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Abstract: Information Geometry generalizes to infinite dimension by modeling the tangent
space of the relevant manifold of probability densities with exponential Orlicz spaces.
We review here several properties of the exponential manifold on a suitable set £ of
mutually absolutely continuous densities. We study in particular the fine properties of the
Kullback-Liebler divergence in this context. We also show that this setting is well-suited
for the study of the spatially homogeneous Boltzmann equation if £ is a set of positive
densities with finite relative entropy with respect to the Maxwell density. More precisely,
we analyze the Boltzmann operator in the geometric setting from the point of its Maxwell’s
weak form as a composition of elementary operations in the exponential manifold, namely
tensor product, conditioning, marginalization and we prove in a geometric way the basic
facts, i.e., the H-theorem. We also illustrate the robustness of our method by discussing,
besides the Kullback-Leibler divergence, also the property of Hyvirinen divergence. This
requires us to generalize our approach to Orlicz—Sobolev spaces to include derivatives.
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1. Introduction

Information geometry (IG) has been essentially developed by S.-I. Amari, see the monograph by
Amari and Nagaoka [1]. In his work, all previous geometric—essentially metric—descriptions of
probabilistic and statistics concepts are extended in the direction of affine differential geometry, including
the fundamental treatment of connections. A corresponding concept for abstract manifold, called
statistical manifold, has been worked out by Lauritzen in [2]. Amari’s framework is today considered a
case of Hessian geometry as it is described in the monograph by Shima [3].

Other versions of IG have been studied to deal with a non-parametric settings such as the Boltzmann
equation as it is described in [4,5]. A very general set-up for information geometry is the following.
Consider a one-dimensional family of positive densities with respect to a measure y, # — py, and a

random variable U. A classical statistical computation, possibly due to Ronald Fisher, is

o [ @) plas)

~ [ (Gp0) us)
- /U(m) (d% logp(x;9)> p(x;0) p(dz)

_ K, [(U—Ee [U])diglogpg} |

The previous computation suggests the following geometric construction which is rigorous if the sample
space is finite and can be forced to work in general under suitable assumptions. We use the differential
geometry language, e.g., [6]. If A is the probability simplex on a given sample space (€2, F), we define
the statistical bundle of A to be

TA = {(m,u)|r € A,ue Lr),Ex[u] =0} .

Given a one dimensional curve in A, 6 — 1y we can define its velocity to be the curve

D
0 — (7‘(’9, @7’(’9) eTA,

where we define .
D d =279
= —1 — 49’7
deﬂe a0 0og (We) o

Each fiber T, A = L2(11) has a scalar product and we have a parallel transport
U T, A5V —=V-E,[V]eT,A.

This structure provides an interesting framework to interpret the Fisher computation cited above. The
basic case of a finite state space has been extended by Amari and coworkers to the case of a parametric
set of strictly positive probability densities on a generic sample space. Following a suggestion by Dawid
in [7,8], a particular nonparametric version of that theory was developed in a series of papers [9-19],
where the set P-. of all strictly positive probability densities of a measure space is shown to be a Banach
manifold (as it is defined in [20-22]) modeled on an Orlicz Banach space, see, e.g., [23, Chapter II].
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In the present paper, Section 2 recalls the theory and our notation about the model Orlicz spaces. This
material is included for convenience only and this part should be skipped by any reader aware of any of
the papers [9-19] quoted above. The following Section 3 is mostly based on the same references and
it is intended to introduce that manifold structure and to give a first example of application to the study
of Kullback-Liebler divergence. The special features of statistical manifolds that contain the Maxwell
density are discussed in Section 4. In this case we can define the Boltzmann—Gibbs entropy and study
its gradient flow. The setting for the Boltzmann equation is discussed in Section 5 where we show
that the equation can be derived from probabilistic operations performed on the statistical manifold.
Our application to the study of the Kullback-Liebler divergence is generalized in Section 6 to the more
delicate case of the Hyvarinen divergence. This requires in particular a generalization of the manifold
structure to include differential operators and leads naturally to the introduction of Orlicz-Sobolev
spaces.

We are aware that there are other approaches to non-parametric information geometry that are not
based on the notion of the exponential family and that we do not consider here. We mention in particular
[24] and [25].

2. Model Spaces

Given a o-finite measure space, (2, F, i), we denote by P- the set of all densities that are positive
p-a.s, by P the set of all densities, by P; the set of measurable functions f with [ f dp = 1.

We introduce here the Orlicz spaces we shall mainly investigate in the sequel. We refer to [10] and
[23, Chapter 2] for more details on the matter. We consider the Young function

Oo:R>z— $(z) =coshz —1

and, for any p € P-, the Orlicz space L?(p) = LM~ (p) is defined as follows: a real random variable
U belongs to L*(p) if
E, [®(aU)] < 40 forsome o« >0.

The Orlicz space L®(p) is a Banach space when endowed with the Luxemburg norm defined as
1Ul[#p = inf {A > O[E, [@(U/A)] < 1} .

The conjugate function of ® = cosh —1 is

v
. (y) = (cosh —1).(y) = / arsinhu du = yarsinhy + 1 — /1 + 42, yeR
0

which satisfies the so-called As-condition as

W |l Jy| — u

T du < max(1,a?)®,(y) .
u

v.(0n) = | " oyl - u) @ (u)du = /

Since ®, is a Young function, for any p € P-, one can define as above the associated Orlicz space
L% (p) = L{h == (p) and its corresponding Luxemburg norm || -

. p- Because the functions ® and
®, form a Young pair, for each U € " ~1(p) and V € L ~D«(p) we can deduce from Young’s
inequality



Entropy 2015, 17 4326

zy < O(x) + Du(y), Vz,y € R?
that the following Holder’s inequality holds:
“Ep [UV” < 2 HUHcoshfl,p HVH(coshfl)*,p <00

Moreover, it is a classical result that the space L(°*" 1« (p) is separable and its dual space is L°*" ~1(p),
the duality pairing being

(V,U) € L D- () x L1 (p) — (U, V), := B, [UV] .
We recall the following continuous embedding result that we shall use repeatedly in the paper:
Theorem 1. Given p € P, forany 1 < r < oo, the following embeddings
L>(p) = L (p) = L7 (p) = LD (p) — L'(p)
are continuous.
From this result, we deduce easily the following useful Lemma
Lemma 1. Givenp € P~ and k > 1. For any uy, . .. ,uy, € L°"~1 (p) one has

Hu e () L.

1<r<oo

Proof. According to Theorem 1, u; € L"(p) forany 1 < r < oo and any ¢ = 1,...,k. The proof
follows then simply from the repeated use of Holder inequality. [

From now on we also define, for any p € P~
B, = Lg)(p) = {u e [eoshl (p)|Ep [u] = 0} )

In the same way, we set *B,, = Lg*(p) == {u € LD+ (p)|E, [u] = 0} .

2.1. Cumulant Generating Functional
Let p € P~ be given. With the above notations one can define:
Definition 1. The cumulant generating functional is the mapping
K,: u € B, logE, [¢"] € [0, +00] .

The following result [9,10] shows the properties of the exponential function as a superposition
mapping [26].

Proposition 1. Leta > 1 and p € P~ be given.
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I. Foranyn =0,1,... andu € L®(p):
Aa,n(u)i (wl,...,wn)H_..._eg

is a continuous, symmetric, n-multi-linear map from (L®(p))" to L* (p).

20> 4 (E> is a power series from L® (p) to L*(p), with radius of convergence larger than
"\a

3. The superposition mapping, v — /%, is an analytic function from the open unit ball of L (p) to
L*(p).

The cumulant generating functional enjoys the following properties (see [9,10,14]):
Proposition 2.
1. K,(0) = 0; otherwise, for each v # 0, K,(u) > 0.
2. K, is convex and lower semi-continuous, and its proper domain
dom(K,) = {u € B,|K,(u) < oo}
is a convex set that contains the open unit ball of B,
3. K, is infinitely Gateaux-differentiable in the interior of its proper domain.
4. K, is bounded, infinitely Fréchet-differentiable and analytic on the open unit ball of B,

Remark 1. One sees from the above property 2 that the interior of the proper domain of K, is a

non-empty open convex set. From now on we shall adopt the notation
S, = Int (dom(K,)) .

Other properties of the functional K, are described below, as they relate directly to the exponential
manifold.

3. Exponential Manifold

The set of positive densities, P-~, locally around a given p € P-, is modeled by the subspace of
centered random variables in the Orlicz space, [cosh—1 (p). Hence, it is crucial to discuss the isomorphism
of the model spaces for different p’s in order to show the existence of an atlas defining a Banach manifold.

Definition 2 (Statistical exponential manifold [10, Definition 20]). For p € P-, the statistical

exponential manifold at p is
Ep) = {e“_Kp(“)p‘u € Sp} )

We also need the following definition of connection
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Definition 3 (Connected densities). Densities p,q € P~ are connected by an open exponential arc if

there exists an open exponential family containing both, i.e., if for a neighborhood I of [0, 1]
t 1-t
()] == ()
p q

Theorem 2 (Portmanteau theorem, see [10, Theorems 19 and 21] and [27, Theorem 4.7] ). Letp,q €

P~.. The following statements are equivalent:

= E, <400, tel

/ p ¢ dp =E,
Q

In such a case, one simply writes p — q.

