30] for the deterministic thermodynamic problem, the fact that ¢;;(E) = 0
if and only if E; = Ej, i # j, implies that subsystems G; and G; of G are connected; alternatively,
¢i;(E) = 0 implies that G; and §; are disconnected. Axiom (i) implies that if the energies in the connected
subsystems G; and §; are equal, then energy exchange between these subsystems is not possible.
This statement is consistent with the zeroth law of thermodynamics, which postulates that temperature
equality is a necessary and sufficient condition for thermal equilibrium. Furthermore, it follows from
the fact that C = CT and rank C = g — 1 that the connectivity matrix C is irreducible, which implies
that for any pair of subsystems G; and G;, i # j, of G there exists a sequence of connectors (arcs) of G
that connect G; and G;.

Axiom (ii) implies that energy flows from more energetic subsystems to less energetic subsystems
and is consistent with the second law of thermodynamics, which states that heat (energy) must flow
in the direction of lower temperatures [59]. Furthermore, note that ¢;;(E) = —¢;:(E), E € RY,i+#
j,i,j =1,...,q9, which implies conservation of energy between lossless subsystems. With S(¢) = 0 and
J(E) = 0, Axioms (i) and (ii) along with the fact that (,bij(E) = —4)]~i(E), EeRY,i #ii,j=1,...,q,
imply that at a given instant of time, energy can only be transported, stored, or dissipated but
not created, and the maximum amount of energy that can be transported and/or dissipated from
a subsystem cannot exceed the energy in the subsystem. Finally, it is important to note here that due to
the stochastic disturbance term J(E)dw; capturing probabilistic variations in heat transfer between the



Entropy 2017, 19, 693 30 of 48

subsystems, Axiom (ii) requires that the scaled net energy flow between the subsystems is bounded by
the negative intensity of the system diffusion.

Next, we show that the classical Clausius equality and inequality for reversible and irreversible
thermodynamics over cyclic motions are satisfied for our stochastic thermodynamically consistent
energy flow model. For this result § denotes a cyclic integral evaluated along an arbitrary closed path

of (68) in RY; that is, § 2 ftzf with 7 B toand S(-) € U such that E(1;) = E(ty) = Eg € R

Proposition 5. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and assume that Axioms (i) and (ii) hold. Then, for all Ey € @1, T > to, and S(-) € U
such that E(t5) = E(ty) = Eo,

EF /i [sz« 2+?<<£< ))dtH _

dQ;(t

% Z c+ Ei(

/Tf i 1rowi(D(E(t)))l‘OWiT(D(E(t)))
=) (c+Ei(t))?

EFo

IN

dt] , (92)

where ¢ > 0,dQ;(t) = [S;(t) — o (E(t))]dt, i = 1,...,q, is the amount of net energy (heat) received by the
i-th subsystem over the infinitesimal time interval dt, and E(t), t > to, is the solution to (68) with initial
condition E(to) = Eq. Furthermore,

]42 4ot ] [ [ 3 Lo DEW row (DE) dt} -

c+ Ei( ty /= (c+Ei(t)?

if and only if there exists a continuous function « : [ty, tf] — R such that E(t) = a(t)e, t € [to, tg].

Proof. Since, by Proposition 4, E(t) >> 0, t > ty, and 4>1~j(E) = —gbﬁ(E), E e Ri,i #iji,j=1,...,q,

a.s.
it follows from (68), Ito’s lemma, and Axiom (ii) that, for all 7y > ¢,

dQi( k| [T dEi(t) = X]_y ;i i (E(1))dt
%Z”FE ] =" /tol_zl c+E(b)
EFo

7 A dEl( 1,'¢i¢ij(E(t>)dt
[ e [ L

1 row; (J(E(t)))row; (J(E(t)))

- EEO[ :ﬁ{dlog (c+Ei(1) +5 (ct E(D)? df
+;rowi(D(E((CtiL))é:)(‘;\;;;(D(E(t))) o]
w5 § (e o)
= Efo iil 6(% 1
e [[1f Ol ndl,
i /tofl_l;rowi(](E((CtiZ)é:)(z\;;;U(E(f))) dt]




Entropy 2017, 19, 693 31 of 48

/Tf i 1 rOWi(D(E(t>))rOWiT(D(E(t)))dt]

q .
L oy(EOIE® -~ B0

=L

rowi(1(E())rowT (H(E(H)) | a
& 1 rowi(D(E(H) Jow! (D(E(1)

/, L2 (et ED dt]

)
% I 1row;(D(E(t)))row} (D(E(t)))
/. L (c+E(D)? dt]’

[ I

+EFo

EFo

IN

which proves (92).

To show (93), note that it follows from (94), Axiom (i), and Axiom (ii) that (93) holds if and only
if E;(t) = E]-(t), t ety i#jij=1,...,9, or, equivalently, there exists a continuous function
w: [to, 7¢] — R, such that E(t) = a(t)e, t € [ty, 7). O

Inequality (92) is a generalization of Clausius’ inequality for reversible and irreversible
thermodynamics as applied to large-scale stochastic dynamical systems and restricts the manner
in which the system dissipates (scaled) heat over cyclic motions. Note that the Clausius inequality (92)
for the stochastic thermodynamic model is stronger than the Clausius inequality for the deterministic
model presented in [30].

