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Abstract: In online purchasing, customers may return products due to dissatisfaction with the quality
of the product, and receive a refund based on the return policy, which is determined by online
distributors. Online distributors can offer generous policies to attract more customers, but at the cost
of reducing total profits. In this paper, the effect of the pricing and quality of complementary products
(products sold together with other items) in online selling under the return policy is investigated. For
this purpose, a mathematical model is developed to obtain optimal values for selling price, refund
amount, and quality of products. Based on analytical results, a solution algorithm is proposed to
solve the numerical examples and perform sensitivity analysis. Findings reveal that, while increasing
the sensitivity of demand with respect to the refund amount, the price, quality, and refund on
returned products should be increased. In addition, the online distributor should increase the quality
of products when customers are more sensitive to the quality of products. Among other results, the
selling price is shown to be negatively affected by demand elasticity with respect to price. In this
situation, the online distributor should reduce the quality level and the refund amount for returned
products to avoid a sharp decline in profit. In addition, when the quality cost is high, the price and
quality should be decreased and the refund amount unchanged.

Keywords: online purchasing; pricing; return policy; complementary products; e-commerce

1. Introduction

Returning products from customers to vendors is a regular activity in many industries.
In online purchasing, or e-shopping, the vendors inform their customers of a product’s
details (i.e., quality, appearance, usage, time of delivery, among other characteristics) via
a webpage. Then, the buyers decide to purchase a product based only on the webpage
information and their needs. As we know, in online purchasing the customers do not
have access to the physical product when they are purchasing; therefore, the return rate is
higher than in physical purchases [1]. According to an Invesp infographic, the return rate
in online purchasing is at least 30%, whereas it is lower than 9% in physical purchasing.
Based on different product categories, shoppers return 30–40% of their purchases in shoes
and clothing products [2]. This rate is higher for luxury and fashion products [3].

Nowadays, using a return policy has been proposed as a good strategy to encourage
customers to purchase and boost the sales in e-commerce [4–6]. A return policy could
have a high cost for managers. For example, the inventory of some products may increase,
and managers may be forced to destroy them [7]. However, it will have a very positive
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impact on sales if online sellers manage it correctly [8–10]. If customers know that they
can return a product that they are not satisfied with, they will be more inclined to buy
the product and, correspondingly, increase sales [10–12]. To achieve the desired result
from the implementation of the return policy, the managers must identify important
factors influencing customer returns. Quality is closely related to return. Low quality in
a product creates customer dissatisfaction and generates numerous returns. Conversely,
high quality in a product creates high customer satisfaction and, therefore, a low number of
returns [13]. However, high-quality products lead to high selling prices and a subsequent
lower demand [14,15]. Thus, the return policy, pricing strategy and quality strategy are
correlated decisions and online sellers should decide on them simultaneously. Dell is
an example of successful e-commerce using a return policy. Dell determines a longer
return duration for high-end computers that have a higher price and better quality. On the
other hand, a one-year-after-sale service with no charge is used for computers with a low
quality and price. With inspiration from the return policy of Dell, Li et al. [16] analyzed a
pricing-quality problem in online direct selling. They considered an online distributor that
used a return policy. It was assumed that customer demand was sensitive to the product’s
price and return policy. The return policy and the product’s quality also affect the returned
quantity of products. Later, Yoo [17] studied the relationship between return policy and
product quality decisions in a decentralized system. Li et al. [18] constructed a two-stage
Stackelberg game model to analyze the pricing strategy and return policy in a two-echelon
supply chain.

In addition to return policies, another way to succeed in e-commerce is proposing
products as complementary products. A complementary product is a product that adds
value to another. In other words, they are two products that the customer uses together.
Examples of complementary products include a cell phone and a charger, a bed and a
mattress, a printer and a cartridge, and gaming portals and gaming DVDs. Proposing
a product as complementary often helps customers to find a high-quality set of relevant
products that are always bought and used together. Thus, the demand for complementary
products is interrelated and the price of one product will influence the demand for another
product. In practice, numerous e-commerce websites, such as eBay, Taobao, and Amazon,
provide complementary products for their customers. Along with practical examples,
researchers have also investigated the pricing of complementary products in online sales.
The pricing problem of complementary products was analyzed by Zhao et al. [19]. They
assumed a supply chain including two manufacturers and one retailer in which one of the
two manufacturers uses both online and traditional channels to sell the products.

Due to the positive impact of the return policy and complementary products on e-
commerce, the simultaneous use of these two policies can contribute to success in e-markets.
To the best of our knowledge, no study has investigated the return policy in the context of
complementary products. This research gap motivated us to conduct this study. In this
paper, we propose a mathematical model to determine the optimal pricing and product
quality of complementary products in online purchasing under the return policy. In line
with this, we try to answer the following questions:

1. How do online distributors determine the optimal selling price, optimal quality level,
and optimal refund amount for two complementary products?

2. How can online distributors maximize the total profits of the system when the condi-
tions of the selling price, refund amount, and quality of products are all assumed to
be at the optimum values?

3. When customer’s demands are highly sensitive to the selling price, how should online
distributors determine the optimal product quality and the refund amount?

4. How should online distributors indicate the refund amount and product quality when
the sensitivity of customers to product quality is high?

5. When customers are more sensitive to refund amounts, how should online distributors
set the optimal price and product quality?
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This paper is structured as follows: In Section 2, we review the relevant studies. The
problem definition and modeling are presented in Sections 3 and 4, respectively. In Section
5, we analyze the proposed model, and the optimal value for decision variables is obtained.
We provide a solution algorithm in Section 6. In Section 7, two numerical examples and
sensitivity analyses are carried out, and managerial insight is presented. In Section 8, the
research is concluded and some suggestions for future research are discussed.

2. Relevant Works

We briefly review the previous relevant studies in the following two categories: re-
search investigating return policies and studies analyzing the pricing of complementary
products.

2.1. Return Policy

The return policy has attracted considerable attention in the success of online selling,
both in academia and the industrial world. On the first try, Pasternack [20] addressed the
well-known newsvendor problem for a seasonal product with a fixed price and stochastic
demand. In his model, a percentage of the lot size may be returned from retailers to the
manufacturer. Later, Kandel [21] and Emmons and Gilbert [22] extended Pasternack’s [20]
research to a case in which the demand is price sensitive. Emmons and Gilbert [22]
analyzed the impact of a return policy in pricing and inventory decisions on a supply
chain comprised of a manufacturer and a retailer. Lau and Lau [23] analyzed the pricing
and return policies of a monopolistic manufacturer for single-period commodities. In
addition, Webster and Weng [24], and Yao et al. [25] focused on return policies between the
manufacturer and the retailer. Ringbom and Oz [26] proposed methods to determine the
optimal rates of partial refunds on customers’ no-shows and cancellations. According to
Mukhopadhyay and Setaputra [27], a good return policy increases a product’s demand.
The reason for this is that some customers perceive the return as a motivator for their
purchasing decisions. In the same year, Yue and Raghunathan [28] examined the full return
policy’s impact on the supply chain with information asymmetry. They found that the
retailer always benefits from a full return policy, in all situations, whereas the manufacturer
and the supply chain are better off under some circumstances. Yao et al. [29] investigated
the impact of price-sensitivity factors on features of return policy contracts in a single-
period product, considering a stochastic and price-dependent demand. Yu and Wang [30]
proposed a multi-dimensional framework to obtain the optimal returns policies under the
direct sale channel. Su [31] studied the impact of full refund policies and partial refund
policies on supply chain performance. On the other hand, Chen and Bell [32] addressed
the problem of the joint determination of price and inventory replenishment when clients
return items to the vendor. They conclude that the vendor should change the price and
order quantity to reduce the negative effect of returns. Subsequently, Bonifield et al. [33]
examined the relationship between quality and a flexible return policy. Afterward, Xiao
et al. [34] studied the supply chain coordination with customer returns behavior and a
buyback policy. They consider the order quantity as a decision variable, and the retail
price and refund amount as given. Later, Chen and Bell [35] studied the impact of the
returns from the customer on retailer’s price and order quantity, for both deterministic and
stochastic demand, considering that returns from customers are dependent on the quantity
sold or price, or both. One year later, Ai et al. [36] analyzed the decisions of retailers and
manufacturers on two competing supply chains selling a substitutable product, with a
demand uncertainty in the cases when manufacturers use or do not use full return policies.
In their paper, Chen and Grewal [37] discussed how a new entrant retailer can practice
either a full refund policy or a non-refund policy, to compete with a well-established
retailer that always offers its customers a full refund. Afterward, Liu et al. [38] examined
a supply chain with a single manufacturer and a single retailer considering uncertain
demand. They investigated how customer returns impact the retailer’s ordering decisions
as well as the manufacturer’s and retailer’s profits. Recently, Yoo et al. [39] analyzed the
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optimal pricing decision in a closed-loop supply chain under a return policy. Joint pricing
and the environmental friendliness level model were presented by Giri and Bardhan [40].
Heydaryan and Taleizadeh [41] proposed a return policy depending on the selling price
and refund amount for a two-echelon supply chain. They analyzed the proposed model
by considering cooperative and non-cooperative games. Hu et al. [42] studied a dynamic
pricing problem when customers can return their purchased products. They showed that
this return policy can increase profit when the initial inventory and demand are moderate
and high, respectively. Noori-daryan and Taleizadeh [43] modeled a pricing-inventory
problem for a three-echelon supply chain. They considered the return policies between
manufacturer, supplier and retailer. Ren et al. [44] studied the pricing and return policies of
online retailers. This research dealt with pricing and inventory models for a single product.