1. p—q, (ie., pand qare connected by an open exponential arc);

2. g€ &(p);

3. &(p) = €(q);

4. logl € L®(p) N L%(q);

5. L®(p) = L*(q), ( i.e., they both coincide as vector spaces and their norms are equivalent);

6. There exists € > 0 such that

1 L'™(p) and e L' (q)

p q
We can now define the charts and atlas of the exponential manifold as follows:

Definition 4 (Exponential manifold [9,10,14,15]). For each p € P~, define the charts at p as:

sp: q €& (p) — log (%) -E, {bg (g)} €S, C By,

with inverse
1

s, =¢p: u€S,— Wy e £ (p) C Ps
The atlas, {s,: S,|p € P-} is affine and defines the exponential (statistical) manifold P-.
We collect here various results from [9,10,14,15] about additional properties of K.
Proposition 3. Let ¢ = " 52y € £ (p) withu € S,,.
1. The first three derivatives of K, on S, are:
dKp(u)[v] = Eq [v]
d*K,(u)[v1, va] = Cov, (v1,v2)

dSKp(U>[’U1,U2,U3] = Cov, (v, v2,v3) .
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2. The random variable, 1 1, belongs to * B, and:
p

dK ()] = E, K% - 1) U} .

In other words, the gradient of K, at u is identified with an element of the predual space of B,,

viz. *B,, denoted by VK ,(u) = e* @) — 1 = 4 4

p
3. The weak derivative of the map, S, > u — VK,(u) € *B,, at u applied to w € B, is given by:

d(V I, (u))[w] = g (w — Ey [w])

and it is one-to-one at each point.
4. qfp € L=+ (p).

5. B, is defined by an orthogonality property:

Bq — Lgosh—l(q) — {u c Lcosh—l(p)

s}

On the basis of the above result, it appears natural to define the following parallel transports:
Definition S.

1. The exponential transport “UY: B, — B, is computed as

‘Ulu = u — Eq [u] ueB,.

2. The mixture transport "Ub: “B, — *B,, is computed as

’"U{;v = gv ve*DB,.

One has the following properties
Proposition 4. Let p,q € P~ be given. Then

1. ‘Ul is an isomorphism of By, onto B,

2. UL is an isomorphism of * B, onto " B,

3. The mixture transport "Ub and the exponential transport “U}l are dual of each other: if u € B,
andv € "B, then
mya,,\ — (e
<u, Upv>q = < Uqu,v>p :

4. "UJ and “U] together transport the duality pairing: ifu € B, and v € "By, then

(u,v), = <6Ugu,mU§’)v>q )
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We reproduce here a scheme of how the affine manifold works. The domains of the charts centered at

p and q respectively are either disjoint or equal if p — ¢:

5(]?) Sp Sp I B Lcosh 1

H sqosgll ld(sqosp H

g(q) - Sq - Bq Lcosh 1

q

Our discussion of the tangent bundle of the exponential manifold is based on the concept of
the velocity of a curve as in [20, Section 3.3] and it is mainly intended to underline its statistical
interpretation, which is obtained by identifying curves with one-parameter statistical models. For a
statistical model p(t), t € I, the random variable, p(t)/p(t) (which corresponds to the Fisher score), has
zero expectation with respect to p(t), and its meaning in the exponential manifold is velocity; see [28]
on exponential families. More precisely, let p(-): I — & (p), I the open real interval containing zero. In
the chart centered at p, the curve is u(-): I — B,, where p(t) = et®~Ke(ul®))p,

Definition 6 (Velocity field of a curve and tangent bundle).
1. Assume t — u(t) = s,(p(t)) is differentiable with derivative u(t). Define:

%P(t) = UPDi(t) = a(t) — By [u(t)] = %(u(t) — K, (u(t)) = ditlog (p}(;)) _ d—;]zt(;f) )

Note that Dp does not depend on the chart s, and that the derivative of t — p(t) in the last term of

the equation is computed in L**(p). The curve t — (p(t), Dp(t)) is the velocity field of the curve.
2. On the set {(p,v)|p € P~,v € B,}, the charts:
sp: {(q,w)lg € E(p) ,w € By} 3 (q,w) = (sp(q), Ugw) € S, x B, C B, x B, (2)
define the tangent bundle, TP-.

Remark 2. Let E: £ (p) — R be a C! function. Then, E, = E o e,: S, — R is differentiable and:

d d

3 E@) = 2 Ep(ult)) = dE,(u(t))i(t) = dE,(u(t)) Uy, Dp(t)

3.1. Pretangent Bundle

Let M be a density and £ (M) its associated exponential manifold. Here M is generic, later it will be

the Maxwell distribution. All densities are assumed to be in £ (M).
Definition 7 (Pretangent bundle *T°E (p)). The set
TE(M) ={(¢g;V)lg € £(M),V € "By}

together with the charts:
sp: "TE(M) > (q,V) — (sp(q),’"UgV)

is the pretangent bundle, *T°E (M).
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Let F' be a vector field of the pretangent bundle, F': £ (M) — *T'E (M). In the chart centered at p,
the vector field is expressed by

If F), is of class C' with derivative dF},(u) € L(B,,*B,), for each differentiable curve ¢ + p(t) =
V=K UW®) . p we have Dp(t) = Llogp(t) = U(t) — By [U(t)} and also

Fp(“) = mUip

d

dt
Definition 8 (Covariant derivative in *T'E (M)). Let F be a vector field of class C' of the pretangent
bundle *TE (M), and let G be a continuous vector field in the tangent bundle TE (M). The covariant
derivative is the vector field Do F of *TE (M) defined at each q € € (M) by

Fp(U(#) = dE,(U)[u(t)] = dF,(u(t)) U, Dp(t)] € * B,

(DaF)(q) = dFy(u)l,_o [w], w=G(q)

In the definition above the covariant derivative is computed in the mobile frame because its value at
q is computed using the expression in the chart centered at ¢. In a fixed frame centered at p we write

sp(q) = w so that e, (u) = e,(u — E, [u] + w), and compare the two expressions of F' as follows.

Fy(u) = ngq(u)Foeq<u>

= ngq w mUzp(”*E” [u] +w) mUip(u—Ep [U]er)F oep(u—E,[u] +w)

= "U; mUegp(u—Ep[un)F o ep(u — E,p [u] + w)

= "UlF,(u—E, [u] +w).
Derivation in the direction v € B, gives
dFy(u)[v] = "UdF,(u — By [u] + w)[v — E, [0]],

hence dFy(u) = "ULdF,(*UPu + w) °UP and at u = 0, we have dF,(0) = "UldF,(w) “UL. It follows
that the covariant derivative in the fixed frame at p is

(DaF)(q) = "UpdF,(sp(q)) “UgG(q).
The tangent and pretangent bundle can be coupled to produce the vector bundle of order 2 defined by
(“T x T)E (M) = {(p,v,w)lp € € (M) ,v € Byyw € *B,}

with charts
(g, v,w) = (sp(q), “Upv, "Uhw)
and the duality coupling:
(q,v,w) <°U§’v,mU§’w>q

Proposition 5 (Covariant derivative of the duality coupling). Let F' be a vector field of *T'E (M), and let
G, X be vector fields of TE (M), F,G of class C' and X continuous.

Dx (F,G) = (DxF,G) + (F, DxG)
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Proof. Consider the real function £ > ¢ — (F,G) (¢) = E, [F(¢)G(¢)] in the chart centered at any
pe&(M):

Sp 2 u = Beyu) [Fep(u))Glep(u))] =
E, [m b Foey(u) U

ep(u) ep(u

G o eyfu)] = By [Fy(u)Gy(u)]

and compute its derivative at 0 in the direction X (p). [

We refer to [18,19] for further details on the geometric structure, namely the Hilbert bundle, the
tangent mapping of an homeomorphism, the Riemannian Hessian. We now turn to a basic example.

3.2. Kullback-Leibler Divergence

The Kullback-Leibler divergence [29] on the exponential manifold £ is the mapping

D (02 <& x £+ Do) =B |log ()]
2

Notice that, if g; = e" Ka® . g, € £(q)), u € S,,, then K, (u) = E,, [log (¢1/q2)] is the expression
in the chart centered at ¢; of the marginal Kullback-Leibler divergence ¢ — D (¢ ||g2). Therefore, the
Kullback-Leibler divergence is non-negative valued and zero if and only if ¢, = ¢; because of Item (4)
in Theorem 2. Its expression in the chart centered at a generic p € & is

Dp : (Ul, U2) S Sp X Sp — Kp(UQ) — Kp(ul) — de<U1)[U2 — ul] s

which is the Bregman divergence [30] of the convex function K, : S, — R.

It follows from Item (4) in Proposition 2 that it is C'*° jointly in both variables and, moreover,
analytic with

Dyl uz) = 32— Kyl — )], Jhr — g, < 1
= ’

This regularity result is to be compared with what is available when the restriction, ¢; — g2, 1s removed,
i.e., the semi-continuity [31, Section 9.4].

The partial derivative of D,, in the first variable, that is the derivative of u; +— D,(us, us), in the

direction v € B, is

d(uy — D, (uy,ua))[v] = —d* K, (u1)[ug — uy,v] = — Cov,, (log ?,v) :
1

with ¢ = ey(u;), i = 1,2. If v = *UL w, we have — Cov,, (log g—f,v) = Cov,, (log Z—;, w), so that
we can compute both the covariant derivative of the partial functional ¢ — D (¢ ||¢2) and its gradient as

Dula > D(qle) = Cov, (g L0 ) =, | (10w L - D (glla) ) ]

V(g D(qllg)) = log% —D(qllg2) -
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The negative gradient flow is

2 1og ? — g ? +D (g(t) [la2).