It follows from Axiom (i) and (68) that for the adiabatically isolated large-scale stochastic dynamical
system G (thatis, S(t) = 0 and D(E(t)) = 0), the energy states given by E. = we, & > 0, correspond to
the equilibrium energy states of G. Thus, as in classical thermodynamics, we can define an equilibrium
process as a process in which the trajectory of the large-scale stochastic dynamical system G moves
along the equilibrium manifold M, = {E € R{i : E = we, & > 0} corresponding to the set of equilibria
of the isolated [60] system G. The power input that can generate such a trajectory can be given by
S(t) = d(E(t)) +u(t), t > to, where u(-) € U is such that u;(t) = u(t),i #j,i,j=1,...,9. Our
definition of an equilibrium transformation involves a continuous succession of intermediate states
that differ by infinitesimals from equilibrium system states and thus can only connect initial and
final states, which are states of equilibrium. This process need not be slowly varying, and hence,
equilibrium and quasistatic processes are not synonymous in this paper. Alternatively, a nonequilibrium
process is a process that does not lie on the equilibrium manifold M.. Hence, it follows from Axiom (i)
that for an equilibrium process ¢;;(E(t)) =0, t > to,i # j,i,j = 1,...,9, and thus, by Proposition 5,
inequality (92) is satisfied as an equality. Alternatively, for a nonequilibrium process it follows from
Axioms (i) and (ii) that (92) is satisfied as a strict inequality.

Next, we give a stochastic definition of entropy for the large-scale stochastic dynamical system G
that is consistent with the classical thermodynamic definition of entropy.

Definition 11. For the large-scale stochastic dynamical system G with differential energy balance Equation (68),
a function S : RY, — R satisfying

wn 4 . .
E [S(E(12))| Fq] > sus(mHE[ /Tl 9 [W
)

1 row;(D(E(t)))row ! (D(E(t))
2 e+ Ei()? ]‘” }

(95)

for every Fi-stopping times Ty a.zs. T a.zs. toand S(-) € U is called the entropy function of G.
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Note that it follows from Definition 11 that the difference between the system entropy production
and the stored system entropy is a submartingale with respect to the differential energy balance filtration.

Next, we show that (92) guarantees the existence of an entropy function for G. For this result
define the available entropy of the large-scale stochastic dynamical system G by

seo s - s [E[MeE

S( )EUC T0>t0
_1rowi(D(E(t)))rowiT(D(E(t)))
2 (c+Ei(t))?

}dtlE(to) = EOH, (96)

where Ey € @i and E(1) = 0, and define the required entropy supply of the large-scale stochastic

dynamical system G by
“Eo — (Tzz(E( )
S(- )EZ/{r JTEy >t0
_1rowi(D(E(t)))rowiT(D(E(t)))
2 (c+Ei(t)?

Sr(Eop)

}dt|E(t0) = 0} } 97)

where E(7g,) i TS Ei. Note that the available entropy S, (Ep) is the minimum amount of scaled
heat (entropy) that can be extracted from the large-scale stochastic dynamical system G in order to
transfer it from an initial state E(tg) = Eg to E(T) = 0. Alternatively, the required entropy supply
Sr(Ep) is the maximum amount of scaled heat (entropy) that can be delivered to G to transfer it from
the origin to a given subset in the state space containing the initial state E(ty) = Ej over a finite
stopping time. For further details, see [54].

Theorem 7. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and assume that Axiom (ii) holds. Then there exists an entropy function for G. Moreover,
Sa(E), E € @1, and §;(E), E € RZ, are possible entropy functions for G with S,(0) = S;(0) = 0. Finally,
all entropy functions S(E), E € @1, for G satisfy

S:(E) < S(E) - 8(0) < Sa(E), EcRL. (98)

Proof. Since, by Lemma 2, G is stochastically controllable to and stochastically reachable from the
origin in @1, it follows from (96) and (97) that S,(Ep) < o0, Eg € @i, and S;(Ey) > —o0, Eg € @i,
respectively. Next, let Ey € R?, and let S(-) € U be such that E(5) %2 E(1) 2 0and E(1) = Ey,

a.s. a.s. a.s. a.s.
where T, < Ty < T In this case, it follows from (92) that, forall i, < 19 < T3,

w L [S:(t) — ow(E(t)) 1 1owi(D(E(t)))row! (D(E(1)))
E[E{/Zj CTE@ 2 (c+ E(D)

}dt|E(Ti) = OH <0. (99

Next, using the strong Markov property we have

gle[ /1 [0 e(EC) - Lo DEW row] (DIEW) | g

P = c+ Ei(t) 2 (c+ E;(t))?

W L TS(f) — ou(E()) 1 rowi(D(E(H)))rowX (D(E(1)))
~E|E |/ L 1[ CTE@ 2 (T E() ]dt

1 7S,() — ou(E(H)) 1 rowi(D(E(H))row! (D(E(H)))
LR e+ E()? }dt'E(’q)H



Entropy 2017, 19, 693 33 of 48

e[ PR e ]| ow
| E P e
-G P - e
S| B[ )
and hence, (99) implies
T TOW; 1’0wiT
{1 Sl e )
P
Now, taking the supremum on both sides of (101) over all S(-) € U and 1 a'gs' Tp yields
= s()eu 5 [ [/TOZ { C+Z”((£(t))
L owDCE >>>ro(w))<D< D)5 o)
% J — 0 row; 1r0w1-T
o[ [0 e

Next, taking the infimum on both sides of (102) over all S(-) € U, and ¢ a'zs' Tp, we obtain S;(Ep) <
Sa(Ep), Ey € RZ_, which implies that —co < S,(Eg) < Sa(Ep) < o0, Eg € Ri. Hence, the functions
Sa(+) and S;(-) are well defined.

