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1. Introduction

In quantum mechanics, the outcome of a measurement is subject to a probability distribution
determined from the quantum state of the measured system and the measurement performed.
The task of estimating the quantum state from the outcome of measurement is called the quantum
estimation and it is a fundamental problem in quantum statistics [1-3]. Tanaka and Komaki [4] and
Tanaka [5] discussed quantum estimation using the framework of statistical decision theory and
showed that Bayesian methods provide better estimation than the maximum likelihood method.
In Bayesian methods, we need to specify a prior distribution on the unknown parameters of the
quantum states. However, the problem of prior selection has not been fully discussed for quantum
estimation [6].

The quantum state estimation problem is related to the predictive density estimation problem
in classical statistics [7]. This is a problem of predicting the distribution of an unobserved variable y
based on an observed variable x. Suppose (x,y) ~ p(x,y | 6), where 6 denotes an unknown parameter.
Based on the observed x, we predict the distribution p(y | x,0) of y using a predictive density p(y | x).
The plug-in predictive density is defined as Ppiug.in(y | X) = p(y | x,8(x)), where 8(x) is some estimate
of 6 from x. The Bayesian predictive density with respect to a prior distribution d7r(0) is defined as

, Jp(y|x60)p(x | 6)dn(6)
prly | %) = [ ply| x,0)dn(® | x) = : M
" : Jp(x [ 0)dn(6)
where d7t(6 | x) is the posterior distribution. We compare predictive densities using the framework of
statistical decision theory. Specifically, a loss function L(g, p) is introduced that evaluates the difference
between the true density g and the predictive density p. Then, the risk function R(6, p) is defined as
the average loss when the true value of the parameter is 0:
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R(6,p) = /L(P(y | x,0), p(y | x))p(x | 6)dx.

A predictive density p. is called minimax if it minimizes the maximum risk among all
predictive densities:
max R(6, p«) = mjnmgx R(6,p). )
P

We adopt the Kullback-Leibler divergence

Lia.p) = [ a0 1) 4, &)
(4:p) = [ a(x)log - ~3
as a loss function, since it satisfies many desirable properties compared to other loss functions such as
the Hellinger distance and the total variation distance [8]. Under this setting, Aitchison [9] proved

R(m, pr) = minR(7, p), 4)
P

where
R(m,p) = [ R(6,p)7(6)do

is called the Bayes risk. Namely, the Bayesian predictive density p(y | x) minimizes the Bayes risk.
We provide the proof of Equation (4) in the Appendix A. Therefore, it is sufficient to consider only
Bayesian predictive densities from the viewpoint of Kullback-Leibler risk, and the selection of the
prior 7T becomes important.

For the predictive density estimation problem above, Komaki [10] developed a class of priors
called the latent information priors. The latent information prior 7rrp is defined as a prior that
maximizes the conditional mutual information Iy |, (7r) between the parameter 6 and the unobserved
variable y given the observed variable x. Namely,

IB,y|x(7TLIP) = m;?X I@,y\x(n)r

where
Loyx () = [Layp(x,y ] 6)logp(x,y | 8)dm(0) — Ly, pr(x,y) log pr(x,y) )
— [ Exp(x | 6)logp(x | 6)d7(6) + Lx pr(x) log pr (%)
is the conditional mutual information between y and 6 given x. Here,
pa(ty) = [ pley | 0)dm(6), p(x) = [ plx|0)dr(6) ©®

are marginal densities. The Bayesian predictive densities based on the latent information priors are
minimax under the Kullback-Leibler risk:

max R(8,pr) = mﬁin max R(6,p).

The latent information prior is a generalization of the reference prior [11] that is a prior maximizing
the unconditional mutual information Iy, (77) between 6 and y.

Now, we consider the problem of estimating the quantum state of a system Y based on the
outcome of a measurement on a system X. Suppose the quantum state of the composed system (X, Y)
be 0¥ where 6 denotes an unknown parameter. We perform a measurement on the system X and
obtain the outcome x. Based on the measurement outcome x, we estimate the state of the system Y
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by a predictive density operator p(x). Similarly to the Bayesian predictive density (1), the Bayesian
predictive density operator with respect to the prior d7r(0) is defined as

J o3 p(x | 8)dr(6)
wxx) = [ (0|2 = =

where d7r(6 | x) is the posterior distribution. Like the predictive density estimation problem discussed

@)

above, we compare predictive density operators using the framework of statistical decision theory.
There are several possibilities for the loss function L(c, p) in quantum estimation such as the fidelity
and the trace norm [12]. In this paper, we adopt the quantum relative entropy

L(o,p) = Tro(logo — logp) 8)

as a loss function, since it is a quantum analogue of the Kullback-Leibler divergence (3). Note that the
fidelity and the trace norm correspond to the Hellinger distance and the total variation distance in the
classical statistics, respectively. Under this setting, Tanaka and Komaki [4] proved that the Bayesian
predictive density operators minimize the Bayes risk:

/R(G,a){)dn(@) - mpin/R(G,p)drc(G).

This is a quantum version of Equation (4).

From Tanaka and Komaki [4], the selection of the prior becomes important also in quantum
estimation. However, this problem has not been fully discussed [6]. In this paper, we provide a
quantum version of the latent information priors and prove that they provide minimax predictive
density operators. Whereas the latent information prior in the classical case maximizes the conditional
Shannon mutual information, the proposed prior maximizes the conditional Holevo mutual information.
The Holevo mutual information, which is a quantum version of the Shannon mutual information,
is a fundamental quantity in the classical-quantum communication [13]. Our result shows that the
conditional Holevo mutual information also has a natural meaning in terms of quantum estimation.