As 4 (et log %) = e'D (q(t) ||q2), for each ¢ the random variable

: ﬁ—omzeto a(t) &e*t —=etlo g
e log Q2 log Qo 1 g( 0 (q(0)> ) log (CI(t)q(O)et)

is constant, so that ¢(£) o ¢(0)* '¢i=® . It is the exponential arc of ¢(0) — ¢, in an exponential

time scale.
The partial derivative of D, in the second variable, that is the derivative of uy — D, (uy, us), in the

direction v € B, is
d(ug = Dp(uy, ug))v = dKp(uz)[v] — dKp(ur)[v] = Eqy, [v] — Eg, [v]

with ¢ = e,(u;), i = 1,2. If v = “UP w, we have Ey, [v] — E, [v] = E,, [w] — E,, [w], so that we can

compute both the covariant derivative of the partial functional ¢ — D (¢; ||q) and its gradient as

Du(g = D (@ 10)) = Ey [u] — By, [u] = E, [(1 - %) w} |
V(gD (g Hq))zl—%.

The negative gradient flow is

@__(1_ Q1>ZQ1—Q(?5)

q(t) q(t) q(t)

whose solution starting at gq is ¢(t) = ¢1+(qo—g1)e . It is a mixture model in an exponential time scale.
4. Gaussian Space

In this Section the sample space is R", M denotes the standard n-dimensional Gaussian density (we
denoted it M because of James Clerk Maxwell (1831-1879))

1 2
M(z) = 7z XD (—%) : r e R" 3)

and & is the exponential manifold containing M. We recall that the Orlicz space L°*"~! (M) is defined
with the Young function ® := z — coshxz — 1. The following propositions depend on the specific
properties of the Gaussian density M. They do not hold in general.

Proposition 6.
1. The Orlicz space L**"~* (M) contains all polynomials with degree up to 2.

2. The Orlicz space L'* =V~ (M) contains all polynomials.
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Proof. 1. If f is a polynomial of degree d < 2 then

1 1 2
/ @M (z) do = (2#)”/2/R el @ =2kl gy

and the latter is finite for all « such that aw Hess f — [ is negative definite.

2. The result comes from the fact that all polynomials belong to L?*(M) and one has L*(M) C
L(coshfl)* (M) ]

4.1. Boltzmann—Gibbs Entropy

While the Kullback-Leibler divergence D (¢ ||¢2) of Section 3.2 is defined and finite if the densities
¢1 and go belong to the same exponential manifold, the Boltzmann—Gibbs entropy (BG-entropy in
the sequel)

H(q) = —E, [log (¢)]

could be either non defined or infinite, precisely —oo, everywhere on some exponential manifolds, or

finite everywhere on other exponential manifolds.

Proposition 7. Assume p — q, Then:
1. Foreacha > 1,logp € L*(p) if, and only if, log g € L*(q).
2. logp € LM =1 (p) if. and only if, log g € L>" 1 (q).

Proof. If p, ¢ belong to the same exponential manifold, we can write ¢ = ¢*~%»() . p and, from Item (4)
in Theorem 2, we obtain log g — logp = u — K,(u) € LM~ (p) = Lh =1 (¢), so that log g € L%(q)
if, and only if, logp € L%(p), a > 1, and log g € L1 (q) if, and only if, logp € L1 (p). [

In order to obtain a smooth function, we study the BG-entropy H (¢) on all manifolds &, such that for
at least one, and, hence for all, p € &£, it holds log (p) € L¢*"~1 (p). In such an exponential manifold we
can write

D (qllp) = —H(q) — Eq [logp] ,
so that H(q) < —E, [log p].

For example, it is the case when the reference measure is finite and p is constant. Another notable
example is the Gaussian case, where the sample space is R” endowed with the Lebesgue measure and
p(x) o< exp—%. In such case [ cosh(a|z|?)exp (—|z]?/2) dz < +00if 0 < a < 1/2.

We investigate here the main properties of the BG-entropy in this context. First, one has

Proposition 8. The BG-entropy is a smooth real function on the exponential manifold £. Namely, if
p € & then
H, :ueS,— Hoey(u)

is a C'*° real function. Moreover, its derivative in the direction v equals
dH,(u)[v] = — Cov, (u +logp,v) ,

where q = e,(u).
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Proof. As —logq = —u+ K,(u) —logp = —(u+logp+ H(p)) + K,(u) + H(p) € L~ (p), with
—(u+logp+ H(p)) € B,, the representation of the BG-entropy in the chart centered at p is
Hy(u) = H o c,(u)
= —Ee, () [u+logp + H(p)] + Kp(u) + H(p)
= —dKy(u) [u +logp + H(p))] + Ky(u) + H(p)
= (Kp(u) — duKp(u)) — dEp(u)[logp + H(p)] + H(p),

hence, u — H,(u) is a C* real function. Notice that K,(u) — d,K,(u) < 0, hence H(q) < E, [log p),
as we already know. The derivative of H,, in the direction v equals

dH,(u)[v] = —d*Ky(u)[(u +logp + H(p)), v] + du Kp(u) = — Covg (u +logp, v) .
O]
Notice that, for u = 0 and ¢ = e, (u), we have E, [v] = E, [v] = 0, hence
dH,(0)[v] = — Cov, (logp,v) = —E, [log (p) v] .

Proposition 9. The gradient field VH over £ can be identified, at each p, with random variable
VH(p) € B, C "B,
VH(p) = —(log (p) + H(p))-

Proof. The covariant derivative Do H at p € £ with respect to the vector field G defined on £ with
G(p) € Byandp € € is

D¢H(p) = —E, [log (p) G(p)] = — (log (p) + H(p), G(p)), -

The gradient field VH over &, is then defined by DgH(p) = (VH(p),G(p)),- This justifies the
identification with the random variable VH (p) = —(log (p) + H(p)) € B, C "B,. O

Remark 3. The equation VH(p) = 0 implies logp = —H(p), hence p has to be constant and this
requires it is the finite reference measure [i.

We refer to [19] for more details on the BG-entropy and in particular on the evolution of H on C*!
curve in € of the type [ > t — f;.

5. Boltzmann Equation

We consider a space-homogeneous Boltzmann operator as it is defined, for example, in [5] and [32].
We retell the basic story in order to introduce our notations and the IG background. Orlicz spaces as
a setting for Boltzmann’s equation have been recently proposed by [33], while the use of exponential
statistical manifolds has been suggested in [18, Example 11] and sketched in [19, Section 4.4]. We
start with an improvement of the latter, a few repetitions being justified by consistency between this

presentation and [32, Sections 1.3, 4.5-6], compare also Proposition 10 below.
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Figure 1. Elastic collision for two opposite o’s corresponding to the two labeling of the
velocities after collision. Velocities v and w are before collision, v and w, after collision.
The unit vectors are Kk = v/—\w, o = TJ/—\@, w = v/—\ﬁ — % — 0. The red dotted line
represents the space generated by +w.The angles are given by cos ¢ = k- w, ¢ € [0, 7]. As

w - (0 + k) = 0, the angles are related by ¢ = (7 — ¢) /2.
5.1. Collision Kinematics

We review our notations, see our Figure 1, ¢f. [32, Figure 1]. We denote by v,w € R3 the
velocities before collision, while the velocities after collision are denoted by o, w € R3. The quadruple
(v,w,v,w) € (R?)%, is assumed to satisfy the conservation laws

Fl(U
FQ(U

LW, T, W) =v+w— (0+w) =0, 4)
, W, U, w) = |U‘2 + |w|2 - (|5|2 + |@|2) =0, (5)
which define an algebraic variety M that we expect to have dimension 12 — (3 + 1) = 8. The Jacobian
matrix of the four defining Equations (4) and (5) is

U1 V2 U3 wy Wa w3 U1 V2 U3 wq W2 w3
4, | 1 0 0 1 0 0 —1 0 0 —1 0 0
4y | O 1 0 0 1 0 0 -1 0 0 —1 0 ©)
“s | 0 0 1 0 0 1 0 0 —1 0 0 —1

(5) 21)1 2’02 2U3 2’(1)1 2w2 211)3 —2@1 —2@2 —2@3 —2@1 —2@2 —2@3

The Jacobian matrix in Equation (6) has in general position full rank, and rank 3 if v = w = v = w. We

denote by M., the 8 dimensional manifold M \ {v = w =¥ = w}. In the sequel, for v # w, we set

— v —w

V—w =

o —w|’

From (4) and (5) it follows the conservation of both the scalar product, v - w = v - w and of the norm

of the difference, |v — w| = |[v — |, so that all the vectors of the quadruple lie on a circle with center
z = (v+w)/2 = (04 w)/2 and are the four vertexes of a rectangle. If v = w then ¥ = w, and also
v = w = T = w as the circle collapse to one point, hence we have M, = M\ {v =w} = M\ {v = w}.

There are various explicit and interesting parametrizations of M, available.
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An elementary parametrization consists of any algebraic solution of Equations (4) and (5) with respect
to any of the free 8 coordinates. Other parametrizations are used in the literature, see classical references
on the Boltzmann equation, e.g., [5].

A first parametrization is
(u,0,0) € (R® x R?), x S? <u,v,AU(u,v)> e M, C (R®)H 7

where S? = {¢ € R3| || = 1} and the collision transformation A,: (v, w) — (v, w) = (v,, w,) is:

Cvtw v —wl

- o
Ay 2 2 ®)
v+w v —w|
Wy = - o
2 2

Viceversa, on M, the collision transformation depends on the unit vector ¢ = v—w € S?, while the
other terms depend on the collision invariants, as [v — w|* = 2(|v|*> + |w|?) — |v + w|*. In conclusion,
the transformation in Equation (7) is 1-to-1 from (R?® x R?), x S? to M,, where (R® x R?), =
{(u,v) € R? x R3|v # w}.

