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Abstract: Considering the solutions of a class of noncooperative Kirchhoff-type p(x)-Laplacian
elliptic systems with nonlinear boundary conditions, we derive a sequence of solutions utilizing both
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1. Introduction

In this paper, we delve into an exploration of the existence and multiplicity of solutions
to the Kirchhoff p(x)-Laplacian elliptic system:

[Ful?® + ul?t P02 — .
M( /Q p(x) dx) (Bp(aytt = [ul u) = Fy(x,u,0), inQ,
[VolP®) 4 Jop®) e | o
M( /Q p(x) dx)( Dpxyo + 0] v) = Fy(x,u,v), in Q,
\Vu|r’(x)723% a0y, |W|p<x>fziz o2, on 20,

where Q C RV is a smooth bounded domain, p(x) is Lipschitz-continuous and radially
symmetric on Q and fulfills 1 < p~ < p(x) < p* < Nwith p™ =supp(x),p~ = minp(x),
xeQ xeQ)

(N=Dp(x) A ()= dio(|Vu|P™ =2V u) isa p(x)-Laplacian operator, F = F(x,1,v),

pel¥) = 0y A
F, = ‘3—5, F, = 3—5, and % is the outer normal derivative.

Assuming that M : Rf := [0,40) — R* := (0,+0c0) is a continuous Kirchhoff
function, which fulfills the following conditions:
(My) If mg > 0 exists, then

M(t) = mo, VteRS;

(M>) There exists 0 € [p*,Z—i) such that ONI(t) := 0 [y M(t)dt > M(t)t > p~ M(t) for
any t € Ry
The nonlinearity F satisfies the following;:

(F;) F € C'(Q x R?%,R"), F(x,s,t) = F(x,—s,—t) and F(x,s,t) = F(|x|,s,t) for every
(x,5,t) € QxR?%;

(Fy) sFi(x,s,t) > 0forevery (x,s,t) € Q x R?;
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(F3) There exist C1,C, > 0,0p" < r(x) < p*(x), where p*(x) = Np(x)/(N — p(x))
such that
[F(x,s5,8)] < Co([s) +67)) + o

(Fy) 0< F(x,s,t) < p%st(x, s,t) + p%tFt(x, s, t), for every (x,s,t) € QO x R?;
(F5) there exist L,mq,C3,Cyq > 0 (where L, mq,Cs, C4 will be determined later) and ¢ <

Q" H{(g — P%)ml - (;373)9 — C4} such that, for every (x,s,t) € Q x R2,F(x,s,t) >

L|t|fr" —¢.
A typical example for M is given in M(t) = mg + byt*~1 with § > p~, mg € R* and
by > 0, and an example for F is F(x,s,t) = C; (\s|p_ + |t|p_) + Cp, where C1,C, > 0.

We now present our significant conclusion.

Theorem 1. Assuming F(x,u,v) meets conditions (Fy)—(Fs) and M(t) satisfies conditions
(M1)—(My), then there exists ko > 1 such that the problem (1) possesses at least kg — 1 pairs of
nontrivial weak solutions.

Exploring the realm of differential equations that feature variable exponents, alongside
the challenges posed by variational issues, proves to be a captivating area of interest. This
field finds its roots in nonlinear elastic theory and electrorheological fluids, among other
examples. Over the preceding few years, the study of variable exponential problems has
received increased interest, particularly the nonlinear problem with variable exponentials,
which not only extends beyond the traditional constant exponential problem but also
reflects the physical phenomenon of “point-by-point anisotropy”. This type of problem is
broadly applicable to mathematics and physics, where it is used to model elastomechanical
or electrorheological fluids (alternatively known as “smart fluids”).

Variable exponent Lebesgue spaces were first proposed in 1931 by the Polish math-
ematician Orlicz [1], who considered the variable exponent space L*)([a,b]) on a line
on which he proved that Holder inequality still holds, but he did not pursue this further.
In 1961, Tsenov [2] presented the following problem: how to find the minimum value of

b
/ﬂ u(x) — o(x)[P®)dx.

Based on this problem, Sharapudinov [3] proved that the space LP*) ([a, b]) is reflexive un-
der the condition that the variable exponential function p(t) satisfies 1 < p~ < p™ < +-oo0.
After that, Zhikov [4] studied Lavrentiev’s phenomenon (that is, the lower certainty of an
integral functional on a Sobolev space is strictly smaller than its lower certainty on a smooth
function space) of variational problems with variable exponents against the background
of problems in nonlinear elasticity, proposing the famous Zhikov conjecture. This also
reflects an essential difference between the variable exponential problem and the constant
exponential problem. In fact, for the constant exponential case, Lavrentiev’s phenomenon
does not occur at all. In the early 1990s, Czech mathematicians Kovacik and Rékosnik [5]
made a major breakthrough in the theory of variable exponential spaces, establishing the
fundamental theory of Lebesgue and Sobolev spaces in RN. Fan and Alkhutov continued
Zhikov’s work later, around 1995, enriching the fundamental theory of Lebesgue and
Sobolev spaces [6-9].