Unlike the classical statistics, the measurement is not unique in quantum statistics. Therefore,
selection of the measurement also becomes important. From the viewpoint of minimax state estimation,
measurements that minimize the minimax risk are considered to be optimal. We provide a class of
optimal measurements for one qubit system. This class includes the symmetric informationally
complete measurement [14,15]. These measurements and latent information priors provide robust
quantum estimation.

2. Preliminaries

2.1. Quantum States and Measurements

We briefly summarize several notations of quantum states and measurements. Let H be a
separable Hilbert space of a quantum system. A Hermitian operator p on H is called a density operator
if it satisfies

Tro=1, p>0.

The state of a quantum system is described by a density operator. We denote the set of all density
operators on H as S(H).

Denote the set of all linear operators on Hilbert space 7 by £(#) and the set of all positive linear
operators by £ (H) C L(H). Let Q) be a measurable space of all possible outcomes of a measurement
and B(Q)) be a o-algebra of Q). Amap E : B(Q)) — L (H) is called a positive operator-valued measure
(POVM) if it satisfies E(@) = O, E(Q)) = I, and E(U;B;) = ¥, E(B;), where B; N\ B; = @, VB; € B(H).
Any quantum measurement is represented by a POVM on Q). In this paper, we mainly assume () is
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finite. In such case, we denote Q) = X = {1,..., N} and any POVM is represented by a set of positive
Hermitian operators E = {Ey | x € X'} such that) .y Ex = .

The outcome of a measurement E on a quantum system with the state p € S(H) is distributed
with a probability measure

Pr(B) =TrE(B)p, B e B(Q).

Let X, Y be quantum systems with Hilbert spaces H* and Y. The Hilbert space of the composed
system (X, Y) is given by the tensor product HX @ HY. Suppose the state of this composed system is
oX¥. Then, the states of two subsystems can be yielded by the partial trace:

X = Try XY, oY = Try Y.
If a measurement E = {E, | x € X'} is performed on the system X and the measurement outcome
is x, then the state of the system Y becomes

1
oy = P Trx (Ex ® ")™Y,
X

where the normalization constant
px = Tr(Ey @ IV)oXY

is the probability of the outcome x. Here, I is the identity operator on the space Y. We call the
operator 0, the conditional density operator.

2.2. Quantum State Estimation

We formulate the quantum state estimation problem using the framework of statistical decision
theory. Let X and Y be quantum systems with finite-dimensional Hilbert spaces #X and HY,
where dimHX = dx and dim#Y = dy.

Suppose the state of the composed system (X,Y) be (Tg(y, where § € O denotes unknown
parameters. We perform a measurement E = {E, | x € X'} on X, observe the outcome x € X,
and estimate the conditional density operator 0'3{ . of Y by a predictive density operator p(x).
As discussed in the introduction (1) and (7), the Bayesian predictive density operator based on a
prior 71(0) is defined by

Yy — [ oY o) = [y p(x|6)dr(6)
Un( )_/ G,xdn(e‘ )_ fp(x|9)d7r(9) ’

where d7t(6 | x) is the posterior distribution.

To evaluate predictive density operators, we introduce a loss function L(c, p) that evaluates
the difference between the true conditional density operator ¢ and the predictive density operator
p. In this paper, we adopt the quantum relative entropy (8) since it is a quantum analogue of the
Kullback-Leibler divergence (3). Then, the risk function R(6, p) of a predictive density operator p is
defined by

R(0,p) = Y p(x|0)Trog, (log oy, — logp(x)),
xeX

where

p(x | 0) = Tr(Ex ® IY)opY = Tr Exo)
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is the probability of the outcome x. Similarly to the classical case (2), a predictive density operator p. is
called minimax if it minimizes the maximum risk among all predictive density operators [16,17]:
max R(8,p4) = mpin max R(6,p).
Tanaka and Komaki [4] showed

R(m,0%) = min R(7r,p), ©)

where
R(m,p) = [ R(6,p)dr(6)

is called the Bayes risk. Namely, the Bayesian predictive density operator minimizes the Bayes
risk. This result is a quantum version of Equation (4). Although Tanaka and Komaki [4] considered
separable models ((T(;(Y = (75( & (73{ ), the relation (9) holds also for non-separable models as shown in
the Appendix A. Therefore, it is sufficient to consider only Bayesian predictive density operators and
the problem of prior selection becomes crucial.

2.3. Notations

For a quantum state family {c)\Y | § € ®}, we define another quantum state family

M= {@p(x | 0), | 0 € O},

where
p(1| 6)03{1 O e O
@) 2| 60)a)
@xp(x | 9)0.3{’36 — . P( ‘ ) 0,2
: . O
o) O p(N|0)oyy

is a density operator in CN @ HY. Since dim CN ® HY = Ndy, the state family M can be regarded as
a subset of the Euclidean space RN *R-1, By identifying ® with M, the parameter space ® is endowed
with the induced topology as a subset of RN /-1,

Any measurement on the system X is represented by a projective measurement {ex, = |x) (x| |
x =1,...,N}, where {|1),---,|N)} is an orthonormal basis of CN. For every x € X, we define

Se(x) € Li(HY) as
So(x) := Tren (e @ I') (@xp(x | 0)0yy) = p(x | 6)0p,q,

which is the unnormalized state of Y conditional on the measurement outcome x. We also define

Sx(x) = /Sg(x)dn(Q), pr(x) =TrSz(x), ox(x)=

3. Minimax Estimation of Quantum States

In this section, we develop the latent information prior for quantum state estimation and show
that this prior provides a minimax predictive density operator.
In the following, we assume the following conditions:

e Oiscompact.
o Foreveryx € X, Ex # O.
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e Forevery x € X, there exists § € © such that p(x | ) = Tr Exo)* > 0.

