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Abstract: This analysis introduces a generalization of the basic statistical concepts of
expectation values and variance for non-Euclidean metrics induced by L£P-norms. The
non-Euclidean £” means are defined by exploiting the fundamental property of minimizing
the L£P deviations that compose the £P variance. These LP expectation values embody a
generic formal scheme of means characterization. Having the p-norm as a free parameter,
both the L£P-normed expectation values and their variance are flexible to analyze new
phenomena that cannot be described under the notions of classical statistics based on
Euclidean norms. The new statistical approach provides insights into regression theory and
Statistical Physics. Several illuminating examples are examined.
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1. Introduction

2500 years after the Pythagorean discipline and the “self-imposed” intense study on the arithmetic,
geometric and harmonic means, the power-means of the elements {y;}¥,,y; € D, CR,Vi=1,..., N,
given by M,({y:}Y,) = (ZZ]\LI y;? /N)/?, were introduced [1] as suitable generalization of the former
Pythagorean ones, for p = 1,0, —1, respectively. An even more general characterization, preceded of
the power-means, concerns the Kolmogorov—Nagumo means [2,3], also known as ¢-means, which are
expressed in terms of a strictly monotonic function ¢, as M, ({1 }¥) = ¢ [SN, @ (y:)/N].

Hardy et al. [4] showed that the (>-means are characterized by various fundamental properties of the
ordinary arithmetic means. Later, Ben-Tal [5] showed that the p-means are indeed ordinary arithmetic

means defined on linear spaces with suitably chosen operations of addition and multiplication. The latter



Entropy 2012, 14 2376

justifies the ¢-means alternative names of “quasilinear” [4] or “quasiarithmetic” [6]. The series {y; }¥,
can be rearranged, according to the y-values of its elements, to the set {y;}}~,, where each value y,

has possibility p, = A]]VV’C, with AN}, being the number of elements {y;}Y , that follow the equality

y; = yi. (for examples, see [7]). However, the probability distribution {p, }}", can be constructed

directly in association with {y;}}",, and without the necessity of the series {y;}2,. Then, the relation
Pr = Pe({yx 1), Vk =1,..., W can be derived. These weighted -means were introduced by [8], and
expressed in terms of the probability distribution {p, }}",, namely, M, ({yx}}V.,) = ¢ ' [>2, Pe(yi)]»
giving advance to the axiomatic theory of information functions [9].

The ¢-means are found to have useful applications in a variety of topics, namely, in statistics [10], in
decision theory [11], in signal processing [12], in thermostatistics [13,14], ezc. Within the framework of
signal processing, [12] succeeded in specifying classes of signals associated with the quasiarithmetic
mean of two variables. However, the main efforts to use the ¢-means to this topic, are typically
addressed in signal denoising processes. For example, by applying the power-means, the moving average
shifts towards small signal values for small p and emphasizes large signal values for large p, thus
highlighting the fluctuations of the preferred scaling. As soon as the nonlinear function ¢ is appropriately
chosen, (-means-based filters can efficiently reduce noise at a preferred scale of signal values. Another
significant nonlinear filtering scheme, having interesting properties in signal denoising, is based on the
moving median, instead of the moving (-means technique [15,16]. Lately, the median value found to
play a key-point role in signal processing optimization and block entropy analysis [7,17]. The median is
based on the non-Euclidean norm £! (Taxicab norm), and thus, it does not embody the characterization
of p-means, which are in their basis Euclidean, i.e., they are induced by the Euclidean norm £? [18].

In [7] a novel generalized characterization of means was introduced, namely, the non-Euclidean
means, based on metrics induced by £P norms, wherein the median is included as special case for
p = 1 (L), while the non-Euclidean p-means can also be defined. (See also the work of [19], where the
general clustering approaches is investigated using, among others, similar well-defined means based
on non-Euclidean optimization.) In this way, the £P expectation value of a given energy spectrum
{er}}V, is defined, representing the non-Euclidean adaptation of internal energy U,. (This issue is
mentioned in Section 3.1; it can be further examined in the framework of non-Euclidean-normed
Statistical Mechanics.)

The Euclidean norm £? is also known as “Pythagorean” norm. Hereafter, we prefer referring to
the non-Pythagorean norms as non-Euclidean, inheriting the same characterization to Statistics. One
may adopt the more explicit characterizations of “non-Euclidean-normed” statistics, for avoiding any
confusion with the non-Euclidean metric of the (Euclidean-normed) Riemannian geometry.

The paper is organized as follows. In Section 2, the £” means are defined, resulting from the
minimization of the respective £P deviations. Similarly, the more generic ®-normed ¢-means are
also defined. The general scheme of means characterization, wherein the £” means are embodied,
is given. In Section 3, the concept of LP-expectation values is thoroughly studied. The L£” means
are expressed in terms of the ﬁp operator, which helps to automatically retrieve the non-Euclidean
representation of a formulation from its respective Euclidean one. The non-Euclidean expectation and
variance operators are accordingly deduced. Several examples of Statistical Mechanics are examined:
gas in thermal equilibrium, space plasmas out of thermal equilibrium, and multi-dimensional quantum
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harmonic oscillator at thermal equilibrium. Section 4 introduces the L£P variance; its expression is
justified and examined in detail. In Section 5, some further analytical and numerical examples are
examined. It is shown that in the case of symmetric distributions of data, the whole set of £” means
degenerate to one single value, while for asymmetric ones, spectrum-like range of £” means is generated.
In addition, we deal with numerical data of the magnitude of Earth’s total magnetic field. Finally, Section
6 draws the conclusions.