A second parametrization of M, is obtained using the common space of two parallel sides of the
velocity’s rectangle, Span (v — ) = Span (W — w), so that v — 7 = w — w = [I(v — w), where II is the
orthogonal projection on the subspace. Vice versa, given any 11 in the set [1(1) of projections of rank 1,
the mapping

(I-1) I

A= g

)

vp=v—1I(v—w)=(I—1I)v+Hw
’ w =w+ v —w)=Tv+ (I — Mw

The components in the direction of the image of IT are exchanged, I1vy; = IIw and [Twy = Ilv, while the
orthogonal components are conserved. If w is any of the two unit vectors such that IT = w®w’, the matrix
A = A, does not depend on the direction of w € S?. Notice that A; = Ay and AgAj; = I, that is
Ap is an orthogonal symmetric matrix. This parametrization uses the set I1(1) of projection matrices of
rank 1,

(R? x R®), x II(1) 3 (u,v,1I) = (u,v, Ag(u,v)) € M, € (R*)*. (10)

The o-parametrization (7) and the II-parametrization (10) are related as follows. Given the unit vector
K= m, the parameters II and o in Equations (9) and (8) are in 1-to-1 relation as

—

c=I—-2k, N=k-—0®Fr—o0. (11)

The transition map from the parametrization (7) to the parametrization (10) is

—_—
—

(v,w,0) = (v,w, (V—w—0)R (V—w —0),

while the inverse transition is

(v, w, 1) — (v, w, (I —2I)v — w).
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5.2. Uniform Probabilities on S* and on T1(1)

Let ;. be the uniform probability on S?, computed, for example, in polar coordinates by

1 T 2
f(o) p(do) = yym / sin dgp/ f(sinpcos @ uy + sin @ sin 0 uy + cos ¢ ugz)do, (12)
s2 T Jo 0

where 1y, uy, uz is any orthonormal basis of R? that is U = [ujusus] € SO(3). In such a way, U: S*
S? and the right hand side of Equation (12) does not depend on U.
As the mapping w € S? — Il = w ® w € II(1) is a 2-covering, we define the image v of y by the

equation

II) v(dIl) = wRw) pu(dw) =2 w®w) p(dw), 13
[, s = [ gweouag =2 [ gweow pw (13)

where k € S? is any unit vector used to split S* in two parts, {o|x-o > 0} and {o|x -0 < 0}.
Equation (13) defines a probability v on I1(1) such that we have the invariance

/ G(UTIU") w(dIT) = / o(TT) du(T), U € SO(3).
I1(1) 11(1)

Let us compute the image 7,1 of the uniform measure ;o under the action of the transformation
T.:0—w= k —o. Ifin Equation (12) we take u3 = K, that is an orthonormal basis (u1, us, k), then,
for ¢, 0 such that o = sin ¢ cos 6 1y + sin ¢ sin 6 uy 4 cos ¢ k and ¢ = (1 — ¢)/2 (see Figure 1) we have

cos 6 uy +smgbsm9 Ug +COS¢I€

in ¢
= sin (7T ; ¢> cos @ uy + sin (%) sin 6 uy + cos (W ; ¢) K
(?) cos 0 uy + cos (%) sin 6 uy + sin (g) K (14)

and for all integrable f: R® — R one has

[t T = [ 1 (7=7) o)

= —/ sin ¢ d(b/ do f (Cos (¢) cos 0 u; + cos (g) sin 0 ug + sin (g) /@)

2
28111 (20) dqb/ df f (cos ¢ cos @ uy + cos @sin @ us + sin ¢ k)

47r
w/2
= i 4 cos ¢ sin(¢) dgb/ df f (cos ¢ cos 6 uy + cos ¢sin @ uy + sin ¢ k)
0
N / (W) 4(r - w) p(dw), (15)
{0eS?|k-w>0}

compare [32, Section 4.5].

In particular, for a symmetric function, f(w) = f(—w), we have

1) Tildo) = [ FF=0) ulder) = | f60) 2]kl o) (16)
S2 S2

SQ
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It follows, for each integrable g: II(1) — R, that

[ oF=9) 0 G0 utdo) = [ glwow)2lx-ul aldo) (a7)
s2 s2
Notice that if we integrate Equation (15) with respect to x we obtain
J[ 563 wtdorutan) = | f0) utdo). (18)
S2xS? s2
because )
/ K- o p(de) = —. (19)
{k€S?|k-020} 4

5.3. Conditioning on the Collision Invariants

Given a function g: R3 x R?, Equation (8) shows that the function

g: (u,v) — . 9V, w,) p(do) = /82 g (/L,(v,w)) w(do) (20)

depends on the collision invariants only. This, in turn, implies that g is the conditional expectation
of g with respect of the collision invariants under any probability distribution on R? x R? such that the
collision invariants and the unit vector of o are independent, the unit vector o being uniformly distributed.
See below a more precise statement in the case of the Gaussian distribution.

On the sample space (R3, dv), let M be the standard normal density defined in (3) (the Maxwell
density). As, for all IT € II(1), AgA = AnAnp = I, in particular |det A| = 1, we have for each
(V,W) ~ M ® M, (i.e., V,W are i.i.d. with distribution M) that

An(V, W) = (Vo, Wo,) ~ (V). 2D
Under the same distributions, the random variables V\%W, ‘VJEW‘, V/—\W, are independent, with
distributions given by
W N0 1), wNXQ(?))» V=W ~p, (22)
respectively. Hence, given any S ~ p such that V\%W, |V\_@W| , S, are independent, we get
As(V, W) ~ (V, V) . (23)

This equality of distribution generalizes the equality of random variables Am(v, W) = (V,IW). We
state the results obtained above as follows.

The image distribution of M ® M ® U induced on (R3)* by the parametrization in Equation (7) is
supported by the manifold M.,. Such a distribution has the property that the projections on both the first
two and the last two components are M & M. The joint distribution is not Gaussian; in fact the support
M., is not a linear subspace. We will call this distribution the normal collision distribution.

The second parametrization in Equation (9) shows that the variety M contains the bundle of
linear spaces

(v,w) — (v,w, (I —I)v + Hw, v + (I —Mw), =ell(l).
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The distribution of
M3 (,w,b,0)—T=0—-0®0—0€I(1) (24)

under the normal collision distribution is obtained from Equation (11). In fact II is the projector on the
subspace generated by k — o where (v,w,0) — Kk = v—wis uniformly distributed and independent
from o. Hence, Equation (18) shows that (v, w, o) K — o is uniformly distributed on S? so that the
distribution in Equation (24) is the v measure defined in Equation (13). Conditionally to II, the normal

collision distribution is Gaussian with covariance

I 0 I-11 II

0 1 I I1-1I
-1 II I 0

I I1-1II 0 I

We can give the previous remarks a more probabilistic form as follows.

Proposition 10 (Conditioning). Let M be the density of the standard normal N(03, I3) and g: R3>xR3 —
R be an integrable function. It holds the following

1 If(V,W) ~ M ® M and 11 € T1(1), then

E (g(V.W)|V+ W, [V + W) = E (g (Aa(V, W) |V + W, [V[* + |W]?)
2. If (V,W) ~ M @ M, then

[ (Aatv.am) o) =B (oVaW)|V + WV + ).

3. If(V,W) ~ M ® M, then

2 /S g (An(V, W) )H (v/—\w> ) v(dM) = E (g(V,W)|V + W, [V + W) .
4. Assume (V,W) ~ F, F € & (M ® M), with F(v,w) = f(v, w)M(v)M(w). Then

( SQfoAgu(d0)> MeoMcEMe M),

and

Efen (9(V. W)V + W, [V + W)

Jir 9 (A (VW) £ (Ao (V. W) p(do)
Joo £ (Ao (V. W) n(do)

Jiz 9 (An(V, W) f (An(V, W) |1 (V=) | w(am)
Jeo £ (An(V, W) |11 (V=T) | w(am)




Entropy 2015, 17 4341

Proof.

1. Weuse V 4+ W = Vig+ Wi, [V + W[ = |Val|* + |Wul|? (V, W) ~ (Vir, Wr). For all bounded
hi: R?> - Rand hy: R — R, we have
E (E (g (An(V,W)|[V + W, V> + [W|?) b (V + W)ha(|V[* + [W]?))
9(Vir, Win)ha(V + W)hao([V P + |W| ))
9(Vio, W)y (Vir + Wi ho(|Vio|? + [W| ))
g(V, W)k (V + W)hso([V]* + W)
E (g(V,W)|V + W, |[V]> + |W[*) ha(V + W)hao(V ] + W) .

E(
(
(
(

E
= E
E

2. For a generic integrable h: R3 x R?® — R we have

E (h(V,W))
_ E(h(v“;w+‘v_zw|1//—\14/,v;w |V2W’V W))

— /SQIE(}L (VJ;W+ |V—2W|U’Vq;W B |V—2W|0>) o
- /SZE(MAU(V’ W) wldo).,

because V — W ~ p, and (V + W), |V — W], V — W are independent.

The random variable

N V+W V-w V+W V-W
/gquWMM®=/9< LAy L %)mw
S2 S2

is a function of the collision invariants, ie., it is of the form §(V + W, |V|* + |W|?). For all
bounded h;: R® — R and hy: R — R, we apply the previous computation to h = ghyhs to get

(oo Aavaw) utae) ) (v + Wona(IvE + (W)
= [ B (50 AV £ WiV + W) ()
_ /S E (g0 AV, W)ha(Vy + Wo)ha(|Vo [ + W, [?)) p(do)

= E(g(V.W)hi(V + W)ha([V]* + [W[*)) .

o —

3. We use Item 2 and the equality A, (v, w) = Ap(v,w) whenIl =k —0 ® k —o and k = v — w
to write

9 (Acmiv_ s (V:W)) ldo) = B VW[V + WV + 1)

where, for given vectors u, v € R3, u, v # 0 we simply denote © ® v = 4 ® 7. From Equation (17),
the left-end-side can be rewritten as an integral with respect to w € S?,

[ 9 CeastVan 2|V o ) = | g (Ao (V) ntdo) .