All of the reviewed studies have been focused on modeling and analyzing the return
policy along with other decision variables for single products. Our model differs from
those in the existing literature in that it analyzes the pricing, quality, and return policy for
complementary products.

2.2. Pricing of Complementary Products

In this section, we will review the relevant research that studies complementary prod-
ucts. It is well-known that an increment in the demand of one complementary product
leads to an increment in the demand of the other. A product has a high degree of com-
plementarity with others when it is sold together with another product i.e., a bed and a
mattress, a computer and the operating system, a computer and a printer, just to name a
few examples. Yue et al. [45] modeled a mixed bundling policy to sell two complementary
products in a market with two independent firms. The model determined the optimal
pricing strategy by maximizing the total profit. A pricing-quality model for complementary
products was proposed by Bilotkach [46]. Later, Mukhopadhyay et al. [47] presented a
leader-follower game to investigate the pricing strategy in a duopoly market. The benefits
of the bundling strategy for complementary products were analyzed by Yan and Bandy-
opadhyay [48]. Most recently, Wei et al. [49] studied a two-level supply chain including
two manufacturers and one retailer. They investigated the optimal pricing decisions for
two complementary products. Wei et al. [50] derived the optimal policies for pricing and
warranty duration in a two-echelon supply chain. Taleizadeh and Charmchi [51] proposed
a joint pricing–advertising model for complementary products. Dehghanbaghi and Sa-
jadieh [52] investigated the optimal policies for pricing, production, transportation, and
inventory. Wang et al. [53] studied the pricing and service decisions for complementary
products in a dual-channel supply chain. Taleizadeh et al. [54] dealt with pricing and
inventory decisions jointly when complementary products were deteriorating. Findings
revealed that the degree of complementarity influences the profit. Giri et al. [55] modeled
a two-echelon supply chain. They assumed that two manufacturers sell two complemen-
tary products through one retailer. It was shown that profit would increase under a pure
bundling policy. The effect of trade credit on the pricing of complementary products was
analyzed by Ren et al. [56]. Shan et al. [57] studied a green supply chain by investigating
the optimal pricing strategy for complementary products.

According to the reviewed studies, there are not any studies that analyze the joint
pricing and quality decisions for two complementary products under a return policy.

3. Problem Definition and Modeling

We consider an online distributor that sells complementary products. The desire
is to maximize the total profit from these products by determining the optimal pricing,
refund amount, and product quality. Customers buy products via the internet based on the
distributor’s description of the product. There are two possible outcomes when customers
receive their product, as follows: (1) customers are satisfied with the quality of the product,
or (2) customers are not satisfied because the product is not of the quality they expected. In
this case, customers decide to return the product and request a refund.
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Other assumptions will be stated as follows:
Assumptions:

• The two complementary products are considered;
• The product quality level refers to the consistency between the purchased product

and its online description;
• The online distributor’s total profit is obtained by the summation of each product’s

profit function;
• The demand for each product is sensitive to its price and the price of the other product;
• The refund amount for both products influences the demand;
• A low quality of product causes customer dissatisfaction and leads to an increase in

the number of returns.

To model the problem, the following notations in Tables 1 and 2 are used throughout
this paper.

Table 1. Notations and Parameters.

Symbol Definition

i Set of products (for i = 1,2)
Di The demand function of the ith product (units)
αi The potential market demand for the ith product (units)

γi
The sensitivity of the ith product demand with respect to the selling price of the
(3-i)th product

υii
The sensitivity of the ith product demand with respect to the return rate of the ith

product

υij
The sensitivity of the ith product demand with respect to the return rate of the (3-i)th

product
βi The sensitivity of the demand of the ith product with respect to its selling price,

βi > υii, ψi

φi
The return quantity factor of the ith product that is not dependent on quality and
return policy

ϕi The sensitivity of the ith product returns quantity with respect to its return policy,
ϕi > υii, ψi

ψi The sensitivity of the ith product returns quantity with respect to its quality level
Ci The total quality improvement cost of the ith product (USD)
λi The constant parameters of the quality cos t function of the ith product, λi > 1
Ri The returned quantity of the ith product (unit)
wi The unit producing cost of the ith product (USD/unit)

ωi
The return quantity of the ith product affected by the return quantity of the (3-i)th

product
TPF The total profit function (USD)

Table 2. Continuous decision variables.

Symbol Definition

pi The selling price of the ith product (USD/unit)
ri The refund amount on the return of the ith product (USD/unit)
qi The quality level of the ith product (0 ≤ qi ≤ 1 )

3.1. Demand Function

Customer demand decreases with an increasing product price. In addition, a return
policy with a high refund has a positive impact on demand. Thus, we use the following
functions to model the demand for both products:

D1 = f1(α1, p1, p2, r1, r2) (1)

D2 = f2(α2, p2, p1, r2, r1) (2)
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and ∂Di
∂pi

< 0, ∂Di
∂p(3−i)

< 0, ∂Di
∂ri

> 0 and ∂Di
∂r(3−i)

> 0 i = 1, 2.

3.2. Return Function

After receiving a product purchased online, the customer decides whether to keep it
or return it, based on their dissatisfaction with the purchased product, the return policy of
the online distributor, and the refund amount. Therefore, the return quantity functions for
the first and the second products are as follows:

R1 = G1(φ1, r1, q1, R2) (3)

R2 = G2(φ2, r2, q2, R1) (4)

and ∂Ri
∂ri

> 0, ∂Ri
∂qi

< 0 and ∂Ri
∂R(3−i)

> 0 i = 1, 2.

3.3. The Online Distributor’s Profit

The online distributor aims to maximize the profit that it gains from both complemen-
tary products by setting the optimal pricing, refund amount, and product quality. The
profit function of the ith product is defined as the difference between revenue and cost
(producing and quality costs). By considering Equations (1)–(4), the firm’s model can be
formulated as follows:

πi = piDi − wiDi − Riri − Ci i = 1, 2 (5)

and
TPF = π1 + π2 (6)

4. A Special Case of the Proposed Model

In this section, to gain some qualitative insights into the proposed model, we apply a
special form to the demand function, the return quantity and quality cost. As mentioned in
the works of Coughlan [58], Wei et al. [49] and Mukhopadhyay et al. [47], we use a linear
form of the demand function as follows:

D1 = α1 − β1 p1 − γ1 p2 + υ11r1 + υ12r2 (7)

D2 = α2 − β2 p2 − γ2 p1 + υ22r2 + υ21r1 (8)

In addition, the return quantity functions for the first and the second products, accord-
ing to the definitions put forward by Li et al. [16] and Balachander [59], are as follows:

R1 = φ1 + ϕ1r1 − ψ1q1 + ω1R2 (9)

R2 = φ2 + ϕ2r2 − ψ2q2 + ω2R1 (10)

Here, the function of quality cost Ci = λiq2
i is considered (as used by Li et al. [16]), for

the first and the second products as follows:

C1 = λ1q2
1 (11)

C2 = λ2q2
2 (12)