2. The Generalized Formal Scheme of Means Characterization
2.1. The Means Characterization Based on Optimization Methods

The non-Euclidean means 1, based on £? norms, are defined as follows

w
> Pelye — il sign(ye — ) =0 (1)
k=1
where the median p; and the arithmetic mean o follow as special cases for the Taxicab
L' and Euclidean L2, respectively. Both the median p; and arithmetic po means can
be implicitly written in the form of Equation (1) as kazlpksign(yk — p1) = 0 and
S Pulyk — palsign(ye — p2) = 0 (& pa = SO, Pyyk), respectively. These forms can
be thought as the result of the corresponding optimizations of the Total Absolute Deviations
TAD({y 3V, ;0) = S0, Pulux — af (also called Total Boundary Area - TBA), and the Total
Square Deviations TSD({yx}}V, ;)2 = S,_, Pelyr — a|? for describing the optimal values
a* = pp and o = g, respectively [7,18,20]. Similarly, the £ mean ji, emerges from minimizing
the Total p-Deviations, i.e.,

w
TD,({ye sy s 5p)” =Y Pylys — af” )
k=1

The optimization leads to (i) the normal Equation (1), from which the optimal parameter o* = p,, can be
derived as an implicit expression of p, (ii) the total deviations minimum value 7' Dy, yrin ({yx }ioy ;0)F =
S, Pulyr — [P, which is the pth absolute moment at the £ mean o* = y1,,. Therefore, the Euclidean
mean /i, known as the one minimizing the (Euclidean) variance, is generalized to the £” mean 1, which
is the one minimizing the £ variance, a quantity proportional to T'D,,({yx}/_, ; « ; p)? (Sections 3.1,4).

The generalized £ p-means fi(, ) can be defined given the strictly monotonic function ¢ : y, —
zk=@(y),Vk=1,... ., W, ie.,

w
> Pl = e(ueem) P~ sign[e(yr) — e(ugem)] =0 3)
k=1

which is the normal equation derived from the Total (, p)-Deviations,

w
T ({uehily s 50)” = pilelye) — p(a)? )
k=1
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Thereafter, we arrive at the classical p-means iy, ,—2) = M, by considering the Euclidean norm.
Even further, by considering an arbitrary functional norm ¢ : u — ®(|u|) (P(0) = 0), the Total

(p, @)-Deviations are formulated

| TD ) (i} 1) :ivjpk@[rmw-w(a)@ 5)

leading to the normal equation

Zpk [Iw Yr) (u«o,@))\] sign[p(ye) — e(ppe))] =0 (6)

from which we obtain the ®-normed ¢-means /i, ¢). It is noted that the solution of Equation (5) is
generally called M -estimator, a broad class of estimators, which are obtained by minimizing the sums
of functions of data. An M-estimator can be defined to be a zero of an estimating function that often is
the derivative of another statistical function. When this differentiation is possible, leading to Equation
(6), the M -estimator is said to be of 1/-type. (For more on M -estimators theory, see [21,22].)

2.2. Formal Scheme of Means Characterization

The characterization of means based on optimization methods has already been found useful,
providing insights into the optimization theory and its applications (e.g., see [7]). The most important
application involves reestablishing the concept of expectation values. However, we have to be certain
that the optimization characterization of means, as described in Section 2.1, can embody the general
scheme of means characterization.

Acz€l [23] suggested an axiomatic characterization of means, settled by five fundamental properties
of the ordinary arithmetic means, and succeeded to reproduce the (o-means. In particular, any univalued,
bivariable function M (y1,v2), y1,y2 € D, constitutes a general mean of y,ys,, if the following
preconditions are fulfilled: (i) Continuity; (ii) Strict monotonicity: if y; < y,"(>), then M (y1,y2) <
M(yy",y2) (>), and the same holds for yo < yo'; (iii) Bisymmetry: M (M (y1,v2), M(ys,y1)) =
M (M (y1,y3), M(y2,94)); (iv) Reflexivity: M(y,y) = y; (v) Symmetry: M(y1,y2) = M(y2, 11).
Aczél also proved [24] that, if and only if the (i)—(iv) preconditions are fulfilled, then M (y;,y2) =
o HAo(y1)+ (1 =N(y2)], Vi, y2 € Dy, 0 < X < 1, and ¢: strictly monotonic function. For A = 1/2,
(v) is also fulfilled, hence, M (y1,y») coincides with the ¢-mean of y1, yo, i.e., M (y1,y2) = My(y1,y2).

Aczél also pointed [23] that the “internness” property, i.e., Min(y:,y2) < M(y1,y2) < Max(y1,y2),
follows from preconditions (i), (ii), (iv). However, it is evident that the internness, together with the
continuity (i), leads to the reflexivity (iv). This remark implies that we can settle the internness as
precondition, instead of the strict monotonicity and reflexivity. (Besides, the median does not follow
strict monotonicity, while it follows the internness. In addition, internness ensures that the mean shall
preserve the units of y-values under units-transformations.) Then, turning aside of preconditions (ii) and
(iii) that entail the Euclidean character of o-means, an alternative characterization of means can be given
by the univalued, N-multivariable function M ({y; }%,), fulfilling the three preconditions: (i) Continuity;
(i) Internness: Min({y;}Y,) < M({y:}Y,) < Maz({y;}Y,); (iii) Symmetry: For y; — y;,,Vi =
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Lo N {yi N, = {y;, Y., then M({y; 1Y) = M({y;,},). (This characterization considered also
by [25] for N = 2.)

It can be easily verified that the non-Euclidean, ®-normed, ¢-means g ) obey to the above
characterization. Throughout, we deal with the £” means j,. The uniqueness of x, means can be
provided for any p > 1. (The restriction p > 1 is required for the triangle inequality of the norm’s
definition to hold.) In particular, the non-zero derivative

op _ (p— 1) 4, Pilys — "2
My S Ply — P sign(ye — ) (lys — pp])

Vp>1 (7)

and the fact that the derivatives of any order of 11, (p), inductively, are analytically expressed in terms of
the (univalued) Euclidean mean 1,(p)|,—2 = p2, can ensure for the uniqueness of /i, for a given p > 1
(for p = 1, see [7]). Note that for the specific case where 3k = k' : i = p1,,, then for p < 2, Equation (7)

gives Op/Ou, ~ (p — 1) /[(ywr — pp) In(Jyxr — pp|)] — o0, ice., p,/Op — 0.
3. The Concept of LP-Expectation Values
3.1. The Non-Euclidean Norm Operator ﬁp