Next, it follows from the definition of S,(+), the law of iterated expectation, and the strong Markov

property that for every stopping time 7~ a’zs' 7 and S(-) € Uc such that E(7y) € ﬁ; and E(T) 20,

—Sa(E(Tl))
E
)

(et TSy -0 = C+E(t) 2 (c+Ei(t))? }d”E(ﬁ)}

)

w & 75,(8) — oa(E()) 1 row;(D(E(t)))rowT (D(E(1)))
ZE[/nll[ "2 (c+E(DP }
(

t
T & [Si(t) —ou(E(t))  1row;(D(E(t)))row] (D(E(t)))
oo EM Z{ crE() 2 (c+Ei(1)2 }dﬂfn]/

D[S0 —o(E®)  1rowi(D(E())row (D(E()
a E[./n ;[ c+E() 2 (c+ Ei(1))? }d”fﬁ} (103)
: T 9 T5i(8) — ou(E()
+E[ ()esuc,pT>rz ? 1; [ c+Ei(t)

1row;(D(E(t)))row (D(E(t)))
2 (c+Ei(t))? }d%} |FT1]’
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T &[S — oa(E() 1 rowi(D(E(H)))row! (D(E(#))
‘E[/T [ CTE@ 2 (T E(D) }df'ﬂl}

_E [Sa(E(TZ))LFT]]/ T a<s T < T

1 =1

which implies that S, (E), E € Ri, satisfies (95). Thus, S,(E), E € ﬁi, is a possible entropy function
for G. Note that with E(1p) = E(T) = 0 it follows from (92) that the supremum in (96) is taken over
the set of negative semidefinite values with one of the values being zero for S(t) 0. Thus, S, (0) =0.

Similarly, it follows from the definition of S;(-) that for every stopping time 7 < 1, and S(-) € U
such that E(1) € ﬁ; and E(T) =0,

B o L [S;(t) — ou(E(t))  1row;(D(E(t)))row; (D(E(t)))
Si(E()) = sup /Z[ crE() 2 c+ E(D)2 }dt'

a [ L Si(t) — o(E(t))  1row;(D(E(t)))row (D(E(t)))
- S()::pf% [Zl cFE(M 2 (c+E(D) }dt
— 03 (E(t)) 1rowi(D(E(t)))r0w
Ju 121[ c+E() 2 (c+ Ei(t ]dt’ (104)
o & 15i(t) — 0y (E(t))  1row;(D ( (t)))row! (D(E(t)))
= siemn + TR MY c+EDP Ja.

T<1n<mn

which implies that S;(E), E € R?, satisfies (95). Thus, S;(E), E € RY%, is a possible entropy function
for G. Note that with E(ty) = E(7) = 0 it follows from (92) that the supremum in (97) is taken over
the set of negative semidefinite values with one of the values being zero for S(t) 2 0. Thus, S:(0) =0.

Next, suppose there exists an entropy function S : @i — R for G, and let E(1p) = 0in (95). Then
it follows from (95) that

S(E(0)) - §(0) < _EMTZ il Si(t) — o (E(t))  1row;(D(E(t)))row] (D(E(t)))

CTE(D 5 CLED) ]dt|]—}1} (105)

1 =
for all T a§' 71 and S(-) € U, which implies that

S(E(11)) — S(0)

e AL ean)

_ /T2i{ i(t) — 0u(E(t))  1row;(D(E(t)))row; (D(E(t)))

C+E (t) 2 (C+Ei(f))2 :|dt|f71:|(106)

T i
()euc T2>T]

= Sa(E(11))-

=1

Since E(7y) is arbitrary, it follows that S(E) — S(0) < Sa(E), E € @i.
Alternatively, let E(1y) = 01in (95). Then it follows from (95) that

S(E(1)) — [/T L [HE”((:?( )

1 row;(D(E(t)))row ! (D(E(t)))
2 (c+ Ei(1))2 ] dtml} 1o
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a.s.
forally < 1 and S(+) € U,. Hence,

S(E(r2)) —S(0)

%

v L [Si(t) = oa(E(t))
S(->e2:if'<s‘rzEM > {Hg(f)

1row;(D(E(t)))row ! (D(E(t)))
2 (c+ Ei(t))? ] dt|}—ﬁ} (198)

which, since E(1,) is arbitrary, implies that S;(E) < S(E) —S(0), E € R‘i. Thus, all entropy functions
for G satisfy (98). O

It is important to note that inequality (92) is equivalent to the existence of an entropy function for
G. Sufficiency is simply a statement of Theorem 7, while necessity follows from (95) with E(t,) = E(t;).
This definition of entropy leads to the second law of stochastic thermodynamics being viewed as
an axiom in the context of stochastic (anti)cyclo-dissipative dynamical systems [54].

The next result shows that all entropy functions for G are continuous on R{i.

Theorem 8. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and let S : @i — R be an entropy function of G. Then S(-) is continuous on ﬁi.