Around the year 2000, rapid advancements in various fields caused the variational
exponential space to undergo a systematic and intense phase of research, and scholars were
aware of the inextricative links between variational problems of variational exponents and
some models in electronic rheological fluids. Among them, ref. [10] is a monograph on
the application background of the variable index problem in electronic rheological fluids,
which is considered a milestone in the in-depth development of the research on variable
exponent problems.
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There has been an abundance of interest in variable exponent problems that involve
nonstandard p(x) growth conditions, and much progress has been achieved. For the
problem with a p(x)-Laplacian operator, we usually study the definite solution problem,
initial value problem, initial boundary value problem, boundary value problem, free boundary
value problem, eigenvalue problem, and regularity problem. This kind of problem can be
used to describe the dynamic phenomena of circuit variable fluid and elastic mechanics.
Systems with a p(x)-Laplacian operator reflect the physical phenomenon of “point-by-point
anisotropy”. Traditional theories and techniques like Sobolev space theory are not suitable,
so variable exponential space theory is widely used. Under the condition of p(x) growth,
the established basic theories of generalized Lebesgue space L(*) and Sobolev space Wx»(*)
provide sufficient theoretical basis for the study of the above problems.

The Kirchhoff equation studied in this paper is a typical example of an elliptic par-
tial differential equation. In 1883, German physicist Kirchhoff proposed the following
model [11] when studying the problem of string length change caused by the vibration of

elastic strings
Fu_ (R E [ S| 2
Pae =\ n T2L Jo o

This model studies the free vibration of an elastic string. The coefficients on the right side
of the model contain global integral terms, and the coefficients depend on the average

ou
ox

2
kinetic energy 5 fOL ‘ %’ dx. As a result, the Kirchhoff equation is no longer a point-by-

point identity, so the Kirchhoff equation is also called a class of non-local problems. This
kind of problem comes from the phenomena produced via non-local mechanics, non-local
quantum mechanics, etc., and it has a wide range of practical applications. As an important
method to study Kirchhoff-type problems, the variational method has been applied by
many scholars. Its basic idea is to transform a large number of variational problems into
critical point problems or extreme value problems of a corresponding function under certain
conditions. The non-local variational problem has a wide range of practical applications
when it is limited due to various boundary value conditions. It not only promotes the study
and calculation of nonlinear partial differential equations but also has a certain reference
value for nonlinear problems in the fields of imaging, electromagnetism, optics, quantum
mechanics, climate, and so on.

Over the past few years, there has been an increased focus on investigating noncooperative
elliptic systems. In 2009, Lin and Li [12] studied the noncooperative elliptic system

Au = \u|2*’2u + E,(x,u,v), in Q),
—Av = |v]* 20+ Fy(x,u,v), inQ,
ulpn =0, v[n =0,

where O C RM. They overcame the difficulty with the embedding H}(Q) < L% (Q)
not being compact. By making assumptions about the nonlinear part, they identified the
existence of solutions.

The next year, Fang and Zhang [13] extended the above results to (p, q)-Laplacian
operators. By employing the same method as above, the multiplicity results for the solutions
were obtained.

In 2012, utilizing the concentration—compactness principle, Liang and Zhang [14]
conducted an in-depth investigation into the noncooperative p-Laplace elliptic system.

Apu — lu|P=2u = F,(x,u,v), in O,
—Apv+ |0|P7%0 = Fy(x,u,0), inQ,
|Vu|p_23—z = |u|P"~u, |Vv|”_2g—§ = |v|P" %0, onaQ,
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where 1 < p < N,N > 3. Also, using the same methods, they obtained a sequence
of solutions.

In 2020, similar results were also obtained by N. T. Chung [15] for the Kirchhoff-type
system with a p-biharmonic operator.

Furthermore, with the help of [16], Liang [17] carried out further research in the field
of variable exponential space and obtained multiple solutions for the problem below:

p(x) 4 — lu[PX) =2y = |u|P" ()24 4 F(x,u,0), inQ,
=B, + lo[P) =2y = |o|P" ()20 4+ F,(x,u,v), inQ,
u=0, v=0, on 9Q),

where Q C RN (N > 3) is a smooth-bounded, radially symmetric domain, while 0 ¢ Q.

Afterwards, in 2013, Liang [18] extended the above system to RN. In 2017, Liang and
Zhang [19] investigated a class of noncooperative Schrodinger-Kirchhoff-type systems with
critical nonlinearities in RN.

Motivated by the references mentioned above, we consider a similar problem concerning
the p(x)-Laplacian operator with nonlinear boundary conditions involving the Kirchhoff
function. The novelty of this paper is as follows: in all the aforementioned papers, limit
index theory [16] was applied, but the (PS)} condition, which is described in Definition 2,
should be considered. However, in the papers of Chung [15,20], Chems Eddine [21], Liang
and Shi [17], Liang and Zhang [14,18,19], Li and Song [22], Sun and Bai et al. [23], and Song
and Shi [24], with the concentration—compactness principle [25], the boundness of the (PS)}
sequence {(iy,, Uy, ) } was determined by applying

1
C+0k(1)”””k“]§ 2 Jny (”"k'()) - W<]7/1k (u”k'vnk)’ (””k'0)>'

1/,
c+0(0)[onl, > T 0.00) = = (T (tn o), (020) ),

and the strong convergence of {(uy,,v,, ) } was achieved by discussing

<7d]7lk (unk —u, vnk)l (unk —u, O)> —0asn — o,
(], (0,00, —v0), (0,0, —vg)) — Oasn — oo, 3)

0r(1) = <—],'1k (ttny, v, — ), (0,00, — v)>

In this paper, applying the suitable assumptions concerning F, we do not use the concentration—
compactness principle to confirm the (PS)} condition. In fact, we provide another way
without (2) and (3), which is solved in Section 5; then, the solutions for problem (1) are
obtained.