The third assumption is achieved by adopting sufficiently small Hilbert space. Namely, if there
exists x € X' such that p(x | 8) = Tr Exo)X = 0 for every 6 € ©, then we redefine the state space # as
the orthogonal complement of Ker Ey.

Let P be the set of all probability measures on ® endowed with the weak convergence topology and
the corresponding Borel algebra. By the Prohorov theorem [18] and the first assumption, P is compact.

When x is fixed, the function 6 € ® — Sy(x) is bounded and continuous. Thus, for every fixed
x € X, the function

TEP Sy /59 x)dr(6

is continuous because P is endowed with the weak convergence topology and dimHY < oo.
Let {Ay;}i, {|$xi) }i be the eigenvalues and the normalized eigenvectors of the predictive density operator
p(x). For every predictive density operator p, consider the function from P to [0, oo] defined by

ZTrsn (log S (x) —log(pr(x)p(x)))

= ZTrSn (log Sr(x) — (log pr(x))I —log p(x))

—ZTrSn )log Sr(x )—an(x)logpn(x) (10)
X
+ Y —Pr(0){prilon(x)|9x,) log Ay,
leﬁéO
+ Z =P (X){Pxilor(x)[Pxi) log Ay,
Ay, =0

The last term in (??) is lower semicontinuous under the definition 0log0 = 0 [10], since each
summand takes either zero or infinity and so the set of 7t € P such that this term takes zero is closed.
In addition, the other terms in (??) are continuous since the von Neumann entropy is continuous [12].
Therefore, the function D, (77) in (2?) is lower-semicontinuous.

Now, we prove that the class of predictive density operators that are limits of Bayesian predictive
density operators is an essentially complete class. We prepare three lemmas. Lemma 1 is useful
for differentiation of quantum relative entropy (see Hiai and Petz [19]). Lemmas 2 and 3 are from
Komaki [10].

Lemma 1. Let A, B be n-dimensional self-adjoint matrices and t be a real number. Assume that f : («, p) — R
is a continuously differentiable function defined on an interval and assume that the eigenvalues of A 4 tB are in
(«, B) if t is sufficiently close to ty. Then,

Tr f(A + tB) = Tr(Bf' (A + toB)).

d
dt t=tg
Lemma 2 ([10]). Let u be a probability measure on ®. Then,
Py ={ep+(1—¢)m | me P}
is a closed subset of P for 0 <e < 1.

Lemma 3 ([10]). Let f : P — [0, 00] be continuous, and let y be a probability measure on © such that
pu(x) == [ p(x | 0)du(6) > 0 for every x € X. Then, there is a probability measure 71, in



Entropy 2017, 19, 618 7 of 22

1 1
Py/n:{ner(l)nnGP}

for every n, such that f(7,) = infrep,,, f (7). Furthermore, there exists a convergent subsequence {71, }%_;
of {7t }5_, and the equality f(7tl,) = infrep f(71) holds, where 1t}, = limy,—co 7T},

By using these results, we obtain the following theorem, which is a quantum version of Theorem 1
of Komaki [10].

Theorem 1.

(1) Let p(x) be a predictive density operator. If there exists a prior i’ € P such that Dp(Af) = infcp Dp(71)
and pse (x) > 0 for every x € X, then R(0,040(x)) < R(6,p(x)) for every 6 € ©.

(2) For every predictive density operator p, there exists a convergent prior sequence {nﬁ}ff:l such that
Dy(limy 0 7Ty) = infrep Dp(7), limy—eo e (x) exists, and R(0,limy,_c T (x)) < R(8,p)
forevery 6 € ©.

Next, we develop priors that provide minimax predictive density operators. Let x be a random
variable, which represents the outcome of the measurement, i.e., x ~ p(- | 6). Then, as a quantum
analogue of the conditional mutual information (5), we define the conditional Holevo mutual
information [13] between the quantum state ¢ of Y and the parameter 6 given the measurement
outcome x as

Ig 1 ( = [ L. TrSp(x)log Sg(x)drm(6) — L, Tr Sy (x)log S (x)
—fzxp x| 0)logp(x | 0)dm(0) + Ly pr(x)log pr(x) (11)

= f Zx P(x | 6) Tr 09 x (lOg 09x — log Uﬂ,x)dn(e)r
which is a function of 7t € P. Here, we used
ZTrSe )log Sy (x Zp x| 0)Trog x(logp(x | 6)I +log oy )

:Ep x| 0)logp(x|0)+) p(x|6)Trog,logop,
X X
and

ZTrS;T x)log S (x Zpﬂ ) Tr oz (x)(log pr(x)I + logor(x))

—an x)log pr(x +an ) Trox(x) log o (x).

The conditional Holevo mutual information provides an upper bound on the conditional mutual
information as follows.

Proposition 1. Let 0" be the state of the composed system (X,Y). Suppose that a measurement is performed
on X with the measurement outcome x and then another measurement is performed on Y with the measurement
outcome y. Then,

19,(7|x(7-[) 2 19,y|x(7-[>' (12)

Proof. Since any measurement is a trace-preserving completely positive map, inequality (12) follows
from the monotonicity of the quantum relative entropy [13]. O

Analogous with the latent information priors [10] in classical statistics, we define latent
information priors as priors that maximize the conditional Holevo mutual information. It is expected
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that the Bayesian predictive density operator ¢ , based on a latent information prior is a minimax
predictive density operator. This is true from the following theorem, which is a quantum version of
Theorem 2 of Komaki [10].

Theorem 2.

(1) Let & € P be a prior maximizing lg 5 (77). If pa(x) > 0 for all x € X; then, 04 (x) is a minimax
predictive density operator.

(2) There exists a convergent prior sequence {1, }o° | such that limy, e 07, (X) is a minimax predictive
density operator and the equality Iy 5|, (Tteo) = SUP,p Ig |, (77) holds.

