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Abstract: In this paper we derive an integral (with respect to time) representation of the
relative entropy (or Kullback-Leibler Divergence) R(u||P), where 1 and P are measures
on C([0,T]; R?). The underlying measure P is a weak solution to a martingale problem
with continuous coefficients. Our representation is in the form of an integral with respect to
its infinitesimal generator. This representation is of use in statistical inference (particularly
involving medical imaging). Since R(u||P) governs the exponential rate of convergence
of the empirical measure (according to Sanov’s theorem), this representation is also of use
in the numerical and analytical investigation of finite-size effects in systems of interacting
diffusions.
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1. Introduction

In this paper we derive an integral representation of the relative entropy R(y|| P), where 1 is a measure
on C([0,T];R?) and P governs the solution to a stochastic differential equation (SDE). The relative
entropy is used to quantify the distance between two measures. It has considerable applications in
statistics, imaging, information theory and communications. It has been used in the long-time analysis of
Fokker—Planck equations [1,2], the analysis of dynamical systems [3] and the analysis of spectral density
functions [4]. It has been used in financial mathematics to quantify the difference between martingale

measures [5,6]. It has also been shown in [7] that the existence problem of the minimal relative
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entropy martingale measure problem of birth and death processes can be reduced to the problem of
solving the Hamilton—Jacobi—Bellman equation; furthermore the minimal entropy martingale measures
(MEMMs) for geometric Levy processes are investigated in [8]. The finiteness of R(u||P) has been
shown to be equivalent to the invertibility of certain shifts on Wiener space, when P is the Wiener
measure [9,10]. However, one of the most frequent uses of the relative entropy is in statistical inference
(particularly in medical imaging) [11,12]. For example, in data fitting, it is a standard technique to
select the parameters that minimise the relative entropy of two conditional probability distributions [13].
Modelling in medical imaging increasingly involves diffusion process with state space C'([0, T]; R¢), for
which the expression R(yu||P) = E*[log %] or the variational definition in Definition 1 may not always
be tractable. Furthermore, it is not always clear that one may simply approximate the relative entropy
by successively calculating it for the marginals over increasingly fine time-discretisations, since these
expressions may asymptotically approach infinity (see (4) below).

Another very important application of the relative entropy is in the field of Large Deviations. Sanov’s
theorem dictates that the empirical measure induced by independent samples governed by the same
probability law P converge towards their limit exponentially fast; and the constant governing the rate
of convergence is the relative entropy [14]. Large Deviations have been applied for example to spin
glasses [15], neural networks [16—18] and mean-field models of interacting particles [19,20]. In the
mean-field theory of neuroscience in particular, there has been a recent interest in the modelling of
“finite size effects” [18,21], that is, the deviations from the limiting behaviour for a population of a
particular size. Large Deviations provides a mathematically rigorous tool to do this. In this system, the
limiting system is typically the law P of a stochastic process, and therefore the likelihood of the empirical
measure of the system being “near” some measure y is the relative entropy R(u||P). However the
numerical calculation of R(u||P) is not straightforward: the results of this paper provide an alternative
characterization of R(u||P), which assists in this calculation.

For example, the rate function for the Large Deviation Principle of the interacting particle model
of [20] is directly in terms of the relative entropy between two measures on the space of continuous
functions (see in particular Theorem 5.2 of this paper). Similarly, the rate function in [18] (Theorem 10)
may be expressed as a function of the relative entropy. In more detail, the rate function J in
[18] (Theorem 10) is of the form J(x) = limy,_e —— R(p"

[Val
[18] (Equation (31)), i.e., the law of a Z?-indexed stochastic process, and ' and ="~ are the marginals

Z"). Here Z is the law of the process in

over the finite hypercube V,, of side length (2n + 1). The results of this paper give a means of evaluating
R(;[|2*) and therefore .J(1).