The structure of this paper is outlined below: Section 2 revisits essential preliminaries
and key technical lemmas. Section 3 lays out pertinent definitions and propositions associ-
ated with limit index theory. The construction of the index is delineated in Section 4. In
Section 5, we complete the proof of the (PS); condition. Finally, the paper culminates with
a thorough proof of Theorem 1 in the concluding section.

2. Preliminaries and Some Technical Lemmas

We review some basic definitions of the variable exponent Lebesgue-Sobolev space
LPO)(Q) and WP() (Q) [26]. Let

C.(Q) = {h € C(Q) : minh(x) > 1}.
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For p € C4(Q),
PO Q) = {u : u is a measurable, real-valued function such that / Ju(x)[PWdx < oo},
Q

which is equipped with the norm via

u(x)
2

p(x)
dx <15.

The variable exponent Lebesgue space W?(¥) (1) is defined as follows

ltlltoney = el = inf{y >0 [

W@ (Q) = {u e Lr0(Q) | |Vu| € L' ()},

and it can be equipped with the norm

lull = l[ullyay + I Vel Y € WHE(Q).
The equivalent norm for W?(*) (Q)) is used in this paper

p(x)
||u|l,p(x)_inf{‘u>02/0<v‘uu )dxgl}

In the following discussion, we refer to the boundary measure of Q) with dS. We
define the variable exponent Lebesgue space L*¥) (3Q)) with

)y

K

L*®) (30)) = {u : 9Q2 — R is measurable and /a u(x)[F¥ds < oo},
Q

for any z € C(0Q)) with z(x) > 1. The corresponding Luxemburg norm is determined with

. u (%)
|M||r(x),aQ=1nf{/\>O:/aQ’/\ dsgl}.

The embedding results in the corresponding space are given below.

Proposition 1 ([26,27]). Let Q C RN be an open-bounded domain with a Lipschitz boundary.

Then,

(i) ifp,z € C(Q))issuchthat 1 < p(x) < Nand 1 < z(x) < p*(x) on Q), there exists a
continuous and compact embedding, W'P(¥) (Q) — L2 (Q);

(ii) if p € C(Q) is such that 1 < p(x) < N on Q, then there is a continuous boundary trace
embedding, WP (Q) — LP<()(2Q)); and

(iii) for each h € C(9Q)) with 1 < h(x) < p«(x) on 9Q), there is a compact boundary trace
embedding, WP (Q) — L) (9Q)).

Remark 1. We define the following:

Hqu,p(x)

S = in —
wewl?® @)\ {0} 114llp. (x),00

(4)

Proposition 2 ([28]). Let I(u) = fQ(|Vu|F’(x) + u|PS)Ydx. If u,u, € WHPO)(Q)); then, the
relationships listed below are valid:

() [l < 1=1>1) & 1) <1(=1;> 1);

e - +
(i) Nllypey > 1=l < 100 < [l
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e + -
Gii) Nl ) < 1= ull?) ) < 1) < [l
(i) |lun —ullypy = 0= I(un —u) — 0.

In 2001, Fan and shen [26] et al., proved the following Holder inequality.

Proposition 3 ([26]). Ifﬁ + ﬁ = 1, then for each u € LP®Y)(Q) and v € LV ) (Q), the
ensuing inequality can be established:

/ uvdx
Q

Remark 2. Similar to Propositions 2 and 3, the above inequalities are also true for [, |u(x) 2(0)ds.

1 1
< —+— ) lull,collolly -
(p_ (p_y)|||p(ﬂ||p<>

Proposition 4 ([29]). Assume 1 < p(x),r(x) < oo, f € C(Q x R?) and
plx) p(x)
s, ) < ea (187 + 107 ).
2
Then, for every (u,v) € (LP(")(Q)) ,f(-,u,0) € L™ (Q) and the operator

2
Ty : (L”(")(Q)) — L'0NQ) : (u,0) — f(x,u,0)
is continuous.

3. Limit Index Theory

To solve the problem, we have to recall limit index theory [16]. Set Z is a G-Banach
space; for detailed descriptions of both space Z and topological group G, refer to [30].
To understand the definition of index i, we direct our attention to reference [31]. The
definitions and propositions introduced below play an important role in this paper, which
are related to the index.

Definition 1 ([30]). An index is considered to conform to the d-dimension property when a positive

integer d exists, ensuring that

i(Vv*ns)) =k,
for all dk-dimensional subspaces Vo € ¥ such that V¥ N FixG = {0}, where Sy is the unit
sphere in Z.

Suppose that U and V are closed subspaces of Z, both of which are invariant under
the action of G. Now, consider that

Z=U®V,

where V is infinite dimensional and

v=UV,

‘e

j=1

where Vjis a dnj—dimensional G-invariant subspace of V, j = 1,2,---,and V; C V, C
Zi=UsaV,

and VA € %, and set

Aj=A®Z
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Proposition 5 ([16]). If A, B € %, i®® meets the following conditions:

(i) A=0=i®=—o;

(ii) ACB=i"(A)<i®(B);

(iii) i®(AUB) <i®(A) +i®(B);

(iv) i®(SpNV) = 0if VN FixG = {0}, where S, = {z € Z : ||z|| = p},

(v) IfYp = Y, are G-invariant closed subspaces of V, where V.= Yy @ Yo and Yy C Vi, for some
jo, with dimYy = dm, then the i®(S, N Yp) > —m.