According to Equations (7)–(12), the profit function of the first and second products
will be the following:

π1 = (p1 − w1)(α1 − β1 p1 − γ1 p2 + υ11r1 + υ12r2)
−r1(φ1 + ϕ1r1 − ψ1q1 + ω1R2)− λ1q2

1
(13)
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π2 = (p2 − w2)(α2 − β2 p2 − γ2 p1 + υ22r2 + υ21r1)
−r2(φ2 + ϕ2r2 − ψ2q2 + ω2R1)− λ2q2

2
(14)

The total profit function (TPF) is the following:

TPF = (p1 − w1)(α1 − β1 p1 − γ1 p2 + υ11r1 + υ12r2)
−r1(φ1 + ϕ1r1 − ψ1q1 + ω1R2)− λ1q2

1+
(p2 − w2)(α2 − β2 p2 − γ2 p1 + υ22r2 + υ21r1)
−r2(φ2 + ϕ2r2 − ψ2q2 + ω2R1)− λ2q2

2

(15)

5. Solution Method

The main purpose of this paper is to determine the optimal values for the decision
variables that correspond to maximizing the total profit. To achieve our purpose, we first
prove that the profit functions of both products are concave in Proposition 1. To prove the
concavity of the profit function for the first and second products, the Hessian Matrix is
applied [60–62].

Proposition 1. The profit functions for both products are concave and have unique optimal
solutions.

Proof. See Appendix A. �

From the analysis carried out so far, we know that there are unique values for p1, q1,
and r1 (p2, q2, and r2) that maximize the profit of selling the first product (and the second
product).

Next, we study the conditions under which the total profit function is also concave in
Proposition 2.

Proposition 2. The total profit function is concave and has a unique optimal solution if the
inequality (16) holds.

X.H.XT = −2β1 p2
1 − 2θ3r2

1 − 2λ1q2
1

−2β2 p2
2 − 2θ2r2

2 − 2λ2q2
2 − 2θ13 p1 p2 − 2θ6r1 r2

+2υ11r1 p1 + 2υ22r2 p2 + 2υ21r1 p2 + 2υ12r2 p1+
2θ4r1q2 + 2θ5 r2q1
+ (2θ7 + 2ψ1)r1q1 + (2θ8 + 2ψ2)r2q2 ≤ 0

(16)

Proof. See Appendix B. �

Thus, the optimal values for the decision variable can be obtained in Proposition 3.

Proposition 3. The optimal policies of the online distributor for the first and the second
products are as follows.

(1) The optimal pricing for the first product is as follows:

p∗1 = H(EZ+(2β2υ11−(γ1+γ2)υ21)I+(2β2υ12−(γ1+γ2)υ22)S)
GH−JK

+ J(FZ+(2β1υ22−(γ1+γ2)υ12)S+(2β1υ21−(γ1+γ2)υ11)I)
GH−JK

(17)

(2) The optimal refund amount for the first product is as follows:
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r∗1 =
2Bλ1λ2(1−ω1ω2)(υ11 p∗1 + p∗2υ21) + (λ1ω1ψ2

2 − 2λ1λ2ω1 ϕ2)(2λ1λ2(1−ω1ω2))(υ12 p∗1 + υ22 p∗2) + I
Z

(18)

(3) The optimal quality policy for the first product is as follows:

q∗1 =
ψ1r∗1
2λ1

(19)

(4) The optimal pricing for the second product is as follows:

p∗2 = G(FZ+(2β1υ22−(γ1+γ2)υ12)S+(2β1υ21−(γ1+γ2)υ11)I)
GH−JK

+K(EZ+(2β2υ11−(γ1+γ2)υ21)I+(2β2υ12−(γ1+γ2)υ22)S)
GH−JK

(20)

(5) The optimal refund amount for the second product is as follows:

r∗2 =
2Aλ1λ2(1−ω1ω2)(υ22 p∗2 + p∗1υ12) + (λ2ω2ψ2

1 − 2λ1λ2ω2 ϕ1)(2λ1λ2(1−ω1ω2))(υ21 p∗2 + υ11 p∗1) + S
Z

(21)

(6) The optimal quality policy for the second product is as follows:

q∗2 =
ψ2r∗2
2λ2

(22)

where A, B, E, F, G, H, I, J, K, S, Z are defined in Appendix C.

6. Solution Algorithm

To gain more insight into the analytical results shown above, we need to solve the
numerical examples. For this purpose, we proposed the following algorithm solution. A
flowchart of the proposed solution algorithm is displayed in Figure 1.

Step 1: Calculate the selling price of the first product using Equation (17).
Step 2: Determine the refund amount for the first product using Equation (18).
Step 3: Compute the quality level of the first product using Equation (19).
Step 4: Obtain the selling price of the second product using Equation (20).
Step 5: Compute the refund amount for the second product using Equation (21).
Step 6: Calculate the quality level of the second product using Equation (22).
Step 7: Verify the inequality (16), if inequality (16) holds then the obtained values for

the decision variables are optimal, stop; otherwise, go to step 8.
Step 8: Solve the nonlinear optimization problem in Equation (15) using any nonlinear

optimization software to determine the optimal values for the decision variables.
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7. Illustrative Example

In this section, numerical examples of complementary products with a deterministic
demand are analyzed. The proposed model can be used in different industries in the real
world, such as the electronic products industry. We considered the mobile phone industry
when solving numerical examples. In this industry, cell phones and chargers are used as
examples of two complementary products.

Example 1. In this example, we supposed a market with a demand for 1400 and 1500 units
of the first and second products, respectively. The values given for the other parameters
considered are as follows:

λ1 = 70, λ2 = 60, w1 = 10, w2 = 12, ω1 = 0.1, ω2 = 0.1, β1 = 0.8, β2 = 0.8, γ1 = 0.4,
γ2 = 0.4, ψ1 = 0.4, ψ2 = 0.4, ϕ1 = 0.5, ϕ2 = 0.6, φ1 = 0.2, φ2 = 0.2, υ11 = 0.3,

υ12 = 0.1, υ22 = 0.2, υ21 = 0.05.

Under these conditions, the online distributor is looking for the optimal values for the
decision variables to maximize the total profit function. By using the proposed solution
algorithm, we have the following:

Step 1: Calculate the selling price of the first product using Equation (17).

p∗1 =
157421661.9(1049.6× 83426883.7 + (0.48− 0.04)× (−3303292902.5) + (0.16− 0.16)× (−238154406.3))

148998295.1×157421661.9−1464874.7×(−2516785.68)

+
1464874.7(1291.52× 83426883.7 + (0.32− 0.08)× (−238154406.3) + (0.08− 2.4)× (−3303292902.5))

148998295.1×157421661.9−1464874.7×(−2516785.68) = 591.9

Step 2: Determine the refund amount for the first product using Equation (18).

r∗1 =
(8400× 10018.4× 0.99× 211.31) + (−502.88× 8400× 0.99× 194.17)− 303292902.5

83426883.7
= 197.6
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Step 3: Compute the quality level of the first product using Equation (19).

q∗1 =
0.4× 197.6

2× 70
= 0.56

Step 4: Obtain the selling price of the second product using Equation (20).

p∗2 =
148998295.1(1291.52× 83426883.7 + (0.32− 0.08)× (−238154406.3) + (0.08− 2.4)× (−3303292902.5))

148998295.1×157421661.9−1464874.7×(−2516785.68)

+
−2516785.68(1049.6× 83426883.7 + (0.48− 0.04)× (−3303292902.5) + (0.16− 0.16)×−(238154406.3))

148998295.1×157421661.9−1464874.7×(−2516785.68) = 674.9

Step 5: Compute the refund amount for the second product using Equation (21).

r∗2 =
(8400× 8348.4× 0.99× 194.17) + (−419.04× 8400× 0.99× 211.31)− 238154406.3

83426883.7
= 149.9

Step 6: Calculate the quality level of the second product using Equation (22).

q∗2 =
0.4× 149.9

2× 60
= 0.49

Thus, the optimal total profit function will be TPF= 894,497.4. In this example, using
the given values for the parameters and the resulting value of the decision variables in
inequality (16), we have the following:

X.H.XT = −560552.976− 39045.76− 43.904− 728784.016− 26964.012− 28.812− 639157.296
−6575.693 + 13336.024 + 17745.16 + 89.410 + 59.348 + 7.745 + 6.715

= −1969908.067 ≤ 0

The results showed that the online distributor should provide the first and second
products with a quality of 56 and 49% and determined prices of USD 591.9 and USD 674.9
for them, respectively. It also returns USD 197.6 and USD 149.9 to the unsatisfied customers
for the first and second products, respectively.