In this paper we derive a specific integral (with respect to time) representation of the relative entropy
R(u||P) when P is the law of a diffusion process. The representation is in terms of the infinitesimal
generator of P. This P is the same as in [22] (Section 4). The representation makes use of regular
conditional probabilities. We expect that in some circumstances, it ought to be more tractable than the
standard definition in Definition 1, and thus it might be of practical use in the applications listed above.
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2. Outline of Main Result

Let 7 be the Banach Space C([0, T]; R?) equipped with the norm

X1 = sup {| X[}, (1)

s€[0,7

where || is the standard Euclidean norm over R?. We let (F;) be the canonical filtration over (7, B(T)).
For some topological space X, we let B(X) be the Borelian o-algebra and M (X) the space of all
probability measures on (X, B(X)). Unless otherwise indicated, we endow M (X") with the topology of
weak convergence. Let 0 = {t1,1s,...,t,} be a finite set of elements such that ¢; > 0, ¢,, < T and
t; < tj+1. We term o a partition, and denote the set of all such partitions by J. The set of all partitions of
the above form such that ¢, = 0 and t,,, = T is denoted J.. We define |o| = sup,<;<,,,_1{t;4+1 —t;}. For
some t € [0,7] and 0 € J,, we define g(t) = sup{s € o|s < t}. The following definition of relative
entropy is standard.

Definition 1. Let (2, ) be a measurable space, and y, v probability measures.
By (pllv) = Sup {E[f] — log E¥[exp(f)]} € R U o0,
S

where £ is the set of all bounded functions. If the o-algebra is clear from the context, we omit the H and
write R(u||v). If Q is Polish and ‘H = B(2), then we only need to take the supremum over the set of all
continuous bounded functions.

Let P € M(T) be the following law governing a Markov—Feller diffusion process on 7. Stipulate
P to be a weak solution (with respect to the canonical filtration) of the local martingale problem with

infinitesimal generator

1 , 0 f , of
I E Jk E _
‘Ct(f) 2 5 k<da (t7 ‘CC) amjxk + 1<j<db](t7 l’) 813] )

for f(x) in C*(IR?), i.e., the space of twice continuously differentiable functions. The initial condition
(governing Py)is 17 € M(IR?). The coefficients a’*, v/ : [0, 7] x RY — R are assumed to be continuous
(over [0, T] x R%), and the matrix a(t, x) is strictly positive definite for all ¢ and x. Here P is assumed to
be the unique weak solution. We note that the above infinitesimal generator is the same as in [22] (p. 269)
(note particularly its Remark 4.4). We note that P is the law of the solution Y = (Y7) to the following
stochastic differential equation: for j € [1,d|,

d
dY7 = V(t,Y)dt + > a’*(t,Y)dW*.

k=1

Here (W*) are independent Wiener processes.
Our major result is the following. Let i € M(7T") govern a random variable X € 7. Forsome x € T,
we note /i[o,q),2» the regular conditional probability (rcp) given X, = x, for all » € [0, s|. The marginal

of fj0,¢, at some time ¢ > s 18 noted fi4([0, ],z
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Theorem 1. Let (6("™),,cz+ be any series of partitions such that o™ C o¢™+Y) and |c™)| — 0 as
m — oo. For p € M(T),

R (u||P) = Rz, (ul|P) + sup I'(0)

G'e-]*

= Rz, (u||P) + lim T(o™) )

where

’ 9
P(G) — pr@) |:/ sup {_E#t[o,n(t)],m [f]
0 ot

feD
d
1 - af of
_ 0,000,z (Y) - Jk ZJ ZI
E Lif(y) + 23-%:1@ tv)5,; ayk] }dt] e

Here D is the Schwartz space of compactly supported functions R¢ — R, possessing continuous

derivatives of all orders. If %E“f\[o’z“ﬂ@ [f] does not exist, then we consider it to be cc.

Our paper has the following format. In Section 3 we make some preliminary definitions, defining
the process P against which the relative entropy is taken in this paper. In Section 4 we employ the
projective limits approach of [22] to obtain the chief result of this paper: Theorem 1. This gives an
explicit integral representation of the relative entropy. In Section 5 we apply the result in Theorem 1
to various corollaries, including the particular case when y is the solution of a martingale problem. We
finish by comparing our results to those of [19] and [20].

3. Preliminaries

We outline some necessary definitions. For ¢ € J of the form o = {t1,t2,...,t,}, let 0, =
{t1,....t;}. We denote the number of elements in a partition o by m(c). We let J; be the set of all
partitions lying in [0, s]. For 0 < s < ¢t < T, we let .J,; be the set of all partitions of the form o U ¢,
where o € J,.

Let 7, : T — T, := R®™) be the natural projection, i.e., such that 7, () = (z4,,. . . ) Tty y)- We
similarly define the natural projection 7., : 7, — 7 (for @ C v € J), and we define 7, : T —
C([s, t]; R?) to be the natural restriction of z € T to [s, t]. The expectation of some measurable function
f with respect to a measure y is written as E*(®)[f ()], or simply E#[f] when the context is clear.