Definition 2 ([16]). A functional ] € C'(Z,R) is said to satisfy the (PS)} condition if every
sequence {1y, } satisfying

Un, € Zn,,  J(tn,) = ¢, dJn(ttn,) — 0, ask — oo, )

possesses a subsequence that converges in Z to a critical point of |, where Zy, is the ny-dimension
subspace of Z, [, = ]|an.

Theorem 2 ([16]). Suppose that

(A1) ] € CY(Z,R) is G-invariant.

(Ap) If U and V are G-invariant, closed subspaces, then V is infinite-dimensional, where Z =
uev.

(A3) If there is a sequence of G-invariant, finite-dimensional subspaces Vi C Vo C -+ C V; C
. ,dimVj = dnj, then V = U]?“’:le.

(Ag) An index theory, i on Z, exists that satisfies the property of the d-dimension.

(As) If Yo, Yo, V1 of V are G-invariant subspaces, then V. =Yy ® Yo, Y1, Yo C Vi, for some jo and
dim Yy = dm < dk = dim Y;.

(Ag) If there exist o and B, « < B, then ] fulfills (PS)%,Vc € [a, B].

(A7)

(2) there is p > 0 such that Vu € Yo N Sp, J(u) > «,
B)VzelUdY,J(z) <B,

If the limit index that corresponds to i is i°, then the numbers

{ (1) either Fix G C U@ Yy, or Fix GN'V = {0},

ci= inf supJ(u), —k+1<j<—m,
I io(A)2 sen ) J

are critical values of |, and &« < ¢_y1q1 < --- < ¢y < PB. Furthermore, whilec = ¢; = --- =
Clupr? 2 0,i(K) Zr+1,where K. = {z € Z:dJ(z) =0,](z) = c}.

4. Construction of the Index

The definiton of an energy function related to problem (1) is as follows:

- o |V |P) 4 |u|P() | Vo|PE) 4 jp|p()
J(u,0) = M(/Q Gy /. R .

1 1
_ s gc 0 e
/an ps(x) julPdS /aQ RE) |o|P+1*ds /QF(X,u,v)dx,
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for (u,v) € W) (Q) x WP (Q).
(d](u,v),(1,0))

p() p(x)
:—M(/Q [Vul p(;r)“" dx> /Q(|Vu|P<X>*2ww+|u\r’<x)*2ua)dx

|V0|p(x) + |U|p(x) p(x)—2 N p(x)—2_, 7
—i—M(/Q ey dx /Q(|Vv| VoV + |v] v0)dx (7)

—/ |u|p*(x)72uﬁd8—/ |o|P()~200dS
0Q) 2Q)

—/QFu(x,u,v)ﬁdx—/()Fv(x,u,v)ﬁdx,
for every (i1,9) € WLP(")(Q) x W) ().

Now, take G to be the group of orthogonal linear transformations in RN, where
G1 = O(N).

Eg, := Wé’(”IE]’;)(Q) = {u e WPH(Q) s qu(x) = u(g™'x) = u(x),g € O(N)}.
Denote X = Eg, x Eg,. The condition (F;) indicates that | is O(N)-invariant. According
to [32], we may deduce that (u,v) is a critical point of | precisely when it is a critical
point for ] = J|x. Therefore, demonstrating the existence of critical points of | within X is
sufficient.

In accordance with [33], there exists a Schauder basis, {¢/,}_;, for W'?()(Q). Let
en = Jo (N) ey, (8(x))dpug, selecting one in identical elements where necessary. It is obvious

that {e, } . ; is a Schauder basis for Eg,, since Eg, is reflexive, and

1, ifn=m,

e:l(em) = 5n,m = {

0, ifn#m,
forms a basis for Ea. Set
1 -
E(Gr;) = span{ey,...,en}, Eg? = span{e;+1,...}

and

Eé(ln) = span{ej,..., e, }.

Let P, : Eg, — Egl) be the projector corresponding to decomposition Eg, = Eg) ®

E 81] )" and let Py Eg — Ez(lm be the projector corresponding to the decomposition, and
Ea = Eé(ln) ® Eé(l")L. Then, P,u — u, Pjv* — v* forany u € Eg,,v* € Eél asn — oo and
(Prv*,u) = (v*, Pyu).

Now, Denote X, = Eg, X E(Gri ), Through setting 7(u,v) = (—u, —v), we then define a
group action, G, = {1, T} = Zy; thus, fix G = {0} x {0}. Define the following;:

Y:={A C X\{0}: Aisclosed in X and (1,v) € A = (—u,—v) € A}.
Define an index 7y on £ with
min{N € Z: 3h € C(A,RN\{0}) such that h(—u, —v) = h(u,v)},

y(A)=<¢ 0, fA=0Q,
400, if suchanhdoes not exist.
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After that, we derive the statement from reference [34]: We ascertain that -y is an index
that aligns with the attributes outlined in Definition 5.9 in reference [31]. Furthermore, v
meets the conditions of a one-dimension property. By applying Definition 2.4 in [16], we
derive a limit index, ¢*, in relation to (X;) from 7.

5. Local Palais—Smale Condition

Lemma 1. Suppose that conditions (My) — (Ma),(Fy) — (F3) hold; { (un,,vn,)} is a (PS)%
sequence that satisfies (5), and then { (un,, vy, ) } is bounded in X.

