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Abstract: The many moments model for dense gases and macromolecular fluids is
considered here, where the upper order moment is chosen in accordance to the suggestions
of the non-relativistic limit of the corresponding relativistic model. The solutions of the
restrictions imposed by the entropy principle and that of Galilean relativity were, until now,
obtained in the literature by using Taylor expansions around equilibrium and without proving
convergence. Here, an exact solution without using expansions is found. The particular case
with only 14 moments has already been treated in the literature in a completely different
way. Here, it is proven that this particular closure is included in the presently more
general one.

Keywords: extended thermodynamics; dense gas; Galilean relativity

Classification: PACS 80A17

1. Introduction

Extended Thermodynamics takes the first steps from the suggestions of kinetic theory of monatomic
gases; here, the state of a gas is described by the phase density, f(Z, ¢, t), such that f(Z, ¢, t)d ¢ are the
number density of atoms at the point, 7, and at time, ¢, that have velocities between ¢ and ¢ + d ¢. The
phase density, also called the distribution function, obeys the Boltzmann equation:

Of+cOnf =q
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where external forces have been neglected and ¢ takes into account the effects of collisions between the
atoms. After that, the moments are defined by:

Firtn = /fmc’1 ceecndé

with m the molecular mass. Multiplication of the Boltzmann equation by mc™ - - - ¢» and integration
over all ¢ gives the balance equations for these moments. Some of these equations, and the corresponding
moments, may also be considered only through their suitable traces. A corresponding definition can be
formulated in the relativistic framework taking, after that, their non-relativistic limit. In this way, we

obtain the following balance equations of the many moments model:

QF I 4 GRn = QI forn =0 -+, N M
OF % + O, GRR = Q" forR=0 -+, M

where the infinite hierarchy of moments has been closed by choosing two arbitrary numbers, N and M,
such that M/ < N and M + N are odd numbers.

Other considerations [1,2] lead one to think that N and M are two subsequent numbers; this aspect
does not affect the present work, so that we prefer to maintain their generality.

ipciplili Iyl JINFML .
z 2~k _thatis, the tensor, F*1""*n,

The quantity, F'5 ", is an abbreviation for F’
withn = N + M + 1 — R, of which we take the trace -2+ — R-times.
.. i kiy-ipliliInym41 INEM41 i ipiplili Iy INfM4L
Similarly, GH' " = @ 2 P Rand QR =Q 2 R R

The moments, F*» and F}; "%, can be taken as independent variables, while G*1» and Glgl"'m
are their fluxes and Q""» and Q%""R are their production terms. All these quantities are symmetrical
with respect to i1 - - -4, and i; - - - ip; in the particular case of monatomic gases, G*1 " and Ggl'"iR
are symmetric with respect to all their indexes, but for dense gases and macromolecular fluids, some
evolutive terms appear also in the production terms; by taking them in the lefthand side of Equation (1),
they may be included in the terms, 9,G*1n and 9,G%" "%, causing the loss of symmetry of G*%1 "
and Ggl“'iR with respect to all their indexes. We remark that the kinetic theory of monatomic gases has
been considered only to draw from it suggestions on the properties of moments and balance equations;
it is assumed that these same properties hold also for dense gases and macromolecular fluids, except for
the above mentioned symmetries.

Moreover, we have

e Q=0,Q"=0and Q" = 0, so that Equation (1); forn = 0, n = 1, and the trace of that for n = 2
are the conservation laws of mass, momentum and energy, respectively. The other production
terms, Q"' "» and Q%'"’R, are functions of the independent variables, which are zero at equilibrium;
in the context of the present macroscopic approach, we may write the linear expressions of these
functions with respect to equilibrium and find the sign of the coefficients by imposing that the
density of entropy production is not negative; but we omit here these considerations for the sake
of brevity.

e The following conditions can be considered:
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The first one of these conditions surely holds and means that the flux in the conservation law of mass
(i.e., Equation (1); with n = 0) is the independent variable in the conservation law of momentum
(i.e., Equation (1); for n = 1).

The second condition, (2)2, holds only if there is a conservation of angular momentum.

The balance Equation (1) becomes field equations when the fluxes and the productions are known
functions of the independent variables. Restrictions on the generality of these functions are furnished by
imposing the entropy principle and that of Galilean relativity.

In the particular case N = 2 and M = 1, we obtain the 14-moments model, which was firstly
studied by Kremer [3,4] by imposing, up to the second order with respect to equilibrium, the conditions
that come out from the above principles; subsequently, in [5,6], an exact non-approximated solution of
these same conditions has been found. This result was achieved by writing firstly a relativistic model,
for which it is easy to impose the Einstein relativity principle by using the representation theorems
for isotropic functions, which are known with this number of variables [7-11], and then taking its
non-relativistic limit.

An extension of this method, to the case with many moments, is not possible, because there are no
known representation theorems for this general case.

In the present paper, we have found a different method to solve the above conditions. We describe
these conditions in Section 2 and solve them in two different ways, which are reported in Section 3
and Section 4, respectively. Finally, in Section 5, we show that, in the particular case of the 14-moments
model, they are equivalent to those of [5,6], even if these were found with a completely different method.

Obviously, all these considerations belong to the general context of Extended Thermodynamics,
whose original and most important papers, in our opinion, are [12,13] and whose most important aspects
are described in [14].