For s < t, we write Fy; = W[Zvlle]B(C([s,t]; R%)) and F, = 7,'B(T,). We define F,,; to be the
o-algebra generated by F; and F, (where v = [t]). For p € M(T), we denote its image laws by
fo == pom,t € M(T;) and s = pomy € M(C([s,t; R?)). Let p € M(T) govern a random
variable X = (X,) € 7. For z € R?, we write the rcp given X, = z by ;.. For z € C([0, s]; R?) or
T, the rcp given that X, = z,, for all 0 < u < s is written as oy .. The rcp given that X,, = z,, for
allu < s, and X; = 2, is written as {5 ;... Foro € Jyand z € (R%)™@), the rcp given that X, = 2,
for all u € o is written as y, .. All of these measures are considered to be in M (C([s, T]; R?)) (unless

indicated otherwise in particular circumstances). The probability laws governing X; (fort > s), for each
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of these, are respectively s -, [i[0,5], and fi¢|s,.. We clearly have p,s . = 0., for s a.e. z, and similarly
for the others.

REMARK. See [23] (Definition 5.3.16) for a definition of a rcp. Technically, if we let ,u|*872 be the rcp given
Xs = z according to this definition, then p s, = i3 , © 7r[;1T] and puy|s . = g, © 7Tt_1. By [23] (Theorem 3.18),
His,. is well-defined for ps a.e. z. Similar comments apply to the other rcp’s defined above.

In the definition of the relative entropy, we abbreviate Rz, (u||P) by R, (R||P). If o = {t}, we write
Ry(pl| P).

4. The Relative Entropy R(-||P) Using Projective Limits

In this section we derive an integral representation of the relative entropy R(u||P), for arbitrary
pw € M(T). We start with the standard result in Theorem 2, before adapting the projective limits
approach of [22] to obtain the central result (Theorem 1).

We begin with a standard decomposition result for the relative entropy [24].

Lemma 1. Let X be a Polish space with sub o-algebras G C F C B(X). Let ju and v be probability
measures on (X, F), and their regular conditional probabilities over G be (respectively) p,, and v,,.
Then

Rr(ullv) = Ro(ullv) + E* [Rr (o] )] -

The following Theorem is a straightforward consequence of [25] (Theorem 6.6): we provide an

alternative proof using the theory of Large Deviations in Section 6.

Theorem 2. If o,0 € J and o C o, then R, (uu||P) < R, (u||P). Furthermore,

Ry, (ul|P) = sup Ry (ul|P), )
oeJN|s,t]

Rfs;t(:u”P) = Sl;p RU(IMHP) 5
oc s;t

It suffices for the supremums in (4) to take 0 C Q,, where Qg is any countable dense subset of [s, t].
Thus we may assume that there exists a sequence o™ C Qs of partitions such that o C gt
lc™] = 0asn — oo and
Rr. (ullP) = lim Roe (u]|P). (6)
We now provide a technical lemma.

Lemma 2. Lett > s, a,o € J,, 0 C aand s € o. Then for ji, a.e. x, Ri(fijoz||Psz,) =
R(ptt)0,2|| Pys,z, )- Secondly,

E* ) [Ri(poal| P)] < B*O) [Rilpya.:

|Ps.z)] -

Proof. The first statement is immediate from Definition 1 and the Markovian nature of P. For the second
statement, it suffices to prove this in the case that « = o U u, for some u < s. We note that, using a

property of regular conditional probabilities, for p, a.e x,

Ht|ox = Eﬂula’m(w) [Mt\a,v(m,w)] ) (7)
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where v(z,w) € Ty, v(z,w), = w, v(z,w), =z, forall r € o.
We consider 2l to be the set of all finite disjoint partitions a C B(R?) of R®. The expression for the
entropy in [26] (Lemma 1.4.3) yields

E#J(I) |:R (/’Lt\o,:p‘ ‘Pt|s,xs)] - E“U(x) sup Z /Lﬂg’m(A) IOg —H’t|0’,l‘

ae Aca

Here the summand is considered to be zero if ju,,(A) = 0, and infinite if i, ,(A) > 0 and
Pys.2,(A) = 0. Making use of (7), we find that

EHe(@) [R (Ht\a,xHPt\Sws)]