Proof. Let E, € Ei and Se € RY be such that Se = d(Ee) — f(E.). Note that with S(t) = Se, Ee is
an equilibrium point of the differential energy balance Equation (68). Next, it follows from Lemma 2
that G is locally stochastically controllable, that is, for every T T0ande > 0, the set of points that can
be reached from and to Ee in time T using admissible inputs S : [0, 7| — H,, satisfying ||S(t) — Se|| L,
contains a neighborhood of E..
Next, let & > 0 and note that it follows from the continuity of f(-), d(-), J(-), and D(-) that there
exist T > 0 and € > 0 such that for every S : [0,7) — R7 and ||S(f) — Se|| Z e, I|E(t) — Eel| 2,
€ [0,7), where S(-) € U and E(t), t € [0, T), denotes the solution to (68) with the initial condition
E.. Furthermore, it follows from the local controllability of G that for every T € (0, 7], there exists

a strictly increasing, continuous function 7 : Rﬂ — Ei such that ¢(0) = 0, and for every Ej € Hj{
a.s. a.s.

such that ||Ey — Ee|| a’gs' (%), there exists 0 < ¥ < % and an input S : [0,] — H, such that
IS(t) — Sel| <&t E 0,%),and E(f) & Eo. Hence, there exists > 0 such that for every Eg € H/ such

S. .S
that ||Eg — Ee|| ,B there exists 0 < + < “1(||[Eg — Ee|))] and an input S : [ty, t] — H, such that

IIS(t) — Sel| Lete [0,7], and E(f) = Eg. In addltlon, it follows from Lemma 2 that S : [0, T] — H, is

a.s.
such that E(t) >> 0, t € [0,1].
Next, since 07;(+), i = 1,..., 4, is continuous, it follows that there exists M € H;" such that

sup

as as c+E; 2 c+ E;)2
|E—Ee| S5, [5—So]| e N (c+E)

i=1

q —0;(E) 1rowi(D(E))rowiT(D(E)) _
£l -

(109)

Hence, it follows that

i ( row;(D(E rwlTDE
{ —0ii(E(0)) _ 1rowi(D(E(e)))ro g((ﬂ)))}da

c+Ei(0) 2 (c+ Ei(0))

1, [Si(0) = 0ii(E(0))  1row;(D(E(0)))row] (D(E(c)))
Z [ c+ Ei(0) 2 (c + Ei(0))2 HdO‘

a.s. T
<
0

i=1
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< Mt
a.s.
< My (||Eo — Eel). (110)

‘ Xq: [Si(a) — 0ii(E(0))

= c+ Ei<(7)
1row;(D(E(0)))row (D(E(0)))

2 G ]

111)
or, equivalently,
t (L [Silo) — 0u(E(e))  1rowi(D(E(0)))row; (D(E(c)))
=LK e e+ Ed))? Jact 01
> S(E) ~E[S(E(4))|Fol. (112)
If S(E.) ag S(E(1)), then combining (110) and (112) yields

[S(Ee) — E[S(E(®)|Fo] | < E [My (| Eo — Eel))| o] - (113)

Alternatively, if S(E(T)) a'zs' S(Ee), then (113) can be derived by reversing the roles of E. and E(%).
Specifically, for Eg € R?. and E(t) 2 Ey, (113) becomes

|S(Eo) = S(Ee)| < E[M]y™ (|| Eo — Eel)-
Hence, since y(-) is continuous and E(?) is arbitrary, it follows that S(-) is continuous on R‘i. O

Next, as a direct consequence of Theorem 7, we show that all possible entropy functions of G form
a convex set, and hence, there exists a continuum of possible entropy functions for G ranging from the
required entropy supply S (E) to the available entropy Sa(E).

Proposition 6. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and assume that Axioms (i) and (ii) hold. Then

S(E) 2 aS:(E) + (1 —a)Sa(E), a€[0,1], (114)
is an entropy function for G.

Proof. The result is a direct consequence of the reachability of G along with inequality (95) by noting
that if S;(E) and S, (E) satisfy (95), then S(E) satisfies (95). O

It follows from Proposition 6 that Definition 11 does not provide enough information to define
the entropy uniquely for nonequilibrium thermodynamic systems with differential energy balance
Equation (68). This difficulty has long been pointed out in [61]. Two particular entropy functions
for G can be computed a priori via the variational problems given by (96) and (97). For equilibrium
thermodynamics, however, uniqueness is not an issue, as shown in the next proposition.
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Proposition 7. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and assume that Axioms (i) and (ii) hold. Then at every equilibrium state E = E. of the
isolated system G, the entropy S(E), E € @i, of G is unique (modulo a constant of integration) and is given by

S(E) —S(0) = Sa(E) = S:(E) = e'log,(ce + E) — qlog,c, (115)
where E = Ee and log,(ce + E) denotes the vector natural logarithm given by [log,(c + E1), ..., log,(c + E,)]".

Proof. It follows from Axiom (i) and Axiom (ii) that for an equilibrium process ¢;;(E(t)) L0,i+

j,i,j=1,...,9, D(E(t)) 20, and J(E(t)) 2 0. Consider the entropy function S,(+) given by (96),
and let Eg = E. for some equilibrium state E.. Then it follows from (68) that

T & [Si(t) — 0i(E(1))
Sa(Eo) = —S(v);f;a;_toE[E[/to L[ g

_ 1row;(D(E(#)))row; (D(E(t)))

JariEo) = o

2 (c+ Ei(0))?
7 o [dE(D) — £, gy(E(D)de
- sup as. ‘/tO ZZ c+ El(t)
S(')GI/{C,TZtO

1rowi(D(E(t)))row?(D(E(t)))dt] E(ty) EOH

g c T & 1 row; (J(E(t)))row? (J(E(t)))
- _ sup N E []E {Zloge( : ) +/to 1;5 (c+E;(t))? dt

(116)

dt

) / 1rowl(] (E(t)))row X (J(E(t)))
) L (1 EAD)P

= - sup E []E lgloge (

S()EU, T2ty
Td d (Pl]( ( (Pl]
_/t Z’_Z <c+E ¢+ Ej( )d”E fo) EOH

0 171]71,]7&1
L1
; 2 (c+Ei(t)? c+E( L L i

1 c+ Ejp
— Zloge< c L
i=1 =1,j#i

)+ i
S( )GI/{C T>t0

c+ Ei(t)

(B0~ B0

+ rOWf(](E(t)))rOWiT(](E(f)))] dt|E(to) ¥ Eo] ] .

