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Abstract


Many retailers start to implement the practice of buy online and pick up in store (BOPS) by integrating their online and offline channels. In this paper, we study the effects of BOPS cooperation (i.e., channel cooperation) in the presence of advertising competition. We first investigate how BOPS cooperation affects online and offline retailers’ advertising levels, prices, demands and profits under fixed and optimized pricing strategies and further explore the conditions under which retailers decide to implement BOPS cooperation for greater benefits. Next, we conduct a comparative study of the two pricing strategies before and after BOPS cooperation, examine the impact of different pricing strategies on advertising levels, and assess retailers’ preferences for the two pricing strategies. We also perform numerical examinations to derive insights into when BOPS cooperation is most appropriate and what advertising and pricing strategies are optimal for retailers. The numerical results show that implementing BOPS cooperation is not necessarily optimal for online and offline retailers and that the offline hassle cost, commission level and convenience coefficient in BOPS are the major determinants of retailers’ profitability. We also find that the BOPS convenience coefficient can be a partial compensation for the competitive effect of advertising in the optimized pricing strategy. In addition, we identify conditions under which retailers are better off in different cases. In particular, we find that when BOPS commission is high and offline hassle cost is low, online and offline retailers can benefit more from the optimized pricing strategy.
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1. Introduction


As consumers grow more interested in seamless experiences across all available channels, omnichannel retailing is evolving rapidly. In recent years, various forms of omnichannel retailing have emerged in practice. One of the most prominent forms is “buy online and pick up in store” (BOPS), which allows consumers to purchase products online and then collect them at a nearby store [1,2,3]. According to one survey, BOPS accounted for nearly one-third (30.2%) of Sam’s Club e-commerce sales in 2015 [4]. To meet consumers’ growing demand for diversified shopping experiences and expand their market, some online retailers with limited resources prefer to partner with offline physical retailers to offer BOPS services. For example, JD Supermarket partners with 87,000 physical stores in China—such as Walmart and Yonghui—to provide instant consumption services like online purchases and offline pickup. Customers can place orders on the JD Home platform and then use Walmart’s one-hour delivery or in-store pickup service. During JD’s 618 shopping festival in 2022, JD Supermarket’s omnichannel sales increased by 77%. Similarly, Meituan has partnered with community shops to provide BOPS services for local residents.



In practice, cooperation among retailers in implementing BOPS channels has created a new environment where channel cooperation and competition coexist. On one hand, online retailers offer commissions to incentivize offline retailers to handle pickups for online purchases, thereby promoting online–offline channel integration. On the other hand, the BOPS model creates a seamless shopping process for customers. It offers convenience to online consumers by reducing delivery wait times and privacy concerns. This convenience may attract both online and offline consumers to switch to BOPS purchases, which can lead to channel cannibalization and intensify competition between channels.



Channel pricing is a commonly used method in channel competition [5,6,7,8]. Advertising campaigns also serve as an important tool for enhancing competitiveness and stimulating market demand, a topic widely discussed in academia. Numerous empirical and experimental studies have confirmed the relationship between advertising and channel competition. Specifically, advertising can alter consumers’ perceived utility of purchasing through different channels, thereby influencing the competitive position of each channel [9,10,11]. In particular, BOPS offers customers the convenience of shopping online and picking up in-store, enhancing their shopping experience. Studying the effects of the BOPS cooperation on advertising can help retailers understand how to effectively advertise their BOPS services to attract more customers across multiple channels and increase satisfaction. However, most existing research on pricing and advertising competition strategies focuses on dual-channel systems where online and offline channels operate independently. There is limited literature discussing omnichannel operations in which channel cooperation and advertising competition coexist. Furthermore, when introducing new channels like BOPS, retailers’ pricing flexibility is influenced by multiple factors. These include brand positioning, consumer perception, operational costs, and market competition. This study specifically distinguishes and examines two representative pricing strategies: fixed pricing and optimized pricing, implemented before and after BOPS cooperation [12].



Specifically, under a fixed pricing strategy, retailers maintain their original retail prices after implementing BOPS cooperation. This strategy aims to preserve brand price stability and avoid consumer confusion that may arise from frequent price changes. In this case, the introduction of the BOPS channel mainly influences consumer channel choice and demand allocation by adjusting advertising investment. In contrast, under an optimized pricing strategy, retailers re-optimize their retail prices following BOPS cooperation. This approach is suitable for retailers with strong pricing autonomy and responsive market capabilities, or those who proactively adjust prices during new channel launches to maximize overall profitability. Currently, there is a lack of systematic research on whether competing retailers should adopt a fixed or an optimized pricing strategy after BOPS cooperation, as well as how pricing flexibility moderates the impact of such cooperation.



Thus, we pose the following research questions for omnichannel retailing with BOPS cooperation:




	(1)

	
How does BOPS cooperation affect the optimal advertising and pricing strategies of two competing retailers, and how is this influence moderated by pricing flexibility (i.e., fixed versus optimized pricing)?




	(2)

	
Under what conditions does implementing BOPS cooperation increase or decrease the profits of online and offline retailers, considering the roles of BOPS commission, convenience coefficient, and advertising competition?




	(3)

	
How should competing retailers choose between maintaining fixed prices and adopting optimized pricing after BOPS cooperation?









Considering that under different operating environments, implementing BOPS cooperation may yield different effects for different retailers, in this paper, we focus on exploring the impact of BOPS cooperation in three cases, namely, (1) benchmark in the absence of BOPS cooperation (BN), (2) fixed online and offline pricing after BOPS cooperation (FY), (3) optimized online and offline pricing after BOPS cooperation (OY). Based on this framework, we conducted a comparative study of the two pricing strategies before and after BOPS cooperation (cases BN and FY, BN and OY, FY and OY), discussing which strategy is the most preferable for the online and offline retailers.



Our investigation yields several key findings. First, under a fixed pricing strategy, the BOPS commission primarily serves as a profit-transfer mechanism and reduces advertising investments for both retailers. Under an optimized pricing strategy, however, the commission does not directly affect advertising. Instead, a higher convenience coefficient leads the offline retailer to raise both advertising and price. Second, BOPS cooperation does not always improve profits for both retailers. Its impact depends on multiple factors combined, such as the commission rate, convenience coefficient, advertising cost, and offline hassle cost. Third, when the commission is high and the offline hassle cost is low, an optimized pricing strategy generates higher profits for both retailers. This highlights the strategic value of pricing flexibility in omnichannel retailing.



This study contributes to the literature in two main ways. First, by capturing the demand characteristics of all channels, it develops an omnichannel model that simultaneously considers the advertising competition and pricing strategies of the two retailers. This model reveals how post-BOPS pricing modes—fixed or optimized—systematically affect competing retailers’ decisions and profits. It addresses a research gap, as prior studies often examine only one strategy or a single firm. Second, the study integrates channel cooperation and advertising competition within a unified framework. This allows us to examine the interaction between BOPS parameters and pricing strategies, offering a new theoretical lens for understanding synergy and conflict among competing retailers in omnichannel settings.



The rest of this study is organized as follows: Section 2 reviews the related literature. In Section 3, we describe our modeling framework and characterize the consumer surplus of each channel. In Section 4, the benchmark model is presented in the absence of BOPS cooperation. Then we examine the effects of BOPS cooperation on advertising levels, prices, demand, and profits under cases FY and OY in Section 5. Furthermore, we compare the two cases to assess retailers’ preferences for the two pricing strategies. Section 6 concludes our results and suggests some future research directions. All proofs are given in Appendix A.




2. Literature Review


This study is related to two areas of research, namely, the management of omnichannel retailing and advertising competition.



2.1. The Literature on Omnichannel Retailing


The first literature stream relevant to our study is omnichannel retailing. Since its introduction in 2010, the omnichannel concept has attracted considerable attention from both academia and economists. “Buy online and pick up in store” (BOPS) represents one of the earliest omnichannel forms and continues to draw scholarly interest (e.g., [13,14,15,16,17]). Research on BOPS retailing can be grouped into three main streams. The first stream examines retailers that operate both online and offline channels. It empirically investigates how BOPS influences consumer channel-switching behavior (e.g., [18,19]). These studies find that the impact of omnichannel integration on purchase behavior is partly moderated by factors such as product variety and competitive intensity. The second stream employs optimization theory to analyze the operational decisions of a single retailer adopting BOPS. For example, Cao et al. (2016) [12] incorporate heterogeneous product values and offline hassle costs to study optimal pricing when products are sold only online versus both online and in-store. Niu et al. (2019) [20] compare two omnichannel models—uniform pricing and online-to-store—and their effects on traffic congestion. They show that when online hassle costs are low, uniform pricing leads to lower online demand and higher prices. Kong et al. (2020) [21] explore how BOPS adoption influences optimal operational decisions under consistent and inconsistent pricing strategies. Ge and Zhu (2023) [2] and Wang et al. (2023) [22] extend this line by studying price and channel strategies in settings with two competing retailers implementing BOPS. Additionally, some scholars study the retailer’s joint decisions on prices and coupons, such as Li et al. (2022) [23], who studied omnichannel operations with coupon promotions, treating coupons as an important pricing instrument. By introducing brand competition and a platform-based supply chain, Yu et al. (2024) [24] analyzed strategic interactions between a national brand manufacturer and an e-platform that sells both national and private-label brands. Their work examines how the choice of omnichannel strategy—BOPS versus ship-from-store—and commission rates affect competitive equilibrium and profitability. This shifts the focus from purely operational pricing and channel decisions to the strategic interplay between cooperating and competing actors in an omnichannel system.



The third research stream differs from the two described above by focusing on online and offline channels operated by separate entities. It examines optimal operational decisions in BOPS cooperation. For instance, Fan et al. (2019) [25] studied a supply chain where online and offline retailers collaborate to implement BOPS, analyzing omnichannel inventory optimization under different models. Li et al. (2020) [26] and Jiang and Wu (2024) [3] developed an omnichannel supply chain structure in which a manufacturer and a retailer jointly operate BOPS and explored their respective optimal strategies. In contrast, our study extends the analysis to a more general scenario involving two cooperating retailers.



This third stream closely aligns with the BOPS structure considered in our paper. However, it primarily investigates pricing, inventory, and cooperative advertising decisions within a supply chain. Research on operational strategies through joint pricing and advertising competition is limited. Our paper addresses this gap by introducing advertising as a tool that actively shapes consumer utility, thereby influencing channel choice and demand allocation—a dimension rarely integrated into prior BOPS operational models. In addition, our work is closely related to the studies by Cao et al. (2016) [12] and Kong et al. (2020) [21], which both assume that online and offline channels adopt inconsistent pricing strategies and only consider a single retailer operating both channels. In contrast, we model two independent, competing retailers who decide whether to cooperate by introducing a BOPS channel alongside their existing online and offline operations. This structure allows us to analyze how BOPS implementation affects optimal advertising levels and pricing strategies when two decision-makers interact across three distinct channels—an interaction not captured in earlier single-retailer frameworks. Moreover, we develop a comparative model to examine how BOPS cooperation influences omnichannel prices and advertising levels under fixed and optimal pricing strategies. We also assess retailers’ preferences between these two pricing strategies, which have rarely been explored in related studies. These findings provide practical guidance for managers on when to adopt flexible pricing and how to negotiate BOPS terms under different competitive and operational conditions.




2.2. The Literature on Advertising Competition


Advertising competition is the second area of the literature related to our paper. Existing research classifies advertising primarily into three roles: informative, complementary, and persuasive [27,28]. Our work aligns with the persuasive view, which posits that advertising can alter consumer preferences and valuations, thereby differentiating products across channels [29,30]. From this perspective, prior studies have examined how advertising functions in product competition between firms or across channels, typically assuming a fixed consumer base (e.g., [10,31,32]). For example, Bloch and Manceau (1999) [31] argue that advertising competition between brands does not increase total demand but shifts consumers between brands. Using a Hotelling model, they show that advertising can influence consumer distribution across products. Their findings indicate that advertising reduces the price of the advertised product when sold by different retailers. Chen et al. (2009) [32] assumed that advertising helps firms reach more consumers and analyzed its competitive effects. Their results suggest that advertising may lead to either anticompetitive or procompetitive outcomes, depending on how consumers respond. Furthermore, Jiang and Srinivasan (2016) [10] studied how consumer preferences and advertising efficiency affect retailers’ pricing and advertising decisions. They found that as horizontal differentiation increases, the retailer offering a lower-value product should raise advertising, while its competitor should reduce it. Similar to these studies, we focus on how persuasive advertising influences omnichannel competition and BOPS cooperation between two retailers. Like Bloch and Manceau (1999) [31], Chen et al. (2009) [32], and Jiang and Srinivasan (2016) [10], we examine how advertising shapes optimal strategies for competing retailers. Their models suggest that if only one retailer advertises, it can increase its own demand. However, if both competitors advertise, total demand remains unchanged.



Other research studies, such as those employing empirical methods, optimal control theory, or perspectives different from ours [11,33], have not yet examined how introducing a BOPS channel and the nature of BOPS cooperation affect the pricing and advertising levels of competing retailers. The literature on channel structures is extensive (e.g., [30,34,35,36,37,38]). However, most prior studies have focused on advertising competition and pricing within a single channel—typically between one manufacturer and one retailer—rather than in an omnichannel setting involving BOPS cooperation.



This study focuses on how persuasive advertising affects omnichannel competition and interacts with BOPS channel cooperation. Similar to [10,31,32], we conduct an equilibrium analysis involving two competing retailers who simultaneously set their advertising levels and prices. Furthermore, we contribute to the literature by performing a more detailed and comprehensive equilibrium analysis in a novel operational context. This context includes omnichannel pricing and advertising equilibria both before and after implementing BOPS cooperation. Our analysis explicitly examines the effects of adding a BOPS channel on the advertising competition strategies of online and offline retailers.



We present the major literature and make a comparison with our work in Table 1.





3. Model


3.1. Retailers


We consider two competing retailers (    R   1    ,       R   2    ): the online retailer and the offline retailer. They are represented by the subscripts   o   (online) and   s   (offline), respectively. First, we assume that two retailers sell the same category of products. Retailer       R   1     sells her products at an online price     p   o       to consumers. Retailer     R   2       sells the same products through its offline store at price     p   s    . Meanwhile, the online retailer,     R   1    , cooperates with retailer       R   2       to provide BOPS and pays retailer     R   2       a per-unit commission,   f    , for the offline pickup service, and   f     is exogenous, as it typically reflects a pre-negotiated, stable contract term in practice (e.g., platform–retailer agreements). To ensure the long-term development of the BOPS channel, it is assumed that   f <   p   o    .



To compete for the market, both retailers (    R   1    ,       R   2    ) place ads for their products and increase consumers’ willingness to pay for them [10,43] because well-conducted advertising can increase the customer surplus, such as by creating a higher social reputation [44]. The level of advertising is set at     a   1       and       a   2       by the online retailer and the offline store, respectively. Considering that the marginal cost of the advertising level is incremental, we assume the advertising costs are     c     R   i     = k     a   i     2     for   i = 1 , 2  ,   k     denotes the cost coefficient of advertising, and   k     should not be too small for a stable competitive equilibrium, which is widely applied in the advertising literature [10,43].