= B fsup 3 et [y o) (4)] log

ae Aca

A
< EHU(QE)E'IJ‘U\”@(M) sup Z Mt a,o(z,w) (A) log D (A

aeA Aca

sup Z [tja,-(A) log
A€a

— Eﬂa(z)

aed

We note that, for ji, a.e. 2, if fiy5.x,,.(A) = 0in this last expression, then fi,,.(A) = 0 and we consider
the summand to be zero. To complete the proof of the lemma, it is thus sufficient to prove that for p,,

a.c. z

/j/ o,z A :u 0, Toa? A
sup > g (4) Tog 1) = S () 1o P|—<£1>)
A€a o

However, in turn, the above inequality will be true if we can prove that for each partition a such that
B|S7Zs (A) > 0 and ;ut|o,7rgaz<A) > (0 forall A € a,

Mt|a,z(A) ﬂt\a,ﬂaaz<A)
[it]a,=(A) log — > litfaz(A) log >0
Azea Pt‘svzs (A) Azea Pt|s,zs (A)
The left hand side is equal to Y , . flsa,-(A) log H:t‘a’—%. An application of Jensen’s inequality

demonstrates that this is greater than or equal to zero. [l

REMARK. If, contrary to the definition, we briefly consider ju o 4) ., to be a probability measure on T, such that
w(A) = 1 where A is the set of all points y such that ys = x5 for all s < t, then it may be seen from the definition
of R that

Rrr (o4.xlPo.0) = Brr (HodelPog.e) = Brr (ol Pe.) - (8)

We have also made use of the Markov property of P. This is why our convention, to which we now return, is to
consider (1[0 4 . to be a probability measure on (C([t,T); R%), Fyr).
This leads us to the following expressions for R(u||P).
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Lemma 3. Each o in the supremums below is of the form {t; <ty < ... < ty(o)-1 < tm(o)} for some

integer m(o).

R (ul|P) = Ro(pl|P) + Z B0 Ry (el Pl )| ©
m(o)—1
R(IP) = Fol1P) + sup. 32 v Ripes (uyato ol Prstyn, )| (10)
oed«
E*o, S] [Rt (MtHOs :c||Pt|sx )} = SU}) Ete @) [Rt (ﬂt\a,yHPﬂs,ys)} ) (11)
ocds

where in this last expression 0 < s <t < T.

Proof. Consider the sub o-algebra Fo,, . We then find, through an application of Lemma 1 and (8),
that

(]| P) +

B0t () —1]
E ()= thm(a)_l)tm’(o-) <M‘[Ovt7n(o)fl}7m||'P|t7n(cr)711'7"t,m(a>,1)i| .

R(:qu) = R]:O,t

m(o)—1

We may continue inductively to obtain the first identity.
We use Theorem 2 to prove the second identity. It suffices to take the supremum over J,, because
R, (p||P) > R, (p||P) if v C o. It thus suffices to prove that

Ro(p||P) = Ro(ul|P) + Z FHo; (@) |:Rtj+1 (’I’Ltj+l|o';j7w’|Ptj+1|tj7xtj>:| : (12)

However, this also follows from repeated application of Lemma 1. To prove the third identity, we firstly
note that

m(o)—1

R (HIP) = Ro(ulP) + s 3 575 [y, (sl 1P, )|
S s;t ] 1
= sup {R (ul|P) + B @) [Rt (Mt\mxHPt\s,xs)] } .

UES

The proof of this is entirely analogous to that of the second identity, except that it makes use of (5)

instead of (4). However, after another application of Lemma 1, we also have that

Rz, (ullP) = Ry, (ul|P) + B*00) [Ry(po. 50| Prfs.e.)] -

On equating these two different expressions for Rr,, (¢||P), we obtain

E#0.9@) [Ry(tago.s)] | Ps.e)] = sup{( (ul|P) = Rz, (1] P))

O'Es

+E" O [Ry (11jo0|| Pysie,) ] } -
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Let (c®) c J,, o®=1 C ¢® be such that limy_o0 R, (p||P) = Rz, (u]|P). Such a sequence
exists by (4). Similarly, let (y*)) C J, be a sequence such that E"+® (@) [Re (tte 0 || Pysa,) ] 18
strictly non-decreasing and, as £ — oo, asymptotically approaches sup, .y, Ere (@) [Rt (ut|g,x| |Pt|s,x5)]-
Lemma 2 dictates that

E'e 0D Ry (169050 || Prisios )]

asymptotically approaches the same limit as well. Clearly limy o Ry, (p||P) = Rz, (p]|P)
because of the identity at the start of Theorem 2. This yields the third identity. [

4.1. Proof of Theorem 1

In this section we work towards the proof of Theorem 1, making use of some results in [22]. However,
we first require some more definitions.