Some authors avoid considering Equation (1), and, sometimes, also some components of
Equation (1); (see [15-21], for example); but, this is not physically acceptable, because it has been
shown in [22,23] that the form of Equation (1) is suggested by the non-relativistic limit of the relativistic
model and that omitting Equation (1)5 is equivalent to omitting the conservation law of mass or that of
momentum energy in the corresponding relativistic model.

A similar result, restricted to the 14-moments model, was previously found in [24]. See also [6,25]
for other details.

We conclude this section, remarking that this model has been obtained through a macroscopic
approach, i.e., based on the entropy principle.  Another possible formulation of Extended
Thermodynamics for dense gases is based on the kinetic approach; in order to permit a comparison
between the two approaches, we cite now some references on the kinetic approach. In [26], Enskog
introduced a kinetic theory for dense gases, which yields a very good approximation of the behavior of
gases. Later, hydrodynamic-like equations have been derived from the kinetic equation; see, for example,
the Chapman-Enskog method [27].

In 1988, Kremer and Rosa [28] obtained hydrodynamic equations from the local equilibrium
distribution function, as kernel linearizing the collision integral in Enskog’s equation; in this way, they
were able to derive sound dispersion relations for monatomic gases by using normal mode analysis.

Based on this last paper, in 1991, Marques and Kremer [29] obtained linearized hydrodynamic equations
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involving the second order terms of the collision integral; in this way, they improved the results
previously known in the literature and, furthermore, they obtained linearized Burnett equations for
monatomic gases.

In [30], Ugawa and Cordero obtained extended hydrodynamic equations derived from Enskog’s
equation by using Grad’s moment expansion method in the bi-dimensional case; among other results,
they discussed the nature of a simple one-dimensional heat conduction problem and were able to show
that, not too far from equilibrium, the non-equilibrium pressure in this case depends on the density,
temperature and heat flux vector.

Finally, another model in this context can be found in [31], and this will surely be the object of further
investigations in the future.

2. The Entropy Principle and the Galilean Relativity Principle

The entropy principle states that the supplementary law:
Oh+ Oh* =0 >0 3)

holds for every solution of Equation (1), where h is the entropy density and h* its flux. For Liu’s

R

Theorem [32], this is equivalent to assuming the existence of Lagrange Multipliers, A;,...;, and A;7 ;.

such that:

11IR

N M
dh = Z N, d F77m 4 Z 2 d Fiyin @)
R=0

n=0

i1-iR

N M
dh" = Z iy d GFivin 4 Z b dGl}ﬂgl"-iR
n=0 R=0

besides a residual inequality, which we leave out for the sake of brevity and because it does not affect
the present results.
It is convenient to write Equation (4) in a more compact form by calling /4 the variables, F+""» and

F2'+ in this way, Equation (4) can be written as:
dh=MadF*, dh* =\, dGF (5)

with the obvious meaning of \ 4 and G*4.

In [33], the idea has been conceived of to define the four-potentials, h" and A’ k as:
B = —h+4+ MFY, h'* = —hF + \,G* (6)
so that Equation (5) becomes:
dh = FAYd X s, dW* = GFd A4 (7)

Another idea exposed in [33] is to take the Lagrange Multipliers as independent variables and call them
“main field”; in this way Equation (7) becomes:

FA = =
BV BV

8)



Entropy 2013, 15 1039

so that everything is determined in terms of /' and /'%; moreover, by substituting Equations (8) in (1), we
obtain a symmetric system of evolution equations, which is hyperbolic if A’ is a convex function of the
main field. We observe here that it is not necessary to transform the system Equation (1) in the symmetric
form, because if it is equivalent to a symmetric hyperbolic system, it itself is hyperbolic. Consequently,
we can consider Equations (5); and (7); to still be maintaining the moments as independent variables.
In this way, Equations (5); and (7), become:

N, oh Oh'* kA 9*h ©)
AT 9FA 0 9pFB T QFBYFA
which allows one to determine the unknown constitutive functions, G*4, because the matrix, %,

is an invertible matrix; otherwise, we could not invert Equation (9); and take the A4 as independent
variables.

Let us introduce now the Galilean Relativity Principle.

To this end, it is firstly necessary to see how the moments and their fluxes transform under a change
of frames moving, one with respect to the other, with a translational rectilinear uniform motion with
velocity, . For the variables, F'*"*i» and G*1» it can be found in [34,35] and reads:

le n ZSH ln Fljl Js (10)

Ji- js

o F e
ki1--in i1y i Zn Ikj1--js Ij1gs
GHvn - o F }:Sﬁ] (GJ e Pl J)

where F11Js and G'%1Js are the counterparts of F71Js and G*71Js in the other reference frame;

moreover:

7 in _ n (il s, s+l in
Sir- ]5<)_< )5j1"‘5js“+"'“ : 1D

S

Regarding the other variables, we use the identity holding for s > N + 1:

iiphili e pInemyr
2 2

JiJs - (jl"‘jN+]\/[+1_S6JN+M+2—S]N+]\/I+3—S 5.7571,19) (12)
with
N+M+1 |
R ( 2 - R) N+M+1
X = 2 2 (u?) 2 T (13)
N+M+1—s sS—ag—2 | ( N+M+1 R—p— |
(p.9)€S q9—=p p-q: 2 pP—q):
(’il ls—q—2p ls—q—2p+1 iR)
u(Jl u]q(SJq+1Jq+2 5Jq+N+M+2p72sjq+N+M+2p72s+1 Jq+N+M+2p—2s+2 jN.;.M.H_s)u u

where S is the set of the couples, (p,q), of integer numbers, p and ¢, such that p > 0, ¢ > 0 and
N+M+1

p+q< 5 —Rands— R<q+2p<s.