The non-Euclidean £P-expectation value (y), is implicitly given by

Zpklyk — ()P sign(ye — (y)p) = 0 ©)

and it is apparent that the most of the fundamental properties of the Euclidean expectation value are
not inherited by the non-Euclidean expectation values. In particular, we distinguish among others,
the following two Euclidean properties: (i) (y)s = S, Pyx (by definition), and (ii) 6%(3»2 =
ZkW:1 B{%yk, for a given parameter 3, for which p, = p,({yw}i_;8), Vk = 1,...,W, and
() = W)p({ur}~1;8). Now, we examine whether the above two properties can be fulfilled even
for the case of non-Euclidean £”-expectation value (y),, and a suitably transformed data set {y,(f )}szl,
namely, (i) (y), = S, pky,(f ), and (ii) %(y) S 83% y”. Indeed, this is true for the specific
transformation £, : y, — y,(f ) =2 (i), Vk =1,...,W, where L, denotes the non-Euclidean norm

operator, i.e.,

£olue) = lyk — (y >p|(7;1_87319)7;iyk — (y)p)

where ¢, = ZZ‘; Prlyr — (y)p|P~2. Finally, ﬁp exhibits the following properties:

+ W) )

(i) The non-Euclidean mean of {y;}}", is the Euclidean mean of {L£,(y)}}",

w
)y = > Pulp(yr) (10)
k=1

(ii) Zero-mean of {a%ﬁp(yk)}szp

iR 0 0P, »
0= pp=Lo(yr) . or, =)y =Y —EL, () (11)
1
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(iii) Norm-derivative (Equation (7)):

W)y _ ~—~ 0Py 5 LA
2 = NS () + D Pl — (u)) In e — (y) (12)
p k=1 p k=1
0 Sy 9
= T = YLl ) ol i = 3

(iv) In the Euclidean case, E degenerates to the identity operator Ep o=1.

(v) Linear operations: £,(Ayy, + ¢) = AL,(y) + ¢, Y\, c € R.
Hence, (y — ()} = (Lp(y — ()p))2 = 0, which reads Equation (8).

(vi) Non-additivity of ﬁp: ﬁp(yk + zx) # ﬁp(yk) + ﬁp(zk).

—>

(vii) Inverse of non-Euclidean norm operator, £, ', £, 'L, = L, L' =

£ () = |y, — <y>p\ﬁ8ign(ﬁ — W) | W, (14)
[(p— 1)) >

As we mentioned in property (v), Equation (8) can be rewritten in the form (£,(y — (y),))2 =
0, or C - S0 pulue — (W)plP tsign(ye — (y),) = 0, with C' = m. Obviously, this leads to
Equation (8), for any value of the scalar C' # 0. However, property (ii) is fulfilled if and only if C' has
the specific expression C' = m (see further below). Property (ii) is important when we incorporate
the non-Euclidean-normed Statistics in Statistical Mechanics: (a) The Canonical probability distribution
can be automatically derived and explicitly expressed. (If the scalar C' were expressed by any other
formulation, after the extremization of entropy in the Canonical Ensemble, we would not be able to
solve in terms of the probability, namely, to express explicitly the probability in terms of the energy.)
(b) The basic relation that connects Statistical Mechanics with Thermodynamics has to remain the same
with the classical case. Namely, the classical relation between the derivative of the partition function
Z, and the mean energy (internal energy) U, has to remain invariant, independently of the p-norm. In
other Words if £,(ex) = Clex — Uy |P~'sign(ey, — U,) + U,, then the specific expression of the scalar
C _

1) P yields the following scheme:

0ln Z, 1

w
0 -
Uy =— SC0=—"® Zp@ﬁp(sk) =0 (15)
k=1

B (p— 1)¢p

where the non-Euclidean LP expectation value of energy states {e;}1", yields the internal energy
(¢)p, = U,, while the £? Canonical partition function Z,, (in Boltzmann—Gibbs Statistical Mechanics) is
given by Z,({ex 1)) = 317, exp [~ BL,(e1)]. Indeed, we have

Oz, 3(0
o

B) §-
Zpk|5k — Up[Ptsign(ey, — U,) + U, +

v, v,
1-c —1Zpk|ek— | 85 = Un + 1= Clo = Dy] 85
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which equals U, if and only if C' = 1) - On the other hand, we have
w
0 4 ou,
_ _ p—1 it 4
;pk ﬁ£ o(k) = 85 Zpk\sk U,|P™ sign(e, — U,) + 5 X
_ ou,
1—c<p—1>2pkrek—vp|p | =57 1-Clo-13,)

which equals zero, leading to Equation (11), if and only if C' = m

Given the set of states {yz};_, of a physical quantity, which are included in the Euclidean
representation of a formulation F[{y};",], the respective non-Euclidean representation can be
often retrieved automatically by replacing y, with ﬁp(yk), Vi = 1,...,W, ie, F,[{uye}}l)] =
FH{L,(y)}Y,]. As an example, the £7 Canonical partition function in Boltzmann—Gibbs Statistical

Mechanics is given by

Z({ahily) = ) exp(=Ber) = Z,({ahily) = ZHLy (e hl) |

where {g;}}V, is a discrete energy spectrum.
Consequently, according to the above considerations, the non-Euclidean £”-expectation estimator E ,
acting on a random variable Y, is given by

E,(Y) = B, [ﬁp(y)} (16)

where E2 (= E’) is the classical (Euclidean) expectation estimator.

On the other hand, the non-Euclidean £”-variance estimator aA?p has to result to the Total p-Deviations
of Equation (2), or at least, to be proportional to that, such that its minimization leads to Equation (1).
This can be achieved by setting,

0= By |[(Y = (V))L,(Y = (V),)] (17)

(Section 4 revisits the concept of non-Euclidean LP-variance, providing a convincing and consistent
justification of Equation (17).) Finally, given a set of random variables {Y;},, the non-Euclidean

covariance estimator (02,);; is given by

-~

(p)is = Bz [ (Vi = (V) £(¥; = (Vi))] (18)

3.2. The Non-Euclidean LP-Mean Estimator and Its Expectation Value

Two basic theorems of the ordinary expectation values are inherited to the non-Euclidean ones:
(1) The LP-expectation value of the £P-mean estimator 7i,, . ({;}1_; p) is equal to the LP-expectation
V.. (2) The
LP-mean estimator /i, , converges to its £P-expectation value, (fi, ), = Ey(fip ) = jtp» as N — oc.

value s, of any of the independent and identically distributed random variables {y;}%

Given the sampling {y;}, ,, the non-Euclidean, £P-mean estimator fi, , = i, ({y;}}1:p) is
implicitly expressed by

Z\yz T (o ) [ sign [y — Fipoy ({5} rsp)] = 0 (19)
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Then, the non-Euclidean L£P-expectation value of /i, ., namely, (fip, . )p = Ep(ﬁp, ~{yi ). s
implicitly given by

~ ~ -1 . ~ ~
/ . / B (51 050) = B Yol i [y (10310 9) — (T o]
{yi €Dy},

Ly i) dyr ... dyy =0 (20)

where £({y;}_,) is the normalized joint probability density, so that

/ / {y]}j ) dyr .. dyn =1 21)
{yJEDy}

Consider the sampling {y;},, v; € Dy C R, Vi = 1,...,N, of the symmetrically distributed
random variables {Y;};*,. Namely, the joint distribution density has the property £({y;}}_,) =
L(y1--Yg-Yi-yn) = L1 Yio Yp--Yn)s Vi, k(£ 1) =1,..., N.