Proof. Let ||unk||1,p(x) > 1 and ankHl,p(x) > 1 for any integer n. Using conditions
(M), (F) and Proposition 2, we have

0(1)||u"kHl,p(x)
= —<d]nk (u”k’vnk)’ (u”k’0)>

p(x) p(x)
- M / \Vunk| +|1/lnk| dx /(|vunk‘l7( +|u ‘ x) dx+/ ‘u
o) p(x) o
—i—/QFu(x,unk,vnk)unk dx
>mo/Q(Wunk]p(x)+\unk\p(x))dx+/m\unk

> moHunka,;(x) * /530|qu

ps(x) ds

ps(x) ds

ps(x) ds,

since p~ > 1, we can infer that ||”nkH1 ) is bounded. Based on (M), (Ms), and (F3),
we have

c+ Hu”kHl,p(x) + HU”kHLp(x)

1 1
P ](unk/ vnk) - <d]nk (unkr vnk)/ (piunk/ pivnk»

|vunk|p + ‘Unk|p - |ank|l7(x) + |vnk|p(x)
-M +M Jdx
( p(x) Q p(x)

1
(X | nkl *)ds — /anmh}nk' 4s — / X, Upy, U, )dX

1
pa(x)
Vi, |P& p(x )
(/ | Mnk| ‘|’)|unk| )/Q(vunk|p(x)+|unk|p(x))dx

p(x) px
|ank| +|vnk| )/Q(|ank|p(X)+|vnk|p(X))dx

o p

(x)
+T/WWWﬁ+i/mwmﬁ
p~ Jaa py Jaa
1 1
+p—_/()Fu(x,unk,vnk)unkdx+p—*_/QFv(x,unk,vnk)vnkdx,
Since ||up, ||1 1s bounded,

N ]Vunk|l7(x) + |unk|P(x) ix)
o) p(x)

|Vu |p(x)+|u |p(X) . N
M(/Q 1y ) 1 dx /Q(|Vunk|l7( )_|_ |unk|l’( ))dx
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are also bounded. Thus, there exists C > 0, and we can obtain
p(x) p(x)
Ly [Tl bl 0 0 a9
p o p(x) 0

R IVunk\”(") + |unk|P(x)
- M d > —C.
</n p(x) *

Therefore,
¢+ HunkHl,p(x) + Hv”kHl,p(x)

2 ;M(/ | Vo [P 4 [0, [P dx) / |V, |[PX) + |0, |P) i
& Jo

e p(x)
p(x) P) '
1, / [Vou[PY) + fou, PO / (IV0u [PY) + [0, [P))dx
P« 0 P ;
_% ‘unk|p*(x)ds+%/ \unk|P*(x)d5—i,/ |vnk|P*(x)dS
Psx JoQ P 0 oo
1
+ p? /BQ ‘Unk’i’*(x)ds - /QF(JC, Uny, Unk)dx + /QF(X, u”k’v"k)dx -¢
11 )
> (gr — pmollont e — €

This implies that {v,, } is bounded in Eg, since p~ > 1. Thus, { (i, vs,)} is bounded
inX. O

Due to the boundedness of {uy, } and {v;, } in Eg,, up to a subsequence,

Up, — U,y — v in Eg,
Uy, — u ae.on(), (8)

Uy, — 0 a.e.on (.

In addition, we can presume that

: IVunkIF’(") + Iunkl”(x)
/0 p(x)
V0, [P0 4 [0y, [P
/0 p(x)

dx —t1 >0, ask — oo,

dx —t, >0, ask — oo.

Accordingly, we obtain the next lemma:

Lemma 2. Assume that (Fy) — (F3) hold; then, for every (i1,0) € X, we can get

(1)
/ Vit [P 2V, Virdx — / VP2V Viady,
o . )
/ |ank]”(x)_2anszﬁdx%/ Vo |P¥) -2V oVadx.
0 Jo
(2)
/Fu(x,unk,vnk)ﬁdx—)/ F,(x,u,v)idx,

/Fv(x,unk,vnk)z?dx%/ Fy(x,u,v)ddx.
o) Q
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(3)

~ M(ty) / (IVuP®-2vuva + |uPD=2ui)dx + M(t) /Q (IVo|PD =270V + o] ~2p0)dx
o)
(11)
—/ \u|p*(")*2uﬁd5—/ |v|7"*(x)*2m§d5—/ Fu(x,u,v)ﬁdx—/ Ey(x,u,v)0dx = 0.
a0 a0 O o)

Proof. (1) To verify (9), we recognize renowned inequalities
(x[P@) =2 — [y 2y, x — ) > Cla = y '), if p(x) >2,
(x| + y1)> PO (2702 = |y 2y, x —y) > Clx =y, if 1< p(x) <2
for a constant C > 0. Define
Py(x) = <|Vunk|7’(")_2Vunk — | Vu|P®) =2y, Vi, — Vu>(x) >0,
Py(x) = <|V0nk\p(")*2V0nk — | Vo|P0) =2y, Vo, — Vv>(x) > 0.
Let i be a C* function such that 0 < i < 1; then, for every R > 0,
p=1 inBr(0) and =0 inQ\ Byr(0).
Observing that (d] (i1, , vy, ), ((1tn, — 1)1, 0)) — 0, we have
(d] (ung,vn,), ((n, — 1)1, 0))

|Vu |p(X)+|u \p(x) e
- _M</Q " p(x) 5 ax /()(\VunkV’() 2v”"kv(”nk_”)¢’

Vit [P 72T 1, (1, — 1)V A+ [t [P 200 (14, — u)lp) dx

— /an |unk|p*(")*2unk(unk —u)pdS — /Q Fu(x, Uy, U, ) (tn, — u)pdx

|Vu |P(x)_|_|u ‘p(x) N
- _M</Q " p(x) - dx /Q (Pl(x)¢+ |Vu|P( ) ZVMV(unk )y

Vit [P 72T 1, (1, — 1)V A+ [t [P 200 (14, — u)l[)) dx

- /an |unk|p*(x)*2unk(unk —u)pdS — /Q Fy(x, tp, Oy ) (thy, — u)ipdx — 0.