We omit here the proof of this identity, for the sake of brevity (see [36] ). Moreover, we define:

—R

i1--iRlili I N 41 RlN+]\/I+1
R p)

e — g

J1Js JiJs

fors < N (14)
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Now, we can extend Equation (10) also for the value n = N + M + 1 — R and contract the result with

ipvinss = Oinoar_minsnsrns Dy using Equations (12) and (14) we obtain:
. . N . . . . M . . . .
Fg---m = ZY}?.:;SRFUIMJS + Z X;i:::;ISFéJI"'JS (15)
s=0 S=R
GIIC«B“ 1R __ FFIZ%I R _ Z}/}lllmleR <GIkJ1---Js _ FFljl---js +
s=0

M o Thiio Flk T
i1-iR JiJs JiJs
+ > X Gs Jal Fy
S=R

where, in the second summation, we have changed the index accordingto S = N + M + 1 — s.
Equations (10) and (15) can be written in a more compact form as:

Flk

Fk
. 7FA — XAB<6> (GIkB . FIB> (16)

FA — XAB(,ZZ‘)FIB ’ Gk’A s

F]

with the obvious meaning of X 5(#). This matrix satisfies the following properties:

(1) X (—a)X*p(1) = 0%p (17)
XA. (1 .
(2) szMBdem (18)

where M74 5 is the constant matrix defined in the following way:

If the multiindex A is the same appearing in F*""» with n = 0, then MY =

If the multiindex A is the same appearing in F't"i» with 1 < n < N, then

Miin n‘sa(‘ﬁl"'(;;fljéin)j if B=ji+jn
0 if B#j1- Jn

e If the multiindex A is the same appearing in F' g'"iR with R = M, then
o (N = M+ 1), o5 + MoiGg, ] 50.
MM g = '6jA4+2jM+3 T 5jN—1jN if B=ji-jn

0 it B#ji--jn

e If the multiindex A is the same appearing in F fg'"iR with0 < R < M — 1, then
(N + M +1-2R)¥, 6 + R&6, ]
Min, | G0 i B=jiojre, R#0
(N + M +1)57, if B=j1-jry1,R=0
0 if B# i+ Jru

Another property of the matrix, X5, is:

(3) Xp(@)MIBo = Mt X B (i) (19)
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The counterparts of these properties when only Equation (1); is considered and Equation (1), is omitted
have been already found in [14]; now, we have found that they hold also for the complete system
Equation (1), but we have reported their proofs in a separate paper [36], for the sake of brevity.

Now, we are ready to impose the Galilean relativity principle for our system. It can be subdivided in

two parts:

e If we substitute Equation (16); in h and h* — h%k, we obtain composite functions; the principle
states that they are non-convective quantities in the sense that they do not depend on u’. In other
words, they do not depend on the reference frame. To impose this restriction, we have simply to
say that their derivatives with respect to u’ are zero. By using Equations (16);, (18) and then,

again, Equation (16);, we obtain:

oh . ok ,
GpaMEr =0 S MR — gt = 0 (20)
where we have used M’y = 0 and the subsequent property for M7/" g, reported

after Equation (18).
We note that, as a consequence of Equation (20);, also A’ is a non-convective quantity; in fact,
from Equation (9); and Equation (6)1, it follows:

IB
h/:—h+$4FA = —h+afjjB %};A FA:—thaaF};B aaFi;B
where, in the last two passages, we have used the inverse of Equation (16);, with the use of
Equation (17).

e The second requirement imposed by the Galilean relativity principle is that the decomposition
Equation (16)5 holds for the fluxes.

As a consequence of this condition, it follows that also h/* — b/ %k is a non-convective quantity. In

XB (—d)F'= =—h+ FB(21)

fact, from Equation (6), we have:

Ja F* 1
W= = (hk - hF> + A4 (G’“‘ — F"‘) = (22)

F* oh F*
N N kA A\ _
= (h h >+8FA<G FF)

k k
- (hk — h];) + oh X5, (—1) (G“ - FFA> =

OF1B F
Fk FIk
- _ (hk o hF> + 8187};3 (GIkB o F,[F]B>

where, in the second passage, we have used Equation (9)1, in the third passage, we have used the
inverse of Equation (16); with the use of Equation (17) and, in the last passage, we have used the
inverse of Equation (16), with the use of Equation (17).