Example 2. In this example, we changed the parameters as follows:

α1 = 1400, α2 = 1500, λ1 = 220, λ2 = 160, w1 = 10, w2 = 12, ω1 = 0.1, ω2 = 0.1,
β1 = 0.8, β2 = 0.8, γ1 = 0.04, γ2 = 0.04, ψ1 = 0.4, ψ2 = 0.4, ϕ1 = 0.5, ϕ2 = 0.6,
φ1 = 0.2, φ2 = 0.2, υ11 = 0.25, υ12 = 0.05, υ22 = 0.15, υ21 = 0.05.

By using the proposed solution algorithm, the optimal values for the decision variables
were p∗1 = 533.79, p∗2 = 649.36, r∗1 = 195.4, r∗2 = 141.69, q∗1 = 0.547, q∗2 = 0.557, and the
optimal total profit function was TPF = 885,780.

7.1. Sensitivity Analysis

To study the effects of changes in the parameters on the optimal value of the decision
variables, a sensitivity analysis was conducted by increasing and decreasing the parameters
by 20 and 40%. Table 3 shows the results of the sensitivity analysis for the first numerical
example presented in the previous section. Decision variables are considered as slightly
sensitive whenever the rate of change in their values, due to changes in the model’s
parameters, is less than 5%. When the rate of change falls between 5 and 30%, then the
decision variables are considered to be moderately sensitive. A rate of change in the
variables between 30 and 50% means that they are sensitive to parameter changes. For
rates of change higher than 50%, the variables are said to be highly sensitive. Based on the
results presented in Table 3, the following findings can be obtained:

• For the first product, optimal values of the decision variables are highly sensitive to
an increase in α1;

• q∗1 is highly sensitive to a decrease in λ1, and q∗2 is highly sensitive to a decrease in λ2;
• Optimal values for decision variables are moderately sensitive to decreases in γ1 and

γ2;
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• q∗1 is sensitive to an increase in ψ1, and q∗2 is sensitive to an increase in ψ2;
• Optimal values for decision variables are slightly sensitive to changes in φ1 and φ2;
• q∗1 and r∗1 are highly sensitive to a 40% decrease in parameter ϕ1;
• q∗2 and r∗2 are highly sensitive to a 40% decrease in parameter ϕ2;
• For the first product, optimal values of the decision variables are highly sensitive to a

40% decrease in parameter β1;
• For the second product, optimal values of the decision variables are highly sensitive

to a 40% decrease in parameter β2;
• q∗1 and r∗1 are sensitive to a 40% increase in parameter υ11;
• q∗2 and r∗2 are sensitive to a 40% increase in parameter υ22;
• q∗2 and r∗2 are moderately sensitive to a 40 and 20% increase, respectively, parameter

υ12;
• Change in the values of ω1 and ω2 does not have a significant effect on the optimal

value of decision variables.

Table 3. Effects of parameter changes on optimal decision variables.

Percentage New Value of Decision Variable Change Percentage of Decision
Variable TPF

p*
1 p*

2 q*
1 q*

2 r*
1 r*

2 p*
1 p*

2 q*
1 q*

2 r*
1 r*

2 π*

α1 =
1400

−40% 840 93.9 920.3 0.17 0.51 60.7 155 −84% 36% −69% 4% −69% 3% 709.140
−20% 1120 342.9 797.6 0.36 0.50 129.2 152.4 −42% 18% −35% 2% −34% 1% 766.960
20% 1680 840.9 552.2 0.76 0.49 266.1 147.3 42% −18% 35% 0% 34% −1% 1091.800
40% 1960 1090 429.5 0.95 0.48 334.5 144.7 84% −36% 69% −2% 69% −3% 1358.700

α2 =
1500

−40% 900 855 161.9 0.72 0.28 254.7 84.2 44% −76% 28% −42% 28% −43% 651.170
−20% 1200 723.5 418.4 0.64 0.39 226.1 117 22% −38% 14% −20% 14% −21% 734.310
20% 1800 460.4 931.4 0.48 0.60 169.1 182.7 −22% 38% −14% 22% −14% 21% 1131.700
40% 2100 328.9 1187.9 0.40 0.71 140.6 215.6 −44% 76% −28% 44% −28% 43% 1446

λ1 =
70

−40% 42 592 674.9 0.94 0.49 197.8 149.9 0.01% 0% 67% 0% 0.55% 0% 894.510
−20% 56 591.9 674.9 0.70 0.49 197.7 149.9 0% 0% 25% 0% 0.50% 0% 894.500
20% 84 591.9 674.9 0.47 0.49 197.6 149.9 0% 0% −16% 0% 0% 0% 894.490
40% 98 591.9 674.9 0.40 0.49 197.6 149.9 0% 0% −28% 0% 0% 0% 894.490

λ2 =
60

−40% 36 591.9 674.9 0.56 0.83 197.6 150 0% 0% 0% 69% 0% 0.06% 894.510
−20% 48 591.9 674.9 0.56 0.62 197.6 149.9 0% 0% 0% 26% 0% 0% 894.500
20% 72 591.6 674.9 0.56 0.41 197.6 149.8 −0.05% 0% 0% −16% 0% −0.06% 894.490
40% 84 591.6 674.9 0.56 0.35 197.6 149.8 −0.05% 0% 0% −28% 0% −0.06% 894.490

γ1 =
0.4

−40% 0.24 648.5 712.3 0.61 0.53 215.8 160 9% 5% 8% 8% 9% 6% 961.840
−20% 0.32 619.8 692.3 0.59 0.51 206.5 154.7 4% 2% 5% 4% 4% 3% 926.940
20% 0.48 564.4 660.1 0.53 0.48 188.9 145.5 −4% −2% −5% −2% −4% −2% 864.290
40% 0.56 536.6 648.3 0.51 0.47 180.3 141.6 −9% −3% −8% −4% −8% −5% 836.120

γ2 =
0.4

−40% 0.24 646.5 714.1 0.61 0.53 215.3 160.2 9% 5% 8% 8% 8% 6% 961.740
−20% 0.32 618.7 693.3 0.58 0.51 206.3 154.8 4% 2% 3% 4% 4% 3% 926.900
20% 0.48 565.7 658.9 0.54 0.48 189.3 145.4 −4% −2% −3% −2% −4% −3% 864.300
40% 0.56 539.6 645.5 0.51 0.47 181.1 141.3 −8% −4% −8% −4% −8% −5% 836.120

ψ1 =
0.4

−40% 0.24 591.9 674.9 0.33 0.49 197.5 149.9 0% 0% −41% 0% −0.05% 0% 894.488
−20% 0.32 591.9 674.9 0.45 0.49 197.5 149.9 0% 0% −19% 0% −0.05% 0% 894.490
20% 0.48 591.9 674.9 0.67 0.49 197.7 149.9 0% 0% 19% 0% 0.05% 0% 894.510
40% 0.56 591.9 674.9 0.79 0.49 197.9 149.9 0.01% 0% 41% 0% 0.15% 0% 894.520

ψ2 =
0.4

−40% 0.24 591.9 674.9 0.56 0.29 197.6 149.8 0% 0% 0% −40% 0% −0.06% 894.480
−20% 0.32 591.9 674.9 0.56 0.39 197.6 149.8 0% 0% 0% −20% 0% −0.06% 894.490
20% 0.48 591.9 674.9 0.56 0.59 197.6 149.9 0% 0% 0% 20% 0% 0% 894.500
40% 0.56 591.9 674.9 0.56 0.70 197.6 150 0% 0% 0% 42% 0% 0.06% 894.510

φ1 =
0.1

−40% 0.06 592 674.9 0.56 0.49 197.8 149.9 0% 0% 0% 0% 0.05% 0% 894.525
−20% 0.08 591.9 674.9 0.56 0.49 197.8 149.9 0% 0% 0% 0% 0.05% 0% 894.521
20% 0.12 591.9 674.9 0.56 0.49 197.7 149.9 0% 0% 0% 0% 0% 0% 894.513
40% 0.14 591.9 674.9 0.56 0.49 197.7 149.9 0% 0% 0% 0% 0% 0% 894.509

φ2 =
0.1

−40% 0.06 591.9 674.9 0.56 0.50 197.8 150 0% 0% 0% 0% 0% 0% 894.538
−20% 0.08 591.9 674.9 0.56 0.50 197.8 150 0% 0% 0% 0% 0% 0% 894.536
20% 0.12 591.9 674.9 0.56 0.49 197.7 149.9 0% 0% 0% −2% −0.05% −0.06% 894.530
40% 0.14 591.9 674.9 0.56 0.49 197.7 149.9 0% 0% 0% −2% −0.05% −0.06% 894.526
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Table 3. Cont.