3.2. Customers


Each consumer can only purchase one product at most. Consumers choose one of the three alternative channels (online, offline, and BOPS) to maximize their surplus. For each consumer, the initial valuation of the product is   v  . Consistent with Chiang et al. (2003) [45] and Li et al. (2019) [46], given that consumers cannot directly touch or experience products in the online channel, the valuation of online products is relatively lower. Therefore, we assume that the product valuation for the online channel is   α v  ,     α ∈ ( 0 , 1 ]  . As the BOPS channel is based on the online channel, we denote   α v     as the product valuation for the BOPS channel. One consumer who purchases across different channels will incur different hassle costs. When choosing the online channel, the consumer incurs a hassle cost,     h   o     (e.g., browsing numerous websites and placing an order or waiting for logistics delivery). Considering that customers are heterogeneous in their perceptions of online hassle costs, reflecting differences in sensitivity to waiting, security, and privacy concerns. Similar to Li et al. (2020) [26] and Balakrishnan et al. (2014) [41], we assume that the online hassle cost,     h   o    , is a random variable distributed uniformly over    [  0 , 1  ]   . When purchasing in store, the consumer incurs a positive hassle cost,       h   s     (e.g., visiting stores or searching for the product on shelves). When customers buy via BOPS, they incur the hassle costs of online ordering and store visits because they need to place the order online and then visit the store to pick it up. Considering that offline pickup reduces the waiting cost for consumers, we assume that consumers purchasing via BOPS incur a hassle cost of    (  1 − γ  )    h   o   +   h   s    , where    (  1 − γ  )    h   o     represents the online hassle cost when purchasing via BOPS,   γ   h   o       represents the convenience of no waiting provided by BOPS, and   γ   represents the convenience coefficient. For simplicity, we denote the offline, online, and BOPS channels as   s  ,     o  ,     b  . Thus, given retailers’ advertising, we can specify the customer surplus for each channel option as follows:


    u   s   = v −   p   s   +   a   2   −   h   s    



(1)






    u   o   = α v −   p   o   +   a   1   −   h   o    



(2)






    u   b   = α v −   p   o   +   a   1   −  (  1 − γ  )    h   o   −   h   s    



(3)







We assume that the size of potential consumers in the market is 1. Consumers will choose the channel that provides the highest non-negative utility for purchasing the product. To avoid unnecessary discussion, we propose the following three assumptions: (1) First, following Jiang and Srinivasan (2016) [10], we assume the advertising levels of the retailers are not too low. If the advertising level,     a   i   ,     is too low, both retailers will be in a local monopoly respectively, which implies that in equilibrium, the market will not be fully covered. Our study focuses primarily on the interesting scenario of a competitive market with full coverage, subject to the condition that retailers’ advertising levels are not too low. (2) We assume that     p   s   < v +   a   2   −   h   s    , because otherwise, there is no consumer to purchase from the store. (3) We assume that        h   s     γ    < 1  , that is,     h   s   < γ  . When     h   s   ≥ γ  , we have     h   s   ≥ γ   h   o    ,     h   o   ∈  [  0 , 1  ]   , which implies that the convenience level of buying from BOPS does not cover the hassle cost of shopping at the store, meaning that no consumer chooses BOPS to buy.



While the BOPS retail model enhances cross-channel convenience for consumers and improves market efficiency, cooperation between retailers to provide BOPS services inevitably increases operational pressure on the offline retailer. This includes higher operating costs, which in turn influence advertising and pricing strategies. For example, when the same product is sold both online and in-store, the offline price is often higher due to factors such as staff salaries and store rents. Additionally, offline advertising expenditures tend to exceed those for online advertising. Therefore, it is important to clarify whether retailers should offer BOPS services and to identify the conditions under which BOPS cooperation is most appropriate.




3.3. Retailer and Customer Decisions


Consumers are sensible and will choose one of the available channels that maximizes their net surplus. Retailers (    R   1    ,     R   2    ) maximize their own profits by choosing the optimal advertising levels (    a   1    ,       a   2    ) and prices (    p   o    ,       p   s    ). In reality, advertising decisions are often made earlier than price decisions, while price decisions may be more easily changed (e.g., [47,48]). Therefore, we assume that setting advertising strategies precedes setting price strategies, and the two retailers play a Nash game in two stages. In stage 1, the retailers simultaneously decide their advertising levels, and in stage 2, they decide the product prices.





4. Benchmark in the Absence of BOPS Cooperation: Case BN


We first consider the case in which customers buy products only through online or offline channels in the absence of BOPS cooperation, and the market is fully covered. Consumers make purchase decisions based on the principle of utility maximization    {    u   o   ,   u   s   , 0  }   . When     u   o   ≥   u   s     and     u   o   ≥ 0  , they choose the online channel; when     u   s   ≥   u   o     and     u   s   ≥ 0  , they choose the offline channel. Setting     u   o   =   u   s     gives the indifference point:


      h  ^    o   =   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   .  











Given that     h   o     is uniformly distributed over    [  0 , 1  ]   , the demand for the online channel is     d   o   =     h  ^    o     and for the offline channel is     d   s   = 1 −     h  ^    o    . To ensure positive demand in both channels, we require:   0 <     h  ^    o   < 1  .



Moreover, to ensure non-negative utility for consumers in their chosen channel:



For the offline channel,     u   s   ≥ 0   implies   v −   p   s   +   a   2   −   h   s   ≥ 0  .



For the online channel, at     h   o   =     h  ^    o    , since     u   o   =   u   s    , the condition     u   o   ≥ 0   is equivalent to   v −   p   s   +   a   2   −   h   s   ≥ 0  ; and because     u   o     decreases in     h   o    ,     u   o   ≥ 0   holds for all     h   o   ≤     h  ^    o    .



Therefore, under full market coverage with positive demand in both channels, we obtain   0 <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   < 1   and   v −   p   s   +   a   2   −   h   s   ≥ 0  .



The resulting consumer purchase decisions under these conditions are illustrated in Figure 1.



Combining the principles discussed above, in this situation, when the market is fully covered by two retailers, we have derived the demands functions for the online and offline channels, respectively:


    d   o   B N   =   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   ;  



(4)






    d   s   B N   = 1 −  (    p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    )  .  



(5)







Hence, the online and offline retailers’ profit functions are given as follows:


    π     R   1     B N   =   p   o     d   o   B N   − k     a   1     2   =   p   o    (    p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    )  − k     a   1     2   ;  



(6)






    π     R   2     B N   =   p   s     d   s   B N   − k     a   2     2   =   p   s    (  1 −  (    p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    )   )  − k     a   2     2    



(7)







According to the game sequence above, in stage 1, both retailers simultaneously set their advertising levels, and in the second stage, they simultaneously set the online and offline prices. Using backward induction, we obtain the following results on the equilibrium strategies for both retailers:



Theorem 1.

Assume that the online and offline retailers do not cooperate to provide BOPS services (i.e., case BN). Given that the market is fully covered by two retailers, namely,     p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   < 1  ,   v −   p   s   +   a   2   −   h   s   ≥ 0  , we obtain the equilibrium strategies:




	(1) 

	
The equilibrium advertising levels are given as follows:


    a   1   B N ∗   =    3 k  (  1 − v  (  1 − α  )   )  + 3 k   h   s   − 1   3 k  (  9 k − 2  )     ;     a   2   B N ∗   =    3 k ( 2 + v  (  1 − α  )  ) − 3 k   h   s   − 1   3 k  (  9 k − 2  )     .  












	(2) 

	
The equilibrium prices are given as follows:


    p   o   B N ∗   =    3 k  (  1 − v  (  1 − α  )   )  + 3 k   h   s   − 1   9 k − 2    ;     p   s   B N ∗   =    3 k  (  2 + v  (  1 − α  )   )  − 3 k   h   s   − 1   9 k − 2    .  



















The proof for Theorem 1, as well as other theorem and proposition proofs, is given in Appendix A.



Using Theorem 1, we can analyze the impacts of product valuations and channel experience differences on optimal solutions and obtain the following propositions:



Proposition 1.

Changes in consumers’ product valuation have opposite effects on the advertising and pricing of online and offline retailers. When the product valuation,    v  , increases and advertising is inefficient (i.e.,    k >    2   9     ), the offline retailer should increase its advertising and prices, while the online retailer should reduce both.





An increase in product valuation naturally strengthens purchase intentions. Intuitively, one might expect a retailer to cut costly advertising and raise prices when valuation is high, especially when advertising is inefficient or expensive (i.e.,   k >    2   9     ). Yet Proposition 1 shows that this does not hold in a competitive setting. The reason lies in the different strategic incentives of the two retailers, driven by their distinct channel advantages.



The offline retailer benefits from an in-store experience. A high product valuation,   v  , provides a solid demand foundation. Even when advertising is costly (  k >    2   9     ), the offline retailer adopts a value-enhancement strategy: it increases advertising to further raise perceived product value and uses its experiential advantage to support a higher price. This allows it to capture greater surplus from high-value consumers.



In contrast, the online retailer faces an inherent valuation discount (  ( 1 − α ) v  ). As the offline retailer aggressively builds value and raises prices, the online retailer turns to a value-for-money strategy. Competing in expensive advertising becomes ineffective. Instead, it reduces advertising to lower costs and cuts prices to attract price-sensitive consumers or those unwilling to pay the offline premium. In equilibrium, the advertising and pricing responses of online and offline retailers move in opposite directions as product valuation changes. This result illustrates that in a competitive market with asymmetric channels, a retailer may still invest heavily in advertising to strengthen its strategic position, even when advertising is relatively inefficient.



Proposition 2.

The greater the differences in channel experience (i.e., as    α   decreases, then   v  (  1 − α  )    increases), the smaller the difference between the online and offline retailers’ advertising levels and prices: (    ∂  (   |      a   1     B N ∗   −     a   2     B N ∗    |   )   /  ∂ α   > 0  ,     ∂  (   |    p   o   B N ∗   −   p   s   B N ∗    |   )   /  ∂ α   > 0  ).





Intuitively, as channel experience differences widen (i.e., as   α     decreases, then   v  (  1 − α  )    increases), one might expect the gaps in advertising and pricing between the two competing retailers to increase as well. Proposition 2, however, indicates that this is not always the case. In fact, greater differences in channel experiences can negatively affect the divergence in retailers’ advertising and prices. A larger experience gap amplifies the difference in how consumers value the product across channels. The disadvantaged online retailer feels pressured to increase its advertising aggressively in order to narrow the perceived value gap. In reaction, the offline retailer also increases advertising to protect its advantage. This mutual escalation brings their advertising levels closer together. It also heightens competition for the same marginal consumers, which weakens both sides’ market power and restricts their ability to set widely different prices. Thus, although the underlying valuation difference grows, the strong competitive response it provokes counteracts that effect. As a result, the equilibrium price dispersion ends up being smaller than initially expected.




5. The Effects of BOPS Cooperation


5.1. The Effects of BOPS Cooperation Under Fixed Online and Offline Pricing


For cases BN and FY, the online and offline prices are fixed before and after implementing the BOPS cooperation, that is,     p   o   F Y ∗   =   p   o   B N ∗   ;     p   s   F Y ∗   =   p   s   B N ∗   .   In this section, we analyze the effects of BOPS cooperation on the two competing retailers’ advertising levels, demands and profits in case FY compared to BN and examine the conditions under which the retailers can benefit more from BOPS cooperation.



5.1.1. Case FY: After BOPS Cooperation


In case FY, the prices of online and offline channels are fixed after implementing BOPS cooperation compared with case BN. In this case, the utility of offline, online, and BOPS channels, respectively, is     u   s   = v −   p   s   +   a   2   −   h   s    ,       u   o   = α v −   p   o   +   a   1   −   h   o    ,     u   b   = α v −   p   o   +   a   1   −  (  1 − γ  )    h   o   −   h   s    . Consumers make optimal purchase decisions by maximizing    {    u   s   ,   u   o   ,   u   b   , 0  }   . First, when     u   o   ≥   u   s    ,       u   o   ≥   u   b    ,       u   o   ≥ 0  , consumers purchase through the online channel, which implies that     h   o   ∈  (  0 ,     m i n  {       h   s     γ    ,     p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   ,   α v −   p   o   +   a   1   ,   1  }   ]   . Second, when     u   b   ≥   u   o    ,     u   b   ≥   u   s    ,       u   b   ≥ 0  , consumers purchase through the BOPS channel, implying that     h   o   ∈  (       h   s     γ      ,     min    {       p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ    ,    v α −   p   o   +   a   1   −   h   s     1 − γ    , 1  }     ]   . Third, when     u   s   ≥   u   o    ,       u   s   ≥   u   b    ,       u   s   ≥ 0  , consumers purchase through the offline channel, implying that     h   o   ∈  (    max  {    p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   ,        p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ     }    ,       1  ]   .



When the BOPS channel is offered, customers can choose to purchase from any of the online, offline and BOPS channels. The demands of online, offline and BOPS channels are positive. When   v −   p   s   +   a   2   −   h   s   > 0  , we have        p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ    <    v α −   p   o   +   a   1   −   h   s     1 − γ    < 1  ,     p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   < α v −   p   o   +   a   1   < 1  . Therefore, the demand for the BOPS channel is obtained using     h   o   ∈  (       h   s     γ      ,        p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ     ]   . When        h   s     γ    <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    , we obtain the demand for the online channel, i.e.,       h   o   ∈    (  0   ,          h   s     γ     ]     . It is evident that if        h   s     γ    >   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    ,     u   s   >   u   o   =   u   b    , then no one purchases through BOPS. When        p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ    >   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    , we get the demand for the offline channel, obtained using     h   o   ∈  (       p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ    ,     1  ]   . Note that if        p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ     |    u   b   =   u   s     <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    |    u   o   =   u   s      , it implies that        p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ    <      h   s     γ     , indicating that there is no demand from the BOPS channel.



Based on the assumption of a uniform distribution for       h   o    , we get the distribution of consumer purchase decisions as shown in Figure 2, where     h   o   1   =   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    ,     h   o   2   =      p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v   1 − γ     . The purchasing preference for the customers can be analyzed using three utility functions: (s), (o) and (b).



In summary, for case FY, given that all channels have positive demands, namely,        h   s    (  1 − γ  )    γ    <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v < 1 − γ  ,     p   s   < v +   a   2   −   h   s    , we have derived the demands of the online, BOPS, and offline channels, respectively:


      d   o   F Y   =      h   s     γ   ,   



(8)






      d   b   F Y   =      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ   ,   



(9)






    d   s   F Y   = 1 −      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    .  



(10)







As a result, the online and offline retailers’ profit functions are given as follows:


    π     R   1     F Y   =   p   o     d   o   F Y   +  (    p   o   − f  )    d   b   F Y   − k     a   1     2   =   p   o        h   s     γ    +  (    p   o   − f  )   (       p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ     )  − k     a   1     2   ,  



(11)






    π     R   2     F Y   =   p   s     d   s   F Y   + f   d   b   F Y   − k     a   2     2   =   p   s    (  1 −      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ     )  + f  (       p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ     )  − k     a   2     2   .  



(12)







Consequently, we obtain the following theorem:



Theorem 2.