Since the solution E(t), t > ty, to (68) is nonnegative for all nonnegative initial conditions, it follows
from Axiom (ii) that the infimum in (116) is taken over the set of nonnegative values. However, the

zero value of the infimum is achieved on an equilibrium process for which ¢;;(E(t)) L0,i# j,
i,j=1,...,q. Thus,

Sa(Eo) = e'log,(ce + Eg) — qlog,c, Eg = Ee. (117)

Similarly, consider the entropy function S;(+) given by (97). Then, it follows from (68) that, for Ey = E,,
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Si(Eg) = sup E
S(YeU TSty

row T WT a.s.
row(D(E (CQ)EO {PEOD s =0H

I

E

/T ! {Si(f)*Uii(E(t))
V-] C+Ei(t)

= sup

as ¢+ Ei(t)
S(')Eur,T>t0

t||E(to) =2 OH

c T J, 1row; row?d
- sup E|E 21 ( +Ez0> +/t Z% 0 (](E((Ctz);(t)l)z(f(’f(t)))dt (118)
S(Yelh, T>t 0 i=1 !

T4 4 )
,/t 'Z'Z.‘f’ii(() dt|E(t) 220 ”

0 i=1j=1,j#i

)
[da T (B
T(

1 rowi(D(E(1)))row;
2 (c+E())2

DE®)) 4

d ¢+ Ej T { d
= + E|E 5 ¢ (E(t))
Loes. (<) o BB Raerear [ B0
CJrEi(f) as.
[EOREl s +rowi<1<E<t>>>row?u<fs<t>>>}dt|E<to> . o”

Now, it follows from Axioms (i) and (ii) that the zero value of the supremum in (118) is achieved on
an equilibrium process and thus

Si(Eg) = e'log,(ce + Eg) — qlog,c, Eq= Ee. (119)

Finally, it follows from (98) that (115) holds. O

The next proposition shows that if (95) holds as an equality for some transformation starting and
ending at an equilibrium point of the isolated dynamical system G, then this transformation must lie
on the equilibrium manifold M.

Proposition 8. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and assume that Axioms (i) and (ii) hold. Let S(-) denote an entropy of G, and let
E : [to, 1] — @i denote the solution to (68) with E(ty) = ape and E(t;) = aye, where ag, a1 > 0.

Then
f G

1row;(D(E(t)))row] (D(E(t)))
"3 (c+Ei(H)? ]dtm’]

E[S(E(t))|Ft,] = S(E(to)) +E

(120)

if and only if there exists a continuous function a : [to,t1] — Ry such that a(ty) = ag, a(ty) = a1, and
E(t) = a(t)e, t € [to, 1].

Proof. Since E(ty) and E(t;) are equilibrium states of the isolated dynamical system G, it follows from
Proposition 7 that

E[S(E(t))|F,] = S(E(to)) = qlog,(c + a1) — qlog, (c + ap). (121)
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Furthermore, it follows from (68) that

0 [ Si(t) — aa(E() 1 row,(D(E(t)))row? (D(E(1)))
l/ [21 CTE() 2 (c+ <>> ]‘”*O]

t A dEi(t) 1, #4’1](E(
=F l/m L Mo ]

[/tl 1 row; (D(E(t)))row} (D(E(t)))
ty = (c+Ei(t))?

dt|]-'t0] (122)

B c+ g hd 1 1
—qlog, (£15) 4B [/to YT EDR L L #(E0)EQ) - E)

S row U EW)row <1<E<t>>>]dt|ft01.

Now, it follows from Axioms (i) and (ii) that (120) holds if and only if E;(t) = E;(t), t € [to, t1],
i#j,i,j=1,...,q, or equivalently, there exists a continuous function « : [tg, t;] — R, such that
E(t) = oc(t)e, te [i’o, i’l], Dé(to) = up, and rx(tl) =wn7. O

Even though it follows from Proposition 6 that Definition 11 does not provide a unique continuous
entropy function for nonequilibrium systems, the next theorem gives a unique, two-times continuously
differentiable entropy function for G for equilibrium and nonequilibrium processes. This result answers
the long-standing question of how the entropy of a nonequilibrium state of a dynamical process should
be defined [61,62], and establishes its global existence and uniqueness.

Theorem 9. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68), and assume that Axioms (i) and (ii) hold. Then the function S : @i — Ri given by

S(E) = eTloge(ce +E) —qlog,c, Ec€ @1, (123)

where ¢ > 0, is a unique (modulo a constant of integration), two-times continuously differentiable entropy
function of G. Furthermore, for E(t) ¢ H,;\/le, t > to, where E(t), t > to, denotes the solution to (68) and

Me={E € @i : E = ae, o > 0}, (123) satisfies

E[S(E(2))\F,] > S(E(h)) +E /tzl[w
1 rowi (D(E(H))rowT (D(E()))
-3 c+E0)P }dt'f“] 1z

forevery ty >t > tgand S(-) € U.