Lemma 1: The symmetrically distributed random variables {Y;}Y, are characterized by the same
non-Euclidean £P-expectation value, namely, (Y;), = E,(Y;) = u, € R,Vi = 1,..., N, implicitly
given by

/. . /{ oy |lyi — Mp|2’—1 sign (Y — fp) E({yj}év:l) dy; ...dyy =
y; €Dy 1

- / i — 1P sign (yi — pp) £4(vi) dyi = 0 (22)
Y €Dy

where £, (u) = £,(u), Vi =1,..., N, is the marginal distribution density, which is identical for all the

random variables {Y;} Y,

Lemma 2: Let the auxiliary functionals {G; })¥,, with G; = G;({y;})215p) = yi—fp, {y; 11 p), Vi =
1,..., N. Then, their £P-expectation values are zero, namely, (G;), = E,(G;) = 0,¥i=1,..., N.

Theorem I: Consider the sampling {y;}Y,, v; € D, C R,Vi = 1,..., N, of the symmetrically
distributed random variables {Y;}Y,. According to Lemma I, the random variables are characterized
by the same non-Euclidean £P-expectation value, namely, (V;), = E,(Y;) = p, € R, Vi =1,..., N,
which is implicitly expressed by Equation (22). Then, the £P-expectation value of the £”-mean estimator

Iip, N({y]}] 13p) is equal to iy, i.e., (fp,, )p = =E (T, N({y] j= 13D)) = 1y
-1 . ~
o i) =l sign [ (o)~ )]
{yJGDy}
x L({y; L) dyr .. dyy =0 (23)

Theorem 2: Consider the sampling {y;}¥,, v; € D, C R,Vi = 1,..., N, of the independent and
identically distributed random variables {Y;},",. The £P-mean estimator i, , ({y;}7_,;p) converges to
its LP-expectation value, (7, ), = Eplfip  ({y;} Y i21;D)] = pip, as N — oo, namely, imy o i, =
(Hp,)p = Mp. Remark: The independent and identically distributed random variables are also
symmetrically distributed. Then, from Theorem I we have (fi,, ), = E, [, i)l = Y, =
E,(Y;) = u,. The LP-expectation value (Y;), = p, is calculated given the marginal distribution density
£y(vi), Vi=1,..., N. However, the expression of this distribution is in the generic case unknown, and

thus, we estimate ju, by means of i,  for N >> 1.
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3.3. Examples

In the following three examples from Statistical Mechanics, we examine the systems of (1) gas in
thermal equilibrium, (2) space plasmas out of thermal equilibrium, and (3) multi-dimensional quantum
harmonic oscillator at thermal equilibrium. The non-Euclidean-normed internal energy U, is derived by

utilizing the classical Euclidean probability distribution of Canonical Ensemble.
3.3.1. Gas at Thermal Equilibrium

For the continuous energy spectrum ¢ € [0, oo) with distribution p(¢) and degeneracy g(¢), the L£?

internal energy (¢),, is given by

/ p(e !5 — >p}p_13ign(€ —(e)p) =0 (24)

At classical thermal equilibrium, the energy distribution is given by the Boltzmann—Gibbs distribution
p(e) x ¢ 5T, The degeneracy is g(g) et~ where f denotes the degrees of freedom. Hence, the

internal energy, (¢),/(kgT), is implicitly expressed in terms of p, f, as follows

O ( 3 <€>p) _
knT sign| x inT =0 (25)

where we set © = ¢/(kgT). In the Euclidean case, the internal energy is (¢)s = (f/2)kgT. In the
non-Euclidean case, this is written as (¢), = (f,/2)kgT, where f, represents the reflected degrees of
freedom; for sufficiently high number of degrees we find f, ~ f + 0.66 - (p — 2).

3.3.2. Plasma Out of Thermal Equilibrium

Classical systems are said to be in thermal equilibrium — the concept that any flow of heat (thermal
conduction, thermal radiation) is in balance. However, thermal equilibrium is not the only possible
state that is stationary (i.e., the phase space distribution does not explicitly depend on time). For
example, space plasmas are systems residing in stationary states but out of thermal equilibrium. For
these systems, the energy distribution is well-described by the empirical kappa distribution (see [26]
and references therein). Moreover, the kappa distribution was shown to be connected [26] with the
solid background of non-extensive Statistical Mechanics [27], and represents the probability distribution
that maximizes entropy in the Canonical Ensemble. The kappa distribution is the generalization of the
classical Boltzmann—Gibbs exponential distribution that describes systems only at thermal equilibrium.
The temperature and the kappa index that govern these distributions are the two independent controlling
parameters of non-equilibrium systems. The invariant form of the kappa distribution, in which the
temperature 7', the kappa index x( and the total degrees of freedom f are all independent variables [28],

is given by
!
2

1 € ro—1-3
P(5,T7'f0,f)0<<1+/€—0'l@—T) (26)

where the kappa index (ko > 0) determines a measure of how far the system is from the thermal

equilibrium [29]. The kappa distribution recovers the Boltzmannian exponential distribution for
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ko — 00, which is the value of the kappa index characterizing thermal equilibrium. The smallest
possible value of the kappa index is ko — 0, and determines the furthest stationary state from thermal
equilibrium [30].