Assume that the online and offline retailers cooperate to provide BOPS services in case FY, where the online and offline prices are fixed before and after BOPS cooperation,     p   o   F Y ∗   =   p   o   B N ∗   ;     p   s   F Y ∗   =   p   s   B N ∗    . Given that all three available channels have non-zero demands, namely,         h   s    (  1 − γ  )    γ    <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v < 1 − γ  ,      p   s   < v +   a   2   −   h   s    , we have obtained the following equilibrium advertising and pricing strategies:




	(1) 

	
The equilibrium advertising levels are given as follows:


    a   1   F Y ∗   =    1 + f  (  9 k − 2  )  − 3 k  (  1 − v  (  1 − α  )   )  − 3 k   h   s     2 k  (  9 k − 2  )   (  γ − 1  )     ;     a   2   F Y ∗   =    1 + f  (  9 k − 2  )  − 3 k  (  2 + v  (  1 − α  )   )  + 3 k   h   s     2 k  (  9 k − 2  )   (  γ − 1  )     .  












	(2) 

	
The equilibrium prices are given as follows:


    p   o   F Y ∗   =    3 k  (  1 − v  (  1 − α  )   )  + 3 k   h   s   − 1   9 k − 2    ;     p   s   F Y ∗   =    3 k  (  2 + v  (  1 − α  )   )  − 3 k   h   s   − 1   9 k − 2    .  



















From Theorem 2, we find that the equilibrium prices are independent of the BOPS commission,   f ,     and the convenience coefficient,   γ ,     when the prices are fixed before and after the BOPS cooperation. We further analyze the impact of the BOPS commission,   f ,     and the convenience coefficient,   γ ,     on the optimal advertising levels in case FY via Theorem 2 and obtain Proposition 3.



Proposition 3.

Assume the same regularity conditions as in Theorem 2. The impacts of BOPS on advertising levels of online and offline retailers are as follows:




	(1) 

	
Taking the first derivative of       a   1     F Y ∗    ,         a   2     F Y ∗      with respect to   f  , we have      ∂     a   1     F Y ∗     ∂ f    =    ∂     a   2     F Y ∗     ∂ f    < 0 .  




	(2) 

	
Taking the first derivative of       a   1     F Y ∗    ,         a   2     F Y ∗      with respect to   γ  , we have      ∂     a   1     F Y ∗     ∂ γ    > 0  ;      ∂     a   2     F Y ∗     ∂ γ    > 0 .  











Proposition 3 shows that implementing BOPS cooperation affects the advertising levels of both online and offline retailers. Intuitively, a higher BOPS commission,   f  , should benefit the offline retailer and reduce the online retailer’s profits. One might then expect the offline retailer to increase advertising and the online retailer to decrease it. However, Proposition 3(1) reveals that this is not completely accurate. When prices are fixed, advertising becomes the main tool for managing profitability and demand. A higher commission,   f  , directly reduces the online retailer’s unit margin. Facing this tighter margin and unable to raise prices, the online retailer lowers advertising to control costs. For the offline retailer, although it earns extra commission income, increasing advertising would intensify competition with the online channel—including the shared BOPS channel—and could erode its own in-store demand. Since it cannot adjust prices to offset this competitive effect, the safer response is also to reduce advertising. Therefore, a higher BOPS commission tends to weaken advertising competition under fixed pricing conditions.



According to Proposition 3(2), the BOPS convenience coefficient,   γ  , positively influences the advertising levels of both retailers. As BOPS becomes more convenient, the channel attracts more consumers, drawing them away from pure online and offline channels. To protect its core in-store demand, the offline retailer increases advertising. The online retailer, although it benefits from BOPS growth, faces this defensive move from its rival. Without the option to adjust prices, it must also increase advertising to maintain the BOPS channel’s appeal and its competitive position. As a result, unlike the commission effect, a higher convenience coefficient intensifies advertising competition in a fixed-price setting.




5.1.2. Comparative Analysis Under Fixed Online and Offline Pricing Conditions


We now compare the equilibrium outcomes before (BN) and after (FY) implementing BOPS cooperation under the fixed pricing strategy. The focus is on how the BOPS commission,   f  , influences the retailers’ advertising levels, demands and profits. The analysis involves comparing the equilibrium advertising levels:     a   i   B N ∗     and     a   i   F Y ∗     (  i = 1 , 2  ). The difference,     a   i   F Y ∗   −   a   i   B N ∗    , is a linear function of   f  . Therefore, the sign of this difference (i.e., whether advertising increases or decreases) changes at a specific threshold value of   f  . We define these critical thresholds below and present the formal results in Propositions 4 and 5.



Proposition 4.

Under the regularity conditions of Theorems 1 and 2, the change in equilibrium advertising levels after implementing BOPS cooperation (with fixed prices) is as follows:




	(1) 

	
For the online retailer (    R   1    ):









It increases its advertising (    a   1   F Y ∗   >   a   1   B N ∗    ) if the BOPS commission is sufficiently low:   f <     f  ~    0    . It decreases its advertising (    a   1   F Y ∗   <   a   1   B N ∗    ) if   f >     f  ~    0    .



The threshold is as follows:


       f  ~    0   =     (  1 + 2 γ ) ( 3 k ( 1 − v ( 1 − α ) ) − 1 + 3 k   h   s    )    3 ( 9 k − 2 )    .   












	(2) 

	
For the offline retailer (    R   2    ):









It increases its advertising (    a   2   F Y ∗   >   a   2   B N ∗    ) if   f <     f  ~    0   +     f  ~    1    . It decreases its advertising (    a   2   F Y ∗   <   a   2   B N ∗    ) if   f >     f  ~    0   +     f  ~    1    .



The threshold is as follows:


       f  ~    1   =    k ( 1 + 2 γ ) ( 1 + 2 v ( 1 − α ) − 2   h   s   )   9 k − 2    .   













Proposition 4 describes how BOPS cooperation affects online and offline advertising levels in cases BN and FY. Compared to case BN, when the BOPS commission,   f  , is sufficiently small, both retailers increase their advertising after adopting BOPS. Conversely, when   f   is relatively large, both reduce their advertising investment. This occurs because a low BOPS commission gives the online retailer a competitive advantage, encouraging it to invest more in advertising. In response, the offline retailer also raises advertising to remain competitive. In contrast, a high commission increases costs for the online retailer, which then leads it to cut advertising to offset this expense. Although the offline retailer gains additional commission revenue, increasing advertising further is not optimal in this scenario. These results emphasize that under fixed pricing conditions, the BOPS commission,   f  , does more than redistribute profit—it also regulates advertising competition. A low   f   value intensifies such competition, whereas a high   f   value weakens it. In essence, the commission contract reallocates the value created by the BOPS channel, influencing which retailer benefits and how aggressively they compete in advertising.



Proposition 5.

Assume the same regularity conditions as in Theorems 1 and 2. Comparing the demands and profits before and after BOPS cooperation when prices are fixed, we obtain the results below:




	(1) 

	
(Demands) The demand of the online channel decreases if and only if   γ >     γ  ~    1    , where       γ  ~    1   =    ( 9 k − 2 )   h   s     3 k ( 1 − v ( 1 − α ) ) + 3 k   h   s   − 1     . The demand of the offline channel decreases when the store visit cost is sufficiently high, i.e.,     h   s   >    2 γ  (  3 k  (  1 − γ  )  + γ − 2  )  + 2 v  (  1 − α  )   (  − 1 −  (  2 + 3 k  (  1 − γ  )   )  γ  )  − 1   6 ( k  (  3 − γ  )   (  1 − γ  )  − 1 )     . The demand for the BOPS channel is        p   s   B N   −   p   o   B N   +   a   1   F Y   −   a   2   F Y   − v  (  1 − α  )    1 − γ    −      h   s     γ     .




	(2) 

	
(Profits) The online retailer’s profit increases only when   f ≤     f   2    ~   . The offline retailer’s profit increases only when   f ≥     f   3    ~   . The omnichannel total profit increases only when   γ ≥     γ  ~    2    .











Note: The thresholds       f  ~    2    ,       f  ~    3    , and       γ  ~    2     are derived from profit difference analysis; their forms are provided in the proof of Proposition 5.



Proposition 5(1) examines the impact of BOPS cooperation on demand in cases BN and FY. Once BOPS is introduced, some customers may switch from the pure online or offline channel to BOPS to obtain a higher surplus. Intuitively, this would reduce demand in both original channels. However, this is not always the case. Specifically, the online channel experiences a decrease in demand only when the BOPS convenience coefficient satisfies   γ >     γ  ~    1    . In this situation, some online consumers shift to the BOPS channel. Similarly, the offline channel experiences reduced demand only when the offline hassle cost,     h   s    , exceeds a certain threshold, obtained via       h   s   >    2 γ  (  3 k  (  1 − γ  )  + γ − 2  )  + 2 v  (  1 − α  )   (  − 1 −  (  2 + 3 k  (  1 − γ  )   )  γ  )  − 1   6 ( k  (  3 − γ  )   (  1 − γ  )  − 1 )     . Therefore, in some situations, the implementation of BOPS channel cooperation between online and offline retailers can result in a positive demand for BOPS.



Proposition 5(2) further demonstrates that under fixed pricing conditions, the profitability of BOPS cooperation depends critically on the commission,   f  , as a transfer mechanism. Since prices are fixed, the added value created by the BOPS channel is redistributed between the retailers only through the commission contract. The online retailer bears the commission cost. Its profit therefore improves only when the unit BOPS commission,   f  , is below the threshold,       f  ¯    2    . In contrast, the offline retailer earns revenue from the commission. Its profit increases only when   f   exceeds the threshold,       f  ¯    3    , ensuring it captures a sufficient share of the channel’s added value. Regarding total profit, BOPS cooperation raises the overall omnichannel profit only when the BOPS convenience coefficient,   γ  , is higher than the threshold,       γ  ^    2    . This indicates that the BOPS channel must generate enough added value—through high convenience such as shorter travel distances or enhanced privacy—to offset any competitive friction or inefficiency arising from the cooperation, thereby improving combined profitability.



To further explore the effect of BOPS cooperation in cases BN and FY, where prices are fixed, we conduct a numerical study. According to the constraints, we set   v = 1  ,     α = 0.8  ,     a n d   k = 4.3   and examine the changes in the online and offline optimal advertising levels, demands and profits for various values of   γ  ,   f   and     h   s    . Table 2 contains the results.



Observation 1.

Compared to case BN, after implementing BOPS cooperation and optimizing the advertising levels, we observe from the information in Table 2 that




	(1) 

	
The offline advertising levels always increase (i.e.,     a   2   F Y ∗   −   a   2   B N ∗   > 0  ). The online advertising level decreases when   f   is high and increases when   f   is low.




	(2) 

	
The online channel demand decreases, and the offline channel demand increases when   γ   is low and     h   s      is high (where satisfies   γ >     γ  ~    1    ).




	(3) 

	
The online retailer’s profit decreases, and the offline retailer’s profit increases when   γ   is low and   f   is high.











The first two sections of Table 2 present the changes in optimal advertising levels following BOPS cooperation, assuming fixed online and offline prices. When prices are fixed, and the BOPS channel is introduced, retailers can only boost demand by optimizing their advertising strategies. Regarding optimal online advertising—consistent with Proposition 4—the online retailer may raise its advertising investment after adding the BOPS channel. This increase is more pronounced when the commission,   f  , is lower, or when the offline hassle cost,     h   s    , or the convenience coefficient,   γ  , is higher. However, higher BOPS demand does not fully translate into greater profit. As shown in the third and fifth sections of Table 2, online channel demand falls while BOPS demand rises, leading to lower profit for the online retailer after cooperation (see the sixth section of Table 2). This occurs mainly because relatively high advertising costs and BOPS commissions can outweigh the profit gains from increased demand. Therefore, it is not recommended for the online retailer to implement BOPS cooperation when advertising costs and BOPS commissions are high.



To capture market share, the offline retailer consistently increases its optimal advertising level after BOPS implementation. This increase is larger when   f   or     h   s     is lower, or when   γ   is higher, confirming the finding in Proposition 4(2) (i.e.,   f <     f   1    ~  +     f   0    ~   ). However, offline demand rises only when   γ   is low and     h   s     is high (see the fourth section of Table 2). This is because, under these conditions, fewer consumers switch from offline to BOPS (see the fifth section of Table 2), which helps protect the offline retailer’s profit. Moreover, when   γ     is sufficiently low and   f     is sufficiently high, the increase in BOPS commission,   f ,     will bring the offline retailer additional profit after the BOPS cooperation. The combined effect of the two aspects mentioned above results in an increased profit for the offline retailer (see column 3 of section 7 in Table 2).





5.2. The Effects of BOPS Cooperation Under Optimal Online and Offline Pricing


Next, we analyze the effects of BOPS cooperation on the two competing retailers’ optimal advertising levels, prices, demands and profits in cases BN and OY. For case OY, the prices are optimized after the addition of the BOPS channel cooperation.



5.2.1. Case OY: After BOPS Cooperation


Following the analysis of Section 5.1.1, for case OY, if        h   s    (  1 − γ  )    γ    <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v < 1 − γ  ,     p   s   < v +   a   2   −   h   s    , we can derive the demands for the online, BOPS, and offline channels, respectively, given as follows:


    d   o   O Y   =      h   s     γ    ,  



(13)






    d   b   O Y   =      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ    ,  



(14)






    d   s   O Y   = 1 −      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    .  



(15)







The online and offline retailers’ profit functions are given as follows:


    π     R   1     O Y   =   p   o     d   o   O Y   +  (    p   o   − f  )    d   b   O Y   − k     a   1     2   =   p   o        h   s     γ    +  (    p   o   − f  )   (       p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ     )  − k     a   1     2   ,    



(16)






    π     R   2     O Y   =   p   s     d   s   O Y   + f   d   b   O Y   − k     a   2     2   =   p   s    (  1 −      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ     )  + f  (       p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ     )  − k     a   2     2   .  



(17)







Similarly, applying the backward induction, we obtain the optimal advertising levels (    a   1    ,       a   2    ) and prices (    p   o    ,       p   s    ).



Theorem 3.

In case OY, where retailers cooperate to provide BOPS and can adjust their prices, and assuming all three channels have positive demand, i.e.,        h   s    (  1 − γ  )    γ    <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v < 1 − γ  ,     p   s   < v +   a   2   −   h   s    , the equilibrium advertising levels and prices are as follows:




	(1) 

	
The equilibrium advertising levels:


    a   1   O Y ∗   =    1 + 3 k  (  v  (  1 − α  )  − ( 1 − γ )  )    3 k  (  2 − 9 k  (  1 − γ  )   )     ;     a   2   O Y ∗   =    1 + 3 k  (  v  (  α − 1  )  − 2  (  1 − γ  )   )    3 k  (  2 − 9 k  (  1 − γ  )   )     .  












	(2) 

	
The equilibrium prices:


    p   o   O Y ∗   =    f  (  2 − 9 k  (  1 − γ  )   )  −  (  3 k  (  1 − v  (  1 − α  )  − γ  )  − 1  )   (  1 − γ  )    2 − 9 k  (  1 − γ  )     ;  










    p   s   O Y ∗   =    f  (  2 − 9 k  (  1 − γ  )   )  −  (  3 k  (  2 + v  (  1 − α  )  − 2 γ  )  − 1  )   (  1 − γ  )    2 − 9 k  (  1 − γ  )     .  



















The detailed derivation is in the proof of Theorem 3.



Using Theorem 3, we can analyze the impacts of the BOPS commission,     f ,     and the convenience coefficient,     γ ,     on the optimal advertising levels and prices in case OY, where the prices are optimized before and after the BOPS cooperation, generating the proposition below.