Consequently, Equation (20) has to be satisfied also with h’ and h'* instead of h and hF,
respectively, that is:

ah/k
" OFA

on’
OF4A

MAZFB =0 MAZFB — Wk = (23)
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Vice versa, if we assume that h and B'* — b/ %k are non-convective quantities, then Equation (16), will
follow as a consequence and, also, the non-convectivity of h* — h%k. In fact, from Equation (9),,
it follows:

onrE .. h i O%h

o = & gpmgpa = G gpmgpie X a1 24)

where, in the last passage, we have used the inverse of Equation (16);. Similarly, always with the use of

the inverse of Equation (16);, we obtain:

F* F*

—TFAXC A(—1) = —7ch from which it follows
a . 0%h a 9’h

— = FAX4(-) IBHpIC — 1 e IBHIC
F OFIBYF F~  OFIBOF

Thanks to this equation and to Equation (24), we obtain:

fa 0°h on* 0%h
kA T nA) vo o _ A (e
(G F ) X a0 gpmmgpe = opm ~ 71 gpimapic (&)

But, from the first equality in Equation (21) written in the new reference frame, we have:

oh

OFIC
h e Oh AN Ok

orBorict t gpm = gpm t gpi
This result allows one to rewrite Equation (25) as:

s 0%h Oh*  F* op
kA P oA\ o o _ _
(G F )X A0 s e = gETE T oFTh (26)

F'® =W + h, whose derivative with respect to F''7 is

Now, the hypothesis that h/* — b/ %k is a non-convective quantity means that:

Fk F]k
h'k — h’? = p'F — hlﬁ . from which A% = B'T% + *n/ 27)

(Because F' = F!, F* = FI*F + FIyk). By using this equation, we can write Equation (26) as:

k 2 1k Ik /
(GM_PJ;FA> XC (i) Oh___ oW FT o

OFIBYFIC OFIB B FI QFIB

NOW, 51547 is @ non-convective invertible matrix, so it follows that (G’“‘ — %FA) XY, (—u)is a

non-convective quantity, and this proves Equation (16).

After that, we note that Equation (22) was deduced without using the non-convectivity of A* — hu*. In
other words, we assumed that h* — huF is a non-convective quantity and proved with Equation (22) that
also ¥ — h'u* has this property; similarly, we assume now that /’* — h’u” is a non-convective quantity
and prove through Equation (22) that also h* — hu* satisfies this property.

We conclude that the Galilean relativity principle amounts simply in the conditions (20); and (23),.



Entropy 2013, 15 1043

2.1. The Galilean Relativity Principle in Terms of the Main Field

A more simple result holds when we take the Lagrange multipliers as independent variables; in fact,
from Equations (5) and (16); it follows:

dh =M, dF™® with M\, = Xp(d)\a (28)
from which, by using Equation (17), it follows:
Ao = XBo(—i)\g (29)

that is, the equation corresponding to Equation (16);, but for the Lagrange multipliers. ;From
Equation (29), it follows:

88?5 = —M"c\p (30)
where Equations (18) and (19) and, again, Equation (29) have been used.
If we start now from the hypothesis that 4’ and h'* — K’ %k are non-convective quantities, then the
decomposition Equation (16); follows as its consequence and of Equations (24), and (8).

Similarly, with the use also of Equation (27), we have:

ah/k 8h/1k 8h/
GkA _ XA ) — k XA —\
o~ B <aAIB T ) X
Fk FIk Flk
—?FA = — (_FI +Uk> FA = — <F1+uk> XAB(ﬁ)F]B =
Flk Oh' .
B

The sum of these two equations gives Equation (16)s.
Consequently, if we take the Lagrange multipliers as independent variables, the Galilean relativity
principle amounts simply in imposing that A’ and h’* — A’ %k are non-convective quantities, that is.
/ 1k . .
I = 0 and %= = 0 with h'* deduced from Equation (27).
In other words, it is expressed by:

/ 1k
on’ _ 0 , \pMP, On™ + KWk =0 (31)
OAa

\p M7P
D A W

where we have used Equation (30).

In the next section, we will find the general solution of Equations (20); and (23), in the independent
variables F'4, while in Section 4, we will find the general solution of Equation (31) in the independent
variables \ 4.

Before ending this section, we note that in the earlier papers on Extended Thermodynamics, the
independent variables, v’ and m*, were used, which are defined by Equation (16); with v* instead of v,
FIi =0 and F'P = m? for B # i.

Similarly, the dependent variables, m

F'% = 0 and m*® instead of G'*5,

If we want to express the present results in terms of these other variables, we note that

#4 were defined by Equation (16), with v* instead of u’ and
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e Equations (8); with F'4 = X4 5(7)m? are still a system of implicit equations for the determination
of the Lagrange multipliers in terms of v* (velocity) and m*. After that, Equation (31) means that
the composite functions, 4’ and h’* — v*1/, do not depend on v°.

e By substituting Ay = As(v*, m®) into Equation (8),, the resulting function, G*4, satisfy the
relation, G*4 — EZ A = X4 5(0)m*B. In fact, we have:

aam [XCA(—U)(G’“A — v’fFA)} L _MICEXP ,(—0)(GF — P FA) +
: OGHA OF A\ O
XC A k]FA .k B %
X al “>l ° +<8)\B 0 8)\B> dui

‘ Oh'* oh' O

- _ 3C B [ = .k C (| _skj ™~

M™ X7 A(—7) <a>\A v (9>\A>+X Al v)[ ) o
R ok 0*h’ IAg| 3
AaOAs - OraONg ) B0 |

, Oh'* oh' - Oh

- _ C ([ = jB e kT C (AN _skj "

XY p(—v)M A<8/\A v aAA>+X Al v)l ) 8/\A+

th/k ) th/ )
— — MIE =
((MA@)\B ’ 6>\A8)\B> BAE]

, oh'* oh'
— _vC (_~= JA zre ok

on’ 32h'k . a2h/ . 4
_ ME | =
8)\,4 + (8)\Aa/\3 ! 8/\,48)\3) b E] !