If K C RYis compact, let Dy be the set of all f € D whose support is contained in K. The
corresponding space of real distributions is D', and we denote the action of § € D' by (0, f). If
0 € M(RY), then clearly (8, f) = E?[f]. We let C;"'(R?) denote the set of all continuous functions,
possessing continuous spatial derivatives of first and second order, a continuous time derivative of first
order, and of compact support. For f € D and t € [0, T, we define the random variable V, f : R — R?

such that (V,f(y))" = Z;l:l a(t, y)% (for x € T, we may also understand V, f(x) := V,f(z;)). Let

a;; be the components of the matrix inverse of a*. For random variables X,Y : T — R, we define the
inner product (X,Y),, = 30 X'(2)Y7(x)ay(t, z,), with associated norm | X |2, = (X (2), X (x))?

ij=1 ta
We note that ’Vtﬂ?z = Z?,j:l a (t, ) aazfi (%)%(%)-
Let 9 be the space of all continuous maps [0, 7] — M (IR?), equipped with the topology of uniform

convergence. For s € [0, 7], 9 € M and v € M(RR?) we define n(s,J, ) > 0 and such that

1

n(s,9,v)? = sup {(19, f)— =E"W [\thﬁy} } : (13)
feD 2 ’

This definition is taken from [22] (Equation (4.7))—we note that n is convex in ¢. For v € M(T), we

may naturally write n(s,v,v) := n(s,w,v), where w is the projection of v onto M, i.e., w(s) = 7s.

It is shown in [22] that this projection is continuous. The following two definitions, lemma and two

propositions are all taken (with some small modifications) from [22].

Definition 2. Let / be an interval of the real line. A measure u € M(T) is called absolutely continuous
if for each compact set K C R there exists a neighbourhood U of 0 in K and an absolutely continuous
function Hy : I — IR such that

[EF[f] = E* [f]] < [Hk(u) — Hr (v)],

forall u,v € I and f € Uk.
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Lemma 4. [22] (Lemma 4.2) If 1 is absolutely continuous over an interval I, then its derivative exists
(in the distributional sense) for Lebesgue a.e. t € 1. That is, for Lebesgue a.e. t € I, there exists fi, € D'
such that for all f € D

tim = (e )~ G, £)) = G, £

Definition 3. For v € M(C([s,#];R?)), and 0 < s < t < T, let L?,(v) be the Hilbert space of all
measurable maps h : [s,t] x R? — R? with inner product

[h1, ha] :/ E@) [(hy(u, ), ho(u, ) )u.0] du.

We denote by L?, (v) the closure in L? ,(v) of the linear subset generated by maps of the form (z, u) —
V.f,where f € C3'([s,t], R%). We note that functions in L2, v (v) only need to be defined du ® v, (dx

almost everywhere.
Recall that n is defined in (13), and note that (*L;u, f) := (ue, Lo f).

Proposition 1. Assume that 1 € M(C([r,s];R?)), such that y, = 6, for somey € R and 0 < r <
s < T. We have that [22] (Equation 4.9 and Lemma 4.8)

/ n(t, fu — *Lope, p)?dt = sup  {E=D[f(s,2)] — f(r,y)
r FeC (RY)

[T (9 ) o4t x?]}
[ (54 4) fea s 3Vl aef. as

It clearly suffices to take the supremum over a countable dense subset. Assume now that f (t, 1 —
*Lotg, pie)?dt < oo. Then for Lebesgue a.e. t, fi; = *K; iy, where [22] (Lemma 4.8(3))

3f
Kt .
Kef(:) )+ D (W)Y 550, (15)
1<5<d
for some W € L2 () that satisfies [22] (Lemma 4.8(4))
y 1
/ n(t, iy — *Lopty, p)2dt = 2/ E [|h“(t x)|m] dt < . (16)

REMARK.  We reach (17) from the proof of Lemma 9 in [22] (Eq 4.10). One should note also that in the

equation (4.10) of [22] the relative entropy R as L,(,l)

and (4.8) in [22].

. To reach (18), we also use the equivalence between (4.7)

Proposition 2. Assume that ;1 € M(T), such that y, = 6, for somey € Riand 0 <r < s <T. If
Rz, (|| Ppry) < 00, then juis absolutely continuous on [r, s, and [22] (Lemma 4.9)

Ry (ul|Pry) > / 0t fin — * Loty 1) . a7
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Here the derivative [i; is defined in Lemma 4. For all f € D, [22] (Eq. (4.35))

EF=[f] — log Esirw [exp(f)] < / n(t, i — Lo, 1) dt. (18)

We are now ready to prove Theorem 1 (the central result).