Proposition 6.

Assume the same regularity conditions as in Theorem 3. Then we have the following results on the impacts of BOPS on advertising levels and prices of online and offline retailers:




	(1) 

	
Impact of BOPS commission,   f  :









The equilibrium prices of both retailers increase with   f  .


      ∂   p   o   O Y ∗     ∂ f    > 0   ,      ∂   p   s   O Y ∗     ∂ f   > 0 .    








  




	(2) 

	
Impact of BOPS convenience coefficient,   γ  :









     ∂     a   1     O Y ∗     ∂ γ    < 0  ,      ∂     a   2     O Y ∗     ∂ γ    > 0  ,      ∂   p   o   O Y ∗     ∂ γ    < 0 .   Furthermore, if   k >    2   9  (  1 − γ  )      ,      ∂   p   s   O Y ∗     ∂ γ    > 0  .





Proposition 6(1) addresses case OY, where prices are optimized before and after BOPS cooperation. In this scenario, advertising strategies are independent of the BOPS commission,   f  , but the commission level positively affects both retailers’ pricing. This highlights a key difference from the fixed-price case (FY): price becomes a flexible, endogenous decision variable. As   f   rises, the online retailer increases its online price to offset higher cross-channel service costs. The offline retailer, benefiting from greater commission income, also raises its offline price. This joint adjustment resembles a form of tacit, collusive pricing, made possible by the pricing flexibility in the OY case.



Proposition 6(2) examines the impact of the BOPS convenience coefficient,   γ  . As   γ   increases, the online retailer lowers both its advertising level     a   1   O Y ∗     and its online price     p   s   O Y ∗    . In contrast, the offline retailer increases its advertising     a   2   O Y ∗     and offline price     p   s   O Y ∗    . Thus, a higher convenience coefficient adversely affects the online retailer’s advertising and price while positively influencing those of the offline retailer. The reason is that greater convenience makes BOPS more attractive to online shoppers. The online retailer can therefore compete in terms of value and convenience, relying less on advertising. Meanwhile, the offline retailer shifts toward a premium experience strategy, using more advertising and higher prices to target consumers who value in-store service over convenience. These results suggest that the BOPS convenience coefficient can partly substitute for the online retailer’s advertising in driving competition.



Overall, under optimized pricing conditions, BOPS cooperation not only redistributes value through commissions but also enables strategic channel differentiation. Each retailer leverages its inherent strengths: the online channel competes in terms of value and convenience, while the offline channel emphasizes a premium in-store experience.




5.2.2. Comparative Analysis Under Optimal Online and Offline Pricing Conditions


Considering the situation before and after BOPS cooperation, where online and offline prices are optimized, we derive the following propositions in cases BN and OY. Assume the same regularity conditions as in Theorems 1 and 3.



Proposition 7.

Comparing the changes in the optimal advertising levels between cases BN and OY:




	(1) 

	
If      h   s   <     h  ~    s    , the online retailer increases its advertising (    a   1   O Y ∗   >   a   1   B N ∗    ), while the offline retailer decreases its advertising (    a   2   O Y ∗   <   a   2   B N ∗    ).




	(2) 

	
If      h   s   >     h  ~    s    , the opposite holds: the online retailer decreases its advertising, and the offline retailer increases its advertising.









The threshold is       h  ~    s   =    ( 1 + 9 k v ( 1 − α ) ) γ   2 − 9 k ( 1 − γ )     .





Proposition 8.

Comparing the changes in the optimal prices between cases BN and OY:




	(1) 

	
When    f >     f   4    ~   , the online retailer raises its online price. When    f >     f   4    ~  + ∆ f  , the offline retailer raises its offline price as well.




	(2) 

	
When    f <     f   4    ~   , the online retailer lowers its online price. When    f <     f   4    ~  + ∆ f  , the offline retailer also lowers its offline price.









The threshold       f   4    ~    is defined as       f   4    ~  =     (  3 k  (  1 − v  (  1 − α  )  − γ  )  − 1  )   (  1 − γ  )    2 − 9 k  (  1 − γ  )     −    1 − 3 k  (  1 − v  (  1 − α  )   )  − 3 k   h   s     9 k − 2     ,   ∆ f =    3 k ( ( 4 + 4 v − 4 v α − 9 k ( 1 − γ ) − 2 γ ) γ − 2 ( 2 − 9 k ( 1 − γ ) )   h   s   )   ( 9 k − 2 ) ( 2 − 9 k ( 1 − γ ) )     .





Propositions 7 and 8 examine how the offline hassle cost and BOPS commission affect the advertising levels and prices of online and offline retailers in cases BN and OY.



Proposition 7 specifies the conditions under which adding the BOPS channel influences the retailers’ advertising strategies. Specifically, if the offline hassle cost,     h   s    , is below the threshold,       h  ¯    s    , the BOPS channel incentivizes the online retailer to increase advertising. In this case, the offline retailer reduces its advertising due to its relative advantage in hassle cost. Conversely, when     h   s     is relatively high, the online retailer—now facing a competitive disadvantage—invests less in advertising, while the offline retailer increases advertising to attract more consumers to purchase offline.



Proposition 8 clarifies an important finding: a higher commission leads both retailers to raise their prices. However, the offline retailer requires an additional commission increment (  Δ f  ) to offset the competitive pressure created by the newly introduced BOPS channel.



According to the results presented in Propositions 7 and 8, we can further analyze the influence of implementing the BOPS channel on omnichannel demands and profits. Define the following threshold parameters:


       f  ~    5   =      γ C   1       h   s        ,       f  ~    6   =      C   2     D      ,       f  ~    7   =   C   1   +   C   2   ,   










    C   1   =     (  1 + 9 k  (  − 1 + γ  )   )     (  1 + 3 k  (  − 1 + v − v α + γ  )   )    2     9 k    (  2 + 9 k  (  − 1 + γ  )   )    2      +     (  − 1 + 9 k  )     (  − 1 + 3 k  (  1 + v  (  − 1 + α  )   )  + 3 k   h   s    )    2     9    (  2 − 9 k  )    2   k   ,   










    C   2   =    1 + 3 k ( − 7 − 2 v + 2 v α + 27   k   2   ( 2 + v − v α − 2 γ   )   2   ( γ − 1 ) + 7 γ + 3 k ( − 2 − v + v α + 2 γ ) ( − 8 − v + v α + 8 γ ) )   9 k ( 2 + 9 k ( γ − 1 )   )   2      +    ( 9 k − 1 ) ( 1 + 3 k ( − 2 + v ( α − 1 ) ) + 3 k   h   s     )   2     9 k ( 2 − 9 k   )   2     ,   










  D = 1 −      h   s     γ    .  











Proposition 9.

Assume the same regularity conditions as in Theorems 1 and 3. Comparing cases BN and OY, where the prices are optimized before and after BOPS cooperation, then




	(1) 

	
(Demands) There exists a threshold,        γ   1    ~   , defined above, such that the demand of online channel increases whenever    γ <     γ   1    ~    and decreases otherwise.









When      a   2   O Y   −   a   1   O Y   −   p   s   O Y   +   p   o   O Y   >  (  1 − γ  )   (    a   2   B N   −   a   1   B N   −   p   s   B N   +   p   o   B N   −   h   s    )  − γ  (  1 − α  )  v  , the offline channel demand increases. Otherwise, it decreases.



The demand for the BOPS channel is        p   s   O Y   −   p   o   O Y   +   a   1   O Y   −   a   2   O Y   −  (  1 − α  )  v   1 − γ    −      h   s     γ     .




	(2) 

	
(Profits) There exist thresholds,       f   5    ~   ,       f   6    ~    and       f   7    ~   , defined above, such that the online retailer’s profit increases (    π     R   1     O Y   >   π     R   1     B N    ) only when   f ≥     f   5    ~    and the offline retailer’s profit increases (    π     R   2     O Y   >   π     R   2     B N    ) only when   f ≥     f   6    ~   . Furthermore, there exists a threshold,       f   7    ~   , such that the omnichannel total profit increases (    π   T   O Y   >   π   T   B N    ) if and only if   f ≥     f   7    ~   .











Proposition 9(1) examines the impact of BOPS cooperation on omnichannel demand in cases BN and OY. Similar to Proposition 5(1), when BOPS is available, some consumers shift to this channel, which may reduce demand in the pure online or offline channels. However, online channel demand increases when   γ <     γ   1    ~    and decreases when   γ >     γ   1    ~   . This occurs for two reasons. First, a lower BOPS convenience coefficient,   γ  , reduces the utility of purchasing through BOPS, so fewer online consumers switch to it. Second, as shown in Proposition 6(2), the online retailer increases advertising when   γ   is small in case OY. This higher advertising investment helps boost online demand after the BOPS cooperation. For the offline retailer, whether its demand grows depends on whether its post-cooperation advantages in advertising and price can offset the cannibalization effect from the new BOPS channel.



Proposition 9(2) shows that the online retailer’s profit increases only when the BOPS commission,   f  , exceeds the threshold,       f   5    ~   . A higher   f   value is passed on to consumers through a higher online price,     p   o   O Y    , as established in Proposition 6. This suggests that online retailers should not automatically resist higher commissions. Instead, they should strategically raise prices and evaluate whether the additional BOPS demand justifies the commission cost. The offline retailer’s profit rises only when   f   is above the threshold       f   6    ~   . This aligns intuitively because the commission represents direct revenue for providing in-store pickup. A higher   f   value better compensates the offline retailer for its operational costs and potential loss of traditional store sales. For total omnichannel profit, the analysis indicates an increase only when the commission exceeds the composite threshold,       f   7    ~   . This means that the BOPS cooperation creates net value for the system only when the commission is set high enough to properly incentivize both retailers.



To further explore the effect of BOPS cooperation in cases BN and OY, we perform a numerical study. According to the constraints, we set   v = 1  ,   α = 0.8  , and   k = 4.3   and examine the changes in the retailers’ optimal online and offline advertising levels, prices, demands and profits for various values of   γ  ,   f     and       h   s    . The results are encompassed within Table 3.



Observation 2.

After implementing the BOPS and optimizing the advertising levels and prices, we observe from the information in Table 3 that




	(1) 

	
The optimal online advertising level decreases (i.e.,      a   1   O Y ∗   −   a   1   B N ∗   < 0  ), and the offline advertising level increases (i.e.,      a   2   O Y ∗   −   a   2   B N ∗   > 0  ) when it satisfies      h   s   >     h   s    ~   .




	(2) 

	
When    f     is high, the optimal online price increases; the offline price increases when    γ      is low and    f   is high.




	(3) 

	
The online channel demand decreases, and the offline channel demand increases.




	(4) 

	
The online retailer’s profit increases when    γ      is low and    f      and        h   s        are high; the offline retailer’s profit increases when    f     is high.











In Table 3, we see that the initial four sections demonstrate the influence of BOPS cooperation on the optimal advertising levels and prices. When the BOPS commission,   f  , is high, the online retailer reduces its advertising investment and raises its online price (see sections 1 and 3). In contrast, the offline retailer increases both advertising and offline price only when   f   is high and the convenience coefficient,   γ  , is low (see sections 2 and 4). These responses occur because the online retailer gains additional demand through BOPS. It lowers advertising (section 1), which leads to a decline in online demand and a rise in BOPS demand (sections 5 and 7). Meanwhile, to offset the cost of the BOPS service, the online retailer increases its price (section 3). However, the profit gained from higher prices is outweighed by the combined effects of lower advertising and the BOPS commission, resulting in lower overall profit for the online retailer (section 8).



Conversely, the offline retailer finds it optimal to raise advertising and lower its price when   γ   is high, attracting more consumers to purchase offline and further increasing offline demand. When   γ   is very low and   f   is very high (as shown in the third column of section 4), the offline retailer raises its price while still seeing higher demand, leading to increased profit (section 9). Whether the total omnichannel profit rises depends on several factors. Specifically, when the offline hassle cost,     h   s    , is large and   γ   is small, the BOPS pickup service is less attractive, so fewer consumers switch from offline to BOPS. In cases where   f   and     h   s     are high and   γ   is small (in the third and sixth columns of sections 8 and 9), the offline retailer’s profit increase exceeds the online retailer’s loss, increasing the total omnichannel profit. Otherwise, when   γ   is large and     h   s     is negligible, the total profit declines.





5.3. Comparison Under Different Pricing Strategies


In this section, we compare cases FY and OY to assess the retailer’s preference for the two pricing strategies. We set   v = 1  ,     α = 0.8  , and   k = 4.3   and vary the values of   γ  ,   f     and       h   s    , calculating the retailers’ optimal advertising levels, prices, demands and profits in the abovementioned cases. We compare changes in the optimal advertising levels, prices, demands and profits after the BOPS cooperation between cases FY and OY, generating the comparative results of the fixed and optimized pricing strategies after BOPS cooperation in Table 4.



Observation 3.

Comparing the optimal advertising levels, prices, demands and profits between the two pricing strategies after BOPS cooperation, we observe from the information in Table 4 that




	(1) 

	
When   f   is high, compared to the fixed pricing strategy, the optimal online advertising level is higher in the optimized pricing strategy; the optimal offline advertising level is lower in the optimized pricing strategy compared to the fixed pricing strategy.




	(2) 

	
When     f     is low, in contrast to the fixed pricing strategy, the online price is relatively lower in the optimized pricing strategy; when     γ     is low and     f     is high, the optimal offline price is higher in the optimized pricing strategy compared to the fixed pricing strategy.




	(3) 

	
The online channel demand remains unchanged in the optimized and fixed pricing strategies; compared to the fixed pricing strategy, the offline channel demand is higher, and the BOPS channel demand is lower in the optimized pricing strategy.




	(4) 

	
When     f     is high and       h   s       is low, the online and offline retailers’ profits are higher in the optimized pricing strategy compared to the fixed pricing strategy.











The first four sections of Table 4 compare optimal advertising levels and prices under the two pricing strategies after BOPS cooperation. When the commission,   f  , is high, the online retailer advertises more under the optimized pricing strategy than under fixed pricing, while the offline retailer advertises less. However, both online and offline prices are higher under optimized pricing only when   f   is high and the convenience coefficient,   γ  , is low. This occurs because a high BOPS commission,   f  , forces the online retailer to raise its online price to cover pickup costs when pricing is flexible. According to the base model, a consumer’s utility from using BOPS is   α v −   p   0   +   a   1   − ( 1 − γ )   h   0   −   h   s    . Thus, a customer will choose BOPS only if     p   0   < α v +   a   1   − ( 1 − γ )   h   0   −   h   s    . When   γ   is relatively small, the online retailer has a stronger incentive to increase its price. Due to competitive interaction, a higher online price,     p   0   O Y ∗    , then pushes the offline price,     p   s   O Y ∗    , upward under optimized pricing conditions. Therefore, a higher optimal offline price emerges only when   f   is sufficiently high and   γ   is sufficiently low. Given these pricing adjustments, the online retailer increases advertising to capture a larger market share, while the offline retailer reduces advertising to ease competitive tension, even though it may earn higher margins from sales. Conversely, when   f   is low, both retailers tend to lower advertising and prices under the optimized strategy. Overall, optimized pricing offers retailers greater flexibility to jointly adjust advertising intensity and channel prices.