+6M

where, in the passage denoted with <, we have used Equation (18), in the passage denoted with =
we have used Equation (8) and in the passage denoted with 2 we have used Equation (19) and also
Equation (30); this last one can be used, because it was deduced, taking into account only the fact that
Equation (28) and Equation (29) are invertible relations between A4 and A%, without worrying if these
are independent variables or not.

Finally, in the passage denoted with £ we have taken into account the fact that the coefficient of —v*
inside the square brackets is Equation (31); written with F instead of A and, after that, derivated with
respect to A4; the remaining part is the derivative with respect to A4 of Equation (31),, written with £
instead of A and, after that, derived with respect to \ 4.

So, we have proven that the usual decomposition in terms of v*, m“ # m’ and m*4 is a consequence
of our Equation (31). In this way, the only unknowns are the functions, 4/, h’* —h'v* and m*#, depending
on the variables, m* # m/.

To find these unknowns, we can use Equation (8) to obtain A, as functions of FB, substitute them
in A/, W'* — h'v* and G*4 and, after that, calculate this in v’ = 0, so obtaining &/, h’* — h'v* and m*4.
However, this is equivalent to calculate Equation (8) in v* = 0, so that they become:

o' on' on'*
ax, ord#i on " T o

After that, we use Equation (32); 5 to obtain A4 and J; in terms of m? # m® and substitute them in

m (32)

Equation (32)3 and in the expressions of A’ and h'*, calculated in v = 0. This is the essence of the

method explained in [37,38] and which was already been used in [39,40].
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3. The General Solution in Terms of the Moments, ', as Independent Variables

We find now the general solution of Equations (20); and (23), in the independent variables, the
moments, F. Let us begin with Equation (20);.

To this end, let us call F4" the variables, F4, different from F and F’. With this notation,
Equation (20); becomes:

oh oh .
-F MY pFB =
s F g M PP =0 (33)
It is not restrictive to consider i a composite function of:
i  B* B* B* '\ 4 .
H(F,F' n”) andof n” =X7" 4 T F*, thatis (34)
’ . F
h:H[F,FZ,XAA< F)FA]

By using this expression and Equation (18), the Equation (33) becomes:

0H 0OH 1 . Fi
R jB* D A B* [ -
F{aFj—i_anB*[ FM pX" A ( )F +X J< F)]}Jr (35)
8H B* FZ ]A*
+8773*X A ( F) M gFB =0

However, for Equation (19), the first term in the square brackets of Equation (35) becomes:

]. N * FZ 1 * F’L
——MB  XP - = | FA= —=XPB MP,FA = 36
7 D A( F) 7 v\~ F A (36)
=——= |X* MO, FA 4 X5 (= ) MO, A
+ X5 p (—F> MIP AFA]

This allows one to rewrite Equation (35) as

OH  OH . Fi . F . Fi
F— —XPB MO, FA — XEB, M, FA L FXE  (—— ]| =0
aFJJranB*[ 0( F) '\ F - F

By using the expression of M’4 g reported after Equation (18), our condition becomes gg = 0, that is,

H does not depend on F”. In other words, the general solution of Equation (20); is:
h=H [F X4, (—) FAl . (37)

Let us find now the general solution of Equation (23)s.
To this end, it will be useful to know firstly the expression of 2’ deduced from the first equality in
Equation (21) and from Equation (37), that is:
oh oh oh

= — —_— [ .]
n h+8FF+8FJF SFE

FB' = _H [F X4, ( ?) FA] (38)
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OF ' on~ F F oA F
1 0H . Fi OH _ . [ Fi
il — MV p X B - | P4 XY=
+ { FanA* B < F) 877‘4* J F +
FB XV [ -=
+ 377A* B ( F)

where we have used Equation (18). Moreover, from Equation (34),, we see that the underlined terms

contribute with a?;lj* A

. Two other terms in Equation (38) are opposite, and there remains:

oF | anA !

In other words, also i’ has an expression like Equation (37), and this is not strange, because we have

W=—H+F— (39)

already said that Equation (23); holds as a consequence of Equation (20);; moreover, Equation (23); is
the same Equation (20);, but with /" instead of h.

Let us find now the general solution of Equation (23)s, that is g’}] F+ ;;Lf M g FB — /R = 0,

It is not restrictive to write
h/k — hl? +H/k; [F, FZ) XA 4 (_) FA‘|

which allows one to rewrite our equation as:

/ 1k 1k % %
{ie S G o () ()]

OF7 onB | F F F
oOH™ .. Fi . ,
o X A (‘F) M 5 FP — s =0
n

where we have taken into account that i’ satisfies Equation (23);. By using Equation (36), there remains

oH"™  oH'* . Fi ) F . F
F— + [—XB o< F)MJOAFA X5 (—F> M, FA 4 FXE (—)1 =0

OFi — on¥” F
which, by using the expression of M7 reported after Equation (18), becomes ‘98 7 = 0, that is, H’ k
does not depend on F7. In other words, the general solution of Equation (23)s is:
F* . FZ
We=W—+H"|F, X" 4 40
I + ) A F ( )

We note now that Equation (20) looks like Equation (23), but with (h, h*) instead of (', h'%); this allows
one to write the most general solution of Equation (20), like Equation (40), that is,
k

ht = hl; + H* [F X4, (—F> FA] (41)