In Figure 1 the kappa distribution P(g;T; ko; f)g(e) x (kgT') is depicted in terms of ¢/(kgT) for
ko = 0.01,0.1,1, 10. The internal energy (¢), is given by

o —ko—1-4
/ (1 + ﬁ) Sty - o
0 Ko

kT
(Again, we set x = ¢/(kgT) and the degeneracy is g(¢) o et 1) In Figure 2a we depict the internal
energy, (¢),/(1/2 kgT') with respect to the degrees of freedom f, for p = 1.5,2,2.5 and for kappa
indices ko = 1.5 and ko = 100 (this practically equals the Boltzmannian exponential distribution at
thermal equilibrium). Figure 2b plots the internal energy over the degrees of freedom, (¢),/(f/2 kgT),
for the same p and k. Figure 2c shows the dependence on the kappa index (for f = 3). Interestingly,
the internal energy is kappa-dependent for any of the non-Euclidean norms, i.e., (¢), = f,/2 kT, with
f» = fo(ko; p). (Hence, T' does not well-define the kinetic temperature for p # 2 [26,30].) Note that the

integral converges only for ko > p — 2, which generalizes the inequality ~y > 0 of the Euclidean case.

p—1
sign (x — %) =0 27)

Figure 1. The kappa distribution of energy, P(g; T'; ko; f)g(e) x (kgT), depicted in a log-log
scale for ko = 0.01 (red), 0.1 (blue), 1 (green), 10 (magenta), and for f = 3.
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3.3.3. D-Dimensional Quantum Harmonic Oscillator in Thermal Equilibrium

For the energy states {¢,, })"_; with degeneracy {g,}"_, that are associated with the discrete energy

distribution {p, }V_ |, the L? internal energy (¢), is

n=1°
w
> Pugulen = (£ sign(en — (2),) = 0 8)
n=1
with the Boltzmann’s energy distribution p,, o< ¢ F5T at thermal equilibrium. The D-dimensional
quantum harmonic oscillator has discrete energy spectrum &, = hw(n + %) with degeneracy
Gn = ("2 o< (n+ D — 1)!/n!,¥n = 0,1,2,.. Then, the internal energy (), is implicitly given by
o0 p—l
_ hw 1 D —-1)!
Ze EpT n+——% sz’gn(n+§—<;z)p)-(n+n! ) =0 (29)
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In Figure 3a, we depict (<), /(hw) with respect to kpT'/(fw), for p = 1.8,2,2.5 and D = 2. The relevant
heat capacity, cy,, = (0(¢),/0T)v, is shown in Figure 3b. For high temperatures, the Dulong—Petit limit
is generalized to (¢),, =~ % Jp kBT + - hw, and heat capacity cy,, ~ % f»- kB, where the reflected degrees
of freedom are f, = 2D + 0.6 - (p — 2); the involved constant is a, ~ 0.015D(p — 2). Each dimension
of the Euclidean quantum oscillator has two degrees of freedom so that fo = 2D; the non-Euclidean
quantum oscillator deviates proportionally to the factor f, — fo oc p — 2. In Figure 3c,d we depict (¢),
and cy,, as a function of the dimensionality D, for p = 1.8,2,2.5 and kgT/(hw) = 1. While for the
Euclidean norm the heat capacity gives cy,, /kp = D, for the sub- and super-Euclidean norms we have
cv,,/kp < D and > D, respectively. Finally, we remark that the heat capacity appears to have periodic
cusps that become smaller in higher temperatures.

Figure 2. The dependence of the internal energy on the degrees of freedom f and the kappa
index rg. (a) Plot of (¢),/(1/2 kgT) vs. the degrees of freedom f, for p = 1.5 (red),
2 (blue), 2.5 (green), and ko = 1.5 (solid), and 100 (dash). (b) Plot of (¢),/(f/2 kgT),
vs. f, for the same p and kq. (¢) The same plot as (b), but vs. x( and for f = 3. We observe
larger deviation from the Euclidean norm for smaller kappa indices. Note that the graph is

restricted to kg > p — 2 (see text).
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Figure 3. The internal energy and heat capacity of the D-dimensional quantum harmonic
oscillator for non-Euclidean norms (V p) at thermal equilibrium (kg — o0). (a), (b) The
internal energy (e),/(hw) and heat capacity cy, , are respectively plotted vs. the temperature
kT /(hw), for p = 1.8 (red), 2 (blue), 2.5 (green), and D = 2. (c¢), (d) Similar to (a) and
(b), but plotted as functions of the dimensionality D, for kgT'/(hw) = 1.
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4. The Non-Euclidean £P-Variance of the £P-Expectation Value
4.1. Preliminaries: Formulations

We study the £P-variance, defined either in the discrete description {yk},‘f;l, y. € D, C R, Vk =
1,...,W, with probability distribution {p, }}*;,

W
0_2 _ Ek:l pklyk B <y>p|p (30)
=
(0= 1) 2y Pl — (y)plP?
with (y), implicitly given by Equation (8), or in the continuous description y € D,, C R, with probability
distribution p(y),

o yen, PWIY — )Py an
(e =1) fyep, Py — (y)pP2dy
with (y), implicitly given by
/ PW)ly — (Y| sign(y — (y)p)dy = 0 (32)
yED,y,
4.2. Examples
4.2.1. Example 1: Gaussian distribution
Consider the Gaussian probability distribution density
1 1
falyip,0) = ——=—e =20’ (33)

V2T o
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Then, the £ variance is given by
2 fjozo ly — N|p€_2"%(y_“)2 dy o? fj;o |u|pe_%“2 du
(=1 2y - plp-2e” 3201 gy p-l I |22 du

o —
p
2 too 5 142 +o00 LH_I =7 p+1
o [, wteT du 2 [ dz _ 5 2 T(5) _

= =0 of—— - =0 (34)
Pl e e T g 1T

where we have set u = %, and z = “72 Thus, the £P variance yields the well-known Euclidean

variance o2 of the Gaussian distribution.
4.2.2. Example 2: Generalized Gaussian distribution
Consider the Generalized Gaussian probability distribution density,

1 _ y—p
foa(ys i,0:Q,p) = Cop—e ") - 1° (35)

where () > 0 is the shape parameter, C, ,, is the normalization constant, and 7 , is calculated by setting

2 — 2
0O°p =07,

, f ly — plPe a1 qy o2 fj;o lufPeme» U gy
g = =
P (p — 1) f ’y M‘P 20770, p‘y £1Q dy p —1 fjoo ‘u|p_2@*nQ,P|“|Q du