Proof. Fix a partition o = {ty,...,t,}. We may conclude from (9) and (17) that

m—1 ti+1

R(pl|P) = Ro(u[|P) + ZE"[O‘%]@/ (L fufole — Letto)as Heflos,)e) dt. (19)

j=1 tj

(z)

The integrand on the right hand side is measurable with respect to E"®%"" due to the equivalent

expression (14). We may infer from (18) that

ti+1
Eu[o’tj}(x)/ n(t, fufios)e — *Lelte[o,],00 alty o) A
t

J

> o) @) {Sup {E“tj+1ll0»tj1»r [f] — log E i+l [exp(f)]}}
feD

_ E“[U’t]’](m) sup {Eﬂtj+1|[0,tj],z [f] _ lOg ]EPtj+1\ij,xzj [exp(f)]} . (20)
fFECH(RY)

This last step follows by noting that if v € M(R?), and f € Cy(R%), and the expectation of f with

respect to v is finite, then there exists a series (K,,) C R? of compact sets such that

» f(z)dv(xz) = lim f(z)dv(x).

n—oo
Ky

In turn, for each n there exist ( fém)) € Dk, such that we may write

B f(z)dv(x) = lim i) (2)dy(x).

m—o0 K

This allows us to conclude that the two supremums are the same. The last expression in (20) is merely

E/—L[U,tj](w) |:Rtj+1 (:utj+1|[07tj]7w‘ ‘Ptj+1|tj7fl7tj )] .

By (11), this is greater than or equal to

Etos®) [Rtj+l <r“tj+1\<7;j:y||Ptj+1|tj:ytjﬂ .

We thus obtain the theorem using (10). [
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5. Some Corollaries

We state some corollaries of Theorem 1. In the course of this section we make progressively stronger
assumptions on the nature of y, culminating in the elegant expression for R(x||P) when p is a solution
of a martingale problem. We finish by comparing our work with that of [19,20].

Corollary 1. Suppose that i € M(T) and R(u||P) < oc. Then for all s and i a.e. x, [ijo.5)2 IS
absolutely continuous over [s,T). For each s € [0,T] and p a.e. © € T, for Lebesgue a.e. t > s

fito,5).0 = Ky pHel[0,5], (21)
where for some hf;’x € L?mv(u|[07s]7x)
d of
Kl f ) = Lof (y) + Y WAL, W) ) (22)
=1

Furthermore,

1 4 w z
R (u]|P) = Ro(p||P) + 5 sup/O W) Bt 0,0(6)),w(2) [ hﬁm,w(@ 2)

oeJx

2
] dt. (23)

t

For any dense countable subset Q1 of [0, T, there exists a series of partitions o™ c gt ¢ Qo1
o™| — 0, and

such that as n — oo,

1 T ;
R(ul[P) = Ro(u||P) + 5 lim F00) 0.0 (0,0 7) [

n—oo 0

h;n)(t),w (t,2)

2

} dt. 24)
t,z
REMARK. It is not immediately clear that we may simplify (23) further (barring further assumptions). The

reason for this is that we only know that

2
EHI0.2(0)]w(2) [‘hg(t),w(t’ 2)

t,z
measurable (as a function of w).

] is measurable (as a function of w), but it has not been proven that hg(t) w(t, z) is

Proof. Let o = {0 = t,...,t,, = T’} be an arbitrary partition. For all j < m, we find from Lemma 3
that Ry, , . <M|[0,tj],x||P|tj,xt].> < oo for i) ace. & € C([0,t,]; RY). We thus find that, for all such z,
H[0.,],2 18 absolutely continuous on [t;,tj+1] from Proposition 2. We are then able to obtain (21) and (22)
from Propositions 1 and 2. From (2), (16) and (21) we find that

hg st 2)

1 T
R (p||P) = Ro(p||P) + 5 Sup E“(“”)/ FHel0.e(0),0(2) [
0

O'EJ*

2
] dt. (25)

t,z

The above integral must be finite (since we are assuming R(u||P) is finite).  Furthermore
2

EHel0,0(6)],2(2) { Y ) (2, z)‘ } is (¢, x) measurable as a consequence of the equivalent form (14). This