It is interesting to test our general solution in the particular case, N = 2 and M = 1, that is, the

14-moments case, where Equations (20); and (23) are:

oh oh oh - Oh
F— 2Fl— QF4Y 4 Flgi Y = 42
o T2 gpm + CEY A FR0Y) gy + AP o =0 (42)
h/k h/k B ] h/ h/kz
FZF + 2F" gFﬁ + (2F7 + F”(SU)SFM + 4FJ”£W — Wokj =0
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In this case, the variable Equation (34), is:

i = pil - pip 43
n 7 (43)
i”_Fi”—zFilF _lFllFi iFZFlF
= FrOTE T TR :
aabb_Faabb_éFaabF _i_iFllFaF +iFabFF _i(FaF )2
T/ - F b F2 a F2 al’d F3 a

and it is easy to verify that,
h=H(F,n7, q", ne) (44)

Bk — ];CH' (F, nij, 771'117 naabb) + H'* (F, nij’ 77ill7 naabb)

in composite with Equation (43), are solutions of Equation (42).

4. The General Solution in Terms of the Lagrange Multipliers as Independent Variables

Let us now describe the general solution of Equation (31), using A 4 as independent variables. It holds
only in the subdomain with \° # 0, like Equations (20); and (23), were solved in the previous section,
in the subdomain F' # 0. However, F' is the mass density, so that it is obvious that it is different from
zero. The same thing cannot be said for \°, which is zero, quite in equilibrium!

However, if we assume that A} in equilibrium is an infinitesimal of a higher order with respect to
A%, then our solution will be acceptable also at equilibrium. This assumption has been already adopted
in [6,25] for the 14-moments model and was based on the requirement of the convexity of entropy, which,
in turns, assures the hyperbolicity of the resulting system.

Let us call ) ; the variables A4, different from A\° and \}. With this notation, Equation (31) becomes:

) 8h/ ) ah/ ] ah/k ) ah/k )
Ap M7P ; Ap MPP, —— =0 Ap MP ; Ap M7, W&t =0 (45
P ag, T g T o A A T AT T )
where we have taken into account that M7” 4, = 0 when A is the same index of )\fl,,_ in and R = 0; this
fact is evident from the description of M7P 4, reported above, after Equation (18).
It is now not restrictive to consider i’ a composite function of
1 Al
/ 1 0 o A i
H'(pg, A, A7) andof pp =X X"p <_N+M+1 /\0> (46)
In this way, Equation (45);, by using Equation (18), becomes:
o OH' i 1 Al - oH'
)\D M]DA 8MBXAB (_W AO) +)\D MjDz‘llll"'lN+]2\/I—1lN+12M—l {a)\1+ (47)
OH' thiliINyM—1 Nt M—1 ) 1 Y —1 1
X. 2 2 A MHALXC [ — T O
+a/@[ B Al B< N+M+1 )\0> N+M+1 )\OH

where we have substituted M7 ; with M7P in order not to lose sight the fact that i is

il111---lN+12w—1 lN+12\4—1
the same index of \!.
Now, from the description of M7 D, reported above, after Equation (18), we have:

JA — JD. =
M Ll Ny N — O, M iyl Ny 1IN M1 0for D 7§ llll lN+12v1+1lN+12w+1 s
2 Tz 2 T2

jhili I Ny M1l N1
2 ilyly -l l
i ingm—1lNym—1
2 2

M = (N + M +1)¢ (48)
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By using these equations, the relation, Equation (47), becomes:

/! /!

o OH' _;
Ap MIP 3 = XA 4+ \O (N + M +1)

+ (49)
A a,ué 8/\}
OH' ihlilnim-1lNinm—1 ‘ OH'
N M) 5 =Xy T - M X e =0
KB Hp

Now, we see that, from the first and last term, in this equation, there remains:

ithilvingm—alnym—1 OH'

2 2 _

bl INtM—1INtM—1 z -
My A= B (9/@;

—Aa M7

Jhliingm—alnim—1 OFH'
—= =z

0
=-AN(N+M+1)X, o
where we have used Equation (48),5. It is now evident that from Equation (49), it remains
N(N + M + 1)27111_/ = 0, that is, H’ does not depend on )\]1-. In other words, the general solution of
Equation (31); is:

1 A
W=H X[ ), N\ 50
It remains now to find the general solution of Equation (31),. By defining H'* from
Wk = H'* — N+]1\/[+1 % B, it becomes:
) aHlk
Ap M7 =0 51
D Ao (1)

where we have used the fact that /' already satisfies Equation (31); and taken into account Equation (48).
Now, Equation (51) looks like Equation (31);, but with H'* instead of /'; by operating in the same way,

1 o ) . In other words, the general

we obtain that H'* is a composite function of A\® and A4 X 5 <— NI P

solution of Equation (31), is:

1 by 1 A
pk— = Tkpa gEIAN XA ———— T 20 52
NeMm+i " AT BTN M1 N (52)

Let us now see how the conditions (2) can be solved in terms of the functions, H' and H'*, appearing in
Equations (50) and (52), respectively.