The proof of Theorems 1 and 2 are deferred to the Appendix A.

We note that the minimax risk inf, sup, Rg (6, p) depends on the measurement E on X. Therefore,
the measurement E with minimum minimax risk is desirable from the viewpoint of minimaxity.
We define a POVM E* to be a minimax POVM if it satisfies

infsup Rg«(0,p) = infinfsup Rg(6, p). (13)
P E p o

In the next section, we provide a class of minimax POVMs for one qubit system.

4. One Qubit System

In this section, we consider one qubit system and derive a class of minimax POVMs satisfying (13).
Qubit is a quantum system with a two-dimensional Hilbert space. It is the fundamental system in
the quantum information theory. A general state of one qubit system is described by a density matrix

oy L ( 1+6: ex—i9y>,
2\ 0, +i0, 1-6;

where § = (0y,0,,0:)" € © = {(6y,60,,0.)7 € R | ||§]> < 1}. The parameter space 90 =
{(6x,6y,0-)" € R®| ||0]|> = 1} for pure states is called the Bloch sphere.

Let (Tg(y = 0y ® 0y be a separable state. We consider the estimation of O’g = 0y from the outcome
of a measurement on 09X = 0y. Here, we assume that the state (TQXY is separable, since the state of Y
changes according to the outcome of the measurement on X and so the estimation problem is not
well-defined if the state ¢ is not separable.

Let Q= {(x,y,z) " € R3|x?+y?+2z% =1} and B = B(Q) be Borel sets. From Haapasalo et al. [20],
it is sufficient to consider POVMs on Q). For every probability measure y on (0, B) that satisfies

/Qx u(w) Qy u(w) QZ pu(w)
we definea POVM E : B — L by

= (125 )

In the following, we identify E with p.

Let & qubit be a class of POVMs on () represented by measures that satisfy the conditions
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Eu[x] = Euly] = Eulz] =0,
Eyu[xy] = Eulyz] = Eyfzx] =0,

Eul?] = Euly?] = Eul2) = 5,
where E,, is the expectation with respect to a measure . We provide two examples of POVMs in £ qubit
Proposition 2. The POVM corresponding to
p(dw) = L do, (14)

4

*

where dw is surface element, is in El_qubit.

Proof. From the symmetry of y, E,[x| = E,[y] = E,[z] = Ey[xy] = E,[yz] = E,[zx] = 0. Moreover,
from E,[1] = E,[x? + y* + z?] = 1 and the symmetry of y, E,[x?] = E,[y*] = E,[z?] =1/3. O

Proposition 3. Suppose that w; (i = 1,2,3,4) € Q satisfies |w;|*> = 1, w; - wj=—1/3(i #j). Let pbea
four point discrete measure on () defined by

p{wn}) = pl{wn}) = p({ws}) = u({ws)) = §. (15)

*

Then, the POVM corresponding to y belongs to £ qubit”

Proof. Let P = (w1, wy, w3, wy) € R34 and1 = (1,11, 1)T. From the assumption on w; (i = 1,2,3,4),

4 1
P'P=2li= 2] (16)

where I; € R¥4 is the identity matrix and J4 = 117 € R*** is a matrix whose elements are all one.
From (16), we have 1" PT P1 = |[P1||? = 0. Therefore, P1 = 0 and it implies E,,[x] = E,[y] = E,[z] = 0.
In addition, from (16),

PTPPTP = ((4/3)ly — (1/3)]1)((4/3)1a — (1/3)]4)
= (4/3)((4/3)1s — (1/3)]4)
= (4/3)P'P.

Therefore, PT (PPT — (4/3)13)P = 0. Since rank P = 3, it implies PP" = (4/3)I3. Then,
Eyu[xy] = Eulyz] = Eulzx] = 0and E, [x?] = E, [y?] = Ey[zz] =1/3. O

We note that the POVM (15) is a special case of the SIC-POVM (symmetric, informationally
complete, positive operator valued measure) [14,15].

Let P} qubit be a class of priors on O that satisfies the conditions

Exl02] = Ex[6,] = Ex[0.] =0,
Enl0:6y] = Ex[6,0.] = Ex[626,] =0,
1

En[f?ﬂ = En[ei] = Erc[gg] = 3’

where E is the expectation with respect to a prior 7.
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Proposition 4. The uniform prior

1
where d0 is the surface element on the Bloch sphere, belongs to PI*-qubit'
Proof. Same as Proposition 2. [

Proposition 5. Suppose that 0; (i = 1,2,3,4) € © satisfies |0;]* = 1, 6; - 0; = —1/3(i # j). Then, the four
point discrete prior

7({81}) = m({62}) = n({85}) = n({6:}) =
belongs to Pl*-qubit'

Proof. Same as Proposition 3. [0

We obtain the following result.

Lemma 4. Suppose t* € Pl*_qubit. Then, for general measurement E, the risk function of the Bayesian predictive
density operator o+ is

1+ 0 1 9 log2

Rg(6,07+) = — h( 2” ”) +5log s — ;5 (0x"Eu[x?] + 0, Enly®] + 0 Ey[2’]
+ 20,0y E; [xy] + 26,6, E, [yz] + 20.04E, [zx]).

Proof. The distribution of the measurement outcome w = (x,v,z) ' is

p(B|6) = TropE(B) = (1+ xy + y0, + z60,)u(B).

Then, since 7 € Py qubit’ the marginal distribution of the measurement outcome is

p(B) = [ p(B10)dr (6) = [ (140x+yoy +02)u(B)dr (6) = n(B).
Therefore, the posterior distribution of 6 is
dr*(0 | w) = (1 + x6y + yby + z6;)d7c*(0).