The results above indicate that under an optimized pricing strategy, the lower offline price leads to higher offline channel demand compared to a fixed pricing strategy (see section 6 of Table 4). When the BOPS commission,   f  , is high, it contributes to higher profit under optimized pricing, which is a logical outcome, since fixed pricing is essentially a constrained case of optimized pricing. For the online retailer, online channel demand remains the same under both pricing strategies, as it depends only on the external factors   γ   and     h   s    . However, offline demand is higher under optimized pricing conditions. This implies that some BOPS consumers switch to offline purchases when pricing is optimized (see sections 5, 6, and 7 of Table 4).



Interestingly, when the commission,   f  , is low and the offline hassle cost,     h   s    , is high, both retailers earn higher profits under fixed pricing conditions. Conversely, when   f   is high and     h   s     is low, they benefit more from optimized pricing. The reason is that under the latter conditions, retailers set higher online and offline prices in the optimized strategy, which yields larger margins. This contrast stems from the fundamentally different competitive logics under the two pricing strategies.



In the FY (fixed price) scenario, advertising is the only lever retailers can use to shift demand and improve margins. In the OY (optimized price) scenario, pricing and advertising are jointly optimized, providing a more flexible strategic toolkit. For example, when     h   s     is low—giving the offline channel an inherent advantage—the offline retailer in the OY case may reduce advertising, since it can profit directly through its offline channel with less competitive pressure from BOPS. This contrasts sharply with the FY case, where the offline retailer would typically increase advertising to defend its position.





6. Conclusions


As consumers increasingly value the convenience offered through different channels, many online retailers have begun collaborating with offline retailers to provide “buy online, pick up in store” (BOPS) services. This cooperation inevitably creates a market structure in which collaboration and competition coexist. The new environment poses challenges for retailers in terms of advertising competition and omnichannel pricing. To address these issues, we examine an omnichannel system where online and offline retailers sell products through three channels: online, offline, and BOPS. By capturing the key features of each channel, we develop a model to analyze how BOPS cooperation affects retailers’ advertising levels, prices, demand, and profits in two scenarios: (1) fixed pricing before and after BOPS cooperation (cases BN and FY) and (2) optimized pricing before and after BOPS cooperation (cases BN and OY). We further compare the two pricing strategies after BOPS cooperation (FY vs. OY) to determine which is more favorable for the competing retailers. Our main findings are summarized below.



Regarding question (1), optimal strategies after BOPS cooperation: In case FY (fixed pricing), advertising becomes the only competitive lever. The BOPS commission mainly serves as a profit-transfer mechanism and reduces advertising for both retailers. In contrast, a higher BOPS convenience coefficient intensifies competition and increases advertising investments. This shows that under fixed pricing conditions, BOPS parameters significantly influence advertising intensity. Retailers must carefully consider both commission and convenience when planning their post-cooperation advertising strategies.



In case OY (optimized pricing), the BOPS commission raises both online and offline prices, while advertising strategies are independent of the commission. A higher convenience coefficient lowers the online retailer’s advertising and price but raises the offline retailer’s advertising and price. These results differ from those of prior studies (e.g., [26]), which assumed equal consumer utility across channels. Our model imposes stricter conditions, showing that greater BOPS convenience can lead to higher offline advertising and prices.



Regarding question (2), effects of implementing BOPS cooperation: BOPS cooperation does not always benefit both retailers. Comparing cases BN and FY, when advertising costs and BOPS commissions are high, the online retailer’s profit may decline because higher demand is outweighed by increased advertising and commission expenses. Interestingly, in this situation, the offline retailer increases its advertising. Offline demand rises only when the convenience coefficient is low and the offline hassle cost is high, which reduces the shift from offline to BOPS. Additionally, a higher BOPS commission further boosts the offline retailer’s profit.



Comparing cases BN and OY, when the BOPS commission is high, the online retailer tends to reduce advertising and raise its online price. According to Proposition 9, the online retailer’s profit increases only if the commission exceeds a certain threshold, allowing the higher price to offset advertising and commission costs. Otherwise, profit declines. Thus, the online retailer may prefer not to adopt BOPS under these conditions. Meanwhile, the offline retailer increases advertising to stimulate offline demand. When the convenience coefficient is low and the commission is high, the offline retailer also raises its price, leading to higher profits. Therefore, the offline retailer should implement BOPS when the convenience coefficient is low and the commission exceeds a threshold.



Managerial Implications: Our results show that the impact of BOPS cooperation depends heavily on pricing flexibility. Under fixed pricing, the BOPS commission is the main tool for redistributing value, so negotiations should focus on the commission level. Under optimized pricing conditions, BOPS can be used for strategic channel differentiation: the online channel can emphasize convenience, while the offline channel highlights the in-store experience. Managers should assess their pricing capability—if prices are fixed, prioritize the commission contract; if prices can be adjusted, use BOPS to create complementary value across channels.



Finally, for question (3), the choice of pricing flexibility for competing retailers. When the BOPS commission is high, compared to fixed pricing, optimized pricing leads the online retailer to advertise more and the offline retailer to advertise less. Online and offline prices are higher under optimized pricing conditions only when the commission is sufficiently high and the convenience coefficient is low. Optimized pricing is generally preferable, especially when the commission is high and the offline hassle cost is low. In this case, both retailers benefit because flexible pricing allows them to set higher prices and earn larger margins. This finding is consistent with earlier research (e.g., [12]).



For managers, pricing flexibility is a strategic asset in omnichannel retailing. Before adopting BOPS, retailers should evaluate operational conditions—under high commission and low offline hassle cost conditions, flexible pricing can turn BOPS into a profit-enhancing tool. While Kong et al. (2020) [21] noted that optimized pricing benefits a single retailer introducing BOPS, our study extends this insight to a competitive setting with two retailers, showing how strategic interaction shapes pricing decisions after BOPS adoption.



There are several interesting directions for future research. First, BOPS can facilitate cross-selling (e.g., encouraging in-store purchases during pickup), which particularly benefits offline retailers. Future studies could incorporate cross-selling effects into BOPS models. Second, inventory management is crucial in omnichannel operations, as BOPS pickup may increase pressure on offline inventory and lead to surplus stock. Research could examine omnichannel inventory decisions under different operating conditions. Third, in addition to BOPS, other cross-channel models exist, such as reserve online, pick up and pay in store (ROPS) or showrooming (evaluate offline, buy online). Future work could explore advertising and pricing strategies in these alternative cross-channel settings.
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Appendix A



Proof of Theorem 1.

For case BN, we solve the two-stage game using backward induction. Given advertising levels     a   1     and     a   2    , the profit functions of the online retailer (    R   1    ) and offline retailer (    R   2    ), respectively, are as follows:


    π     R   1     B N   =   p   o    (    p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    )  − k     a   1     2   ;  










    π     R   2     B N   =   p   s    (  1 −  (    p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s    )   )  − k     a   2     2   .  











Both profit functions are concave in their own prices because


        ∂   2     π     R   1     B N     ∂     p   o     2      = − 2 < 0   ,        ∂   2     π     R   2     B N     ∂     p   s     2      = − 2 < 0 .   











Therefore, optimal prices exist to maximize the profits of the retailers. Let      ∂   π     R   1     B N     ∂   p   o      = 0  ,      ∂   π     R   2     B N     ∂   p   s      = 0  . We obtain the optimal prices as functions of     a   1     and     a   2    :    p   o   ∗   (   a   1   ,   a   2   ) =    1 +   a   1   −   a   2   − ( 1 − α ) v +   h   s     3     ,     p   s   ∗   (   a   1   ,   a   2   ) =    2 −   a   1   +   a   2   + ( 1 − α ) v +   h   s     3     , which satisfy the constraints     p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v +   h   s   < 1  ,   v −   p   s   +   a   2   −   h   s   ≥ 0  . Then we substitute     p   o   B N ∗    ,     p   s   B N ∗     into Equations (6) and (7) to solve the optimal advertising levels. Concavity in advertising and equilibrium stability require   k >    2   9     , which is satisfied by our assumption that the advertising cost coefficient is not too small. Let      ∂   π     R   1     B N     ∂   a   1      = 0   and      ∂   π     R   2     B N     ∂   a   2      = 0  . We obtain equilibrium solutions       a   1     B N ∗     and       a   2     B N ∗    . Substituting these back into     p   o   ∗     and     p   s   ∗     yields the equilibrium prices     p   o   B N ∗     and     p   s   B N ∗    . □





Proof of Proposition 1.

When   k   is large,   k >    2   9     , then


      ∂     a   1     B N ∗     ∂ v    =    1 − α   2 − 9 k    < 0   ,      ∂     a   2     B N ∗     ∂ v    =    1 − α   9 k − 2    > 0   ,      ∂   p   o   B N ∗     ∂ v    =    3 k  (  1 − α  )    2 − 9 k    < 0   ,      ∂   p   s   B N ∗     ∂ v    =    3 k  (  1 − α  )    9 k − 2    > 0 ;   











Thus, as v increases, the optimal strategies diverge: the online retailer reduces its advertising and price, while the offline retailer increases both. □





Proof of Proposition 2.

We analyze the effect of the online valuation discount factor,   α  . A decrease in   α   signifies a larger channel experience gap. We examine how the absolute difference in equilibrium strategies changes with   α  .


      ∂  (   |      a   1     B N ∗   −     a   2     B N ∗    |   )    ∂ α    =    2 v   9 k − 2    > 0   ,      ∂  (   |    p   o   B N ∗   −   p   s   B N ∗    |   )    ∂ α    =    6 k v   9 k − 2    > 0 .   











Since   9 k − 2 > 0   under our assumption, both derivatives are positive. This means that as   α   increases (the channel experience gap decreases), the differences    (    a   1   B N ∗    −    a   2   B N ∗    )    and    (    p   o   B N ∗    −    p   s   B N ∗    )    become more positive or less negative—their absolute values    |      a   1     B N ∗   −     a   2     B N ∗    |    and    |    p   o   B N ∗   −   p   s   B N ∗    |    increase. Conversely, as   α   decreases (the gap increases), these absolute differences decrease. □





Proof of Theorem 2.

For case FY, the prices of online and offline channels are fixed before and after BOPS cooperation, i.e.,     p   o   F Y ∗   =   p   o   B N ∗    ,     p   s   F Y ∗   =   p   s   B N ∗    . Then we substitute     p   o   F Y ∗    ,     p   s   F Y ∗     into Equations (11) and (12) to solve the optimal advertising levels     a   1     and     a   2    . It is easy to verify that     π     R   1     F Y     is concave on     a   1     and     π     R   2     F Y     is concave on     a   2    :


       ∂   2     π     R   1     F Y     ∂   a   1   2      = − 2 k < 0 ,      ∂   2     π     R   2     F Y     ∂   a   2   2      = − 2 k < 0 .  











To obtain the optimal advertising levels, we set the first-order conditions to zero:      ∂   π     R   1     F Y     ∂   a   1      = 0  ,      ∂   π     R   2     F Y     ∂   a   2      = 0  . We obtain the equilibrium advertising levels     a   1   F Y ∗     and     a   2   F Y ∗     as stated in Theorem 2. □





Proof of Proposition 3.

Taking the first derivative of       a   1     F Y ∗    ,       a   2     F Y ∗     with respect to   f  , we have:


     ∂     a   1     F Y ∗     ∂ f    =    ∂     a   2     F Y ∗     ∂ f    =    1   2 k  (  γ − 1  )     .  











Given   0 < γ < 1   and   k > k >    2   9     , the denominator is   2 k ( γ − 1 ) < 0  . Therefore,


     ∂     a   1     F Y ∗     ∂ f    =    ∂     a   2     F Y ∗     ∂ f    < 0 .  











This confirms that a higher BOPS commission leads both retailers to reduce their advertising investment.



Taking the first derivative of       a   1     F Y ∗    ,       a   2     F Y ∗     with respect to   γ  , we have


     ∂     a   1     F Y ∗     ∂ γ    =    f  (  2 − 9 k  )  + 3 k  (  1 − v  (  1 − α  )   )  + 3 k   h   s   − 1   2 k  (  9 k − 2  )     (  1 − γ  )    2      =        a   1     F Y ∗     1 − γ    ;  










     ∂     a   2     F Y ∗     ∂ γ    = −    1 + f  (  9 k − 2  )  − 3 k  (  2 + v  (  1 − α  )   )  + 3 k   h   s     2 k  (  9 k − 2  )     (  1 − γ  )    2      =        a   2     F Y ∗     1 − γ    .  











Since equilibrium advertising levels are positive (    a   1   F Y ∗   ,   a   2   F Y ∗   > 0  ) and   0 < γ < 1  , it follows that


     ∂   a   1   F Y ∗     ∂ γ    > 0 ,      ∂   a   2   F Y ∗     ∂ γ    > 0 .  











Thus, a higher BOPS convenience coefficient motivates both retailers to increase their advertising levels. □





Proof of Proposition 4.

When   k   is large,   k >    2   9     , then




	(1)

	
The equilibrium advertising levels for Scenarios BN and FY are given in Theorems 1 and 2. Their differences can be written as follows:


    a   1   F Y ∗   −   a   1   B N ∗   =    f   2 k  (  γ − 1  )     +     (  3 k  (  1 + v  (  α − 1  )   )  − 1  )   (  1 + 2 γ  )  + 3  (  k + 2 k γ  )    h   s     6 k  (  9 k − 2  )   (  1 − γ  )     ,  

















When   f <    ( 1 + 2 γ ) ( 3 k  (  1 − v  (  1 − α  )   )  − 1 + 3 k   h   s   )   27 k − 6    =     f   0    ~   ,     a   1   F Y ∗   −   a   1   B N ∗   > 0  ;



When   f >     f   0    ~   ,     a   1   F Y ∗   −   a   1   B N ∗   < 0  .




	(2)

	
The difference in the offline retailer’s advertising level after BOPS cooperation is as follows:


    a   2   F Y ∗   −   a   2   B N ∗   =    f   2 k ( γ − 1 )    +    ( 1 − 3 k ( 2 + v ( 1 − α ) ) ) ( 1 + 2 γ ) + 3 ( k + 2 k γ )   h   s     6 k ( 9 k − 2 ) ( γ − 1 )    ,  

















When   f <     f   0    ~  +    k ( 1 + 2 γ ) ( 1 + 2 v  (  1 − α  )  − 2   h   s   )   9 k − 2    =     f   0    ~  +     f   1    ~   ,     a   2   F Y ∗   −   a   2   B N ∗   > 0  ;



When   f >     f   0    ~  +    k ( 1 + 2 γ ) ( 1 + 2 v  (  1 − α  )  − 2   h   s   )   9 k − 2    =     f   0    ~  +     f   1    ~   ,     a   2   F Y ∗   −   a   2   B N ∗   < 0  . □





Proof of Proposition 5.