4.1. On the Condition G* = F*

Let us consider now the condition (2);, which means that the flux in the conservation law of mass
is the momentum density, that is, the independent variable in the subsequent conservation law of
momentum. By using Equation (8), it can be expressed as:

on'* _on’
OX 0Nk

However, we note that A appears in 5, as expressed by Equation (46),, only for B = 0, that is, in i

(53)

moreover, we have:

i
ax ! (54)
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Similarly, A; appears in 115 only in fi and /i;; moreover, we have:

oii 1 Ao opy
N NTME1la oy 0 =01 (55)

In order to prove these properties, we note that from Equation (16),, it follows Ay F4 = Ay X4 p(u )FIB;
by comparing this with the deﬁmtlon (46)y of pup, we find that fi is the coefficient of F' i

1

A F4, calculated in u; = 2 and ji; is the coefficient of F7 in A\4F4, calculated in

N+M+1 )
the previous value of u; (in effect, this value of u’ was introduced above when we considered i/ a

composite function of Equation (46). This was inspired by the fact that, from Equation (28), with

B = il - ..lN+12M—1lN+J2VI—1, this value wu; corresponds to the condition )\élllmlNﬂI_llmy_l = 0,
exactly as for the corresponding passage used in terms of the moments.)
By using Equations (10); and (15);, we find:
N . .
AR = Z Aiy i Z Spm(@) R 4 (56)
s=0
+ Z )‘11 i Zy;%ll ]ZR FIJ1 Js 4 Z X11 ]s( )Ffjl Js

S=R

It follows that the coefficient of F is:
Z )\il...inszlmzn + Z )\RmiRY“..-zR(ﬁ)
n=0

and the coefficient of F'7 is:

2

Z i 1nS]Z1 zn + Z)\RlRY;“lR(ﬁ)

where we have omitted the value for n = 0, because, in the other summation, the index, s, goes from 0
to n; consequently, for n = 0, there is not the value s = 1.
By using Equations (11) and (14), the coefficient of '/ becomes:

N4+M+1
5 R

N
Z )‘llln uln + Z )\11 gt il R(u2>
n=0

while the coefficient of F'/7 becomes:

Zn)\ll U — 1.7u ’ ln_l +

n % [R/\R i2 - uiR <u2)N+12\/I+1

Ji2- ’LR
R=0

R (N+M+1-2Ru; \E |, u ' (u?) 2

i1-+iR

_ 1 AL
N+M+1 Xo»

By calculating these expressions in u; =
Equations (54) and (55) easily follow.
With the same passages, we find the other properties, that is, A appears in 15 only for B =0and )\

we find £ and fi;, respectively, from which

appears in ji5 only for B=0orB=j.
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1AL
T N+MA41 X0
in Equation (56) only for n = 0, so that the other summation may assume only the value, s = 0, giving

More precisely, 1 is the coefficient of F! B in Ay F*, calculated in u; = but, \ appears

only the coefficient of F'/ and not of the others, F B, Similarly, \; appears in Equation (56) only for
n = 1, so that the other summation may assume only the value s = 0 and s = 1, giving only the
coefficients of F/ and F'7 and not of the others, F'/5.

By using Equations (54) and (55), we can rewrite Equation (53) as:
on'™ 1 A OB oN

- - 57
o N+M+1 N0 op 57)
which, by using Equations (50) and (52) becomes:
OH™  OH'
— = —— (58)
ofi ofi*
This equation may be easily integrated; in fact, there exists surely a function, ), such that:
0
w =2 (59)
op
After that, Equation (58) says that:
0
H* = w + pF (60)
op*

where 9" is an arbitrary function that does not depend on i and arises from the integration with respect

to [i.
4.2. On the Eventual Condition G** = G

This symmetry condition (2)5 has to be imposed only if there is a conservation of angular momentum,
differently from Equation (2);, which holds surely, for physical reasons.

By using Equation (8), it becomes:

) h/[k
o\

(61)

Now, thanks to Equations (54) and (55), we have:
on'* IV VI X

D N+M+1 0 2 o

which, by using Equation (57) becomes:
on'x 1 ON AL\ 1 Ao On™*

D (NFMF1Z0n W2 N+M+1 Nom o

It follows that:

ot 1 Low on't
Oy N+M+1 X0a, """ oy
1 1 on ., ont oH'¥

TN M1 20 T o T o



Entropy 2013, 15 1051

where in the last passage, Equation (52) has been used.
Consequently, the condition (61) becomes:

1k
aaHﬁ ‘} =0 (62)

This equation, together with Equation (58), is nothing else than the integrability conditions, which allow
one to obtain the scalar function, v, such that:

_®
-5

o

Hl Hlk‘ — -
Ofik

(63)

Vice versa, from Equation (63), the conditions (58) and (62) easily follow. We may conclude that the
four-potentials, 1’ and h'*, are determined, except for an arbitrary scalar function, v, depending on \°
and pi3.

Let us now test the results of the present paper, by comparing their restriction to the 14-moments
model with those found, for this particular case and in a completely different way, in [5,6].

5. The Particular Case with 14-Moments

A comparison of the deﬁnlition (46)2 of upz with Equation (28), shows that up is equal to /\%
calculated in u; = —m % Now, in Equation (16), of [5], we find the expressions of )\IB (which in

that paper, were called m?) in the 14-moments case; so, they allow one to obtain:

. 1. A\ L XA 3 3 2
==\ — N\ — —(A IRy 64
: 4 Appgg 16 ’ ()‘ppqq)2 256( ppqq> ( uhit) ¥
B 1 A 1 _
fi = N — 5)‘@% + g()‘ppqq) 2()‘pll/\pll>/\ill
PPaq
~ 1 A 1 _
Hrs = /\rs - g )\ll L 5Ts - ZAT”/\S”(/\PPQQ) !
PPaq

where, in the present notation, \;; = A} and \,,; = A\°.