Proof. Since, by Proposition 1, E(t) >> 0, t > ty, and ¢ij(E) = —4>ﬁ(E), E e Ri,i #i,i,j=1,...,q,
it follows that

E [S(E(t2))|Ft,] — S(E(t1))
E [/tlz dS(E(t))|]—'tl}

b 4 dE;(t) 1 [row;(J(E()))row  (J(E(H)))
8 lll :1C+Ei(t) _2|: (C—FEi(t))z
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P
- E /: ; [Si(til‘éiifg(t)) 3 ;rowi(D(E((Ctzz)g:)(vtv)fzgp(g(t)))]dtml]
A B4, b o]
—E /: X";l [Siuz I‘;"((f;(t)) . ;f°Wf<D<E(82>gj’gg§§D<E<””] a ftl]
=\ 'L i ey L_ﬁ;;i Py (EONE® ~ () T E

+row;(J(E(t)))row] (J(E(t)))

| ES—

| V

t cTE() 2 (c+E)?

/tzZ[ ) —oa(E() 1rowi(D(E(t)))rowlT(D(E(t)))]dt|]:tl], t> to.
1 =1

Furthermore, in the case where E(t) ¢ ’H;Ae, t > t, it follows from Axiom (i), Axiom (ii), and (125)
that (124) holds.

To show that (123) is a unique, two-times continuously differentiable entropy function of G,
let S(E) be a two-times continuously differentiable entropy function of G so that S(E) satisfies (95)
or, equivalently,

£S(E) > ul(E)[S — d(E)] — %tr u(EYD(E)DT(E), EeRl, SeR, (126)

where uf (E) = [ﬁ, o C+E ] and pp(E) = d1ag[(C+E Iy (c+1E,,)2]’ E e R, E(t), t > to, denotes

the solution to the differential energy balance Equation (68) and £S(E(t)) denotes the infinitesimal
generator of S(E) along the solution E(t), t > to. Hence, it follows from (126) that

§'(E)Lf(E) —d(E) + 8] + 5tr S"(E) J(E)J"(E) + D(E)D™ (E)]

> Wl(E)S — d(E)] — strja(E)D(E)DT(E), E€R}, SekI, (127)
which implies that there exist continuous functions ¢ : @i — RP and W' : R‘i — RP*7 such that
1
0 = S'(E)[f(E) —d(E) + ] + 5tr S"(E)[J(E)J " (E) + D(E)D" (E)]

4l (B)[S — d(E)] + 5trja(E)D(E)D™ (E) (128)
—[0(E) + W(E)S]T[¢(E) + W(E)S], EeR!, seR.

Now, equating coefficients of equal powers (of S and D), it follows that W(E) = 0, S’(E) = u'(E),
S"(E) = —up(E), E€ R, and

0 = S'(E)f(E)+ %trS”(E)](E)IT(E) —(Y(E)\(E), EcRL. (129)
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Hence, S(E) = e'log,(ce + E) — qlog,c, E € R%, and

1 —
0 = jii (E)f(E) = 5trpa(E)J(E)J T (E) — ((E){(E), E€RY. (130)
Thus, (123) is a unique, two-times continuously differentiable entropy function for G. O

Note that it follows from Axiom (i), Axiom (ii), and the last equality in (125) that the entropy
function given by (123) satisfies (95) as an equality for an equilibrium process and as a strict inequality
for a nonequilibrium process. For any entropy function of G, it follows from Proposition 8 that if (95)
holds as an equality for some transformation starting and ending at equilibrium points of the isolated
system G, then this transformation must lie on the equilibrium manifold M.. However, (95) may hold
as an equality for nonequilibrium processes starting and ending at nonequilibrium states.

The entropy expression given by (123) is identical in form to the Boltzmann entropy for statistical
thermodynamics. Due to the fact that the entropy given by (123) is indeterminate to the extent of
an additive constant, we can place the constant of integration glog, c to zero by taking ¢ = 1. Since
S(E) given by (123) achieves a maximum when all the subsystem energies E;, i = 1,...,q, are equal,
the entropy of G can be thought of as a measure of the tendency of a system to lose the ability to do
useful work, lose order, and settle to a more homogenous state. For further details see [30].

Recalling that E [dQ;(t)|F:] = [Si(t) — oy (E(t))]dt, i = 1,...,q, is the infinitesimal amount of
the net heat received or dissipated by the i-th subsystem of G over the infinitesimal time interval dt,
it follows from (95) that

q Tow; I‘WT

Inequality (131) is analogous to the classical thermodynamic inequality for the variation of entropy
during an infinitesimal irreversible transformation with the shifted subsystem energies c + E; playing
the role of the i-th subsystem thermodynamic (absolute) temperatures. Specifically, note that since
ds;

IE = : +E , where S; = log,(c + E;) — logec denotes the unique continuously differentiable

i-th subsystem entropy, it follows that 9 dE ,i =1,...,q, defines the reciprocal of the subsystem
thermodynamic temperatures. That is,
1 , dS;

T2 dE (132)

and T; > 0,i =1,...,q. Hence, in our formulation, temperature is a function derived from entropy
and does not involve the primitive subjective notions of hotness and coldness.

It is important to note that in this paper we view subsystem temperatures to be synonymous with
subsystem energies. Even though this does not limit the generality of our theory from a mathematical
perspective, it can be physically limiting since it does not allow for the consideration of two subsystems
of G having the same stored energy with one of the subsystems being at a higher temperature
(i.e., hotter) than the other. This, however, can be easily addressed by assigning different specific heats
(i.e., thermal capacities) for each of the compartments of the large-scale system G as shown in [30].