	(1)

	
When        h   s     γ    < 1  ,     p   s   B N   −   p   o   B N   +   a   1   B N   −   a   2   B N   − ( 1 − α ) v +   h   s   < 1  ,   v −   p   s   B N   +   a   2   B N   −   h   s   ≥ 0  ,        h   s    (  1 − γ  )    γ    <   p   s   F Y   −   p   o   F Y   +   a   1   F Y   −   a   2   F Y   − ( 1 − α ) v < 1 − γ  ,     p   s   F Y   < v +   a   2   F Y   −   h   s    ,     p   s   B N   =   p   s   F Y    ,     p   o   B N   =   p   o   F Y    ,









The difference in online channel demand after BOPS cooperation is as follows:


    d   o   F Y   −   d   o   B N   =      h   s     γ    −  (    p   s   B N   −   p   o   B N   +   a   1   B N   −   a   2   B N   −  (  1 − α  )  v +   h   s    )  =      h   s     γ    +    1 − 3 k ( 1 − v ( 1 − α ) ) − 3 k   h   s     9 k − 2    ,  











when   γ >    ( 9 k − 2 )   h   s     3 k ( 1 − v ( 1 − α ) ) + 3 k   h   s   − 1    =     γ  ~    1    ,     d   o   F Y   −   d   o   B N   < 0  ; when   γ <     γ  ~    1    ,     d   o   F Y   −   d   o   B N   > 0  .



The difference in offline channel demand after BOPS cooperation is as follows:


       d   s   F Y   −   d   s   B N   =    γ  (  v  (  1 − α  )  −   p   s   B N   +   p   o   B N    )  −   a   1   F Y   +   a   2   F Y     1 − γ    +   a   1   B N   −   a   2   B N   +   h   s   =        1 + 2  (  2 − 3 k  (  1 − γ  )  − γ  )  γ + 2 v  (  1 − α  )   (  1 +  (  2 + 3 k  (  1 − γ  )   )  γ  )  + 6 ( k  (  3 − γ  )   (  1 − γ  )  − 1 )   h   s     2 ( 9 k − 2 )   ( 1 − γ )   2      ,     











when     h   s   <    2 γ  (  3 k  (  1 − γ  )  + γ − 2  )  + 2 v  (  1 − α  )   (  − 1 −  (  2 + 3 k  (  1 − γ  )   )  γ  )  − 1   6 ( k  (  3 − γ  )   (  1 − γ  )  − 1 )     ,     d   s   F Y   −   d   s   B N   > 0  ;



when     h   s   >    2 γ  (  3 k  (  1 − γ  )  + γ − 2  )  + 2 v  (  1 − α  )   (  − 1 −  (  2 + 3 k  (  1 − γ  )   )  γ  )  − 1   6 ( k  (  3 − γ  )   (  1 − γ  )  − 1 )     ,     d   s   F Y   −   d   s   B N   < 0  .




	(2)

	
(Profits)









Profit differences are obtained by substituting equilibrium strategies into the profit functions. Each difference is a linear function of the relevant parameter (  f   or   γ  ), and the threshold is the root of that function.



The online retailer’s profit increases only when   f ≤     f   2    ~   .



That is, when   f ≤    γ  (      k  (  1 − γ  )   (      a   1   B N     2   −     a   1   F Y     2    )  − γ v   p   o   B N    (  1 − α  )  −  (  1 − γ  )    p   o   B N    (    a   1   B N   −   a   2   B N    )  −         h   s     p   o   B N    (  1 − γ  )  + γ   p   o   B N     p   s   B N   +   p   o   B N    (    a   1   F Y   −   a   2   F Y    )  − γ     p   o   B N     2        )    γ  (    p   s   B N   −   p   o   B N   +   a   1   F Y   −   a   2   F Y    )  − v  (  1 − α  )  γ −   h   s      =     f   2    ~   ,     π     R   1     F Y   −   π     R   1     B N   ≥ 0  ; the threshold       f   2    ~    solves     π     R   1     F Y   =   π     R   1     B N    .



The offline retailer’s profit increases only when   f ≥     f   3    ~   .



That is, when   f ≥    γ  (        p   s   B N    (    p   s   B N   −   p   o   B N   +   a   1   F Y   −   a   2   F Y   − 1 − v  (  1 − α  )  + γ  )  −  (  1 − γ  )         (  k  (      a   2   B N     2   −     a   2   F Y     2    )  +   p   s   B N    (    a   1   B N   −   a   2   B N   −   p   o   B N   +   p   s   B N   +   h   s   − 1 − v  (  1 − α  )   )   )       )    γ  (    p   s   B N   −   p   o   B N   +   a   1   F Y   −   a   2   F Y    )  − v  (  1 − α  )  γ −   h   s      =     f   3    ~   ,     π     R   2     F Y   −   π     R   2     B N   ≥ 0  , the threshold,       f   3    ~   , solves     π     R   2     F Y   =   π     R   2     B N    .



The omnichannel total profit increases only when   γ ≥     γ  ~    2    ;



That is, when   γ ≥     (    p   s   B N   −   p   o   B N    )   (    p   s   B N   −   p   o   B N   +   a   1   F Y   −   a   2   F Y   − v  (  1 − α  )   )    k  (      a   1   B N     2   +     a   2   B N     2   −     a   1   F Y     2   −     a   2   F Y     2    )  +  (    p   s   B N   −   p   o   B N    )   (    a   1   B N   −   a   2   B N   +   p   s   B N   −   p   o   B N   +   h   s   − v  (  1 − α  )   )     + 1 =     γ  ~    2    ,     π   T   F Y   −   π   T   B N   ≥ 0  ; the threshold       γ  ~    2     solves     π   T   F Y   =   π   T   B N    .



Given the complexity of the explicit expressions for the thresholds       f  ~    2    ,       f  ~    3    , and       γ  ~    2    , we further analyze them through numerical examples in the following section. □





Proof of Theorem 3.

From the demand expressions, the profit functions are as follows:


    π     R   1     O Y   =   p   o     d   o   O Y   +  (    p   o   − f  )    d   b   O Y   − k     a   1     2   =   p   o        h   s     γ    +  (    p   o   − f  )   (       p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ     )  − k     a   1     2   ,  










    π     R   2     O Y   =   p   s     d   s   O Y   + f   d   b   O Y   − k     a   2     2   =   p   s    (  1 −      p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ     )  + f  (       p   s   −   p   o   +   a   1   −   a   2   −  (  1 − α  )  v   1 − γ    −      h   s     γ     )  − k     a   2     2   .  











Given     a   1   ,   a   2    , the profit functions are concave in own prices since


       ∂   2     π     R   1     O Y     ∂   p   o   2      = −    2   1 − γ    < 0 ,      ∂   2     π     R   2     O Y     ∂   p   s   2      = −    2   1 − γ    < 0 .  











Setting the first-order conditions      ∂   π     R   1     O Y     ∂   p   o      = 0   and      ∂   π     R   2     O Y     ∂   p   s      = 0  , we obtain unconstrained     p   o   ∗   (   a   1   ,   a   2   )   and     p   s   ∗   (   a   1   ,   a   2   )  , which satisfy the constraints        h   s    (  1 − γ  )    γ    <   p   s   −   p   o   +   a   1   −   a   2   − ( 1 − α ) v < 1 − γ  ,     p   s   < v +   a   2   −   h   s    . Then we substitute     p   o   ∗   (   a   1   ,   a   2   )  ,     p   s   ∗   (   a   1   ,   a   2   )   into Equations (16) and (17) to solve the optimal advertising levels. Their second derivatives are as follows:


       ∂   2     π     R   1     O Y     ∂   a   1   2      = − 2 k +    2   9  (  1 − γ  )     ,      ∂   2     π     R   2     O Y     ∂   a   2   2      = − 2 k +    2   9  (  1 − γ  )     ,  











For the second derivatives to be strictly negative, the following condition must hold:


  − 2 k +    2   9  (  1 − γ  )     < 0 ⟺ k >    1   9  (  1 − γ  )     .  











Since   0 < γ < 1  , we have        1   9 ( 1 − γ )    >    1   9     . Under the assumption   k > 2 / 9  , this stronger condition automatically satisfies   k >    1   9 ( 1 − γ )      for any   γ ∈ ( 0 , 1 )  . Therefore, the profit functions are strictly concave in advertising, guaranteeing that the first-order conditions yield a unique maximum.



Let      ∂   π     R   1     O Y     ∂   a   1      = 0   and      ∂   π     R   2     O Y     ∂   a   2      = 0  . We obtain solutions       a   1     O Y ∗     and       a   2     O Y ∗    . Substituting     a   1   O Y ∗   ,   a   2   O Y ∗     back into     p   o   ∗   (   a   1   ,   a   2   )   and     p   s   ∗   (   a   1   ,   a   2   )   gives the prices,     p   o   O Y ∗     and     p   s   O Y ∗    , presented in Theorem 3. □





Proofs of Proposition 6.

We use the equilibrium results from Theorem 3.




	(1)

	
Effect of   f   on prices


     ∂   p   o   O Y ∗     ∂ f    =    2 − 9 k ( 1 − γ )   2 − 9 k ( 1 − γ )    = 1 > 0 ,    ∂   p   s   O Y ∗     ∂ f    = 1 > 0 .  

















Thus, both prices increase linearly with the BOPS commission.




	(2)

	
Effect of   γ   on advertising and prices









     ∂     a   1     O Y ∗     ∂ γ    =    9 k v  (  α − 1  )  − 1      (  2 + 9 k  (  γ − 1  )   )    2      < 0  ,      ∂     a   2     O Y ∗     ∂ γ    =    1 + 9 k v  (  1 − α  )       (  2 + 9 k  (  γ − 1  )   )    2      > 0  ,      ∂   p   o   O Y ∗     ∂ γ    =    1   3     (     − 18 k v  (  1 − α  )  − 2      (  2 + 9 k  (  γ − 1  )   )    2      − 1  )  < 0 .   Furthermore, if   k >    2   9  (  1 − γ  )      ,      ∂   p   s   O Y ∗     ∂ γ    =    1   3     (     2 + 18 k v  (  1 − α  )       (  2 + 9 k  (  γ − 1  )   )    2      − 2  )  > 0  . □





Proofs of Proposition 7.

From Theorems 1 and 3, the advertising differences can be written as linear functions of     h   s    :



    a   1   O Y ∗   −   a   1   B N ∗   =    1   9 k − 2     (    Φ   1   −   h   s    )  ,   a   2   O Y ∗   −   a   2   B N ∗   =    1   9 k − 2      ( h   s   −   Φ   1   ) ,   where     Φ   1   =    ( 1 + 9 k v ( 1 − α ) ) γ   2 − 9 k ( 1 − γ )    .  



Because the common factor   1 / ( 9 k − 2 ) > 0   (when   k > 2 / 9  ), the sign of each difference depends only on the sign of     Φ   1   −   h   s    . Setting     Φ   1   −   h   s   = 0   gives the threshold       h  ~    s   =   Φ   1    . Consequently,



If     h   s   <     h  ~    s    , then     Φ   1   −   h   s   > 0   ⇒     a   1   O Y ∗   >   a   1   B N ∗     and     a   2   O Y ∗   <   a   2   B N ∗    .



If     h   s   >     h  ~    s    , then     Φ   1   −   h   s   < 0   ⇒     a   1   O Y ∗   <   a   1   B N ∗     and     a   2   O Y ∗   >   a   2   B N ∗    . □





Proofs of Proposition 8.

Under the maintained assumption   k >    2   9     , the price differences can be expressed as linear functions of   f  :


    p   o   O Y ∗   −   p   o   B N ∗   = f −   Ψ   o   ,   p   s   O Y ∗   −   p   s   B N ∗   = f −   Ψ   s   ,  








where     Ψ   o   =     (  3 k ( 1 − v ( 1 − α ) − γ ) − 1 ) ( 1 − γ  )    2 − 9 k ( 1 − γ )    −    1 − 3 k ( 1 − v ( 1 − α ) ) − 3 k   h   s     9 k − 2    ,       Ψ   s   =   Ψ   o   + ∆ f ,   where   ∆ f   is as defined in the Proposition 8.



Hence, if   f >   Ψ   o   ≡     f   4    ~   ,     p   o   O Y ∗   −   p   o   B N ∗   > 0  ; when   f <     f   4    ~   ,     p   o   O Y ∗   −   p   o   B N ∗   < 0  .



If   f >   Ψ   s   ≡     f   4    ~  + ∆ f  ,     p   s   O Y ∗   −   p   s   B N ∗   > 0  ; when   f <     f   4    ~  + ∆ f  ,     p   s   O Y ∗   −   p   s   B N ∗   < 0  . □





Proof of Proposition 9.






	(1)

	
(Demands)









Under the regularity conditions, the change in online channel demand is as follows:


    d   o   O Y   −   d   o   B N   =      h   s     γ    − [     p   s   B N   −   p   o   B N   +   a   1   B N   −   a   2   B N   − ( 1 − α ) v +   h   s     ] .  











Substituting the equilibrium solutions,     p   s   B N   ,   p   o   B N   ,   a   1   B N   ,   a   2   B N     (from Theorem 1), and simplifying yields:


    d   o   O Y   −   d   o   B N   =      h   s     γ    +    1 − 3 k ( 1 − v ( 1 − α ) ) − 3 k   h   s     9 k − 2    .  











When   γ <    ( 9 k − 2 )   h   s     3 k  (  1 − v  (  1 − α  )   )  + 3 k   h   s   − 1    =     γ   1    ~   ,     d   o   O Y   −   d   o   B N   > 0  ; when   γ >     γ   1    ~   ,     d   o   O Y   −   d   o   B N   < 0  .



The difference in offline channel demand after BOPS cooperation is as follows:


    d   s   O Y   −   d   s   B N   =   d   s   O Y   =   p   s   B N   −   p   o   B N   +   a   1   B N   −   a   2   B N   −      p   s   O Y   −   p   o   O Y   +   a   1   O Y   −   a   2   O Y   − γ  (  1 − α  )  v   1 − γ    +   h   s   ,  











When     a   2   O Y   −   a   1   O Y   −   p   s   O Y   +   p   o   O Y   >  (  1 − γ  )   (    a   2   B N   −   a   1   B N   −   p   s   B N   +   p   o   B N   −   h   s    )  − γ  (  1 − α  )  v  ,     d   s   O Y   −   d   s   B N   > 0  ;



When     a   2   O Y   −   a   1   O Y   −   p   s   O Y   +   p   o   O Y   <  (  1 − γ  )   (    a   2   B N   −   a   1   B N   −   p   s   B N   +   p   o   B N   −   h   s    )  − γ  (  1 − α  )  v  ,     d   s   O Y   −   d   s   B N   < 0  .




	(2)

	
(Profits)









① The profit difference for the online retailer can be expressed as follows:


        π     R   1     O Y   −   π     R   1     B N   =  (    p   o   O Y     d   o   O Y   +  (    p   o   O Y   − f  )    d   b   O Y   − k   a   1   O   Y   2      )  −  (    p   o   B N     d   o   B N   − k   a   1   B   N   2      )          =    f   h   s     γ    −     (  1 + 9 k  (  − 1 + γ  )   )     (  1 + 3 k  (  − 1 + v − v α + γ  )   )    2     9 k    (  2 + 9 k  (  − 1 + γ  )   )    2      −     (  − 1 + 9 k  )     (  − 1 + 3 k  (  1 + v  (  − 1 + α  )   )  + 3 k   h   s    )    2     9    (  2 − 9 k  )    2   k    ,      











This can be written as a linear function of   f  :


    π     R   1     O Y   −   π     R   1     B N   =      h   s     γ    f −   C   1   ,  








where     C   1     denotes the constant terms independent of   f  . Since        h   s     γ    > 0  , the profit difference is increasing in   f  .



Hence, the online retailer’s profit increases (    π     R   1     O Y   −   π     R   1     B N   ≥ 0  ) if and only if   f ≥      γ C   1       h   s      =     f  ~    5   .  