S2 S2
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If IT = w ® w, then |k -w| = |w® wk| = |IIk|. Using that together with the definition of the
measure v on II(1) in Equation (13), we have the result:

[ (A V) 2|7 ] )
— /S g (Apow(V, V) 2 ’(w ® w)m/‘ f1(dw)

_ Q/H(I)g(AH(V, W) ‘H(V/—\VV)) V(dIl).

4. We use Theorem 2. If F' € £ (M ® M), then
F=eV~KuenWpr o M, U € Syem,
and there exists a neighborhood I of [0, 1], where the one dimensional exponential family
F, = U-EKotMp e Nt e,
exists. The random variable
f= /SQ f oAy u(do) (25)

is a positive probability density with respect to M & M because it is the conditional expectation
in M ® M of the positive density f.

In order to show that E ;e [( f )t} < +oo for t € 1, it is enough to consider the convex cases,

t < 0andt > 1, because otherwise E ;4as [(f)t] < 1. We have

; fo AU [L(dO') _ /S2 eUOAU—KM®M(U) ,u(da) ,

so that in the convex cases:

Eyronm (/S foA, ,u(da))t]

t
= Euswm (/ eUoAs—Kuem(U) ,u(da))]
SQ

< EM@M /S2 etUo/L;—tKM@M(U) ,u(dcr)}

= Euyeum [etU—tKM@)M(U)]

= Fwent)tKuon) < oo e\ 0,1].

To conclude, use Bayes’ formula for conditional expectation,

E Af|B

to the expressions of conditional expectation in Item 2 and Item 3 above.
[]
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Remark 4. In the last Item, we compute a conditional expectation of a density f, that is
E(f(V. W)V + W VP + W) = fJ(V+ W VP + [W]).
The random variable f : R? x R, — R is the density of the image of I dvdw with respect to the image
of M (v)M (w) dvdw.
5.4. Interactions

We introduce here the crucial role played by microscopic interaction in the definition of the Boltzmann
collision operator. In the physics literature, such interaction are referred to as the kinetic collision kernel
and takes into account the intermolecular forces suffered by particles during a collision [5]. Before
defining formally what we mean by interaction, we first observe that, if M is the Maxwell density on R?
and f, g — M then

fRg— MM

where M ® M is the standard normal density on R® and f ® g is a density on R®. Indeed, one has

f(v) = "= EKu@ 1), U eS8y,
g(w) = ev(w)_KM(V)M(w), VedSy.

It follows that the product density has the form
f(v)g(w) = 7OV IEMOENTIN () M(w), UGV € Sy ® Sy C Swsn
which implies f ® g — M ® M, with Kyon (U & V) = Ky (U) + Ky (V).

Definition 9. With the previous notations, we say that b: R* x R® — R is an interaction on £ (M) @
E (M), ifEtgy [b] < 400, so that

b(v,w)
Eteqg (0]

f®g: (v,w) eR* xR f(v)g(w)

Ef@y [b]

is a density.

Sometimes, we make the abuse of notation by writing Ey, 5, [-], where the obvious normalization is
not written down. As can been seen, here interactions indicate only a class of suitable weight functions
b for which b(v, w) f(v)g(w) is still (up to normalization) a density. This is in accordance with the usual
role played by the kinetic collision kernel (see [5]).

According to the Portmanteau Theorem 2, it holds =2 - f ® g — M ® M if and only if =2

Efgglt] Efgqlb]
f ® g — f® g, which, in turn, is equivalent to E g, [0' "], Ep.pe, [0~ €] < oo for some € > 0.

Proposition 11. Let b: R? x R?® — R* be such that for some real A € R and positive B,C,\ € R,
it holds
Clu—v]* <blu,v) <A+ Blu—uv]* .

Then the b is an interaction on € (M) x € (M) and for all f, g — M the following holds.
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I gty f®g—MaM,

2. Assume moreover that the interaction b is a function of the invariants only
b(v,w) = b(v +w, [v|* + |w*) .
It follows
Bavoar (b 1 @5V + WV + WP) =b(V.I0) [ Fog0 A (V.W) i)
and moreover a sufficiency relation holds, i.e., for all integrable F': R® x R? — R, it holds

Eppog (F(V, )|V + W, [V + W) = Epey (F(V, )|V + W, |[V]*+ [W[) .

Proof. 1. We can assume E;q, [0] = 1. As b(u,v) < A+ Blu—v|* < A+ 2B|(u,v)|*, we have
be L*(M @ M) = L*(f ® g), and hence b € L'**(f @ g) for all ¢ > 0. For the second inequality we
use the Hardy-Littlewood-Sobolev inequality [34, Theorem 4.3]. We have

Ep.poq 0717 = //fuv dudv < C~ //yu—vy

If 5+ + 4 = 2, by the H-L-S inequality the last integral is bounded by a constant times || f|,, |9/ -
From f,g — M we get that ||f||,[[g]|; is finite for o, 3 in a right neighborhood of 1. There exists

(2 - = = B) > () satisfying all conditions.
2. Itisa spec1al case of the Conditioning Theorem 10. [

Let us discuss the differentiability of the operations we have just introduced.
Proposition 12.

1. The product mapping £ (M) > f — [ ® [ is a differentiable map into £ (M @ M) with tangent
mapping given for any vector field X € TE (M) by

ng<M) BXfP%Xf@Xf ETf@fg(M®M) .
2. Let b be an interaction on € (M) @ € (M ). If the mapping

b
P B

is defined on € (M) with values in £ (M ® M), then it is differentiable with tangent mapping given
for all vector field X € TE (M) by

Xp= Xy © Xy = Eppap [X; @ X]
Proof. 1. We have already proved that f — M implies f ® f — M ® M and that the mapping in
the charts centered at M and M ® M respectively is represented as Spy 5 U — U + U € Syou-

The differential of the linear map is again T E (M) 5V — V ®V € Tyem& (M @ M). The

transport commutes with the & operation,
Ui, (Ve v) = (Uv)e (U]v)

and the result follows.
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2. Let U be the coordinate of f at M. By assumption, we have

Lf@f MM

Ejo [0 " Eewm [0]

and ,
ot L@ Eunen[b]

b MaM  Epylb]

Enrgn [b]

exp (U@ U — 2Ky (U)) |

so that the coordinate of m - f ® f in the chart centered at m - M ® M is
UaU—Epueu U U] =U2MUU).
The expression if linear and so is the expression of the tangent map
Vi VeV -—Euugu[VOV].

In conclusion, for each vector field X of T€ (M), at f we have V = Uy X;and V @V =
U™ (X @ Xy), hence the action on TE (M) is as stated.
[

Assume f ~— M and let b be an interaction on f ® f which depends on the invariants only and such
thatb- f ® f — M @ M. For each random variable g € LM ~1(M) = L ~1(f), defineg = 5 g ® g,
which belongs to L2 (M @ M) = L ~1(f ® f). Define the operator

A- Lcoshfl(M) N Lcoshfl<M®M) 7

by
Ag(ow) = [ 5 (Aolv.w)) nldo) ~5V.IV)

As constant random variables are in the kernel of the operator A, we assume E; [g] = 0.

5.5. Maxwell-Boltzmann and Boltzmann Operator

As explained by C. Villani [5, Section 1.2.3], Maxwell obtained a weak form of Boltzmann operator
before Boltzmann himself. We rephrase in geometric-probabilistic language such a Maxwell’s weak
form by expanding and rigorously proving what was hinted to in [19].

Letb: R? x R* — R™ be an interaction on £ (M) x £ (M) which depends on the invariants only and
suchthatb- f® f— M ® M if f — M, cf. Proposition 11. We shall call such a b a proper interaction.

For each random variable g € L =1 (M) = Lt ~1(f), define g = § g ® g by

(v, w) = 5 (9() + g(w))

which it is easily shown to belong to L'~} (M @ M) = L"~1(f ® f). The mapping g > g is a
version of the conditional expectation E s/ (g|S), where S is the o-algebra generated by symmetric
random variables.
We define the operator
A- Lcosh—l(M> N Lcosh—l(M ® M) 7
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by
Ag(o.w) = [ 7 (Aotw.w)) ulao) =5(V.17) .
which is a version of

Ag = Enen (Enver (91S)|1Z) — Enenr (91S) = Evenr (917) — Enven (91S)

where Z C & is the o-algebra generated by the collision invariants (v, w) — (v + w, [v]> + [w[?).

As constant random variables are in the kernel of the operator A, we assume E; [g] = 0. Analogously,
as the kernel of the operator contains all symmetric random variables, we could always assume that g is
anti-symmetric.

The nonlinear operator f — K, o ¢ [Ag] is the Maxwell’s weak form of the Boltzmann operator, g
being a test function.

Proposition 13. Given a proper interaction b and a density f € € (M), the linear map
LMY (M) 3 g = By pey [Ag)
is continuous.