7. Stochastic Semistability and Energy Equipartition

For the (adiabatically) isolated large-scale stochastic dynamical system G, (95) yields the
fundamental inequality

E[S(E(w))|Fq] > S(E(1)), @ > T. (133)
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Inequality (133) implies that, for any dynamical change in an adiabatically isolated large-scale stochastic
dynamical system G, the entropy of the final state can never be less than the entropy of the initial
state and is a generalization of Clausius’ version of the entropy principle, which states that for every
irreversible (nicht umkehrbar) process in an adiabatically isolated system beginning and ending at an
equilibrium state, the entropy of the final state is greater than or equal to the entropy of the initial state.
Inequality (133) is often identified with the second law of thermodynamics for stochastic systems
and gives as a statement about entropy increase. It is important to stress that this result holds for an
adiabatically isolated dynamical system. It is, however, possible with power (heat flux) supplied from
an external system to reduce the entropy of the dynamical system G. The entropy of both systems
taken together, however, cannot decrease.

As for the deterministic thermodynamic problem [30], this observation implies that when the
isolated large-scale dynamical system G with thermodynamically consistent energy flow characteristics
(i.e., Axioms (i) and (ii) hold) is at a state of maximum entropy consistent with its energy, it cannot be
subject to any further dynamical change since any such change would result in a decrease of entropy.
This of course implies that the state of maximum entropy is the stable state of an isolated system, and
this equilibrium state has to be stochastically semistable. The following theorem generalizes Theorem
3.9 of [30] to the stochastic setting.

Theorem 10. Consider the large-scale stochastic dynamical system G with differential energy balance
Equation (68) with S(t) 2, D(E(t)) 20, and d(E(t)) 20, and assume that Axioms (i) and (ii) hold.
Then, for every & > 0, ae is a stochastic semistable equilibrium state of (68). Furthermore, E(t) &% %eeTE(tO)
ast — oo and %eeTE(to) is a semistable equilibrium state. Finally, if for some k € {1,...,q}, op(E) > 0,

E e ﬁi, and oy (E) = 0 if and only if Ex = 0 [63], then the zero solution E(t) = 0 to (68) is a globally
asymptotically stable in probability equilibrium state of (68).

Proof. It follows from Axiom (i) and (ii) that ae € @i, « > 0, is an equilibrium state of (68). To show
Lyapunov stability of the equilibrium state ae, consider V(E) = 1(E — ae)T(E — ae) as a Lyapunov
function candidate. Note that for ¢ >> max{E;, Ej}, i#jij=1,...,q,

c+E 1+Ei/CN

c+E 1+Ej/c™ 134
Since, Axiom (ii) holds for all ¢ > 0, we have
q
Z 4)1] E) < rowl(](E))rowiT(](E)); i=1,...,q (135)
= 1,1#1
Now, since ¢;j(E) = —¢;(E),E € Ry, i # jij = 1,...,q, e'f(E) = 0,E € R’, and
e'J(E)=0,Ec @1, it follows from (135) that
SV(E) = (E —ae) f(E) + 2] (E)/"(E)
1
= ETF(E) + o 1(B)/M(E)
q q 1 q T
= ZEi Z 4)1] + 5 Zrowi(](E))rowi (](E)) (136)
=1 |j=1,j#i i=1

9 [ 4
= ;Zl l 12 (Ei — Ej)¢;j(E) + row; (J(E))row] (J(E))
i=1 [j=1]
RY

IN
o
™
m
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which establishes Lyapunov stability in probability of the equilibrium state we.
To show that we is stochastically semistable, let R 2 {E € R?. : £V(E) = 0}. Now, by Axiom
(i) and (ii) the directed graph associated with the connectivity matrix C for the large-scale dynamical
system G is strongly connected, which implies that R = {E € @i : Ey = -+ = E}. Since the Ri is
an invariant set and V/(E) is radially unbounded, it follows from the Theorem 2 that for every initial
condition E(ty) € R‘i, E(t) ¥ R ast — oo, and hence, e is a stochastic semistable equilibrium state of
as. 1

(68). Next, note that since eTE(t) = eTE(ty) and E(t) 23 R as t — oo, it follows that E(t) 3 aeeTE(tO)

as t — oco. Hence, with a« = %eTE(to), ne = %eeTE (tp) is a semistable equilibrium state of (68).

To show that in the case where for some k € {1,...,q}, oix(E) > 0, E € R", and o3 (E) = 0 if
and only if E; = 0, the zero solution E(t) = 0 to (68) is globally asymptotically stable in probability,
consider V(E) = 3ETE, E € E‘L as a candidate Lyapunov function. Note that V(0) =0, V(E) >0, E €
@1, E # 0, and V(E) is radially unbounded. Now, the infinitesimal generator of Lyapunov function
along the system energy trajectories of (68) is given by

eV(E) = ET[f(E) — d(E)] + 1] (E)] (E)

= ETF(E) + st] ()T (E) — Eyoi(E)

2
g g g
=) E [ Z?é ¢ij(E) | + % Y row;(J(E))row; (J(E)) — Exoi(E) (137)
Tl =Ty i1

9 [ 4

= ;Z[ Y. (Ei = Ej¢y(E) +row;(J(E))row] (J(E)) | — Exoi(E)
=1 1j=1]

<0, EcRY,

which shows that the zero solution E(t) = 0 to (68) is Lyapunov stable in probability.

Finally, to show global asymptotic stability in probability of the zero equilibrium state, let R £
{E € @i : LV(E) = 0}. Now, since Axiom (i) holds and oy, (E) = 0 if and only if E; = 0, it follows
thatR = {E€ R : B, =0ke {1,....q}}n{E€RY : E; = E = - = E;} = {0}. Hence,
it follows from Theorem 2 that for every initial condition E(ty) € R, E(t) 23 R = {0} as t — oo,
which proves global asymptotic stability in probability of the zero equilibrium state of (68). O

Theorem 10 shows that the isolated (i.e., S(¥) 20,d (E) £0,and D(E) £0) large-scale stochastic
dynamical system G is stochastically semistable. In Theorem 10 we used the energy Lyapunov function

to show that for the isolated (i.e., S(t) =) d(E) £0,and D(E) =) large-scale stochastic dynamical
system G, E(t) 23 %eeTE(tO) ast — oo and %eeTE(to) is a stochastic semistable equilibrium state. This
result can also be arrived at using the system entropy.