The posterior mean of 6y, Qy and 0, are x/3, y/3 and z/3, respectively.
Thus, the Bayesian predictive density operator based on prior 7t* is

B . 1 1+2z/3 x/3-iy/3
T+ (w) —/ffed” (Ofw) =5 <x/3+iy/3 1-2/3 )

and we have

(log )(*55)  (log ) (™)) ((log2)(*5%)  (log 2)(*5Y)
log o7 (w) = 1., —x—1iy 1,,1+z 2 x+iy 201,
log 5)(~)  (0g)(*25) | \0g5(*TY) (0g2)(5%)

Therefore, the quantum relative entropy loss is



Entropy 2017, 19, 618 11 of 22

D(0p, 0+ (w)) = Trop(log og —log o+ (w))

B 1+ 0] 1 9
= h(z t3l085

x0x + yOy + 206,

5 log 2.

Hence, the risk function is

Re(0,0x) = [ D(e0, 0 (w))dp(w | 0)

1+ 1 9 log2
= —h< 2” H) +3 log 3 %(GEE}, [x?] + 0,Ep[y?] + 0*Ep[2%]

+ 20,0y E; [xy] +260,6-E, [yz] + 20.04E, [zx]).

O
Theorem 3. For a measurement E € Sl*_qubit, every m* € Pl*-qubit is a latent information prior:

meax R(0,07+) = mpinmax R(8,p).

In addition, the risk of the Bayesian predictive density operator based on 7t* is

B 1+16| 1.9 log2, .
Reeo) = —h( )+ Jiog 5~ 2E2 o2,

where h is the binary entropy function h(p) = —plogp — (1 — p)log(1 — p).

Proof. From Lemma 4 and E* € €] pi1r

1 1 log 2
Re-(0,0) = h(é'f)') + E1og§ - Of (0.2 + 0,2 +0.2).

Therefore, the risk depends only on r = ||6|| and we have

B (1 1 9 log2 ,
Re+(6,0) = g(r) = —h( . )+§10gE B, (17)
Since
iy 1 1+ry log2
g =zlog(7=5) -~ 5
1 log?2 log2

"r) = —— — >1— >
g(r) 1_72 3 - 3 _0/

the function g(r) is convex. In addition, we have g(1) = log3 — 3log2 > g(0) = log3 — 3 log?2.
Therefore, g(r) takes the maximum at r = 1.

In other words, Rg+(6,07+) takes maximum on the Bloch sphere. In addition, since [(62 +
95 +02)dn*(9) = 1/3+1/3+1/3 = 1, the support of 7* is included in the Bloch sphere
0]> = 1. Therefore, [ Rg: (6,07 )dm*(0) = supy Rg«(6,05+) and it implies that 77* is a latent

information prior. O

We note that the Bayesian predictive density operator is identical for every 7t* € Pl*-qubit' In fact,
every 1° € P qubit also provides the minimax estimation of density operator ¢ when there is no
observation system X. Figure 1 shows the risk function g(r) in (17) and also the minimax risk function

2o(r) when there is no observation:
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B 1+r/2 0 1+r)/2 0 1/2 0
go(r)—Tr<< 0 (1—r)/2><1°g< 0 (1—1’)/2>_10g<0 1/2)))

= —h(r) +log2.

Whereas g(r) < go(r) around r = 1, we can see that g(r) > go(r) around r = 0. Both risk
functions take the maximum at » = 1 and

¢(1) =1log3—(2/3)log2 < go(1) = log2.

The decrease go(1) — g(1) > 0 in the maximum risk corresponds to the gain from the observation X.

0.7,

a(n
06~~~ 9™

051

0.4r

0371

0.2r

01r —

0 02 04 06 08 1
Figure 1. Risk functions of predictive density operators. solid line: ¢(r), dashed line: go(r).

Now, we consider the selection of the measurement E. As we discussed in the previous section,
we define a POVM E* to be a minimax POVM if it satisfies (13). We provide a sufficient condition on a
POVM to be minimax. Let p¥ be a minimax predictive density operator for the measurement E.

Lemma 5. Suppose rt* is a latent information prior for the measurement E*. If
/ Re- (0,0 )drr* (0) = intf / RE(6,05)dr* (6),
then E* is a minimax POVM.
Proof. For every (E,p), we have
sup R (6, ) > infsup Re (6, ) = sup Re (¢, o)
_ / Re(6,pF)d" (6) > inf / RE(6,0F)dr* (6)

- / Re+ (6, pF")d7e* (8) = sup R (6, e ).
6
The last equality is from the minimaxity of o,+. Therefore, E* is a minimax POVM. O

Theorem 4. Every E* < £, is a minimax POVM.

Proof. Let 7" € P;. qubit From Theorem 6, 7r* is a latent information prior for E*.
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For general measurement E, from Lemma 4, the risk function of the Bayesian predictive density
operator oy is

146y, 1, 9 log2
Re(6,07:) = — h( 2” ”> +5log 5 — Tg(eszy[xz] +6,”Euly*] + 6.°Ey [2%]

+ 20,0, E, [xy] + 26,0 E, [yz] + 26,6, E, [zx]).

Hence, the Bayes risk of o+ with respect to 7* is

/RE(G, o)A (0) = log3 — glogZ.

Now, since the Bayesian predictive density operator o+ minimizes the Bayes risk with respect to
7r* among all predictive density operators [4],

/RE(G,pE)dn*(G) > /RE(G,JH*)dn*(G) — log3 — glogz
for every E. Therefore,
. Ee 2
1rgf/RE(9,p )dt*(0) > log3 — glogZ.
On the other hand,
irb}f/RE(G,an*)dn*(B) < /RE*(B,UH*)dn*(B) — log3 — §log2

is obvious.
Hence,

/RE*(G, o )dr™(0) = i%f/ Rg(8,07+)dmc*(0) = log3 — glogz.