From the Holder inequality, the boundedness of u,, in Eg,, and Remark 1, we derive
the following:

/Q |Vunk|p(")*2Vunk(unk —u)Vipdx

< 19 PO Mt = 1] i 1 V9

Similarly, we can also get

/Q |unk|p(x)*2unk(unk —u)pdx — 0,

/ |unk|p*(x)_2unk(unk —u)pdS — 0.
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/BR(O)

From Proposition 2, the assumptions of continuity for F, and (F3), we have the following;:

/Q Fy(x, tny, Oy ) (thy, — 1) ipdx

< /()Fu(x,unk,vnk)(unk —u)dx

\/()C1<‘unk| +|’Uﬂk‘r x))(u"k )dx+c2/()(u"k_u)dx

<G /Q it ") (1, — ) dx + C /Q (0, |6 (1, — 1) dx
+C /Q(”nk —u)dx

< ol

L7 (%) (e — |y + C1H|Unk|r(x)

7463 [t —u HLP(X)

+ CZ/Q(””k —u)dx — 0.
In addition, since u,, — uin Eg,,
/Q \VulPO 294V (1, — u)pdx — 0.

From (M), we can obtain
/ Py (x)ipdx — 0.
Q

Then,

og/ P dg/P dx — 0.
[ R < [ P

Hence, we can get
/ ( )(|Vunk|p(x)72Vunk — |Vu|”(x)*2Vu> (Viup, — Vu)dx — 0.
Br(0
If p(x) > 2, we can obtain

|Vity, — VulP@dx < C/B o (|Vunk|p(")72Vunk — |Vu|”(x)72Vu> (Vip, — Vu)dx — 0.
R

If 1 < p(x) < 2, from Proposition 3, we have

[ 1V, = VP Wdx < Cllgu
Bgr(0) LY r> (Br(0)) ( %) (Bg(0))

where
|V, (x) — Vu(x) p(x)
P

|
(| Vit ()] + [Vas(x) )™

(x)(2-p(x))
I (x) = |Vt (x) + Vu(x)| " 2,

p(x) *

and C > 0. By computing directly, we note that {

/B gl 79 C/

} is a bounded se-
=5 (Br(0))
quence, and

Thus,

lim : |V, — VulP®dx = 0.
R

n—o /B (0
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Therefore, Vi, — Vu in (LP¥)(Bg(0)))N. Hence, up to a subsequence, Vi, — Vu a.e.
in Br(0). Since R is arbitrary, up to a subsequence, we have Vi, — Vu a.e. in (). Because

p(x)
(|Vunk |p(")’2Vunk> is bounded in (LP®-T(Q))N, up to a subsequence, |V, [P¥) =2V u, —

€3)
|Vu|P®=2Vu  in (Ll”(,;)—1 (Q))N. Similarly, =~ we can deduce that
V0, [P0 2V 0, — [VolP®)-2Vp in (L7097 (Q))N. Thus, (9) holds.
(2) From (8), we can get
(tty, O ) — (,0) in (LP(")(Q) N Lml(x)(0)> x (LP(")(Q) N L’”2(x)(0)).

From Holder inequality,

/Q|Fu(x,unk,vnk) — Fy(x,u,0)it|dx < 2|Fy(x, tiny, 0, ) — Fu(x,u,v)|m,l|ﬁ\m1,

/Q|Fv(x,unk,vnk) — Fy(x, u,0)0t|dx < 2| Fy (X, ttn,, Uny ) — Fv(x,u,v)‘m,z|ﬁ|m2,

where m,ll(x) + ml( F=1, ;(x) + mzl(x) =1,my(x),ma(x) < p*(x).

From (F3) and Proposition 4, we have
lirn Fu(x, ttny, vn,) = Fu(x,u,0),

lim F, (x,1n,, 0, ) = Fo(x,u,0).

Then, (10) holds. Using (F3), we can also obtain

/ Fy(x, tpy, Oy )l dx %/ Fu(x,u,v)udx, asn — oo,
Q Q
(12)
/ Fo(x, Un,, Uny ) O, dx —>/ Fy(x,u,v)vdx, asn — oo.
Q Q

(3) Since uy, — u,v,, — v in Eg,, we also have
/ \unk|” 2y, ddx — / lu[PO)=2yndx,
/ \vnk| vnkvdx — / |v|p ~2v0dx,
/BQ |1, |pe(x Uy, 1dS — / || P+ =248,

/ |vnk|p*( *vnkﬁd5—>/ v
0Q oQ

Observing the continuity of M(t), we can get

P«(¥)=24545.

p(x) p(x)
M(/Q |V1/lnk| P(::)W”k dx) —)M(fl) m0>0 ask—)oo,

p(x) p(x)
M(/Q Vol p()j)'v”k' dx) s M(ty) 2 mg >0, ask — co.
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From (7), it is evident that

Vit [P + [, |P) - A o
—_ M</() p(x) dx /()(|Vunk| vunkvu + |unk| Mnku)dx

vUn p(x)_,’_ Un p(x) _ . _ R
+M</n| : el ) [ (190, 7097250, 75 + o0, [109 20, 2)cx