=0 t,z

allows us to apply Fubini’s theorem to obtain (23). The last statement on the sequence of maximising
partitions follows from Theorem 2. [
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Corollary 2. Suppose that R(p||P) < oco. Suppose that for all s € Qg1 (any countable, dense subset
of [0,T]), for pu a.e. x and Lebesgue a.e. t, h (t,1;) = EFoslwta Whi(t, w) for some progressively
measurable random variable h* : [0,T] x T — R% Then

1 T
RiIP) = RolullP) + 5 [ B0 [0t w)l,, ] .
0

Proof. Let G***Y be the sub o-algebra consisting of all B € B(T) such that for all w € B,
w, = x, forall ¥ < s and w, = y. Thus W (t,y) = Er0sespi(t w) = EF[hH(L,-)|G],
By [27] (Corollary 2.4), since NG = GH#7¢ (restricting to s € Qo 1), for 1 a.e. z,

lim EHoshete WPt ) = hH(t, x), (26)

st~

where s € Qg r. By the properties of the regular conditional probability, we find from (24) that

1 T v
R (p]|P) = R(ullP) + 3 lim Er®) [)E“[Ovo<n><t>lvwmwt()[h“(t,v)]

n—o0 0

2
} dt. (27)
t,wt

By assumption, the above limit is finite. Thus by Fatou’s lemma, and using the properties of the regular
conditional probability,

e v
RGIP = RGP+ 5 E”“”)[n_m)E“[O’”‘"Wt’wt()[wt?v)]

n—00

2
Jat

t,wt
Through use of (26),
1 T
RlP) 2 RalullP)+5 [ B0 [t o)l ] e
0

Conversely, through an application of Jensen’s inequality to (27)
1 . r (w) m ) (v) 2
R(ul[P) < Ro(ullP) + 5 Jim [ B2 [0 onan [t o) 7, 1] dt.
n— oo 0 y Wt

A property of the regular conditional probability yields

1 T
RllP) < RalullP)+5 [ B0 [t w)l,, ] e
0

]

REMARK. The condition in the above corollary is satisfied when p is a solution to a martingale problem—see
Lemma 5.

We may further simplify the expression in Theorem 1 when p is a solution to the following martingale
problem. Let {c’*, ¢} be progressively measurable functions [0,7] x 7 — R. We suppose that
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b =cM. Forall 1 < j k < d, *(t,x) and €/ (¢, r) are assumed to be bounded for x € L (where
L is compact) and all t € [0, T]. For f € C2(R¢) and x € T, let

M) = 3 M)zt + 3 gt

We assume that for all such f, the following is a continuous martingale (relative to the canonical

filtration) under p .
F00) = FX0) = [ Muf(X)du 28)
0

The law governing X is stipulated to be v € M(R).

From now on we switch from our earlier convention and we consider /i 4, to be a measure on 7
such that, for ppa.e. © € T, pij0,5),2(Ase) = 1, where A, is the set of all X € T satisfying X; = 2,
for all 0 < ¢t < s. This is a property of a regular conditional probability (see Theorem 3.18 in [23]).
Similarly, fs 4.t is considered to be a measure on 7 such that for pa.e. © € T, s 2ty (Bsaity) = 1,
where B, .. ,, is the set of all X € A, , such that X; = y. We may apply Fubini’s Theorem (since f is
compactly supported and bounded) to (28) to find that

t
o £) = fa) = [ BP0t (M)
This ensures that 1 5 is absolutely continuous over [s, T'], and that

(f1e)[0,5).> f) = EFIOe [M f] (29)

Lemma 5. If R(u||P) < oo then for Lebesgue a.e. t € [0, T and pa.e. x € T,

a(t,z,) = c(t, x). (30)
If R(p||P) < oo then
1 T
R(u|P) = R(vlur) + JEX U b(s, z) — e(s, 7)., ds| 31
0

Proof. It follows from R(u||P) < oo, (21) and (22) that for all s and x a.e. x, for Lebesgue a.e. ¢ > s
EHs=tec(t, )] = alt, zy). (32)

Let us take a countable dense subset Qg 1 of [0, T']. There thus exists a null set " C [0, 7'] such that for
every s € Qur, pa.e. x and every t ¢ N the above equation holds. We may therefore conclude (30)
using [27] (Corollary 2.4) and taking s — ¢~. From (29), we observe that for all s € [0, 7] and  a.e. z,
for Lebesgue a.e. t

hg,x(ta It) = EHlosleita; [e<t> )]

Equation (31) thus follows from Corollary 2. [
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5.1. Comparison of our Results to Those of Fischer et al. [19,20]

We have already noted in the introduction that one may infer a variational representation of the
relative entropy from [19,20] by assuming that the coefficients of the underlying stochastic process are
independent of the empirical measure in these papers. The assumptions in [20] on the underlying process
P are both more general and more restrictive than ours. His assumptions are more general insofar as the
coefficients of the SDE may depend on the past history of the process and the diffusion coefficient is
allowed to be degenerate. However, our assumptions are more general insofar as we only require P to
be the unique (in the sense of probability law) weak solution of the SDE, whereas [20] requires P to be
the unique strong solution of the SDE. Of course when both sets of assumptions are satisfied, one may
infer that the expressions for the relative entropy are identical.