Consequently, the threshold,       f  ~    5    , is as follows:


      f  ~    5   =      γ C   1       h   s      =    γ     h   s       [     ( 1 + 9 k ( γ − 1 ) ) ( 1 + 3 k ( v ( 1 − α ) + γ − 1 )   )   2     9 k ( 2 − 9 k ( 1 − γ )   )   2       +     ( 9 k − 1 ) ( 3 k ( 1 + v ( α − 1 ) ) + 3 k   h   s   − 1   )   2     9 k ( 9 k − 2   )   2       ] .   











② The profit difference for the offline retailer can be expressed as follows:


       π     R   2     O Y   −   π     R   2     B N   =  (    p   s   O Y     d   s   O Y   + f   d   b   O Y   − k   a   2   O   Y   2      )  −  (    p   s   B N     d   s   B N   − k   a   2   B   N   2      )  = −    f   h   s     γ    −        1 + 3 k  (  − 7 − 2 v + 2 v α − 3 f    (  2 + 9 k  (  − 1 + γ  )   )    2   + 27   k   2      (  2 + v − v α − 2 γ  )    2    (  − 1 + γ  )  + 7 γ + 3 k  (  − 2 − v + v α + 2 γ  )   (  − 8 − v + v α + 8 γ  )   )    9 k    (  2 + 9 k  (  − 1 + γ  )   )    2      −         (  9 k − 1  )     (  1 + 3 k  (  − 2 + v  (  − 1 + α  )   )  + 3 k   h   s    )    2     9   k  (  2 − 9 k  )    2      .     











After simplification, the profit difference becomes a linear function of   f  :


    π     R   2     O Y   −   π     R   2     B N   = D f −   C   2   ,  








where     C   2   =    1 + 3 k ( − 7 − 2 v + 2 v α + 27   k   2   ( 2 + v − v α − 2 γ   )   2   ( γ − 1 ) + 7 γ + 3 k ( − 2 − v + v α + 2 γ ) ( − 8 − v + v α + 8 γ ) )   9 k ( 2 + 9 k ( γ − 1 )   )   2      +    ( 9 k − 1 ) ( 1 + 3 k ( − 2 + v ( α − 1 ) ) + 3 k   h   s     )   2     9 k ( 2 − 9 k   )   2       ,   D = 1 −      h   s     γ    .  



Since     d   o   O Y   =      h   s     γ    ,   we have   D > 0  . Hence, the profit difference is increasing in   f  .



Thus, the offline retailer’s profit increases (    π     R   2     O Y   −   π     R   2     B N   ≥ 0  ) if and only if   f ≥      C   2     D    .  



Hence, the threshold       f  ~    6     is defined as       f  ~    6   =      C   2     D     .



The threshold analysis of profits above indicates that both retailers require a sufficiently high BOPS commission to achieve profit gains.



③ The change in total profit is as follows:


    π   T   O Y   −   π   T   B N   =  (    π     R   1     O Y   −   π     R   1     B N    )  +  (    π     R   2     O Y   −   π     R   2     B N    )  = f −   C   1   −   C   2    











Hence, the total profit difference is increasing in   f  .



Thus, there exists a unique threshold       f  ~    7     such that:


    π   T   O Y   −   π   T   B N   ≥ 0    if   and   only   if    f ≥   C   1   +   C   2   =     f  ~    7   .  











The explicit threshold,       f  ~    7    , is defined as follows:


         f  ~    7   =   C   1   +   C   2   =    1      (  2 − 9 k  )    2      (     1      (  2 − 9 k  (  1 − γ  )   )    2       γ (  8 + k  (  8 v  (  − 1 + α  )  − 162   k   2    (   v   2      (  1 − α  )    2    (  − 2 + γ  )  +     3 v  (  1 − α  )   (  1 − γ  )  + 10  (  2 − γ  )   (  1 − γ  )  ) − 74  (  2 − γ  )  + 729   k   3    (  2   v   2      (  1 − α  )    2   + 5  (  − 1 + γ  )   )   (  − 1 + γ  )  +     36 k  (  29 + 2 v  (  1 − α  )   (  2 − γ  )  + γ  (  − 29 + 5 γ  )   )  ) ) + 2 k  (  − 1 + 9 k  )    h   s    (  − 1 + 2 v  (  − 1 + α  )  +   h   s    )  )     








□
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Figure 1. Consumer purchasing decision in case BN with full market coverage. 
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Figure 2. Consumer purchasing decision in case FY. 
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Table 1. Summary of the major literature review.
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	Channel Context
	Two Retailers
	Different Pricing Strategies
	Advertising Competition
	BOPS Channel Cooperation





	Jiang and Srinivasan (2016) [10]
	Single-channel
	√
	
	√
	



	Yan et al. (2022) [11]
	Single-channel
	√
	
	√
	



	Ding et al. (2016) [39]
	Dual-channel
	√
	√
	
	



	Roy et al. (2016) [40]
	Dual-channel
	√
	
	
	



	Nie et al. (2019) [7]
	Cross-channel
	√
	
	
	



	Balakrishnan et al. (2014) [41]; Li et al. (2019) [42]
	Showroom
	√
	
	
	



	Cao et al. (2016) [12]
	BOPS
	
	√
	
	



	Niu et al. (2019) [20]
	BOPS
	
	√
	
	



	Kong et al. (2020) [21]
	BOPS
	
	√
	
	



	Fan et al. (2019) [25]
	BOPS
	√
	
	
	√



	Li et al. (2020) [26]
	BOPS
	√
	
	
	√



	Yu et al. (2024) [24]
	BOPS
	√
	
	
	



	Jiang and Wu (2024) [3]
	BOPS
	√
	
	
	√



	Our work
	BOPS
	√
	√
	√
	√










 





Table 4. Comparison of the optimal advertising levels, prices, demands and profits between FY and OY after BOPS cooperation.
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Comparison of the Optimal Advertising Levels, Prices, Demands and Profits Between FY and OY After BOPS Cooperation






	
   γ   

	
0.35

	
0.5

	
0.6




	
   f   

	
0.05

	
0.15

	
0.25

	
0.05

	
0.15

	
0.25

	
0.05

	
0.15

	
0.25




	
     a   1   O Y ∗   −   a   1   F Y ∗     




	
    h   s   =   0.01

	
−0.02102

	
−0.00313

	
0.01475

	
−0.03542

	
−0.01216

	
0.01108

	
−0.05122

	
−0.02215

	
0.00691




	
    h   s   =   0.03

	
−0.02228

	
−0.00439

	
0.01349

	
−0.03705

	
−0.01380

	
0.00945

	
−0.05326

	
−0.02419

	
0.00487




	
    h   s   =   0.05

	
−0.02354

	
−0.00565

	
0.01223

	
−0.03869

	
−0.01543

	
0.00781

	
−0.05531

	
−0.02624

	
0.00282




	
    h   s   =   0.07

	
−0.02480

	
−0.00691

	
0.01097

	
−0.04032

	
−0.01707

	
0.00618

	
−0.05735

	
−0.02828

	
0.00078




	
     a   2   O Y ∗   −   a   2   F Y ∗     




	
    h   s   =   0.01

	
−0.06245

	
−0.04456

	
−0.02667

	
−0.09635

	
−0.07310

	
−0.04984

	
−0.13288

	
−0.10381

	
−0.07474




	
    h   s   =   0.03

	
−0.06119

	
−0.04330

	
−0.02541

	
−0.09472

	
−0.07146

	
−0.04821

	
−0.13084

	
−0.10177

	
−0.07270




	
    h   s   =   0.05

	
−0.05993

	
−0.04205

	
−0.02416

	
−0.09308

	
−0.06983

	
−0.04657

	
−0.12879

	
−0.09972

	
−0.07065




	
    h   s   =   0.07

	
−0.05868

	
−0.04079

	
−0.02290

	
−0.09145

	
−0.06819

	
−0.04494

	
−0.12675

	
−0.09768

	
−0.06861




	
     p   o   O Y ∗   −   p   o   F Y ∗     




	
    h   s   =   0.01

	
−0.07258

	
0.02741

	
0.12741

	
−0.12475

	
−0.02475

	
0.07524

	
−0.16058

	
−0.06058

	
0.03941




	
    h   s   =   0.03

	
−0.07961

	
0.02038

	
0.12038

	
−0.13178

	
−0.03178

	
0.06821

	
−0.16761

	
−0.06761

	
0.03238




	
    h   s   =   0.05

	
−0.08664

	
0.01335

	
0.11335

	
−0.13881

	
−0.03881

	
0.06118

	
−0.17464

	
−0.07464

	
0.02535




	
    h   s   =   0.07

	
−0.09367

	
0.00632

	
0.10632

	
−0.14584

	
−0.04584

	
0.05415

	
−0.18167

	
−0.08167

	
0.01832




	
     p   s   O Y ∗   −   p   s   F Y ∗     




	
    h   s   =   0.01

	
−0.17741

	
−0.07741

	
0.02258

	
−0.27524

	
−0.17524

	
−0.07524

	
−0.33941

	
−0.23941

	
−0.13941




	
    h   s   =   0.03

	
−0.17038

	
−0.07038

	
0.02961

	
−0.26821

	
−0.16821

	
−0.06821

	
−0.33238

	
−0.23238

	
−0.13238




	
    h   s   =   0.05

	
−0.16335

	
−0.06335

	
0.03664

	
−0.26118

	
−0.16118

	
−0.06118

	
−0.32535

	
−0.22535

	
−0.12535




	
    h   s   =   0.07

	
−0.15632

	
−0.05632

	
0.04367

	
−0.25415

	
−0.15415

	
−0.05415

	
−0.31832

	
−0.21832

	
−0.11832




	
     d   o   O Y ∗   −   d   o   F Y ∗     




	
    h   s   =   0.01

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0




	
    h   s   =   0.03

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0




	
    h   s   =   0.05

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0




	
    h   s   =   0.07

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0

	
0




	
     d   s   O Y ∗   −   d   s   F Y ∗     




	
    h   s   =   0.01

	
0.09755

	
0.09755

	
0.09755

	
0.17910

	
0.17910

	
0.17910

	
0.24293

	
0.24293

	
0.24293




	
    h   s   =   0.03

	
0.07979

	
0.07979

	
0.07979

	
0.15752

	
0.15752

	
0.15752

	
0.21800

	
0.21800

	
0.21800




	
    h   s   =   0.05

	
0.06203

	
0.06203

	
0.06203

	
0.13594

	
0.13594

	
0.13594

	
0.19307

	
0.19307

	
0.19307




	
    h   s   =   0.07

	
0.04426

	
0.04426

	
0.04426

	
0.11436

	
0.11436

	
0.11436

	
0.16814

	
0.16814

	
0.16814




	
     d   b   O Y ∗   −   d   b   F Y ∗     




	
    h   s   =   0.01

	
−0.09755

	
−0.09755

	
−0.09755

	
−0.17910

	
−0.17910

	
−0.17910

	
−0.24293

	
−0.24293

	
−0.24293




	
    h   s   =   0.03

	
−0.07979

	
−0.07979

	
−0.07979

	
−0.15752

	
−0.15752

	
−0.15752

	
−0.21800

	
−0.21800

	
−0.21800




	
    h   s   =   0.05

	
−0.06203

	
−0.06203

	
−0.06203

	
−0.13594

	
−0.13594

	
−0.13594

	
−0.19307

	
−0.19307

	
−0.19307




	
    h   s   =   0.07

	
−0.04426

	
−0.04426

	
−0.04426

	
−0.11436

	
−0.11436

	
−0.11436

	
−0.16814

	
−0.16814

	
−0.16814




	
     π     R   1     O Y ∗   −   π     R   1     F Y ∗     




	
    h   s   =   0.01

	
−0.03049

	
−0.00431

	
0.02460

	
−0.04849

	
−0.02136

	
0.01041

	
−0.05393

	
−0.02936

	
0.00247




	
    h   s   =   0.03

	
−0.02841

	
−0.00421

	
0.02274

	
−0.04559

	
−0.02095

	
0.00834

	
−0.05004

	
−0.02847

	
0.00035




	
    h   s   =   0.05

	
−0.02608

	
−0.00384

	
0.02113

	
−0.04237

	
−0.02021

	
0.00659

	
−0.04576

	
−0.02720

	
−0.00137




	
    h   s   =   0.07

	
−0.02348

	
−0.00321

	
0.01980

	
−0.03882

	
−0.01914

	
0.00517

	
−0.04109

	
−0.02553

	
−0.00271




	
     π     R   2     O Y ∗   −   π     R   2     F Y ∗     




	
    h   s   =   0.01

	
−0.02327

	
0.02853

	
0.08309

	
−0.01213

	
0.02352

	
0.06383

	
0.02274

	
0.04003

	
0.06459




	
    h   s   =   0.03

	
−0.03189

	
0.02188

	
0.07841

	
−0.02457

	
0.01357

	
0.05636

	
0.00663

	
0.02692

	
0.05448




	
    h   s   =   0.05

	
−0.04025

	
0.01549

	
0.07399

	
−0.03668

	
0.00394

	
0.04922

	
−0.00909

	
0.01420

	
0.04476




	
    h   s   =   0.07

	
−0.04835

	
0.00936

	
0.06983

	
−0.04847

	
−0.00535

	
0.04241

	
−0.02443

	
0.00186

	
0.03543




	
     π   T   O Y ∗   −   π   T   F Y ∗     




	
    h   s   =   0.01

	
−0.05376

	
0.02421

	
0.10770

	
−0.06063

	
0.00215

	
0.07425

	
−0.03119

	
0.01066

	
0.06706




	
    h   s   =   0.03

	
−0.06031

	
0.01766

	
0.10115

	
−0.07017

	
−0.00738

	
0.06471

	
−0.04341

	
−0.00155

	
0.05484




	
    h   s   =   0.05

	
−0.06633

	
0.01164

	
0.09513

	
−0.07906

	
−0.01627

	
0.05582

	
−0.05485

	
−0.01299

	
0.04339




	
    h   s   =   0.07

	
−0.07183

	
0.00614

	
0.08963

	
−0.08729

	
−0.02450

	
0.04758

	
−0.06553

	
−0.02367

	
0.03272











 





Table 2. Changes in the optimal advertising levels, demands and profits with BOPS cooperation between case BN and case FY.
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Changes in the Optimal Advertising Levels, Demands and Profits with BOPS Cooperation Between Case BN and Case FY