* -2 7’} % -2 ~
_/an|unk|p (x) unkuds_/m\vnk\P (%) Uy, 0dS

—/ Fu(x,unk,vnk)ﬁdx—/ Fo(x, Uy, vy, )0dx — 0,
o) Q

and then (11) holds.
Set (1,9) = (u,0) in (11); then, the following equation holds:

M(t) [ (VP Ot [ Julp s

(13)
+/ Fu(x,u,v)udx = 0.
Q
Similarly,
M(t2) [ (IVol?®) + o @)dx — [ o] (ds
Q 20 (14)
—/ Fy(x, u,v)vdx = 0.
Q
[
Lemma 3. Suppose that { (un,,vn,) } is a (PS)% sequence; if
ce | —oo L — i m
\optp )
P prpd P ptpl P ppy Pe ptpe
where my = ming mf* " SPir*P_,mg* o SVI*PJ’,m(’)’* Seer mr " Seert b then
Up, —> U, Uy — vin X.
Proof. From (7)
|ank|p(x) + |unk|p(x) p(x) p(x)
(A (1, 0), (00, 0)) == M [ x| [ (T [P 4 |70
Q p(x) Q (15)

— /ao |unk|p*(")d5 — /Q Fy(x, tp,, Oy )ty dx — 0.
Thus, according to the Brézis-Lieb lemma [35], let w,,, = uy, — u; (15) can be changed

p(x) p(x)
— ]\/I(/Q |Vunk| p(; |unk| dJC) /Q(|VCUnk|p(x) + |wnk|p(x))dx

: p(x) p(x)
- M / Vot "2 Ju |77 /(|Vu|”(x)+ Jul ")) dx (16)
o) p(x) o)

— /an |wnk|p*(x)d5 — /BQ |u|p*(")d5 — /Q Fu(x, tp,, vn, )tin,dx — 0.

to
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It follows from (12), (13), and (16) that

p(x) p(x)
M / |Vllnk‘ +|Mnk| dx /(|vwnk|p(x)+‘wnk‘p(x))dx+/ |wnk|p*(x)ds_>0,
Q p(x) Q 20

which yields

p(x) p(x)
M<‘/Q |Vunk| p(:’)|unk| dx) /Q(|ank|p(x)+|w”k|p(x))dx4)0’

SO Uy, — uin Eg,.
In addition,

|Vo \p(x)+|vn |p(X) . .
(A, (Ung, vn ), (0,0m,)) :M</Q "k o) k dx /Q(|Vynk\!’( ) 4 |vnk|P( ))dx

(17)
- /an |vnk|”*(")d5 - /Q Fo(x, tn,, vn, )Op,dx — 0.
Let {,, = vy, — v, and (17) can be changed to
V0[P + [0, [P p) p(x)
M(/ﬂ G ) [V 1 P
p(x) p(x)
I M / |V7Jﬂk| + |Unk| dx / (lvvlp(x) + |,U|p(x))dx (18)
o) p(x) o)
_ /an [ESET: _/an [o|P<¥)ds —/()Fv(x,unk,vnk)vnkdx —0.
It follows from (12), (14), and (18) that
M / |ank|p(x) + |vnk|P(x) i / (Ve |p(x) e \”("))dx - / c |P*(x)d5 o 1)
Q p(x) Q "k i Jaq 7T )

From (19), we may assume

Vou ") + feu "

= M(t2) lim [ (192" + (G )ex = m,

P gs = m.

li
it aﬂ‘gnk

If m = 0, then v;,, — vin Eg,, and the proof is done. If not, we claim the following:

+ _ + - S _
P v ol P P:'P:r P pps S
m>=my =ming m* " Srerm ml* TP Seert m[ TP Seeorm m [P Seert

In fact, from Remark 1, Proposition 2, and Remark 2, we have
() if [|Zn, Oy o0 > L

lpe) > LGl

m=M(e2) fim, [ (190" + [0, ")t

> mo lim SV ||y, Hg*_(x),an
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i v
T
thenm > mf*" Sr-r.
(i) if |Gy L) < VI8l ()00 > 1

m = M(t2) lim [ (192 ")+ g ")

. +
> my lim P |2 Hz*(x),ao

N
+P* - ‘i Py
thenm > mf* " Sri—r",

(111) lf ||€nkH1,p(x) > 1, g”k P*(X),BQ < 1
m=M(t2) lim | (192" + [0, )

> mo lim SV HgnkHZ:(x),aQ

—Pe  pTpr
thenm > mf*™" Sr-r.

(iv) if Hgnkul,p(x) <1, ||Cone P (x),00 <l
_ : p(x) p(x)
m = M(t2) lim | (IV |+ |G [")dx
. + p+
= mo nlgrolo s Hgnka*(x),aQ
ot
+ e
> moSP mrs,
Lyt
thenm > mf* " Sr--r'.
Note that
24 p~pid P gt Px ppr P phpy

T T+t T ¢ — = = — _pt+ =
. S T —
my =ming m* " Srirm ml* P Seert mls TP Seioem m[s P Seeet o

then, m > my.
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According to (F;) and (M;), we obtain

. 1
¢ :nlglgo[](u”k’vnk) —(dJn, (g, Ony ), (piunkr E%))]

N p(x) p(x)
> lim | - M / Vit [P + [t | dx
n—oo Jo p(x)