6. Proof of Theorem 2

The following is an alternative proof to that of [25] (Theorem 6.6) employing the theory of Large
Deviations. The fact that, if & C o, then R, (u||P) < R, (u||P), follows from Lemma 1. We prove the
first expression (4) in the case s = 0, ¢ = T" (the proof of the second identity (5) is analogous).

Definition 4. A series of probability laws I'Y on some topological space €2 equipped with its Borelian
o-algebra is said to satisfy a strong Large Deviation Principle with rate function 7 :  — R if for all
open sets O,

lim N~"'logTV(0O) > — inf I(x)

N—o0 z€0

and for all closed sets F’
lim N~'logI'V(F) < — inf I(z).

N—o0 zeF

If furthermore the set {x : I(x) < a} is compact for all v > 0, we say that [ is a good rate function.
We define the following empirical measures.

Definition 5. Forz € TV, y € TN, let

@) = Y G e MT), AN = 5 Y € M(T,).

I<j<N 1<j<N

Clearly (i) (z5) = 7, (" (x)). The image law P®N o (4™)~! is denoted by IIY, € M(M(T)).
Similarly, for o € J, the image law of P®Y o (1Y)~ on M(T,) is denoted by IT1Y € M(M(T,)). Since
T and 7, are Polish spaces, we have by Sanov’s theorem (see Theorem 6.2.10 in [14]) that [TV satisfies a
strong Large Deviation Principle with good rate function R(-||P). Similarly, IT% satisfies a strong Large
Deviation Principle on M(7,) with good rate function Rz, (|| P).

We now define the projective limit M (7). If o,y € J, @ C 7, then we may define the projection
ot M(T,) = M(Ts) as mA(€) == € o m. An element of M(T) is then a member ®,( () of the

Cartesian product ®,c3 M (7;) satisfying the consistency condition 7}!(¢(7)) = ¢((«) for all o C 7.
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The topology on M (T) is the minimal topology necessary for the natural projection M(7) — M(T,)
to be continuous for all o € J. That is, it is generated by open sets of the form

Ay ={®:((0) € M(T) : ((7) € O}, (33)

for some v € J and open O (with respect to the weak topology of M(T5)).

We may continuously embed M (7)) into the projective limit M (7") of its marginals, letting ¢ denote
this embedding. That is, for any o € J, (¢(11))(0) = p1,. We note that ¢ is continuous because (A, o)
is open in M(7), forall A, ; of the form in (33). We equip M (7T) with the Borelian o-algebra generated
by this topology. The embedding ¢ is measurable with respect to this o-algebra because the topology of
M(T) has a countable base. The embedding induces the image laws (IT" o . =%) on M(M(T)). For
o € J, it may be seen that ITY =TIV o 171 o (72) 7! € M(M(T,)), where 7M(@q () = (o).

It follows from [22] (Thm 3.3) that ITY o ;= satisfies a Large Deviation Principle with rate function
sup,cy Ro(p||P). However, we note that ¢ is 1 — 1, because any two measures u,v € M(T) such
that p, = v, for all 0 € J must be equal. Furthermore, ¢ is continuous. Because of Sanov’s theorem,
(ITV) is exponentially tight (see Defn 1.2.17, Exercise 1.2.19 in [14] for a definition of exponential
tightness and proof of this statement). These facts mean that we may apply the inverse contraction
principle [14] (Thm 4.2.4) to infer that IV satisfies a Large Deviation Principle with the rate function
sup,ey Ry (]| P). Since rate functions are unique [14] (Lemma 4.1.4), we obtain the first identity
in conjunction with Sanov’s theorem. The second identity (5) follows similarly. We may repeat the
argument above, while restricting to 0 C Q,;. We obtain the same conclusion because the o-algebra
generated by (]—"U)acgsyt is the same as F ;. The last identity follows from the fact that, if « C o, then
Ro(p||P) < Ry (ul|P).
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