From Lemma 5, E* is minimax. [

Whereas Theorems 1 and 2 are valid even when O'QXY is not separable, Theorems 3 and 4 assume

the separability oY = X ®@ 0.

From Theorem 4, the POVM (15) is a minimax POVM. Since this POVM is identical to the
SIC-POVM [14,15], it is an interesting problem whether the SIC-POVM is a minimax POVM also in
higher dimensions. This is a future work.
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Appendix A. Proofs

Proof of (4). From the definition of f, in (1),

[ pGey 1 0)dr(©) = pa)paly | %),
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where

palx) = [ p(x| 0)dm(6).

Therefore, for arbitrary p,

R(m,p) = R(m,px) = [ [ [ p(x,y10)(10g pr(y | ) —log ply | x))dre(6)dxdy
= [ [ pa()paly | x)(10g pa(y | x) — log p(y | 2)dxdly
= [ [ pa(OL(paly |2, 5y | 1)),

which is nonnegative since the Kullback-Leibler divergence L(g, p) in (3) is always nonnegative. [

Proof of (9). From the definition of cX(x) in (7),

[ plx1 008, dr(6) = pa(x)o% (x),

where

pelx) = [ p(x | 0)dr(o).

Therefore, for arbitrary p,

R(m,p) = R(m,0%) = [ [ p(x |6) Tr o (log o (x) — log p(x)lr(6)dx
= [ palx) TroX (x) (10g o (x) ~ log p(x))dx

= [ pa(ILEX (), p(x))dx,
which is nonnegative since the quantum relative entropy L(c, p) in (8) is always nonnegative. [

Proof of Theorem 1. (1) Let Q% be the orthogonal projection matrix onto the eigenspace of p(x)
corresponding to eigenvalue 0, @ = {§ € © | L, p(x | 6) TrQbop, = 0} and P be the set of
all probability measures on ©°.
If ©° = @, the assertion is obvious because R (6, p) = co for 6 ¢ ©F. Therefore, we assume ©F # @
in the following. In this case, D, (#) < 0. Since 7t € P¥ if and only if D, (7r) < oo, we have Af € PF.
Define

Ttgy = udg + (1 —u) A,

for 6 € ©° and 0 < u < 1, where Jy is the probability measure satisfying dg({0}) = 1. Then, 77y, € P,
and we have
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= ZTfsnau (log S, (x) —log(pz,, (x)p(x)))

u=0

- @ Y Tr (uSe(x) + (1 — u)S,, (%))

x (log(uSp(x) + (1 — u)Sze(x)) —log(up(x | 6) + (1 — u)par (x))p(x)

u=0

} (log S0 (x) — log(pas (x)px))

i

(log(up(x | 0) + (1 —u)par(x))] + log px)

%)) (log Sz (x) — log(par (x)p(x)))

= ZTr{ (uSp(x) + (1 —u)Ssn(x))

u=0

+ ZTI‘ Snp
x

_ZTI‘Snp { H_O}
= ZTI' 59 S
LT (S0(3) = par (9p(2) — LT (S0 () 25 L 1)
X " pﬁp(x)
= ZTI Sp(x) (log Sae(x) — log(pae(x)p(x)))

_ZTrSnP (log Sse(x) —log(pae(x)p(x))) > 0.

g(uSp(x) + (1 —u)Sse(x))

/\ :‘o.) g"o.)

Thus, if 6 € OF,
R(60, 040 (x ZTr So(x)(logop x —logoan(x))

< ZTrSe x)(log 7p,x —log p(x)) = R(6,p(x)) < co.

If6 ¢ ®°, R(6,p(x)) = oo. Therefore, for every 6 € ©, the inequality R(6, 040 (x)) < R(6,p(x)) holds.

(2) We note that ©° and Pf are compact subsets of © and P, respectively.

If ©° = @, the assertion is obvious, because R(6, px) = oo for every § ¢ ©F. Therefore, we assume
OFf # @ in the following Let X :={x € X | 30 € ©°, p(x | ) > 0} and u” be a probability measure
on ©F such that p,e(x) := [ p(x | 0)duf(6) > 0 for every x € X*.

Because D,(7) is contmuous as a function of 7t € PP, there exists 7, € Pyp =/ n)pf +
(1—=1/n)m | w € PP} such that Dy () = inf _ Pl Dy (7). From Lemma 3, there exists a convergent

subsequence {71, }%_, of {7, }5_; such that D, (7},) = infcpe Dp(7), where lim 77, = 71,.

Let n,, be the integer satisfying 71, = 7,,. We can make the subsequence {7,}%_, satisfy
0 < 1y /(M1 — 1) < c for some positive constant c.

Since

P (1= 2 Yo = rmy, + (1-

m )5 0
0 € P 4
N1 Ny11 WP/ 1yiq

M1

for every 6 € ©, we have

~ n n
7Tm,9,u =u { m 7'[;” + (1 — m ) 59} + (1 — ) m+1 < pﬂp/”n1+1
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forevery 8 € ®° and 0 < u < 1. Thus,

%D(ﬁm,e,u> o0
Tt (8) (1085, (3) ~ 1087, () (1~ O]
- ZTf{aauSﬁW) } (10g S, (x) — log(pr,,,,, (x)p(x)) (I~ Q)
u=0
= Y TS () (log Sy, (x) ~ log(pr, (¥)o(x) (1~ Q)

~ LTSy, () (108 Sy, (x) ~ log(py, , (x)o(x))) (1~ Q%)

"FMZTTSQ x)(log S, ()—log(pn

nm+1 m+ m+1

(X)p(x))) (I - Q%)

> 0.
Hence,

¥ Tr Sy (x) (log S () = log(pr  (x)p(x))) (1 - Q)
> Ty TSy (2)(log Sy (%) —log(pa  (x)p(x))) (1 — QF)