Percentage New Value of Decision Variable Change Percentage of Decision
Variable TPF

p*
1 p*

2 q*
1 q*

2 r*
1 r*

2 p*
1 p*

2 q*
1 q*

2 r*
1 r*

2 π*

ϕ1 =
0.5

−40% 0.3 625.8 662.6 0.98 0.50 345.5 150.2 5% −1% 75% 2% 74% 0.2% 908.070
−20% 0.4 604.2 670.4 0.71 0.50 251.4 150 2% −0.66% 26% 2% 27% 0.06% 899.440
20% 0.6 583.9 677.8 0.46 0.49 162.8 149.8 −1% 0.42% −17% 0% −17% −0.06% 891.300
40% 0.7 578.3 679.8 0.39 0.49 138.4 149.7 −2% 0.72% −30% 0% −29% −0.13% 889.060

ϕ2 =
0.6

−40% 0.36 592 687.8 0.56 0.84 198.2 253.5 0.01% 1% 0% 71% 0.3% 69% 903.590
−20% 0.48 592 679.7 0.56 0.62 197.8 188.4 0.01% 0.71% 0% 26% 0.1% 25% 897.870
20% 0.72 591.9 671.7 0.56 0.41 197.5 124.4 0% −0.47% 0% −16% −0.05% −17% 892.270
40% 0.84 591.9 669.5 0.56 0.35 197.4 106.4 0% −0.8%1% 0% −28% 0.1% −29% 890.680

β1 =
0.8

−40% 0.48 1367.5 292.8 1 0.47 410.8 141.9 100% −56% 78% −4% 100% −5% 1148.700
−20% 0.64 825.4 559.8 0.74 0.49 261.8 147.5 39% −17% 32% 0% 32% −1% 971.030
20% 0.96 461.9 739 0.46 0.50 161.9 151.2 −21% 9% −17% 2% −18% 0.86% 851.880
40% 1.12 379 779.8 0.39 0.50 139.1 152.1 −35% 15% −30% 2% −29% 1% 824.720

β2 =
0.8

−40% 0.48 177.4 1483.2 0.30 0.84 107.8 253.4 −70% 100% −46% 71% −45% 69% 1210.600
−20% 0.64 462.7 926.8 0.48 0.60 169.6 182.1 −21% 37% −14% 22% −14% 21% 992.920
20% 0.96 665.6 531.2 0.61 0.43 213.6 131.5 12% −21% 8% −12% 8% −12% 838.400
40% 1.12 713.2 438.3 0.63 0.39 223.9 119.6 20% −35% 12% −20% 13% −20% 802.160

υ11 =
0.3

−40% 0.18 562.5 687.6 0.35 0.50 123.3 152.6 −4% 1% −37% 2% −37% 1% 884.230
−20% 0.24 575.1 682.3 0.45 0.50 159.1 151.3 −2% 1% −19% 2% −19% 0.93% 888.680
20% 0.36 613.6 665.2 0.68 0.49 239.8 148.3 3% −1% 21% 0% 21% −1% 901.920
40% 0.42 641.1 652.7 0.81 0.48 286.8 146.5 8% −3% 44% −2% 45% −2% 911.280

υ22 =
0.2

−40% 0.12 596.2 662 0.57 0.32 201 104.8 0.72% −1% 1% −30% 1% −30% 888.370
−20% 0.16 594.4 667.6 0.56 0.42 199.4 127 0.42% −1% 0% −14% 0.91% −15% 891.130
20% 0.24 588.6 683.8 0.55 0.57 195.7 173.4 −0.55% 1% −1% 16% −0.96% 15% 898.530
40% 0.28 584.4 694.4 0.55 0.66 193.4 198 −1% 2% −1% 34% −2% 32% 903.260

υ12 =
0.1

−40% 0.06 587.5 674.6 0.56 0.43 197.5 130.3 −0.74% −0.04% 0% −12% −0.05% −13% 891.500
−20% 0.08 589.6 674.8 0.56 0.46 197.5 140 −0.38% −0.01% 0% −6% −0.05% −6% 892.940
20% 0.12 594.6 674.8 0.56 0.53 197.8 159.8 0.45% −0.01% 0% 8% 0.05% 6% 896.170
40% 0.14 597.7 674.5 0.56 0.56 198.1 169.8 0.97% −0.05% 0% 14% 0.25% 13% 897.970

υ21 =
0.05

−40% 0.03 590.3 673 0.52 0.50 183.9 150 −0.27% −0.28% −7% 2% −6% 0.06% 892.090
−20% 0.04 591.1 673.9 0.54 0.49 190.7 149.9 −0.13% −0.14% −3% 0% −3% 0% 893.270
20% 0.06 592.6 676 0.58 0.49 204.5 149.8 0.11% 0.16% 3% 0% 3% −0.06% 895.770
40% 0.07 593.3 677.2 0.60 0.49 211.4 149.8 0.23% 0.34% 7% 0% 6% −0.06% 897.100

ω1 =
0.1

−40% 0.06 592.9 674.5 0.57 0.50 202 150 0.16% −0.05% 1% 2% 2% 0.06% 895.330
−20% 0.08 592.4 674.7 0.57 0.50 199.8 150 0.08% −0.02% 1% 2% 1% 0.06% 894.910
20% 0.12 591.4 675.1 0.55 0.49 195.5 149.8 −0.08% 0.02% −1% 0% −1% −0.06% 894.090
40% 0.14 590.9 675.2 0.55 0.49 193.3 149.7 −0.16% 0.04% −1% 0% −2% −0.13% 893.680

ω2 =
0.1

−40% 0.06 592 675.3 0.56 0.51 197.9 153.6 0.01% 0.05% 0% 4% 0.15% 2% 895.200
−20% 0.08 591.9 675.1 0.56 0.50 197.8 151.7 0% 0.02% 0% 2% 0.10% 1% 894.850
20% 0.12 591.9 674.7 0.56 0.49 197.5 148 0% −0.02% 0% 0% −0.05% −1% 894.150
40% 0.14 591.9 674.4 0.56 0.48 197.4 146.1 0% −0.07% 0% −2% −0.10% −2% 893.810

Figures 2–11 show the changes in the total profit function concerning all parameters.
Specifically, Figures 3, 4, 6, 7, 10 and 11 show that by increasing the values of the parameters,
the total profit function decreases. On the other hand, Figures 2, 5, 8 and 9 show that by
increasing the parameters’ values, the total profit function increases.
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−20% 0.08 592.4 674.7 0.57 0.50 199.8 150 0.08% −0.02% 1% 2% 1% 0.06% 894.910 
20% 0.12 591.4 675.1 0.55 0.49 195.5 149.8 −0.08% 0.02% −1% 0% −1% −0.06% 894.090 
40% 0.14 590.9 675.2 0.55 0.49 193.3 149.7 −0.16% 0.04% −1% 0% −2% −0.13% 893.680 

2ω  = 0.1 

−40% 0.06 592 675.3 0.56 0.51 197.9 153.6 0.01% 0.05% 0% 4% 0.15% 2% 895.200 
−20% 0.08 591.9 675.1 0.56 0.50 197.8 151.7 0% 0.02% 0% 2% 0.10% 1% 894.850 
20% 0.12 591.9 674.7 0.56 0.49 197.5 148 0% −0.02% 0% 0% −0.05% −1% 894.150 
40% 0.14 591.9 674.4 0.56 0.48 197.4 146.1 0% −0.07% 0% −2% −0.10% −2% 893.810 

Figures 2–11 show the changes in the total profit function concerning all parameters. 
Specifically, Figures 3, 4, 6, 7, 10 and 11 show that by increasing the values of the param-
eters, the total profit function decreases. On the other hand, Figures 2, 5, 8 and 9 show that 
by increasing the parameters’ values, the total profit function increases. 
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7.2. Managerial Insight

The following managerial insights can be drawn from our study:

• This study filled an important research gap in presenting a comprehensive model
for two complementary products in online selling where a return policy exists, by
deciding on the selling price, quality level, and refund amount for returned products.