2 2
“+o0 _ —q too PEL 1 _ Q pt
o [ wremmen du ooy Jo 29 e7dz 77Q,p L(*5)
= =0

R R e N B —10(%%)

= g2 (36)

where we have set © = , 2 = ngpu¥, and

r<%1>] :

1
nQpe=|_—"7 -
o=

Of particular interest is the case where the shape parameter equals the norm, () = p, namely,

1 ju—up
Jea(yimo5p) = Cp—e Ll (37)

with

[ 1 T(1+;)
Mp =

f [sin(mr(d)]
p-1TA=]| | = -1

m(p —1)

(Note that (y), = p for both the examples. See Section 5.1.)
4.3. Justification of the LP-Variance Expression

Let the set of {Y;}¥ | independent and identically distributed random variables with sampling values
{yi}i:p v €Dy, CRVi=1,...,N.
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First, we consider that each variable is distributed as YV, ~ A (i, 0), namely, by the Gaussian
probability distribution density

11

fg(yi;u,a) = ﬁ;e_i(yz M)Q (38)

Vi=1,...,N. Then, the likelihood function is constructed

({yl i=1: M, O HfG Yis Uy O (\/ O’) e 202 SN (yi—p)?

N 1
= (g, ({y:hils o) = =5 W(2m) = Nlno — — Z;(y — )’ (39)

Then, - In[£, ({4 }/L;; 1 0)] = 0 leads to

N LN
;(y ) z N;y (40)
while 2 In[€, ({y;} X ;s 0)] = 0 leads to
YL I o A S RN S YR 1)
PP B v o Wi n

Thus, for the normally distributed {y;}¥,, the best estimators for the true value of the parameters
1 and o2 are the Euclidean estimators of the mean and variance, that is fis,  ({y;}1,) = ~ SN v
and 025 ({y;},) = SN (y; — p)?, respectively. What is important here is not the variance o of

the theoretical distribution density fq(y;; i; o), but the variance 3'\22,  of the Euclidean mean estimator
fiz,, ({yi}iL,) [31], given by

1 0? 1 1
= [, ({y} Y o) = N = N (42)

so that the value of i, estimated by fio, +» has a variance S2y. +» given by

_ 1/\
2 52
SQvN_NO- 2N

Now consider that each variable is distributed as Y; ~ GG(u,0;@Q,p), namely, by the General

(43)

Gaussian probability distribution density of Equation (35),

Ys— Hlp

1
faa(yi; p,o5p) = C, ;e‘""' (44)

Vi=1,...,N. Then, the likelihood function is constructed

N
Sy({yz‘}fil;uad;p) = HfGG(yi;/L,U;p) =G, N =N o= 35 S0 lyi—pl?

N
n
= ln[Sy({yi}i]\Ll; p,0;p)] = NInC, — Nlno — 0—’; g lyi — p|P (45)
i=1
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Then, a% In[€, ({yi }¥y; p, 05p)] = 0 leads to

N
>y — ul sign(y; — p) =0 (46)
i=1

Thus, for {y;}Y, distributed by the General Gaussian, the best estimator for the true value of the
parameter y is the non-Euclidean £P-mean estimator /i, . ({y;}7,; p), defined in Equation (19).

In addition, -2 In[€, ({y:}X1; 1, o3 p)] = 0 leads to

Np P o?
N+ §+1Z|yz ar=0= = =% Zlyz ul” 47)

and thus, the variance S 2p7 , of the estimator 7z, _({y;}; p) is given by

L e () )]
= = 5 o MAy\Wisi=1> K, 03 P)] =
SQP’N a//[/
npp -2 _ (p— DN e =l 1
p - Z |yz | N P =N =
Z¢:1 |yz - N| 0%p,n
or 1
52, = NﬁpN (48)

which is similar to Equation (43) after replacing the Euclidean variance, 0/'\22’ > With the non-Euclidean
one, 0%, . Finally, the £ variance (e.g., as given in Equation (30)) can be written in the form of
Equation (17), i.e.,

” <—1>zk1pkryk—< T v 1)y
—Zpkyk— D) Lol = () = (= W) Eoly = W))). -

2

D S A T i o ()7 sign(ys — (y))

Note that the £? mean (y), (Equations (1) and (8)) is derived from the minimization of o2,(at) =
0% 1) s, LD ,({yk }_, ; «; p)P, which is proportional to the total deviations 7'D,? (Equation (2)).
Moreover, total deviations T'D,,({yx }}, ; @; p) can be expanded at the minimum o = a*,

TDy({yr ity 5 05 p)" = Ao(p) + Ar(p) (@ — @) + As(p) (e — @*)* + Of(a — a”)] (49)

where Ag(p) = TDparin({u 1}y 50)P = Sy Pulyr — a*(p)|? is the Total p-Deviations minimum
value, Ay (p) = —p 31, Pulyr — o*(p) [P~ sign(y, —a*(p)) = 0 is the Total p-Deviation first derivative
(in terms of the parameter «v), which is equal to zero, while the curvature factor As(p) is given by

— 1
As(p) Zpklyk—oa )P (50)

As it is shown in [7], the variance o2, that is proportional to the square error of the optimal value o*(p)

is inversely proportional to As(p),
1
2

0% o (51
T (0= D) Pl — @t ()l
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On the other hand, it is expected that the variance o, will be proportional also to Ay(p), namely,

w
0% < > Pelyr — a* (p)|” (52)
k=1

which completes the proportionality of Equation (51), leading to Equation (30).

There are two more ways to show the specific expression of £”-variance: The proportionality factor
C' connects, either the variance with the Total Deviations, i.e., a2p = C - TD,P, or the energy states
{er}]V., with the “LP energy states” {£,(cx)} |V}, i.e., L, (e, — U,) = Cley, — Up|P~'sign(ex — U,). The
property (ii) of the non-Euclidean norm operator /jp holds if and only if C' = m. This can be shown
in the following two ways: (1) Due to the property (i) of the non-Euclidean norm operator, the respective
Canonical probability distribution can be automatically derived. Indeed, the internal energy constraint
(€)p = kazl p.L,(ck) leads to the derivative 8%j kazl p.Ly(cx) = L,(g;), so that by maximizing
Boltzmann-Gibbs entropy we end up with p, ~ e~P%#()_ (2) The connection with thermodynamics can
be achieved if and only if C' = ¢ (Equation (15)).