1. It can be represented in the duality L(°*" =D+ (f) x L' =1(f) by

Ey o1 [Ag] = Eneum [b (EM®M (% ® %‘I> - % ® %) 9}
=(Q(N)/f.9);
where () is the Boltzmann operator with interaction b,
anw = [ [ (re1 (Adew) = F0)5(w)) bo.w) pido) dw

2. Especially, if f = eV~ KmU) M and we take g = log (%), then

Buros [Alox (£ )| = @un/non,

Proof. The continuity follows from the Portmanteau theorem and the continuity of the conditional
expectation. Item 1 follows from the projection properties of the conditional expectation and from
general properties of Orlicz spaces. Item 2 is a special case of the previous one. [

It follows from the previous theorem and from the discussion in [19, Proposition 10] that f — Q(f)/f
is a vector field in the cotangent bundle *7°€ (M) and its flow

D, _Ji_ Q)
=22
dt fi fi
is equivalent to the standard Boltzmann equation f, = Q(t). We do not discuss in this paper the

implications of that presentation of the Boltzmann equation to the existence properties. We turn our

attention to the comparison of the Boltzmann field to the gradient field of the entropy.
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5.6. Entropy Generation

If t — p(t) is a curve in € (M), the entropy of p(t) is defined for all ¢ and the variation of the entropy

along the curve is computed as

%H(pt) = —/%(p(v;t) log p(v;t)) dv

= — / (logp(v;t) — 1) %p(v;t) dv

d
= —/logp(v;t)ap(v;t) dv .

In our setup, the computation takes the following form. Let ¢ — p; be a differentiable curve in £ (M)
with velocity ¢ — Dp; € *B,,. As the gradient VH is given at p by (VH)(p) = —(logp+ H(p)) € B,,

we have d
S Hp(t) = — (log p(t) + H(p(t)). Dp(1)) ) -

In particular, if Dp(t) = p(v;t)/p(v;t) we recover the previous computation:

() = — [ Qogp(t) + 1) 2D sy

dt p(v;t)
= —/lo (v't)i (v;t) dv
- gDP\Y; dtp ’ .

Assume now that (p, t) — ~(¢; p) is the flow of a vector field F': £ (M) — *T'E (M). Then

SH(1:9) = — Qog(t:) + H(E ), DYE D)y
= —(logv(t;p) + H(v(t;0)): F(v(2))) (1) -

that is, for each p € £ (M), the entropy production at p along the vector field F is
(VrH)(p) = —(logp+ H(p), F(p)),

=~ [ (o p(e) + H() Fo.p) pla)ds

= —/logp(v)F(v,p) p(v)dv .

In particular, if the vector field F is the Boltzmann vector field, F'(f) = Q(f)/f, we have that for each
f € € (M) the Boltzmann’s entropy production is

72(f) = (Vo rH)(S)
= —(log f+H(f),Q(f)/f);

= —Eyjgr[Alog f]
1

= —5Eiser [A(log f ©log f)] |

where
(log f ©log f) (v,w) = log f(v) — log f(w) = log J{((Z))) :

We recover a well-known formula for the entropy production of the Boltzmann operator [5]. We now

proceed to compute the covariant derivative of the entropy production.
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Proposition 14. Let X be a vector field of TE (M) and let F be a vector field of *TE (M).

1. The Hessian of the entropy (in the exponential connection) is

DxVH(f) = -X.

2. The covariant derivative of the entropy production along F' is

Proof. We note that the entropy production along a vector field F, ¥ = (VryH)(p) = (VH,F), is a
function of the duality coupling of TE (M) x *TE (M), so that we can apply Proposition 5 to compute
its covariant derivative along X as

Dx 9 = (DxVH,F)+ (VH,DxF).

The first term at p is
(DxVH, F)(p) = (DxVH(p), F(p))

.
Let us compute Dy V H(p), which is the Hessian of the entropy in the exponential connection. First, we
compute the expression of VH(q) = — (logq+ H(q)) € B,, ¢ € £ (M) in the chart centered at p. We
have

—logq=K,(U) —U —logp, U €S q=e(U),

and
H,(U) = —E, [log q] = K,,(U) — dK,(U)[U] + dK,(U)[VH (p)] + H(p)

so that
(VH) 0 e,(U) = =U + dK,(U)[U] + VH(p) — dK,(U)[VH (p)]

and, finally, the expression of V H in the chart centered at p is

(VH),(U) = U, 1y (VH) 0 e,(U) = VH(p) = U.
Note that this function is affine, and its derivative in the direction X (p) is d(VH),(U)[X (p)] = =X (p).
It follows that Dy VH = —X. 0O

The application of this computation to the Boltzmann field, ie., F(f) = Q(f)/f requires the
existence of the covariant derivative of the Boltzmann operator. We leave this discussion as a

research plan.
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6. Weighted Orlicz—Sobolev Model Space

We show in this section that the Information Geometry formalism described in Sections 2 and 3
is robust enough to allow to take into account differential operators (e.g., the classical Laplacian).
This yields naturally to the introduction of weighted Orlicz-Sobolev spaces. While the case
“without derivative” studied in Section 3 was well-suited for the study of the fine properties of the
Kullback-Leibler divergence, we illustrate in Section 6.3 our use of Orlicz—Sobolev spaces with the fine
study of the Hyvérinen divergence. This is a special type of divergence between densities that involves
an L2-distance between gradients of densities [35] which has multiple applications. In particular, it is
related with the so called Fisher information as it is defined for example in [32] (p. 49), which has
deep connections with Boltzmann equation, see [36]. However the name Fisher information should not
be used in a statistics context where it rather refers to the expression in coordinates of the metric of
statistical models considered as pseudo-Riemannian manifolds, e.g., [1].

We introduce the Orlicz—Sobolev spaces with weight M/, Maxwell density on R",

W (M) ={f € L (M)|0;f € L " (M),j=1,...,n}, (26)
Wiosh—1), (M) = {f € LD (M) 0 f € LMD (M) ,j =1,...,n}, (27)

where 0, is the derivative in the sense of distributions. They are both Banach spaces, see [23, Section 10].
(The classical Adams’s treatise [37, Chapter 8] has Orlicz—Sobolev spaces, but does not consider the case
of a weight. The product functions (u, ) — (cosh —1)(u)M (z) and (u,x) — (cosh —1).(u)M (z) are
¢-functions according the Musielak’s definition.) The norm on W2, (M) is

Hf”Wclosh—l(M) - ||f Lcoshfl(M) + Z ||ajf||Lcosll—l(M) 9 (28)
7j=1

and similarly for W(lcosh—l)* (M). One begins with a first technical result in order to relate such spaces
with statistical exponential families:

Proposition 15. Givenu € Syy "NWL, (M)and f € WL, (M), one has

feuiKM(U) € W(lcosh—l)* (M>

Proof. For simplicity, set G = e* v One knows from the Portmanteau Theorem 2 that G M €
£ (M) and therefore, there exists ¢ > 0 such that G € L'*¢(M). Let us prove that fG € L(h =D+ ()]
First of all, since L'*¢(M) C L=V (M) and f € L~ (M) one has fG € L*(M). Moreover,
for any x € R", according to classical Young’s inequality

L+ Lo 1.1
f(l‘)G(fv)<];\f($)| +q|G( ) vp>1, »tg ="

Since ®, is increasing and convex

1

2.(f(@)G(@) < (@) + @ (C)) xR

=
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Now, since f € L®(M), one has |f|P € L=V« (M) for all p > 1, i.e., .(|f|’) € L'(M) for all
p > 1.Choosing then 1 < ¢ < 1+conehas G¢ € L'a (M) C L{osh =D« (M) so that &, (G9) € L' (M).

This proves that ,(fG) € L'(M), i.e.,

fG c L(Cosh—l)* (M) )
In the same way, since f € W1 (M) one also has
GO;f € L= (M) Vi=1,...,n.

Moreover, u € WL (M) so that, forany j = 1,...,n, GOju € L"(M) for any r > 1 and therefore
P, (|Gojul’) € L*(M) for any p > 1. Repeating the above argument we get therefore

fGOu € Lot =D (M) Vi=1,...,n.

Since 9;(fG) = GO;f + GfO;u ae., one gets 9;(fG) € Lh=D+ (M) for any j = 1,...,n which
proves the result. []

Remark 5. As a particular case of the above Proposition, if u € Syy N WL, (M) then
v Km) ¢ W(lcosh,l)*(M) with Vet () — 7y eu=Ku(w),

The Orlicz-Sobolev spaces WL, (M) and W(lcosh—l)*(M ), as defined in Equations (26) and
(27) respectively, are instances of Gaussian spaces of random variables and they inherit from the
corresponding Orlicz spaces a duality form. In this duality the adjoint of the partial derivative has a
special form coming from the form of the weight M see, e.g., [38, Chapter V]. We have the following:

Proposition 16.
1. Let f € C°(R") and g € Wk, (M). Then
(f,0i9) v = (X5 = 0if, 9) (29)
where X is the mutliplication operator by the j-th coordinate x;.
2. Iff € W(lcoshfl)*(M), then X, f € L\h=V~ (M). More precisely, there exists C > 0 such that

1 X5 | pcosn - (ary < € HfHW<1CO (M) V€ Wicosh—1).(a)- (30)

sh—1)s
3. f € Wioan 1), (M) and g € Wy, (M), then (29) holds.
Proof. 1. As fM € C§°(R"), we have by definition of distributional derivative,
(f:059)0m = . f(@)059(x) M () dx
= [ g0, (M) ds

_ / (2, f(2) — 8, f(2)) M(z) dz
= (Xif = 0if. )y
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2. Let us observe first that, according to Holder’s inequality

Ea [1X1] < 210 oo+ 1]

ie, X;f € L'(M). Since ®, = (cosh—1), enjoys the so-called Ay-condition, to prove the
stronger result X;f € Lh=D« (M), it is enough to show that E; [®.(X;f)] < oo. First
of all, using the tensorization property of the Gaussian measure, ie., the fact that M (z) =