Now, let us assume that A’ depends on A4 as a composite function of A, fi, fi; and fi,; and of
Equation (64); if we substitute it in (4); of [5], we find that it is identically satisfied, as we expected for
what was said above in the present paper.

Similarly, if we assume that:

1 )\kll
4 A

hk = WA H™ Nppit 5 fi s firs) (65)

with fi, fi; and fi,s given by Equation (64), we obtain that (4), of [5] is identically satisfied, as we
expected.
Regarding the expression of H'¥, we know from the representation theorems [7,8,10] that

H* =y i + Vofinifii + VU3 (fi%) pafs (66)

with ¢y, ¥ and 3 arbitrary scalar functions. Moreover, from the same representation theorems, we

know that ' and ¢); are arbitrary functions of Apqq. L, f, fliflis foifbij s fiflir fifbiifo; and fu fli fu [
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Now we expect that there is a correspondence between the solution found in the present paper and
that found in [5], with a completely different method. This is true; in fact, in [5] it has been found
that i’ is an arbitrary function of eight scalar variables X;-Xg. By comparing their expressions (see
Equation 6 of [5]), with the solution here found, we see that the correspondence between the scalars is
the following one:

X0 = Appgg = X1 (67)
X,

Hu = —EZ

I 1 X3 11 /X5\?

Mg fby; = _ZZ + 256 <X1>

3Xy | 3X3 Xo 29 (X,\°

M fbig 51 = —gz + — 39 X1 Z % <X1>

i 1 X5 1 X3 3 ()(2)2

16X, ' 32(X1)2 1024 (X,)3
1X6 1 X5X2 1 X4 1 X3X2 1 (X2)3

Pl =X, T 32(X0)2 8 (X2 32(X))P | 512 (X))
. 1Xy 3X.Xs 11 3 (X0)?] X5 5 XXy 1 (X3)?
Hilishs = 1, 7 64 (X)) _4[8)(3_128 X, ](le 128 (X,)3  64(X))°
+LX3(X2) 3 (Xe)!
128 (X)) 213( BE
S 1Xs 1 XXy 9 2 1 X,
ittty = 4 5 7 16 (X,)2 [16 X _32)(11

+X5 3 Xg 1X3 3( ) ]-X4 +

X1 128X1 2X1 32-le

+1 Xy X3+21 <X2) 4 1 (X3)2 X n
32(X1)?2 | X, 64 X, 128 \ X,/ (X;)?
- = +

64128 (X1)2 \ X, 217 X, \ X,

In order to verify these relations, it suffices to substitute Equation (64) in the lefthand sides and

the expressions of X;-Xg (reported in Equation 7 of [5]) in the righthand sides; after that, we have
simply to note that identities are obtained, thanks also to the Hamilton-Cayley theorem (see also on
page 32 of [7]).

We note also that Equation (67) is invertible. In fact, the righthand side of Equation (67); is a
linear function in the variable X;; moreover, the coefficient of X; and the term of zero degree in X;
are functions, depending only on X, X5 and - - - and X;_;. This fact proves that Equation (67) is easily
invertible.

For what concerns h/*, let us analyze firstly the result of [5]. Equation 5 of this paper gives h’* and
h’ in terms of four arbitrary functions, Hy, Hy, H, and H3, depending on the variables, X;-Xg. By
deducing from (5), the function Hy in terms of h’, H;, Hs and Hj and by substituting it in (5);, we find:

1 MM X X X
Wt = 1o h' + Hy (V1k - S)Q%k) + H, (Vzk - 8X31Vok> + Hj (Vk 8);1 Vok) (68)
pp
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where we have used Equation (6); of [5].
After that, by using also Equations 6 and 7 of [5] and the Equation (64) of the present paper, we find

the following identities:

X
Vi3 X Vi =4x, 4" (69)
X ki~ D o
vy — 8);’1‘/0 = 4X0 " i+ Xofi*
Xy . i ~ 1 3 .
Vi -2 leo = X iy XM+ |5 X+ o (0)|
by substituting these values in Equation (68), we find:
1 )kl
W+ 100, h' = P fik + ofiifi; + Vs i i (70)
pp
with
3 1 3
Y =4X 1 Hy + 1X2H2 + §X3 + GZ(XQ)Q Hj
Yy =4X1Hy + XoH3
Py = 4X1H;

From the arbitrariness of H;, H, and Hj, that of 1, 15 and )3 follows, and vice versa.

We note now that Equation (70) is equivalent to Equations (65) and (66) of the present article. So,
we have found a complete proof that as the result of the present work, restricted to the 14 moments case,
is the same of that known in the literature and found with a completely different method.

6. Conclusions

We consider very interesting the results here obtained, because until now, nobody has found exact
solutions in Extended Thermodynamics with an arbitrary number of moments. This allows one to review
the procedures previously used and which were based on Taylor’s expansions. Moreover, it opens up the
possibility for many other further deepening considerations; for example, one could try to extend this
procedure to the case with additional symmetry conditions. We hope that this will be a great spur also
for other researchers.
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