Nyp4+1 — Nm

- TSy (x)(log Sy (x) — log(p | (¥)p(x)) (T — Q%)
m—+1 m
= - ”miln7ZxTrSn’rnH(x)(logSn;w (x) —log(p 7 (x)p(x))) (I — Q%)
m+1 m
7’17” — / / — Yo'y — o
tors nm{ LTSy, (x)(log Sy (x) —log(pr  (x)p(x))) (I - Q¥)(I - Qx™) A1)

- K ToSg (3) (1o Sy (1) ~ log(p (¥ (1)) Q=1 — %) }

> 7 TS (x)(log S (¥) — log(pr, | (x)p(x))) (1 - QF)

nm+1 — N m+1
o R TS () (logSr ()~ Toglprg, ()0(0) (1= QDT - Q)
m+1 — Nm m+ m+

X Te S,y (x) log p(x) QF (I — Qﬁi)},

/
where Q7 is the orthogonal projection matrix onto the eigenspace of Y7tk (0)p(x | 0)ogy
corresponding to the eigenvalue 0. Here, we have

hmmﬁOOZxTrs ( )(10g5 1( )_log(Pn;nHP(x)))(I—Qg)(l—Q;Téo) (AZ)

= ¥ Tr S (x) (log Sy (x) — log(prr. (x)0(x))) (I — Q) (I — Q)

and /
limy o0 Yo Tr Sy () log p(x) Q5™ (I — QF) :ﬂ/o 43)
= — Lo Tr Sy, (%) (log Sy, (%) — log(py, (x)p(x))) Q5™ (I - Q).
Therefore, from (A1)-(A3) and 0 < 1,/ (41 — 1) < ¢ for every 6 € ©F,
lim infy 0 Y-y Tr Sp(x) (10g Sy, (x) —log(py, (x)p(x))) (I — Q%) (Ad)

> L Tr Sy, (x) (log Sy, (x) = log(pry, (x)p(x))) (I - Q%) > 0.
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By taking an appropriate subsequence {77} of {71}, }, we can make the subsequence of density
operators {ang/x},‘f’:l converge for all x € AP because py (x) >0 (x € Af)and0< S,/ /py (x) < L.
Then, from (A4), if § € ©F,

R(6, klgl;lo T (x)) = ;Tr Se(x)(log oy » — logklggo T (%))
= YT Sa(x) (log 0. — 0 i () (1~ Q%)
X
<Y TrSy(x)(log 0y, — log p(x)) (I — Q)
X

=) TrSe(x)(logopx — logp(x)) = R(6,p(x)) < oco.

If0 ¢ ©, R(6,p) = co because — Y, Sg(x)logp(x)Qf =
Hence, the risk of the predictive density operator defined by

hmk‘)oo 0'7.(]/(/(9(?) , x € XP,
Tx 7 X g XP,

where T, is an arbitrary predictive density, is not greater than that of p(x) for every 6 € ©.
Therefore, by taking a sequence {¢,, € (0,1)}? ; that converges rapidly enough to 0, we can
construct a predictive density operator

hm o

limy_yo0 0 (%), x € XP,
epfit+(1—¢g) k<x) = { N & (A5)

on(x), x & X°P,

as a limit of Bayesian predictive density operators based on priors {g,ji + (1 — &) 71} }, where fi is a
measure on @ such that p;(x) > 0 for every x € X.

Hence, the risk of the predictive density operator (A5) is not greater than that of p(x) for every
fec® O

Proof of Theorem 2. (1) Define 75, := uds + (1 —u)7 forall® € ® and u € [0, 1]. Then,

d y
ou IG,U"X ( n@,u)

u=0

</2Tr59 ) 10§ S5(x)a7T3,(6) ~ 1 S, (x)1og S, (4
—/Zp(x | 6)log p(x | H)dﬁa,u+Zpﬁg/l,(x)10gpﬁg,,,(x)> .
= ZTrS(;(x)(logSg( ) —log pg(x ZTrSQ (log S#(x) —log pa(x)I)
-/ LT So(x) (log So(x) — log p(x | )4 (©)

+ZT1‘S )(log Sa(x) —logpa(x)I) <O.

Since ps(x) > 0 forevery x € X and Trp(x | 0)0p ylog oy, = 0if p(x|0) = 0, we have
) Tr S5(x)(log 0, — log oz (x /ZTr Se(x)(log og » — log o4 (x))d7(0) (A6)
X

for every 0 € ©.
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On the other hand, we have

J X Tr Sg(x) (log 05 x — log o (x))d7t(6)
= inf, [ Y Tr Sp(x)(log op,x —logp(x))d7t(6)

< sup,pinfy [ ¥, Tr Sp(x)(log ogr — logp(x))d7(6) (A7)
< infysup cp [ Ly TrSp(x) (log ap» — logp(x))d7(6)

= inf, supycg L Tr Sg(x) (log 0y » — log p(x))

< Supgce Xy Tr S0 (x) (log o« — log 71(x)).

Here, the first equality is from the fact [4] that the Bayes risk with respect to 7t € P
[ R@:p(0))d(6) = [ ¥ p(x | ) Tray.(log o — log p(x))d7(6)
X

is minimized when

(x| 0)opadn(9)
P =0n(x) = T e B dA(e)

From (A6) and (A7), we have

infsup ) " Tr Sg(x)(log oy — p(x)) = sup ) _Tr Sy(x)(log 0y x — log 4 (x)).
P pco % €O x

Therefore, the predictive density operator oz (x) is minimax.