[(cosh —1) (M) < o0,

M;i(xq) ... Mi(x,) for any z = (z1,...,2,) € R™ where M stands for the one-dimensional
standard Gaussian, we claim that it is enough to prove the result for n = 1. Indeed, given
€ Wigan 1), (M)andz; € R (j =1,...,n),any x = (21,...,7,) € R" can be identified with
r = (zj,z) withz € R" ! and z; f(z) = z;F,(x;) where F,(y) = f(y,z) for any z € R*,
y € R. We also set M,,_1(xz) = M(z)/M(z;). Then, forae. z € R" 1, F, € Wcosh 1. (M)
with

M, (2)de / &.(F,(y))Mi (y)dy = / &.(f(x)) M(z)dz

n

Rn— 1
and

[ M@z [ M Fo)dy = [ M@ 05 do

Rn
where F” denotes the distributional derivative of /' = F(y). In particular, if there exists C' > 0
such that

/R‘P*(yF(y))Ml(y)dy < C/R(@*(F(y))+¢>*(F’(y)))M1<y)dy VE € Wieosn 1), (M1)
3D

we get the desired result.
ly]
Let us then prove (31) and fix F' € W(lcosh—l)* (M;). From &, (y) = / arsinh u du together with
0

the evenness of arsinh we obtain

IF(y)l [F(y)l
O, (yF(y)) = / ly| arsinh(|y| v) dv = / y arsinh(yv) dv.
0 0
Write for simplicity
IF(y)l
G(y) == / arsinh(yv) dv
0

one has

/R O, (yF (y)) M (y) dy = /R yMi(y)G(y) dy
_ / G(y)M(y) dy

- [ e

Now, the derivative of G exists because of the assumption F' € W/} (M) (that is, |F| €

W(lcoshq)*(Ml) and its derivative is given by the derivation of a composite function) and it is

(cosh —1)

computed as

d [E' ()]
G'(y) = arsinh(y |F'(y)]) - | F(y)| +

v
— v
dy 0 V1 + y??
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Using Young’s inequality with ® = cosh —1 and ®, = (cosh —1), we get

L+y? |F(y)] -1
Y2 '

&) < @ ((arsun(y 1P ) + 0. (1) ) +

All the terms in the right-hand side of the above inequality are integrable with respect to the
measure M;(y) dy over R. Indeed the first term is bounded as

® (arsinh(y [F(y)]) = /1 + 42 |F(y)[* < V2(1V [yF(y)|)

and y — yF(y) € LY(R, M,(y)dy). The second term is integrable by assumption. The only
concern is then the last term. For any r > 0,

1+ 2 |F(y)f -1
[ Ry < e < L [ e.eupn

y? r
while,
/ ( )\/ 1+ y?|F(y | — 1
M, ) / M1 /
lyl<r y? \/27r |y|

Now, splitting the integral into the two integrals for and ffr, one can use the one-dimensional
Hardy inequality in Orlicz—Sobolev space [39] to get that there exists C' > 0 such that
T F y T
/ %dy <C [ O.(F'(y)dy.

T

This achieves to prove (31).

3. Recall that (29) holds for any f € C$°(R") and any g € L°"~1 (M). Since ®, = (cosh —1),
enjoys the Ay-condition, it is a well-known fact that C§°(R") is dense in Wcosh 1y, (M) (for the

norm || - HW ). Therefore, approximating any f € Wcosh 1y, (M) by a sequence of

(cosh —1)4 (M)
C3°(R™) functions, we deduce the result from point 1.

]

Remark 6. In the second Item of the above Proposition, notice that a priori X,;f belongs to
Lcosh =1« (M) but not to chosh D). (M) j = 1,...,n. For this to be true, one would require that
Ouf € W(Cosh 1., (M) forany k =1,.

1 X5 [ peom—n-ary < 0+ Cs [| fllwy, Vf € Wieosn—1). (M).

osh — 1) (M)
6.1. Stein and Laplace Operators.

Following the language of [38, Chapter V], Item 3 of the above Proposition 16 can be reformulated
saying that
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where
5jf - Xjf - ij
This allows to define the Stein operator & on L(*P =D~ (M) as

n

.....

where the the domain Dom(é) of § is exactly W(lcosh—l)*<M ) according to point 2. of the above
Proposition. Notice that, since ®, enjoys the A,-condition, Dom(6) is dense in L=+ (M), One
deduces then easily that & is a closed and densely defined operator in L (" =1 (7[).

One sees that

n n

<fad1Vg>M = Z<f7ajgj>M = Z(djfagj>M = <6f7g>M

j=1 j=1

Vf S Wclosh—l(M); g = (gj)j:l 77777 n € (W(lcosh—l)*(M>)n (32)

where divg = Z?Zl 0,g; is the divergence of g. This allows to define the adjoint operator 6* as follows,
see [40]
6 : Dom(8%) C (L1 (M))" — L1 (M)

with
Dom(d*) =

{g = (gj)j=1,.n € (L1 (M))"

(3¢ > 0)(Yf € Dom(8)) [(g,6/)yy] < ¢l licom - an)}

and

One sees from (32) that

(Wlosh—l(M))n - Dom(é*) and 5*g =V g Vg € (Wlosh—l(M))n .

C ¢

n

Z (95:65.f) s

j=1

sc Hf”V* vf € W(lcoshfl)*(M)'

‘<gijjf>M| <2 ”ngLcoshfl(M) HXijL(cosh—l)*(M)
and one sees that there exists C' > 0 such that, forany j = 1,...,nand any [ € W(lcosh—l)* (M), it holds

€95, 051 ) ae] < C ISy, -
‘<ajgj’f>M’ < C ”fHV* Vf € W(lcosh—l)*(M>

Remark 7. Notice that, since ® = cosh —1 does not satisfies the As-condition, it is not clear
whether Dom(9*) is dense in (LCOSh*l (M ))n or not. However, from the general theory of adjoint
operators and since & is a closed densely defined operator in L\*" =V~ (M), the domain Dom(8*) is
dense in (LCOSh’1 (M ))n endowed with the weak-x topology. Moreover, 6* is a closed operator from
(Leosh =1 (M))" to LM =1 (M) (see [40, Chapter 2] for details).
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We also define the gradient operator
V : Dom(V) C LM (M) — (L (M))"

by
Dom(V) =Wy (M) and V= (9;f)j=1,.n € W 1(M).

cosh —1

One sees that, if f € Dom(V?), i.e., if f €€ WL, | (M)issuchthat Vf € (e WL, (M))", then
V f € Dom(6*) and

5*Vf:iafjf:Af.

corresponds to the Laplace operator.
From now, set W1, (M) as the dual space of Wcosn —1), (M):

*

Wc;slh—l(M) = (W(lcoshfl)*(M)) )

i.e., the set of all continuous linear forms continuous F' : W(lcoshq)* — Randlet (-,-) ,, denotes the
duality pairing:

<F7 u>—1,1 = F(U) Vu € W(lcosh—l)* (M) ) Fe Wc;slh—l(M)‘
For any f € Dom(V), let
Ly : g€ W(lcosh—l)*(M) — (Vf,09),, € R.

One easily checks that L is continuous and defines therefore an element of W}, | (M). Clearly, the
operator f € Dom(V) = WL, (M)~ L; € W_, (M) is also linear. Using the identification
A = §*V, we denote it by

A Wclosh71<M) — Wc;slh—l(M)
fr— Af:=Ly
defined as
<Af7 u>—1,1 = <Vf7 6U’>M ) f S Wcloshfl(M) , U € W(lcoshfl)*(M»

Notice that, with this definition, A f is an element of W', (M) whereas, from the above observation,
Af e L1 (M) . Also the domains of both operators are different. Of course, if f € Dom(V?) then
Af is actually an element of L°*"~! (M) and it coincides with A f, namely, in such a case

(Afiu) ;= (Afu)y Vu € W(lcosh—l)*(M)‘

Remark 8. Given f € WL, (M) andu € C5°(R") one has

n

<Af7 u>7171 = <Vf7 6U>M = Z <8jf7 5JU>M

j=1
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but, since ;u € W(lcosh—l)* (M), one can use (29) again to get

(Af,u) Z<f HONE

One readily computes, forany j = 1,...,n, 532~u = (x? — Du — 22;0;u + 8 U, so that
(Afuy = (f(XP=1)u—2X Vu+ Au),, Vu € Cg°(R™).
Remark 9. Since the constant function 1 € W(lcosh_l)* (M) one checks easily that

(Af, D), =X,V )y =Eu[X-V[] VfeW cosh—1 (M),

where we notice that X - Vf € Ll(M) for any f € Wclosh—1<M)' Actually, since X ¢
(W(lcosh_l)* (M)) one can use (29) again to get,

(X9 o = 34055 Py = D_ (@] = 1.1),,
(AL 1)y = (1XP = fy = | f@AM@)z Y € Wi (M),

Of course, if f € WLy (M) and V€ (WL, 1(M))" one actually gets Af = Af € L1 (M)
and
m[Af]=En[X - Vf].