	
   γ   

	
0.35

	
0.5

	
0.6




	
   f   

	
0.05

	
0.15

	
0.25

	
0.05

	
0.15

	
0.25

	
0.05

	
0.15

	
0.25




	
     a   1   F Y ∗   −   a   1   B N ∗     




	
    h   s   =   0.01

	
0.01715

	
−0.00073

	
−0.01862

	
0.02829

	
0.00503

	
−0.01822

	
0.04035

	
0.01128

	
−0.01778




	
    h   s   =   0.03

	
0.01787

	
−0.00002

	
−0.01791

	
0.02937

	
0.00612

	
−0.01713

	
0.04185

	
0.01278

	
−0.01628




	
    h   s   =   0.05

	
0.01858

	
0.00069

	
−0.01719

	
0.03047

	
0.00721

	
−0.01604

	
0.04334

	
0.01427

	
−0.01479




	
    h   s   =   0.07

	
0.01929

	
0.00140

	
−0.01648

	
0.03156

	
0.00830

	
−0.01495

	
0.04484

	
0.01577

	
−0.01329




	
     a   2   F Y ∗   −   a   2   B N ∗     




	
    h   s   =   0.01

	
0.06632

	
0.04844

	
0.03055

	
0.10349

	
0.08024

	
0.05698

	
0.14375

	
0.11468

	
0.08562




	
    h   s   =   0.03

	
0.06561

	
0.04772

	
0.02984

	
0.10240

	
0.07915

	
0.05589

	
0.14226

	
0.11318

	
0.08412




	
    h   s   =   0.05

	
0.06490

	
0.04701

	
0.02912

	
0.10131

	
0.07806

	
0.05480

	
0.14076

	
0.11169

	
0.08262




	
    h   s   =   0.07

	
0.06419

	
0.04630

	
0.02841

	
0.10022

	
0.07696

	
0.05371

	
0.13926

	
0.11019

	
0.08112




	
     d   o   F Y ∗   −   d   o   B N ∗     




	
    h   s   =   0.01

	
−0.22889

	
−0.22889

	
−0.22889

	
−0.23746

	
−0.23746

	
−0.23746

	
−0.24079

	
−0.24079

	
−0.24079




	
    h   s   =   0.03

	
−0.17878

	
−0.17878

	
−0.17878

	
−0.20449

	
−0.20449

	
−0.20449

	
−0.21449

	
−0.21449

	
−0.21449




	
    h   s   =   0.05

	
−0.12867

	
−0.12866

	
−0.12867

	
−0.17152

	
−0.17152

	
−0.17152

	
−0.18819

	
−0.18819

	
−0.18819




	
    h   s   =   0.07

	
−0.07855

	
−0.07855

	
−0.07855

	
−0.13855

	
−0.13855

	
−0.13855

	
−0.16188

	
−0.16188

	
−0.16188




	
     d   s   F Y ∗   −   d   s   B N ∗     




	
    h   s   =   0.01

	
−0.04760

	
−0.04760

	
−0.04760

	
−0.08705

	
−0.08705

	
−0.08705

	
−0.10268

	
−0.10268

	
−0.10268




	
    h   s   =   0.03

	
−0.02281

	
−0.02281

	
−0.02281

	
−0.05844

	
−0.05844

	
−0.05844

	
−0.07072

	
−0.07072

	
−0.07072




	
    h   s   =   0.05

	
0.00198

	
0.00198

	
0.00198

	
−0.02983

	
−0.02983

	
−0.02983

	
−0.03876

	
−0.03876

	
−0.03876




	
    h   s   =   0.07

	
0.02677

	
0.02677

	
0.02677

	
−0.00122

	
−0.00122

	
−0.00122

	
−0.00679

	
−0.00679

	
−0.00679




	
     d   b   F Y ∗     




	
    h   s   =   0.01

	
0.27649

	
0.27649

	
0.27649

	
0.32452

	
0.32452

	
0.32452

	
0.34348

	
0.34348

	
0.34348




	
    h   s   =   0.03

	
0.20159

	
0.20159

	
0.20159

	
0.26294

	
0.26294

	
0.26294

	
0.28522

	
0.28522

	
0.28522




	
    h   s   =   0.05

	
0.12668

	
0.12668

	
0.12668

	
0.20136

	
0.20136

	
0.20136

	
0.22695

	
0.22695

	
0.22695




	
    h   s   =   0.07

	
0.05178

	
0.05178

	
0.05178

	
0.13978

	
0.13978

	
0.13978

	
0.16868

	
0.16868

	
0.16868




	
     π     R   1     F Y ∗   −   π     R   1     B N ∗     




	
    h   s   =   0.01

	
−0.00577

	
−0.02909

	
−0.05516

	
−0.00211

	
−0.02723

	
−0.05701

	
−0.00466

	
−0.02756

	
−0.05774




	
    h   s   =   0.03

	
−0.00857

	
−0.02420

	
−0.04258

	
−0.00658

	
−0.02522

	
−0.04851

	
−0.01046

	
−0.02703

	
−0.05086




	
    h   s   =   0.05

	
−0.01172

	
−0.01966

	
−0.03036

	
−0.01147

	
−0.02363

	
−0.04044

	
−0.01675

	
−0.02697

	
−0.04447




	
    h   s   =   0.07

	
−0.01523

	
−0.01549

	
−0.01851

	
−0.01679

	
−0.02246

	
−0.03278

	
−0.02351

	
−0.02740

	
−0.03856




	
     π     R   2     F Y ∗   −   π     R   2     B N ∗     




	
    h   s   =   0.01

	
−0.07327

	
−0.02793

	
0.01464

	
−0.14570

	
−0.08336

	
−0.02568

	
−0.2191

	
−0.13805

	
−0.06427




	
    h   s   =   0.03

	
−0.05738

	
−0.01973

	
0.01516

	
−0.12514

	
−0.06929

	
−0.01809

	
−0.19453

	
−0.11982

	
−0.05238




	
    h   s   =   0.05

	
−0.04185

	
−0.01188

	
0.01532

	
−0.10501

	
−0.05563

	
−0.01092

	
−0.17044

	
−0.10207

	
−0.04097




	
    h   s   =   0.07

	
−0.02668

	
−0.00440

	
0.01512

	
−0.08529

	
−0.04241

	
−0.00417

	
−0.14684

	
−0.08481

	
−0.03004




	
     π   T   F Y ∗   −   π   T   B N ∗     




	
    h   s   =   0.01

	
−0.07905

	
−0.05703

	
−0.04052

	
−0.14781

	
−0.11060

	
−0.08269

	
−0.22376

	
−0.16562

	
−0.12202




	
    h   s   =   0.03

	
−0.06595

	
−0.04393

	
−0.02742

	
−0.13172

	
−0.09451

	
−0.06661

	
−0.20499

	
−0.14685

	
−0.10325




	
    h   s   =   0.05

	
−0.05357

	
−0.03155

	
−0.01504

	
−0.11648

	
−0.07927

	
−0.05136

	
−0.18719

	
−0.12905

	
−0.08545




	
    h   s   =   0.07

	
−0.04191

	
−0.01989

	
−0.00338

	
−0.10208

	
−0.06487

	
−0.03696

	
−0.17036

	
−0.11222

	
−0.06861











 





Table 3. Changes in the optimal advertising levels, prices, demands and profits with BOPS cooperation between cases BN and OY.
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Changes in the Optimal Advertising Levels, Prices, Demands and Profits with BOPS Cooperation Between Cases BN and OY






	
   γ   

	
0.35

	
0.5

	
0.6




	
   f   

	
0.05

	
0.15

	
0.25

	
0.05

	
0.15

	
0.25

	
0.05

	
0.15

	
0.25




	
     a   1   O Y ∗   −   a   1   B N ∗     




	
    h   s   =   0.01

	
−0.00387

	
−0.00387

	
−0.00387

	
−0.00713

	
−0.00713

	
−0.00713

	
−0.01087

	
−0.01087

	
−0.01087




	
    h   s   =   0.03

	
−0.00441

	
−0.00441

	
−0.00441

	
−0.00768

	
−0.00768

	
−0.00768

	
−0.01141

	
−0.01141

	
−0.01141




	
    h   s   =   0.05

	
−0.00496

	
−0.00496

	
−0.00496

	
−0.00822

	
−0.00822

	
−0.00822

	
−0.01196

	
−0.01196

	
−0.01196




	
    h   s   =   0.07

	
−0.00550

	
−0.00550

	
−0.00550

	
−0.00877

	
−0.00877

	
−0.00877

	
−0.01250

	
−0.01250

	
−0.01250




	
     a   2   O Y ∗   −   a   2   B N ∗     




	
    h   s   =   0.01

	
0.00387

	
0.00387

	
0.00387

	
0.00713

	
0.00713

	
0.00713

	
0.01087

	
0.01087

	
0.01087




	
    h   s   =   0.03

	
0.00441

	
0.00441

	
0.00441

	
0.00768

	
0.00768

	
0.00768

	
0.01141

	
0.01141

	
0.01141




	
    h   s   =   0.05

	
0.00496

	
0.00496

	
0.00496

	
0.00822

	
0.00822

	
0.00822

	
0.01196

	
0.01196

	
0.01196




	
    h   s   =   0.07

	
0.00550

	
0.00550

	
0.00550

	
0.00877

	
0.00877

	
0.00877

	
0.01250

	
0.01250

	
0.01250




	
     p   o   O Y ∗   −   p   o   B N ∗     




	
    h   s   =   0.01

	
−0.07258

	
0.02741

	
0.12741

	
−0.12475

	
−0.02475

	
0.07524

	
−0.16058

	
−0.06058

	
0.03941




	
    h   s   =   0.03

	
−0.07961

	
0.02038

	
0.12038

	
−0.13178

	
−0.03178

	
0.06821

	
−0.16761

	
−0.06761

	
0.03238




	
    h   s   =   0.05

	
−0.08664

	
0.01335

	
0.11335

	
−0.13881

	
−0.03881

	
0.06118

	
−0.17464

	
−0.07464

	
0.02535




	
    h   s   =   0.07

	
−0.09367

	
0.00632

	
0.10632

	
−0.14584

	
−0.04584

	
0.05415

	
−0.18167

	
−0.08167

	
0.01832




	
     p   s   O Y ∗   −   p   s   B N ∗     




	
    h   s   =   0.01

	
−0.17741

	
−0.07741

	
0.02258

	
−0.27524

	
−0.17524

	
−0.07524

	
−0.33941

	
−0.23941

	
−0.13941




	
    h   s   =   0.03

	
−0.17038

	
−0.07038

	
0.02961

	
−0.26821

	
−0.16821

	
−0.06821

	
−0.33238

	
−0.23238

	
−0.13238




	
    h   s   =   0.05

	
−0.16335

	
−0.06335

	
0.03664

	
−0.26118

	
−0.16118

	
−0.06118

	
−0.32535

	
−0.22535

	
−0.12535




	
    h   s   =   0.07

	
−0.15632

	
−0.05632

	
0.04367

	
−0.25415

	
−0.15415

	
−0.05415

	
−0.31832

	
−0.21832

	
−0.11832




	
     d   o   O Y ∗   −   d   o   B N ∗     




	
    h   s   =   0.01

	
−0.22889

	
−0.22889

	
−0.22889

	
−0.23746

	
−0.23746

	
−0.23746

	
−0.24079

	
−0.24079

	
−0.24079




	
    h   s   =   0.03

	
−0.17878

	
−0.17878

	
−0.17878

	
−0.20449

	
−0.20449

	
−0.20449

	
−0.21449

	
−0.21449

	
−0.21449




	
    h   s   =   0.05

	
−0.12866

	
−0.12866

	
−0.12866

	
−0.17152

	
−0.17152

	
−0.17152

	
−0.18819

	
−0.18819

	
−0.18819




	
    h   s   =   0.07

	
−0.07855

	
−0.07855

	
−0.07855

	
−0.13855

	
−0.13855

	
−0.13855

	
−0.16188

	
−0.16188

	
−0.16188




	
     d   s   O Y ∗   −   d   s   B N ∗     




	
    h   s   =   0.01

	
0.04995

	
0.04995

	
0.04995

	
0.09204

	
0.09204

	
0.09204

	
0.14025

	
0.14025

	
0.14025




	
    h   s   =   0.03

	
0.05698

	
0.05698

	
0.05698

	
0.09907

	
0.09907

	
0.09907

	
0.14728

	
0.14728

	
0.14728




	
    h   s   =   0.05

	
0.06401

	
0.06401

	
0.06401

	
0.10610

	
0.10610

	
0.10610

	
0.15431

	
0.15431

	
0.15431




	
    h   s   =   0.07

	
0.07104

	
0.07104

	
0.07104

	
0.11313

	
0.11313

	
0.11313

	
0.16134

	
0.16134

	
0.16134




	
     d   b   O Y ∗     




	
    h   s   =   0.01

	
0.17894

	
0.17894

	
0.17894

	
0.14541

	
0.14541

	
0.14541

	
0.10054

	
0.10054

	
0.10054




	
    h   s   =   0.03

	
0.1218

	
0.1218

	
0.1218

	
0.10541

	
0.10541

	
0.10541

	
0.06721

	
0.06721

	
0.06721




	
    h   s   =   0.05

	
0.06465

	
0.06465

	
0.06465

	
0.06541

	
0.06541

	
0.06541

	
0.03387

	
0.03387

	
0.03387




	
    h   s   =   0.07

	
0.00751

	
0.00751

	
0.00751

	
0.02541

	
0.02541

	
0.02541

	
0.00054

	
0.00054

	
0.00054




	
     π     R   1     O Y ∗   −   π     R   1     B N ∗     




	
    h   s   =   0.01

	
−0.03626

	
−0.03341

	
−0.03055

	
−0.05060

	
−0.04860

	
−0.04660

	
−0.05860

	
−0.05693

	
−0.05526




	
    h   s   =   0.03

	
−0.03698

	
−0.02841

	
−0.01984

	
−0.05217

	
−0.04617

	
−0.04017

	
−0.06051

	
−0.05551

	
−0.05051




	
    h   s   =   0.05

	
−0.03780

	
−0.02351

	
−0.00922

	
−0.05384

	
−0.04384

	
−0.03384

	
−0.06251

	
−0.05418

	
−0.04584




	
    h   s   =   0.07

	
−0.03871

	
−0.01871

	
0.00128

	
−0.05561

	
−0.04161

	
−0.02761

	
−0.06461

	
−0.05294

	
−0.04128




	
     π     R   2     O Y ∗   −   π     R   2     B N ∗     




	
    h   s   =   0.01

	
−0.09654

	
0.00059

	
0.09774

	
−0.15784

	
−0.05984

	
0.03815

	
−0.19635

	
−0.09802

	
0.00031




	
    h   s   =   0.03

	
−0.08928

	
0.00214

	
0.09357

	
−0.14972

	
−0.05572

	
0.03827

	
−0.18789

	
−0.09289

	
0.00210




	
    h   s   =   0.05

	
−0.08211

	
0.00360

	
0.08931

	
−0.14169

	
−0.05169

	
0.03830

	
−0.17953

	
−0.08787

	
0.00379




	
    h   s   =   0.07

	
−0.07503

	
0.00496

	
0.08496

	
−0.13376

	
−0.04776

	
0.03823

	
−0.17127

	
−0.08294

	
0.00539




	
     π   T   O Y ∗   −   π   T   B N ∗     




	
    h   s   =   0.01

	
−0.13281

	
−0.03281

	
0.06718

	
−0.20844

	
−0.10844

	
−0.00844

	
−0.25495

	
−0.15495

	
−0.05495




	
    h   s   =   0.03

	
−0.12626

	
−0.02626

	
0.07373

	
−0.20189

	
−0.10189

	
−0.00189

	
−0.24840

	
−0.14840

	
−0.04840




	
    h   s   =   0.05

	
−0.11991

	
−0.01991

	
0.08008

	
−0.19554

	
−0.09554

	
0.00445

	
−0.24205

	
−0.14205

	
−0.04205




	
    h   s   =   0.07

	
−0.11375

	
−0.01374

	
0.08625

	
−0.18938

	
−0.08938

	
0.01061

	
−0.23589

	
−0.13589

	
−0.03589
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