• As the potential market demand has a positive effect on the online distributor’s profit,
the managers should try to expand the target market of their products by applying
appropriate marketing policies.

• Managers of two complementary products should spend more on the refund of
returned products when the sensitivity of demand to refund amount is high. By
applying this strategy, the demand will increase, and the online distributor can increase
the selling price and quality.

• With an increasing sensitivity of returned quantity with respect to product quality, the
online distributor should provide products with a higher quality and, correspondingly,
retain the price and the refund amount.

• Managers should decrease the price of the first (or second) product by increasing the
sensitivity of its demand to price. In contrast, they are advised to increase the price of
the second (or first) product.

• The negative effect of the quality cost parameter on profit implies that managers
should reduce the quality and keep the refund on returned products unchanged. In
other words, they should take the position of “low quality and low price”.

• When customers are less sensitive to a return policy, they will pay more attention to
quality. Thus, managers should seek a lenient return policy, such as increasing the
quality and refund on returned products.

• The proposed model is a proper starting point to present a new model that considers
other marketing variables, such as advertising.
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8. Conclusions

In online sales, customers do not observe a product closely when deciding whether
to buy a product; therefore, their concerns about product quality may prevent them from
buying it. Thus, online vendors should use various policies to encourage customers to
purchase products. One of the strategies that has been well documented in the literature
is the return policy. In line with this, this paper focused on the pricing and quality of
complementary products in online selling under a return policy. We considered an online
distributor selling two complementary products with the aim of maximizing its profit by
determining the optimal values for selling price, quality level, and the refund amount
for returned products. We assumed that customer demand is sensitive to the product’s
selling price and the refund amount for a returned product. In addition, the customer
returns depend on the return policy and product quality. From a managerial perspective,
the proposed model can be used to guide managers to make the best decisions in their
e-commerce.

According to findings, when customer demand is highly sensitive to the selling price,
online distributors should respond by providing policies to lower the price. They can
achieve sales at lower prices by using the position of “low quality and low refund amount
for returned products”. This helps to prevent an intense decline in total profits. Results
showed that the quality and the refund amount for returned products are highly sensitive
to a 40% decrease in the effect of the refund amount on the returned quantities. A 40%
increment in the potential demands of the market leads to more than a 50% increase in the
selling price and total profit. Thus, an online distributor should try to increase its market
size by using heavy advertising. Results revealed that when increasing the quality cost, the
quality and price should be decreased. When the sensitivity of customers to the refund
amount is high, the policy of “low quality and low price” should be used. Further, when the
customer’s return is sensitive to quality, the online distributor should focus on quality and
provide a lenient return policy to guarantee customer demand for a high-quality product.

There were some limitations in this research. Firstly, we assumed that the demand was
deterministic. As we know, demand uncertainty is present in the majority of the products,
as is the case with stochastic demand and returns. Secondly, we used the assumed values
for parameters in the mobile phone industry to conduct a numerical study. Considering
a real data set makes our results more practical. Third, we did not investigate other
operational decisions, such as inventory.

To address the above limitations, we provided the following extensions: The proposed
model can be expanded by considering stochastic demand. Future research can create a
more realistic model by extending this model with inventory decisions. An interesting
extension to this work includes the consideration of a real data set for industries that
sell products such as printers and cartridges, and gaming portals and gaming DVDs. In
addition, inventory systems for both perfect and imperfect products are worth consider-
ing [63–65].
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Appendix A. A Proof of the Concavity of the Profit Functions for the Both Products

For the first product, one has as follows:

∂TPF
∂p1

= α1 − 2β1 p1 − γ1 p2 + υ11r1 + υ12r2 + w1β1 − γ2 p2 + γ2w2 (A1)

∂TPF
∂r1

= υ11(p1 − w1)− φ1 − 2ϕ1r1 + ψ1q1 −ω1R2 + (p2 − w2)υ21 (A2)

∂TPF
∂q1

= −2λ1q1 + r1ψ1 (A3)

And the second derivatives are shown by the following:

∂2π

∂p2
1
= −2β1,

∂2π

∂r2
1
= −2ϕ1,

∂2π

∂q2
1
= −2λ1 (A4)

∂2π

∂p1∂r1
=

∂2π

∂r1∂p1
= υ11,

∂2π

∂p1∂q1
=

∂2π

∂q1∂p1
= 0,

∂2π

∂q1∂r1
=

∂2π

∂r1∂q1
= ψ1 (A5)

Consequently, the hessian matrix is as follows:

H =

 −2β1 υ11 0
υ11 −2ϕ1 ψ1
0 ψ1 −2λ1

 (A6)

In order to proof the concavity, it is required to show that

‖H1‖ = −2β1 < 0, ‖H2‖ = ‖
−2β1 υ11

υ11 −2ϕ1
‖ > 0, ‖H3‖ = ‖

−2β1 υ11 0
υ11 −2ϕ1 ψ1
0 ψ1 −2λ1

‖ < 0 (A7)

Now, we have ‖H1‖ = −2β1 < 0, ‖H2‖ = 4β1 ϕ1 − υ2
11 > 0, ‖H3‖ = −2β1(4ϕ1λ1 −

υ2
11) + 2λ1υ2

11 < 0 because βi > υii, ϕi > υii, λi > 1.
Similarly, for the second product we have the following:

∂TPF
∂p2

= α2 − 2β2 p2 − γ2 p1 + υ22r2 + υ21r1 + w2β2 − γ1 p1 + γ1w1 (A8)

∂TPF
∂r2

= υ22(p2 − w2)− φ2 − 2ϕ2r2 + ψ2q2 −ω2R1 + (p1 − w1)υ12 (A9)

∂TPF
∂q2

= −2λ2q2 + r2ψ2 (A10)

And the second derivatives are given as follows:

∂2π

∂p2
2
= −2β2,

∂2π

∂r2
2
= −2ϕ2,

∂2π

∂q2
2
= −2λ2 (A11)

∂2π

∂p2∂r2
=

∂2π

∂r2∂p2
= υ22,

∂2π

∂p2∂q2
=

∂2π

∂q2∂p2
= 0,

∂2π

∂q2∂r2
=

∂2π

∂r2∂q2
= ψ2 (A12)

Therefore, the hessian matrix of the profit function for the second product is as follows:

H2 =

 −2β2 υ22 0
υ22 −2ϕ2 ψ2
0 ψ2 −2λ2

 (A13)
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In order to proof the concavity, it is necessary to show the following:

‖H1‖ = −2β2 < 0, ‖H2‖ = ‖
−2β2 υ22

υ22 −2ϕ2
‖ > 0, ‖H3‖ = ‖

−2β2 υ22 0
υ22 −2ϕ2 ψ2
0 ψ2 −2λ2

‖ < 0 (A14)

Now, one has ‖H1‖ = −2β2 < 0, ‖H2‖ = 4β2 ϕ2 − υ2
22 > 0, ‖H3‖ = −2β2(4ϕ2λ2 −

υ2
22) + 2λ2υ2

22 < 0 because βi > υii, ϕi > υii, λi > 1.