5. Further Analytical and Numerical Examples
5.1. Analytical Example: The Spectrum of the LP Means and Its Degeneration

For a continuous description of data y(t) € D, C R, where t € D, C R is a continuous index, the

LP-expectation value (y),, is given by

[D\mw—wmp%mmww—@Mﬁ=w (53)

Given the probability distribution of y-values, p(y), the LP-expectation value is given by Equation (32).

Consider now the equidistribution of data in the interval [0, 1]. From Equation (32) we have

/ ly — (W)p|" " sign(y — (y),)dy =0 < y)Pdy = / (v — (y)p)" 'dy
0 <y>p
S () = (1= (1)) < (Y)p Z—Vp>1

The fact that (y),, is independent of p, is a general result of symmetric probability distributions. Indeed,
consider a distribution p(y), y € [—c¢, c], symmetric at y = 0, i.e., p(—y) = p(y)Vy € [—c, c|. Then,

/ py)|yP~ sign(y)dy =0,

(the sign is odd function, while p(y)|y[P~" is even). Hence, given the uniqueness of (y), for a given p,
we conclude in (y), =0, Vp > 1.

Therefore, in the case where the distribution p(y) is symmetric, the whole set of (y),-values
degenerate to one single value, which can be found thus, by the usual Euclidean norm, namely
(y)p = (y)2. (The opposite statement is also true.) However, when p(y) is asymmetric, a spectrum-like
range of different (y),-values is generated [7]. For example, the distribution p(y) ~ 1+ §(1 — 3y?) in
the interval y € [0, 1] is symmetric for § = 0, but becomes asymmetric for 0 < § << 1. Then, we find
Wy~ 3 = 3550 +0(P).

4 p+1
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5.2. Numerical Example: Earth’s Magnetic Field

We consider the time series of the Earth’s magnetic field magnitude (in nT). In particular, we focus
on a stationary segment recorded by the GOES-12 satellite between the month 1/1/2008 and 1/2/2008,
that is a sampling of one measurement per minute, constituting a segment of N = 46, 080 data points,
depicted in Figure 4a. This segment is characterized by a roughly symmetric distribution p(B) (in nT™1),
depicted in Figure 4b, resulting to a narrow spectrum of (B),-values, depicted in Figure 4c. Notice that
the extreme values of (B),, do not coincide with the respective for p = 1 and p — oo. Indeed, a minimum
of the LP-expectation values, that is (B),, i, ~ 96.614 nT, can be found for the non-Euclidean norm
p ~ 5.63, while a maximum value of about (B), .. ~ 98.819 nT, is located at p ~ 25.83. As p — o0,
(B), tends to (Byin + Bmaz)/2 =~ 98.535 nT. Hence, it is evident that £P means ., are not indispensably
monotonic functions of p.

Figure 4. The magnitude of the Earth’s total magnetic field. (a) The time series recorded
between 1/1/2008 and 1/2/2008. (b) The relevant distribution p(B) is roughly symmetric.
As a result, the numerically calculated £P-expectation values, (B),, configure a narrow
spectrum within the interval between the two horizontal dotted lines, where the dependence
of (B),-values on the p-norm is shown within the magnified inset (c).
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The expectation value (B),, is given by the estimator £, . ({B;}~;p). On the other hand, the error
§(B), is given by the square root of the variance S?2,,  of the estimator 7i,  ({B;};;;p). that is

s 1. [T srmmyp
B = B = N \/Np —13Y, B~ (), oY

In Figure 5a,b, the LP-expectation value of the Earth’s magnetic field magnitude (shown in Figure 4a),

(B),, together with its error §(B),, are respectively depicted as functions of the p-norm. A local
minimum of the error 6(B), can be detected for p ~ 2.05, for which (B), ~ 97.88 nT and
d(B)p.min ~ 0.071 nT, shown in the magnified inset of Figure 5c.
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Figure 5. The LP-expectation value of the magnitude of the Earth’s total magnetic field
(shown in Figure 4a), (B),, together with its error 6(B),, are depicted as functions of the
p-norm (panels (a) and (b), respectively). A local minimum of the error is found close to the

Euclidean norm, i.e., for p ~ 2.05, as it is shown within the magnified inset (c).
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For p 2 2.05 the error increases as p increases, until it reaches a local maximum at p ~ 7.88, for which
(B), ~ 97.07 nT and d(B)p ymaz ~ 0.091 nT. Then, for p 2 7.88 the error decreases monotonically as p
increases. We can readily derive that 6(B), ~ %(Bmm — Bmin)%ﬁ\/p;j — 0,as p — oo.

For p < 2.05 the error increases as p decreases, but numerous fluctuations appear that become more
dense as p — 1. This “instability cloud” is due to the reading errors of the data values, with their effect
being magnified as p — 1 tends to zero. This effect can be demonstrated in Figure 6, where the error
§(B), is depicted when an additive noise is inserted into the {B;}¥ ; values. In particular, we consider
the perturbed values { B;}Y |, where B; = B; + er;, Vi = 1,..., N, with {r;})¥ |, being equidistributed
in [0,1] and |e| is the amplitude of the perturbations. We set |¢] = 0.01 nT, which is equal to the
resolution (reading error) of the values { B;}% . In Figure 6a we set ¢ = —0.01 nT, while in Figure 6¢c
we set € = +0.01 nT. In Figure 6b we depict the unperturbed error for convenience. We observe that the
“instability cloud”, occurred for p — 1, is different for the three cases ¢ = —0.01, 0, and +0.01 (nT).
However, the minimum at p ~ 2.05 remains unaffected.

The existence of a local minimum of the error, such as the minimum at p ~ 2.05, is of great
importance. It suggests that for this specific norm, the expectation value comes with the minimum error.
Therefore, after the total deviations minimization that leads to the normal Equation (1) from which the
optimal parameter o*(p) is derived, the optimization is completed by determining the specific norm p*
for which the variance aA?p (p) has a local minimum (if that exists). The importance of the local minimum
of 02p(p) is that for any deviation of the norm at p = p*, either p < p*, or p > p*, the error increases,
introducing thus, a type of norm-stability. Hence, the £P-norm that corresponds to the minimized error,
p ~ 2.05, is distinguished. It is interesting that the norm p ~ 2.05 is very close to the Euclidean one
(p = 2). However, it has to be stressed out that there is not any universally preferred norm, since this is

dependent on the specific data values.
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Both the diagrams of the £” mean p,,(p) and its relevant error ¢4,(p), depicted in terms of the norm
p, constitute a “metricogram”. In a metricogram, we are able to observe the whole spectrum of the £P
mean and its error, and to recognize the preferable norms.