Specifically, using the system entropy given by (123), we can show attraction of the system
trajectories to stochastic Lyapunov stable equilibrium points ae, « > 0, and hence show stochastic
semistability of these equilibrium states. To see this, note that since e' f(E) = 0, E € Ri and
eTJ(E) = 0,E e R, it follows that eTdE(t) = 0,t > f). Hence, eTE(t) % eTE(ty), t > t.
Furthermore, since E(t) >> 0,t > to, it follows that 0 << E(t) << eelE(tp)a.s., t > ty, which
implies that all solutions to (68) are almost surely bounded.

Next, since by (125) the function —S(E(t)), t > to, is a supermartingale and E(t), t > t,
is bounded, it follows from Theorem 2 that for every initial condition E(ty) € R, E(t) 23 R as
t — co, where R 2 {E € R% : £S(E) = 0}. It now follows from the last inequality of (125) that
R={EecR": (E - E;)¢ii(E) =0,i=1,...,q, j € K;}, which, since the directed graph associated
with the connectivity matrix C for the large-scale dynamical system G is strongly connected, implies
that R = {E € EZ_ : Ey = --- = E;}. Since the set R consists of the equilibrium states of (68),
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it follows that M = R, which, along with (136), establishes stochastic semistability of the equilibrium
states we, & > 0.

Theorem 10 implies that the steady-state value of the energy in each subsystem G; of the isolated
stochastic large-scale dynamical system G is equal, that is, the steady-state energy of the isolated
large-scale stochastic dynamical system G given by

a.s.

Eoo s LeeTE(tg) 2 E iEi(to)] e (138)

is uniformly distributed over all subsystems of G. This phenomenon is known as equipartition of
energy [64—68] and is an emergent behavior in thermodynamic systems [30].

Example 2. In this example, we apply Theorem 10 to the five-compartment thermodynamic system shown in
Figure 2. Specifically, consider

dEq(t) = [Ea(t) — Ex(8)]dt +y[Ex(f) — Ex(t)]dw(t), E1(0) = Eyp, £>0, (139)
dE(t) = [Ex(t) — Ex(t) + Es(t) — Ex(t) + Es(t) — Ex(t)]dt

+[Ex(t) — Ea(t) + E3(t) — Ea(t) + Es(t) — Ex(t)]dw(t), E2(0) = En, (140)
dE5(t) = [Ea(t) — E3(t) + E4(t) — E3(t)]dt + ¥[Ea(t) — E3(t) + E4(t) — E3(t)]dw(t),

E5(0) = Eso, (141)
dE4(t) = [E3(t) — E4(t)]dt + y[Es(t) — Ea(t)]dw(t), E4(0) “= Ey, (142)
dEs(t) = [Ea(t) — Es(t)]dt + v[Ea(t) — Es(t)]dw(t), Es(0) = Eso. (143)

Note that (139)—~(143) can be cast in the form of (68) with E = [Ey, E,, E3, E4, Es|T, d(E) =0, D(E) =0,
S(t) =0, w; =w,

E, — E; E; — Ey
Ei—Ey+E3s—Ey,+Es—Ep Ei—Ey+E3s—Ey+Es —Ep
f(E) = E; —E;+E4—E3 , J(E)=17 Ey —E3+E4—E3
E; —E4 E; —E4
E, — Es E, — E5

It follows from Theorem 10 that the thermodynamic heat flow model (139)—(143) is stochastically semistable
with respect to Ri and achieves energy equipartition. To see this, let E;g = 0, Exp = 10, E3p = 20, E49 = 30,
Esy = 40, and -y = 0.2. Figure 3 shows the sample energy trajectories along with the standard deviation of the
states of each thermodynamic compartment versus time for 10 sample paths.

1
OO OO

Figure 2. Thermodynamic model with undirected heat flow.
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40 =7 T T T T T T

30 fee S i

20

States

Figure 3. Sample average along with the sample standard deviation of the system energies versus time;
Eq(t) in blue, Ex(t) in red, E3(#) in green, E4(t) in magenta, and Es5(¢) in black.

8. Conclusions

In this paper, we combined thermodynamics and stochastic dynamical system theory to provide
a system-theoretic foundation of thermodynamics. The proposed dynamical systems framework
of thermodynamics can potentially provide deeper insights into the constitutive mechanisms that
explain fundamental thermodynamic processes and describe acute microcosms and macrocosms in
the ever-elusive pursuit of unifying the subatomic and astronomical domains. In future research, we
will use the realizations of each sample path of the stochastic energy variables characterized by the
stochastic differential energy balance dynamical model to describe the probability density function
of our large-scale stochastic thermodynamic model by a continuous-time and continuous-space
Fokker-Planck evolution equation to give a thermodynamic interpretation between the stationary
solution of the Fokker—Planck equation and the canonical thermodynamic equilibrium distribution.
Furthermore, since our stochastic thermodynamic model does not restrict the second law on each
individual sample path trajectory, we will explore the second law as a fluctuation theorem to give a
precise prediction of the cases in which the system entropy decreases over a given time interval for our
model.
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