Appendix B. A Proof of the Concavity of the Total Profit Functions with Respect to
Hessian Matrix

The total profit function is as follows:
TPF = (p1 − w1)(α1 − β1 p1 − γ1 p2 + υ11r1 + υ12r2) − r1(φ1 + ϕ1r1 − ψ1q1 + ω1R2)− λ1q2

1
+(p2 − w2)(α2 − β2 p2 − γ2 p1 + υ22r2 + υ21r1) − r2(φ2 + ϕ2r2 − ψ2q2 + ω2R1)− λ2q2

2
(A15)

Equation (10) is re-expressed as the following:

TPF = −(γ1 + γ2)p1 p2 + (p1 − w1)(α1 − β1 p1 + υ11r1 + υ12r2)
+(−φ1r1 − ϕ1r1

2 + ψ1r1q1 − φ2r2 − ϕ2r2
2 + ψ2r2q2)

+(p2 − w2)(α2 − β2 p2 + υ22r2 + υ21r1)
+(−ω2r2R1 −ω1r1R2)− λ2q2

2 − λ1q2
1

(A16)

Using Equations (3) and (4), one obtains the following:

R1 =
φ1 + ϕ1r1 − ψ1q1 + ω1φ2 + ω1 ϕ2r2 −ω1ψ2q2

1−ω1ω2
(A17)

R2 =
φ2 + ϕ2r2 − ψ2q2 + φ1ω2 + ϕ1ω2r1 − ψ1ω2q1

1−ω1ω2
(A18)

Using the following:

θ2 =
(

ϕ2
1−ω1ω2

)
, θ3 =

(
ϕ1

1−ω1ω2

)
, θ4 =

(
ψ2ω1

1−ω1ω2

)
, θ5 =

(
ψ1ω2

1−ω1ω2

)
, θ6 =

(
ϕ1ω2+ϕ2ω1

1−ω1ω2

)
,

θ7 =
(

ω1ω2ψ1
1−ω1ω2

)
, θ8 =

(
ω1ω2ψ2
1−ω1ω2

)
, θ9 = w1β1, θ10 = w2β2, θ11 = υ11w1, θ12 = υ22w2, θ13 = (γ1 + γ2),

θ14 = w2υ21, θ15 = (υ12w1), θ16 =
(

φ2ω1+φ1
1−ω1ω2

)
, θ17 =

(
φ1ω2+φ2
1−ω1ω2

)
, θ18 = w1α1, θ19 = α2w2

(A19)

Then the total profit function is as follows:

TPF = −θ2r2
2 − θ3r2

1 + θ4r1q2 + θ5r2q1 − θ6r1r2 + θ7r1q1 + θ8r2q2 − λ1q2
1 − λ2q2

2 − β1 p1
2 − β2 p2

2

+θ9 p1 + θ10 p2 + υ11r1 p1 + υ22r2 p2 − θ11r1 − θ12r2 + υ21r1 p2 + υ12 p1r2 − θ13 p1 p2
−θ14r1 − θ15r2 + ψ1r1q1 + ψ2r2q2 − θ16r1 − θ17r2 + p1α1 + p2α2 − θ18 − θ19

(A20)

TPF = −(γ1 + γ2)p1 p2 + (p1 − w1)(α1 − β1 p1 + υ11r1 + υ12r2) + (p2 − w2)(α2 − β2 p2 + υ22r2 + υ21r1)
+(−φ1r1 − ϕ1r1

2 + ψ1r1q1 − φ2r2 − ϕ2r2
2 + ψ2r2q2)

−
(

φ1ω2r2+ϕ1r1ω2r2−ψ1q1ω2r2+ω2r2ω1φ2+ω2r2
2ω1 ϕ2−ω2r2ω1ψ2q2

1−ω1ω2

)
−
(

φ2ω1r1+ϕ2r2ω1r1−ψ2q2ω1r1+ω1r1φ1ω2+ω1r2
1 ϕ1ω2−ω1r1ω2ψ1q1

1−ω1ω2

)
−λ2q2

2 − λ1q2
1

(A21)
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TPF = −(γ1 + γ2)p1 p2 + (p1 − w1)(α1 − β1 p1 + υ11r1 + υ12r2)
+(−φ1r1 − ϕ1r2

1 + ψ1r1q1 − φ2r2 − ϕ2r2
2 + ψ2r2q2)

+(p2 − w2)(α2 − β2 p2 + υ22r2 + υ21r1)

+
(

ψ2ω1
1−ω1ω2

)
r1q2 +

(
ψ1ω2

1−ω1ω2

)
r2q1 −

(
ϕ1ω2+ϕ2ω1

1−ω1ω2

)
r1r2 +

(
ω2ω1ψ1
1−ω1ω2

)
r1q1 +

(
ω2ω1ψ2
1−ω1ω2

)
r2q2

−
(

ω1ω2 ϕ2
1−ω1ω2

)
r2

2 −
(

ω1ω2 ϕ1
1−ω1ω2

)
r2

1 − λ2q2
2 − λ1q2

1 −
(

φ2ω1+φ1ω1ω2
1−ω1ω2

)
r1 −

(
φ1ω2+φ2ω1ω2

1−ω1ω2

)
r2

(A22)

TPF = −
(

ϕ2
1−ω1ω2

)
r2

2 −
(

ϕ1
1−ω1ω2

)
r2

1 +
(

ψ2ω1
1−ω1ω2

)
r1q2 +

(
ψ1ω2

1−ω1ω2

)
r2q1

−
(

ϕ1ω2+ϕ2ω1
1−ω1ω2

)
r1r2 +

(
ω1ω2ψ1
1−ω1ω2

)
r1q1 +

(
ω1ω2ψ2
1−ω1ω2

)
r2q2 − λ2q2

2 − λ1q2
1 − β2 p2

2 − β1 p1
2

+β1w1 p1 + β2w2 p2 + υ22r2 p2 + υ11r1 p1 − υ11w1r1 − υ22w2r2 + υ21r1 p2 + υ12 p1r2 − (γ1 + γ2)p1 p2

−υ21w2r1 + υ12w1r2 + ψ1r1q1 + ψ2r2q2 −
(

φ2ω1+φ1ω1ω2
1−ω1ω2

+ φ1

)
r1 −

(
φ1ω2+φ2ω1ω2

1−ω1ω2
+ φ2

)
r2

+p1α1 + p2α2 − w1α1 − w2α2

(A23)

The Hessian Matrix is as follows:

p1 r1 q1 p2 r2 q2

∂2π
∂2 p1

∂2π
∂p1∂r1

∂2π
∂p1∂q1

∂2π
∂p1∂p2

∂2π
∂p1∂r2

∂2π
∂p1∂q2

∂2π
∂r1∂p1

∂2π
∂2r1

∂2π
∂r1∂q1

∂2π
∂r1∂p2

∂2π
∂r1∂r2

∂2π
∂r1∂q2

∂2π
∂q1∂p1

∂2π
∂q1∂r1

∂2π
∂2q1

∂2π
∂q1∂p2

∂2π
∂q1∂r2

∂2π
∂q1∂q2

∂2π
∂p2∂p1

∂2π
∂p2∂r1

∂2π
∂p2∂q1

∂2π
∂2 p2

∂2π
∂p2∂r2

∂2π
∂p2∂q2

∂2π
∂r2∂p1

∂2π
∂r2∂r1

∂2π
∂r2∂q1

∂2π
∂r2∂p2

∂2π
∂2r2

∂2π
∂r2∂q2

∂2π
∂q2∂p1

∂2π
∂q2∂r1

∂2π
∂q2∂q1

∂2π
∂q2∂p2

∂2π
∂q2∂r2

∂2π
∂2q2


(A24)

p1 r1 q1 p2 r2 q2

H =



2β1 υ11 0 −θ13 υ12 0
υ11 −2θ3 θ7 + ψ1 υ21 −θ6 θ4
0 θ7 + ψ1 −2λ1 0 θ5 0
−θ13 υ21 0 −2β2 υ22 0
υ12 −θ6 θ5 υ22 −2θ2 θ8 + ψ2
0 θ4 0 0 θ8 + ψ2 −2λ2


(A25)

H = [p1 r1 q1 p2 r2 q2]



−2β1 υ11 0 −θ13 υ12 0
υ11 −2θ3 θ7 + ψ1 υ21 −θ6 θ4
0 θ7 + ψ1 −2λ1 0 θ5 0
−θ13 υ21 0 −2β2 υ22 0
υ12 −θ6 θ5 υ22 −2θ2 θ8 + ψ2
0 θ4 0 0 θ8 + ψ2 −2λ2





p1
r1
q1
p2
r2
q2

 (A26)

X.H.XT =
[

p1 r1 q1 p2 r2 q2
]