Figure 6. The error §(B), is depicted with additive equidistributed noise inserted into the
{B;}Y, values (N = 46080). The amplitude of the noise is equal to the resolution of the
values {B;}Y,. Namely, we set ¢ = —0.01 nT (a), and ¢ = +0.01 nT (¢). In panel (b) we
depict the unperturbed error for convenience. The magnified panels (d), (e) and (f) of the
respective panels (a), (b) and (c¢) demonstrate the minimum error at p ~ 2.05 that remains
unaffected, for amplitudes of additive noise less or equal to the reading error, i.e., [e < 0.01]
nT, in contrast to the fluctuations, appearing for p—1 — 0, which are affected by the additive

noise.
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6. Conclusions

This analysis introduced a possible generalization of the basic statistical concepts of the expectation
value and variance for non-Euclidean metrics induced by £? norms. The Euclidean £? mean is derived
by minimizing the sum of the total square deviations 7'S D, which is the Euclidean variance. Similarly,
the non-Euclidean £ means were developed by minimizing the sum of the £? deviations 7'D,”, which is
proportional to the £? variance. The main advantage of the new statistical approach is that the p-norm is a
free parameter, thus both the £P-normed expectation values and their variance are flexible to analyze new
phenomena that cannot be described under the notions of classical statistics based on Euclidean norms.

As it was shown, the £P means embody a generic formal scheme of means characterization, given
the sampling values {y;}¥,. This involves the existence of a univalued, N-multivariable function
M ({y;}¥,), fulfilling the following three preconditions: (i) Continuity; (i) Internness; (iii) Symmetry.
(This axiomatic scheme of means characterization generalizes the one proposed by Aczél [23], which

led to the Euclidean ¢-means.)
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The L£? expectation values can be expressed in terms of the operator ﬁp, which helps to automatically

retrieve the non-Euclidean representation of a given formulation, for which the Euclidean representation
0
a8
parameter 3, (y), = (y),(8)), and the novel representation of several fundamental notions of Statistical

is known. This idea was utilized to derive the £P-variance o2, the derivative - (y),, (with respect to a
Mechanics (based on the £P-norm), e.g., Canonical probability distribution and partition function.

The £P-mean estimator, /i, . = [y, ({¥i}iL1:p), of a sampling values {y;}7_, of the independent
and identically distributed random variables {Y;}¥ , was defined. It is characterized by the following
properties: (i) (fp, ({¥i}~1;p))p = fp» and (ii) fip,, — p1p as N — oo, where f, is the L£P-expectation
value of each of the {Y;}}¥, random variables. These properties are similar to the known Euclidean ones,
namely, () (& SN | i)e = pio. and (i) & 32N y; — pz as N — oo

The expression of the £? variance o2, was shown by four different ways: (a) The maximization of the
likelihood function, constructed by N independent and identically distributed random variables {Y;} 2,
ifY; ~GG(u,0;p),Vi=1,..., N, namely,
the random variables are distributed according to the General Gaussian distribution with shape parameter

led to the £P-mean estimator /1,  and its £P variance 5\2@ N
equal to the p-norm. (b) The variance o2, is proportional to the total deviations (residuals) Ag(p)
(Equation (49)), and to the inverse of the curvature factor As(p), given in Equation (50). The next two
ways utilize the fact that the property (i1) of the operator ﬁp holds if and only if the proportionality factor
C, that connects, either the variance with the Total p-Deviations, i.e., 02p = C-TD,P, or the energy states
{ex})V., with the “LP energy states” {L,(ex)}1V.,. i.e., Ly(er, — U,) = Clex — U,|P~ sign(ex — U,), is

given by the one single expression C' = m: (c) Derivation of the Canonical probability distribution
of £LP-normed Statistical Mechanics. (d) Connection with thermodynamics, e.g., U, = —81;—;7”’.

We remark the difference between the extracted expression of the L£P deviation 0, and the one

considered in the literature, o, that is

L SlPdm = bl o s
Op = W ; Op =4 Pelyr — (y)2|P (55)
\/P =LY Pl — ()l 2 kz:;
which is supposed to represent the generalization of oy = \/ kazl Pilye — (y)2]?. The correct

expressions of the £” means and variance can be crucial for providing insights into the fundamental
numerical tools of data analysis, such as the moving averages techniques for smoothing, the
multifractal detrended fluctuation analysis (MF-DFA) (e.g., see [32,33]), the singular spectrum analysis
technique [34], etc. Having found a new class for the mean and variance, it is straightforward to develop
an unbiased estimator for the population coefficient of variation (e.g., for Euclidean norm, see [35]).

Several analytical and numerical examples were examined. When the distribution of the data values
is symmetric, the whole set of £” means degenerates to one single value, while when it is asymmetric,
a spectrum-like range of £P means is generated. In addition, we dealt with the numerical data of the
Earth’s magnetic field magnitude.

The mean value is uniquely defined and dependent on the p-norm. The error of the mean is also
dependent on the p-norm, leading to a variant weight of the mean (inverse square). In a metricogram,
we observe the whole spectrum of the £P mean /,(p) and its relevant error d41,(p), depicted in terms of
the p-norm, where we can detect any preferable norms. For example, for the numerical example of the
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Earth’s magnetic field magnitude (time series recorded within January of 2008), a preferable norm was
found for p ~ 2.05, for which 8%5<B>p(p) =0, 88—;(5<B>p(p) > 0.

The classical concept of expectation values was generalized to the non-Euclidean £P-normed
representation, highlighting its implication in Statistical Mechanics. Indeed, the £P expectation value
of a given energy spectrum {e; };*, represents the non-Euclidean adaptation of the internal energy U,
This is an issue that has to be considered in Statistical Mechanics: Several pedagogical examples were
examined: gas in thermal equilibrium, space plasmas out of thermal equilibrium, and multi-dimensional

quantum harmonic oscillator at thermal equilibrium.
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