For technical purposes, we finally state the following Lemma

Lemma 2. Given wy,ws € WL (M), ve Sy nWL, (M)and g = ey(v) one has
<AU}2, U)lev_KM(v)>_L1 = —Eg [le . VU)Q] + Eg [’UJl (X - VU) : ng] . (33)

Proof. For simplicity, set h = w;e’" %) One knows from Proposition 15 that h € W(ioshfl)*(M ) so
that, by definition
<A’w2, h>71,1 = (ng, (Sh)M

Moreover, one checks easily that

Sh=Xh—Vh=Xh-Vwe' K0 _ gy

so that

(Aws, h>71,1 = (Vwy, (X — Vu)h),, — <Vw27 leeU*KM(v)>M

which gives the result. [
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6.2. Exponential Family Based on Orlicz—Sobolev Spaces with Gaussian Weights
If we restrict the exponential family £ (M) to M-centered random variable W' (M), that is in

WMzwlosh,l(M)ﬂBM:{UeVVl (M)‘EM [U]:O} ,

¢ cosh —1

we obtain the following non parametric exponential family
E (M) = {" v MU € Wapg, _,(M)N Sy}

Because of the continuous embedding W, (M) — L ~1(M) the set WL, (M) N Sy is open
in Wy, and the cumulant functional Ky, : W (M) NSy — R is convex and differentiable.

In a similar way, we can define
*WM = W(lcoshfl)*(M> N *BM = {f < W(%:oshfl)* (M)‘EM [f] = O}

so that for each f € & (M) we have % — 1 € *Wy,, see Remark 5.
Every feature of the exponential manifold carries over to this case. In particular, we can define
the spaces

Wy = Wha (M) 1 Ba = {U € Wha ,(M)[E;[U] =0}, e & (M),

[¢ cosh —1

to be models for the tangent spaces of £; (M ). Note that the transport acts on these spaces
UG: WisU—U-E,[U €W,
so that we can define the tangent bundle to be
TE (M) ={(g,V)lg e & (M), V € Wy}

and take as charts the restrictions of the charts defined on 7€ (M).
As a first example of application, note that the gradient of the BG-entropy

VH(f) = —log f — H(f)

is a vector field on & (M), which implies the solvability in & (M) of the gradient flow equation. Our
concern here is to set up a framework for the study of evolution equation in & (M). Following sections

are devoted to discuss a special functional and its gradient.

6.3. Hyvdrinen Divergence
We begin with the following general properties of Wy, = {U € W, _,(M)|Ey [U] =0}

Proposition 17. Let f,.g € £ (M), with f = ey(u),g = ep(v), u,v € Wk, (M) N Sy. The
following hold

1. Ey [Vu] = Covyy (u, X).
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2. E,[X — V] = 0.
3. E, [Vu] = Cov, (u, X — V).
4. E,[Vu— Vuv] = Cov, (u —v, X — Vo).

Proof. In all the sequel, we set [/ = et~ Km(w) — % and G = e?~FKu () = - Recall from Proposition 15
that F, G € Wi,y (M).

1. One has Ey [Vu] = (1,0;u),, where 1 € W(lcosh—l)*(M ) is the constant function. Then,
from (29), Eps [Vu] = (61, u),, = Covys (u, X) since 61 = X.

2. As above, one has
E, [Vv] = /VveM(v)d:B = /VUGM dx

and, from Proposition 15, VvG = VG so that
E, [Vv] =EN [VG].
Recall that G € W, ). (M) and that VG = X G — 0G so that
E, [Vv] = (XG,1),, — (G, 1),,

where 1 € W., (M) is the constant function equal to 1. Applying again (29) we get
(6G,1),, =(G,V1),, =0and

E, [Vo] = (XG. 1), = E, [X].
3. Observe first that E, [Vu] = (G, Vu),,. Using again (29), since u € Wl (M) and G €
Wiosn 1. (M) we have
E, [Vu| = (0G,u),; = (XG — VG, u),,.

Since GM = g and VG = VuG (see Proposition 15) we get (XG — VG, u),, =
E, [(X — Vo) u| which gives the result.

4. Arguing as above one sees that E, [Vv] = E, [(X — V) v] and therefore the conclusion follows

from the previous item.
[]

Remark 10.

1. The equations in Proposition 17 could be written without reference to the score (chart) mapping
sy f — uwbywriting Vu = V log (%) = Vlog f + X to get
(a) Ep [Vog (£)] = Covar (log (&), X).
(b) E,[Vlogg| = 0.
(c) E, [V log (%)] = — Cov, (log (%) ,Vlogg).
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(d) E, [V log (5)] = — Cov, (log (%) , Vlog (%))
However, we feel that explicit reference to the chart clarifies the geometric picture.

2. The mapping [ +— V log f is a vector field in TE, (M) with flow given by the translations:

%logft = Vlog fi, f(z,t) = f(z+ 1t).

3. The KL-divergence (f,g) — D (f ||g) has expression (u,v) — dK p(v)[u—v]— Ky(u)+ Kp(v)
in the chart centered at M, with partial derivative with respect to v in the direction w given by
Cov, (u — v, w). If the direction is w = X — Vv = =V log g, we have that E, [V v — Vu] is the

derivative of the KL-divergence along the vector field of translations.
We introduce here the Hyvdirinen divergence between two elements of & (M):

Definition 10 (Hyvirinen divergence). For each f,g € £ (M) the Hyvérinen divergence is the quantity
DH (9f) = E, [|V log f — V1ogg|’] .
The expression in the chart centered at M is
DH s (v]|u) := DH (epr(v)]ens(w)) = Epr [|[Vu — Vol e'u—KIV](’U):| 7
where [ = epr(u), g = epnr(v).
Remark 11.

1. The mapping &, (M) > f +— Vlog f = [~V f is, in statistical terms, an estimating function
or a pivot, because E; [Vlog f| = 0, f € & (M). This means, it is a random variable whose

value is zero in the mean if f is correct. If g is correct, then the expected value is E, [V log f] =
(g was used

E, [V log (g)} = — Covy <log <§> , Vlog (%)) The second moment of V log
by Hyvdrinen as a measure of deviation from f to g [35].

2. Hyvdrinen work has been used to discuss proper scoring rules in [41].
3. The same notion is known in Physics under the name of relative Fisher information, e.g., see [32].

In the following we denote the gradient of a function defined on the exponential manifold &; (M),
which is a random variable, by 0.

Proposition 18.
1. The Hyvdrinen divergence is finite and infinitely differentiable everywhere in both variables.
2. 9(f — DH(g|f)) = —2Vlogg- Vlog L —2Alog

3. (g — DH(f|g)) =2V logg - Vlog L +2Alog L + DH (f|g).
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Proof. 1. For each w € V the gradient Vw is in (L®(g))" = (L*(M))" for all g € & (M), hence
it is g-square integrable for all g € & (M ). Moreover, the squared norm function Sy, x (Bjys)™ 2

(v,w) = Ee,, ) [|'w|2} is co-differentiable because it is the moment functional,

By [lw]*] = (d*Kas (v) [wy, wy] + (K (0)[w;])?) -

Jj=1

We can compose this function with the linear function

Vi NSy X Vi 3 (v,u) = (v,w) = (v, V(u—0)) € Sy x By

2. Letg = ey(v), f = em(u), u,v € Syy NV be given. For any w € V, we compute first the
directional derivative:

d (u— DHpy(v||w)) [w] = 2By [Vw - (Vu — Vv)e”_KM(”)] =2E, [Vw - (Vu — V)]

where we notice that all the terms are well defined whenever u,v € Sy; NV, w € V. Using now
(33) with wy = u — v and w; = w we get that

d (u — DHps(v||w)) [w]
= 2E,[w(X —Vv)-V(u—v)| -2 <A(u — ), we“_KM(“)>_l71
= 2Ey [we”_KM(”) (X = V) V(u—v)] —2(A(u—v), we”_KM(“)LL1 :

Since this is true for any w € V' we get
d(u— DHy(v||u)) =2(X — Vv) - V(u —v) — 2A(u — v)

where of course, A(u — v) is meant in WL (M) (notice that w € WL, (M) C

W(lcosh 1), (M). The formula for the partial gradient in absolute variables follows from
(X —Vv)-V(u—v)=—-Vlogg- Vlogi
9

for, with a slight abuse of notations, we identify A log 5 to A(u — v).

3. As above, let g = ey (v), f = ep(u), u,v € Sy NV be given. For any w € V, we compute first
the directional derivative. One gets now

d (v = DHyy(ul[v)) [w]
= 2By [Vuw- (Vu— Vo) KuO] L Ey [(w — dKy(v)[w]) [Vu — Vof* e?Ku()]

One recognizes in the first term —d (u — DHj,(v||u)) [w] while the second term is given by

En [(w — dKpy(v)[w]) [Vu — Voul? e”_KM(”)} = E,; [(w—E,[w]) |[Vu— Vv|2}
= Cov, (w,|Vu— Vv|2) :

As in the previous item, this gives the result.
[]
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As well-documented, the Hyvarinen divergence is a powerful tool for the study of general diffusion
processes. We have just shown that the Information Geometry formalism and the exponential manifold
approach are robust enough to allow for a generalization in Orlicz—Sobolev spaces. We believe then
that, as Boltzmann equation can be studied through the exponential manifold formalism in <" ~1 (M),
general diffusion processes can be investigated in WL, (M) with the formalism discussed in the
present section. This is a plan for future work.

7. Conclusions and Discussion

We have shown that well known geometric feature of problems in Statistical Physics can be turned
into precise formal results via a careful consideration of the relevant functional analysis.

In particular the notion of flow in a Banach manifold modeled on Orlicz spaces can be used to clarify
arguments based on the evolution of the classical Boltzmann—Gibbs entropy in the vector field associated
to the Boltzmann equation.

In the last section we have shown how to construct a similar theory in the case the generalized entropy
under consideration is the so-called Fisher functional or Hyvarinen divergence. Such a generalized
entropy is particularly well-suited for the study of general diffusion problems and the results presented
in Section 6 can be seen as the first outcome of an ongoing joint research program.
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