−2β1 υ11 0 −θ13 υ12 0
υ11 −2θ3 θ7 + ψ1 υ21 −θ6 θ4
0 θ7 + ψ1 −2λ1 0 θ5 0
−θ13 υ21 0 −2β2 υ22 0
υ12 −θ6 θ5 υ22 −2θ2 θ8 + ψ2
0 θ4 0 0 θ8 + ψ2 −2λ2





p1
r1
q1
p2
r2
q2

 (A27)
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= (−2β1 p1 + υ11r1 − θ13 p2 − υ12r2)p1 + (υ11 p1 − 2θ3r1 + (θ7 + ψ1)q1 − υ21 p2 − θ6r2 + θ4q2)r1
+( r1 (θ7 + ψ1)− 2λ1q1 + θ5 r2)q1 + (−θ13 p1 + υ21r1 − 2β2 p2 + υ22r2)p2

+(υ12 p1 − θ6r1 + θ5q1 + υ22 p2 − 2θ2r2 + (θ8 + ψ2)q2)r2 + ( θ4r1 + (θ8 + ψ2)r2 − 2λ2q2)q2

(A28)

Appendix C. Deriving the Optimal Decision Variables

As we have shown previously, if the profit function of the first product is concave,
then one obtains the first derivative of the total profit function, shown in Equation (10),
with respect to the decision variables for the first product and then setting them equal to
zero yields the following:

∂TPF
∂p1

= α1 − 2β1 p1 − γ1 p2 + υ11r1 + υ12r2 + w1β1 − γ2 p2 + γ2w2 = 0 (A29)

→ p1 =
α1 − (γ1 + γ2)p2 + υ11r1 + υ12r2 + w1β1 + γ2w2

2β1
(A30)

For the return policy, we have the following:

∂TPF
∂r1

= υ11(p1 − w1)− φ1 − 2ϕ1r1 + ψ1q1 −ω1R2 + (p2 − w2)υ21 = 0 (A31)

→ r1 =
υ11(p1 − w1) + (p2 − w2)υ21 − φ1 + ψ1q1 −ω1R2

2ϕ1
(A32)

For the quality level, we obtain the following:

∂TPF
∂q1

= −2λ1q1 + r1ψ1 = 0 (A33)

→ q1 =
r1ψ1

2λ1
(A34)

Similarly, for the second product we have the following:

∂TPF
∂p2

= α2 − 2β2 p2 − γ2 p2 + υ22r2 + υ12r1 + w2β2 − γ1 p1 + γ1w1 = 0 (A35)

→ p2 =
α2 − (γ1 + γ2)p1 + υ22r2 + υ21r1 + w2β2 + γ1w1

2β2
(A36)

For the return policy, we have the following:

∂TPF
∂r2

= υ22(p2 − w2)− φ2 − 2ϕ2r2 + ψ2q2 −ω2R1 + (p1 − w1)υ12 = 0 (A37)

→ r2 =
υ22(p2 − w2) + (p1 − w1)υ12 − φ2 + ψ2q2 −ω2R1

2ϕ2
(A38)

For the quality level, we obtain the following:

∂TPF
∂q2

= −2λ2q2 + r2ψ2 = 0 (A39)

→ q2 =
r2ψ2

2λ2
(A40)
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In addition, after some algebraic simplifications we have the following:

r∗1 =
2Bλ1λ2(1−ω1ω2)(υ11 p∗1 + p∗2υ21) + (λ1ω1ψ2

2 − 2λ1λ2ω1 ϕ2)(2λ1λ2(1−ω1ω2))(υ12 p∗1 + υ22 p∗2) + I
Z

(A41)

r∗2 =
2Aλ1λ2(1−ω1ω2)(υ22 p∗2 + p∗1υ12) + (λ2ω2ψ2

1 − 2λ1λ2ω2 ϕ1)(2λ1λ2(1−ω1ω2))(υ21 p∗2 + υ11 p∗1) + S
Z

(A42)

where

A = 4λ1λ2 ϕ1(1−ω1ω2)− (1−ω1ω2)λ2ψ2
1 −ω1ω2λ2ψ2

1 + 2λ1λ2ω1ω2 ϕ1 (A43)

B = 4λ1λ2 ϕ2(1−ω1ω2)− (1−ω1ω2)λ1ψ2
2 −ω1ω2λ1ψ2

2 + 2λ1λ2ω1ω2 ϕ2 (A44)

E = 2β2(α1 + w1β1 + γ2w2)− (γ1 + γ2)(α2 + w2β2 + γ1w1) (A45)

F = 2β1(α2 + w2β2 + γ1w1)− (γ1 + γ2)(α1 + w1β1 + γ2w2) (A46)

Z = AB− [(−2λ1λ2ω1 ϕ2 + ω1λ1ψ2
2)× (−2λ1λ2ω2 ϕ1 + ω2λ2ψ2

1)] (A47)

I = [B2λ1λ2(1−ω1ω2)(−w1υ11 − w2υ21 − φ1) + B2λ1λ2(−ω1φ2 −ω1ω2φ1)] + [−2λ1λ2ω1 ϕ2 + ω1λ1ψ2
2 ]

×[2λ1λ2(1−ω1ω2)(−w2υ22 − w1υ12 − φ2)− 2λ1λ2ω2φ1 − 2λ1λ2ω1ω2φ2]
(A48)

S = [A2λ1λ2(1−ω1ω2)(−w2υ22 − w1υ12 − φ2) + A2λ1λ2(−ω2φ1 −ω1ω2φ2)] + [−2λ1λ2ω2 ϕ1 + ω2λ2ψ2
1 ]

×[2λ1λ2(1−ω1ω2)(−w1υ11 − w2υ21 − φ1)− 2λ1λ2ω1φ2 − 2λ1λ2ω1ω1φ1]
(A49)

J = [(2β2υ11 − (γ1 + γ2)υ21)(2Bλ1λ2υ21(1−ω1ω2)) + (2β2υ11 − (γ1 + γ2)υ21)× (2λ1λ2(1−ω1ω2)υ22)

×(−2λ1λ2ω1 ϕ2 + ω1λ1ψ2
2) + (2β2υ12 − (γ1 + γ2)υ22)(2Aλ1λ2υ22(1−ω1ω2)) + (2β2υ12 − (γ1 + γ2)υ22)

×(2λ1λ2(1−ω1ω2)υ21)(−2λ1λ2ω2 ϕ1 + ω2λ2ψ2
1)]

(A50)

K = [(2β1υ22 − (γ1 + γ2)υ12)(2Aλ1λ2υ12(1−ω1ω2)) + (2β1υ22 − (γ1 + γ2)υ12)× (2λ1λ2(1−ω1ω2)υ11)

×(−2λ1λ2ω2 ϕ1 + ω2λ2ψ2
1) + (2β1υ21 − (γ1 + γ2)υ11)(2Bλ1λ2υ11(1−ω1ω2)) + (2β1υ21 − (γ1 + γ2)υ11)

×(2λ1λ2(1−ω1ω2)υ12)(−2λ1λ2ω1 ϕ2 + ω1λ1ψ2
2)]

(A51)

G = [(4β1β2 − (γ1 + γ2)
2)Z− (2β2υ11 − (γ1 + γ2)υ21)(2Bλ1λ2υ11(1−ω1ω2))

−(2β2υ11 − (γ1 + γ2)υ21)× (2λ1λ2(1−ω1ω2)υ12)(−2λ1λ2ω1 ϕ2 + ω1λ1ψ2
2)

−(2β2υ12 − (γ1 + γ2)υ22)(2Aλ1λ2υ12(1−ω1ω2))− (2β2υ12 − (γ1 + γ2)υ22)
×(2λ1λ2(1−ω1ω2)υ11)(−2λ1λ2ω2 ϕ1 + ω2λ2ψ2

1)]

(A52)

H = [(4β1β2 − (γ1 + γ2)
2)Z− (2β1υ22 − (γ1 + γ2)υ12)(2Aλ1λ2υ22(1−ω1ω2))

−(2β1υ22 − (γ1 + γ2)υ12)× (2λ1λ2(1−ω1ω2)υ21)(−2λ1λ2ω2 ϕ1 + ω2λ2ψ2
1)

−(2β1υ21 − (γ1 + γ2)υ11)(2Bλ1λ2υ21(1−ω1ω2))− (2β1υ21 − (γ1 + γ2)υ11)
×(2λ1λ2(1−ω1ω2)υ22)(−2λ1λ2ω1 ϕ2 + ω1λ1ψ2

2)]

(A53)
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