1 Vi, |[PE) 4y, [P
+PM<./Q | [ /Q(|Vunk|p(x)+|unk|p<x>)dx

p(x)
+ lM / |ank|p(x) + |U”k|p<X) dx / |ank|”(x> . \vnk|P(x) dx
0 0 p(x) o p(x)
p(x) p(x)
_;M</Q ‘ank| p(;r)‘vnkl dx) /Q(|ank‘p<x>+|Unk|p(x))dx
_1 |1ty ‘p*(X)d5+i/ [t |P> (0 dS — 1 / |0, [P+ dS
py Jaa F p~ Joa px Jaa "

1 1
+ — /BQ |vnk|p*(x)d5 — /QF(x,unk,Unk)dx—l— p—_ /()Fu(x,unk,vnk)unkdx

*

1
+ —Fy(x, tp,, vnk)vnkdx}

. 1 _ 1 |ank|77(x) + |vnk|p(x) p(x) p(x)
> lim |:(9p+ P*)M(/Q () dx /Q(‘vénk| + G [P )dx

(V0P 4 [o]p@)
+ [ (V@ + 1o )dx}

1 1
S (o
/(917* p*’)m
1 1
> (= — —)my.
/(9p+ p;)ml

This is a contradiction. Consequently, we have finished proving Lemma 3. O

6. Proof of Theorem 1

Next, we begin the proof of Theorem 2.

Denote
X=UaV, U:Eclx{O}, V:{O}XEGI,

i k
Yo={0} x E&, i ={0} xEY,
where m and k are to be determined. Obviously, (A1), (A2), and (A4) in Theorem 2 are
fulfilled. Let V= Egl) = span{el,ez, . ,e]-}; then, (A3) holds. Since 1 = dim?o <ky<

dimYj, (As) is true. Now, we verify (2), (3) of (Ay).
(i) From condition (M,), it is guaranteed that there are constants C3, C4 > 0, ensuring that

M(t) < Ct? +Cy, V0. (20)
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For every (u,v) € U@ Y, from (20), (F5), we have

. |Vu|P) 4 |u|P(x) . |vv|p(X> + [o]P@)
J(u,v) = M( A o) dx | + M ) dx

1
_ p«(%) 4g — r<gs | F
/an px(x) [l /an ps(x )|v| / (x,u, 0)dx

0
|v |p(x) |z7‘p(x opt
< p
N C3 </ 4 ( ) dx —I—C4 / (L|U| — (:)dx

C3 0 0 +
< oL (/Q|Vv|”(x)+|v|p(x)dx> —/Q(L|v\ PT—)dx + Cy.

If |0y (x) <1, then

Gs Op~
(P,)g ||v||1,p(x)
<
)
If || v||1,p (x) > L it follows from the equivalence of all norms on the finite-dimensional

space Y1; then, a constant Cs > 0 can be found such that |[v[|; ,(,) < C5v],(x). From (F5),
we derive

J(u,0) < — Lfo| ¥ +§IQ\+C4

p(x)

J(w,9) < 25510l ~ Livhly + 2100+ G

C,C
< ol — Lol +¢10] + Cy
(p7)¢
0
= (Co—L)[ol}7,) +E10]+C,

where Cg = (C;_C)% By taking L > Cg, we obtain [(u,v) < &|Q| + Cy.

Let B = (%)9 + &|Q)| 4 Cy4, so we obtain (3) in (Ay).

(i) If (0,v) € Yy N B, (0) (where p is to be determined), then using (M, ), (M), (F2), (F3)
and Proposition 1, we have

. | Vo) 4 |p|p(x)
0,v)=M dx | —
) </n o) o
P) 4 [o]p) P 4 [o[p)
1M< [VolP®) + o] dx) Vo[ + Jo]

P(*)gs — / x,0,v)dx

1 X
) Sy o o s
—/Q(C1|v\r(x)+cz)dx

T i P VS pe Pt
> gt 1907y 191 0§ = 2 max{ ol ol

*

- +
— Cgmax{ [of o 1015 p(a) | = ColQ.
Let t = [[v[|; (,), and analyze the function h : (0, +00) — R, which is provided via
M0 il ) & e ot
h(t) = oy mm{t ,t } o max{t R } Cgmax{t Lt } G |Q,

and since p~ < pt < p; < pi, wehave h(t) — —o0, ast — 4oco. Choose a < f; then, if
to > O exists, /(0,0) = h(tg) = a < B for |[v]|; ,(,) = to = p holds. That is (2) of (A7).
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On the basis of Lemma 3, (1, v) meets the (PS)} condition for any ¢ € [«, B], which
means that (Ag) in Theorem 2 holds. Thus, in accordance with Theorem 2,

ci= inf sup J(u,v), —ko+1<j<—-1
I 02 (oyon !

are critical values of J,a < Cohpt1 S < c 1 < B; then, | has at least kg — 1 pairs of
critical points.

7. Conclusions

In this paper, we have mainly dealt with a class of noncooperative Kirchhoff-type vari-
able exponent elliptic systems with nonlinear boundary conditions. Using the variational
method, the solutions to the problem (1) correspond to the critical points of the functional
J. Combining the (PS)} condition without the concentration compactness principle, we
used limit index theory for the functional | and got at least kg — 1 pairs of critical points;
that is, a multiplicity of solutions for problem (1) can be obtained.

Nevertheless, there are still many challenging problems to be addressed. For instance,
we can try to add the nonlinear terms with parameters to the elliptic system. Furthermore,
problem (1) can be extended to fractional elliptic systems. These problems will be further
investigated in our future work.
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