(2) Let i be a probability measure on © such that p,(x) := [p(x | 8)du(6) > 0 for every
x € X,and let 7ty € Py := {p/n+(1-1/n)w | m € P} be a prior satisfying Iy, (7x) =
SUPrep, ), Iyox (7). From Lemma 3, there exists a convergent subsequence {7} of {r,} and
Ig 01+ (7)) = SUP . p Ig | (1) Where 71, = 7¢,. Let ny, be the integer satisfying 71;, = 77,,. As in the
proof of Theorem 1, we can make the subsequence {7}, } satisfy 0 < 1y, /(1 — 1) < ¢ for some

positive constant c.
Then, for every § € ©,

Nm

P = 1] 2t + (1= )5 4 (1= )70
M1 Mm+1
belongs to Py, for 0 < u < 1 because (nm/nyi1)70, + (1 — nm/nwmi1)% € Puyy,., and

/
nm+1 S Pﬂ/nm+1'
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Thus,

] N
ga%pu(nmﬂm)

u=0
/ZTrSe x)log Sg(x) meu ZTrSn on logSn 2 (x)

—/ZP x| 6)logp(x | 6)dn,, +2angu 1°gr’nmeu)
- / 3T So(x) o Sy (x)a (6) + )Y Tr Sp(x logSg(x)
”m+1 ”m+1 X
—/ZTrSQ ) log Sp(x)d7t),, 1 (6 ZTr Foga(X)|  log Sy (x)
u=0

/ZP x| 0)log p(x | 0)drth,,1(8) — (1— —") Y ps(x) log ps(x)

nm+1 Nm+1” %

+/ZﬂxWﬂ%Mﬂ®M%ﬂ®+Z£ﬁ%mW

)Y TrSg(x)(log Sg(x) —log p(x | 6)I)

u=0

nm+ =

—(1- an ;Trse (log S, +l(x) —logpﬂ:nﬂ (x)I)
R /ZTISG )(log Sg(x) — log p(x | 6)I)d 7, (6)

- [ LT Su()0g50(x) ~ log plx | 6))d1(6)
n::il ;Trs J(log S (x) —logpy (1))

+ LTSy, ()08, (x) ~logps, (1))

<0.

Since px,,(x) > 0 for every m and p(x | 0)0g y logop x = 0if p(x | ) = 0, we have

o)
%H/zn% )(log 0 — log oy (x))dre} (0)

— /ZTr So(x)(logop x — logan:nﬂ(x))dan(G) <0.
X

( ) Y Tr Sg(x)(log o, — log oy
N1
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Hence,
£, Tr 85(x) (log 05(x) — log oy (¥)
Nm

- { TS0 1080 —togery, | (1)1~ QE)i (0

Np41 — N

IN

- EaTrSo(5) (log o~ log g, () QT )

M1
+1%;:7_Mf2xﬂ56(x)(10g‘76,x _log‘Tn;nH (x))dm, 1 (0) (A8)

- ’”{ [ T Tr So(x) (log o — log o (x))(1 — Q) (6)

M1 — Nm

IN

+ [ L2 Tr Sp(x) log UQ,XQ;T/Ndﬂ]/n (6) }

n
b [y TrSp(x) (log gy — log oy (x))dr, 1 (6),
nm+1 — }’lm m—+1

/
where Q7® is the orthogonal projection matrix onto the eigenspace of S ., (x) corresponding to the
eigenvalue 0. Here, we used two equalities

limy e [ Y Tr Sp(x) (log oy » — logan;nﬂ(x))(l — Qr®)drml, (6)

(A9)
= [ X TrSo(x) (log(p ey (x)0%,) — 0g S, (x))d7els (60)
and
Jim [ YT Sy(x) log 0, QT (6)
— [ LT So(x) log 0y, Qe (6) (A10)

= [ LT $0(2) (108 (pr, (x))00,) — 10g S, ) QE*da (6) = 0,

since Tr Sy (x) log 0g  is a bounded continuous function of 6.
From (A8)—~(A11),and 0 < 1y, / (41 — 1m) < ¢, we have, for every 6 € ©,

limsup ) " Tr S5(x) (log 05(x) — log o (x))

m—oo X

< [ LT Salx) (10g(pr, (x)0t(x)) — log Sy (x))d e (0)

By taking an appropriate subsequence {7}/} of {7},}, we can make {U”L' (x)}32, converge for
every x. Then, for every § € O,

Y Tr Sp(x)(log oy, — log klim Tt (x)) (A11)
X ! —00
g/ZSe(x)(log(ng —log lim o, (x))d7r(6), (A12)
> g k—oo Tk

since limy_,, U”zi/(x) = 0y (x) for x with p» (x) > 0.
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On the other hand, we have

J L Tr Sp(x) (log 0,x — log limy_,e00 (x) ) d7res (6)
infy [ Y Tr Sg(x) (log g« — log p(x))dms, (6)
sup ep infp [ Y Tr Sp(x) (log o — logp(x))
inf, sup p [ L, Tr Sp(x)(log oy — log p(x))
infy supge Ly Tr Sp(x) (log 0p,» — log p(x))

SUPyc Ly 1t So(x) (log 0p x — log limy_, o, Tt (x)).

)
(

IN

dm(6)
(A13)
dmn(6)

IN

IN

Here, the first equality is from the fact [4] that the Bayes risk

| R@:p)A%(0) = [ L Trp(x | ), (logan,: — log p(x))dml(®)

is minimized when p(x) = o (x). Although p, (x) is not uniquely determined for x with p v (x) = 0,
the Bayes risk does not depend on the choice of o (x) for such x.

From (A12) and (A13),
infsup ) Trp(x | )0y, (logop« — p(x))
P peo %
=sup ) Trp(x | 0)oy(log oy — log lim T (x))-
€@ x k—rc0

Therefore, the predictive density operator limy_, 4 Tt (x) is minimax. [
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