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Abstract: We investigate the application of the Galerkin finite element method to approximate a
stochastic semilinear space-time fractional wave equation. The equation is driven by integrated
additive noise, and the time fractional order « € (1,2). The existence of a unique solution of the
problem is proved by using the Banach fixed point theorem, and the spatial and temporal regularities
of the solution are established. The noise is approximated with the piecewise constant function in
time in order to obtain a stochastic regularized semilinear space-time wave equation which is then
approximated using the Galerkin finite element method. The optimal error estimates are proved
based on the various smoothing properties of the Mittag—Leffler functions. Numerical examples
are provided to demonstrate the consistency between the theoretical findings and the obtained
numerical results.
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Riemann-Liouville fractional integral of order y € [0, 1], respectively. In addition, (—A)P is
W (t,x)

the fractional Laplacian and =5~ denotes the space-time noise defined on a complete
By filtered probability space (€0, F, {F;}+>0,P). The initial values v; and v; and the nonlinear
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impact the internal energy [4]. For physical systems, stochastic perturbations arise from
many natural sources, which cannot always be ignored. Therefore, it is necessary to include
them in the corresponding deterministic model.

It is not possible to find the analytic solution of the space-time fractional Equation (1).
Therefore, one needs to introduce and analyze some efficient numerical methods for
solving (1). Li et al. [5] considered the Galerkin finite element method of (1) for the linear
case with the additive Gaussian noise, that is, f = 0 and 7y = 0, and obtain the error esti-
mates. In [6], the authors studied the Galerkin finite element method for approximating the
semilinear stochastic time-tempered fractional wave equations with multiplicative Gaus-
sian noise and additive fractional Gaussian noise, but they only established error estimates
fora € (%, 2). Extensive theoretical results exist for the stochastic subdiffusion problem
with &« € (0,1), as seen in works such as [7-12], alongside corresponding numerical ap-
proximations in works including [13-17]. Regarding the theoretical and numerical findings
for the stochastic wave equation, we recommend exploring references such as [18-21]. For
theoretical advancements in fractional-order nonlinear differential equations, recent works
such as [22-27] and their references provide a comprehensive overview.

In this paper, our focus lies on the application of the Galerkin finite element method to
solve (1). Firstly, we establish the existence of a unique solution for (1) using the Banach
fixed point theorem. Additionally, we analyze the spatial and temporal regularities of
the solution. To approximate the noise, we employ a piecewise constant function in time,
resulting in a stochastic regularized equation. This equation is then tackled using the
Galerkin finite element method. We provide corresponding error estimates, utilizing
the various smoothing properties exhibited by the Mittag—Leffler functions. We extend
the error estimates in [5] from the linear case of (1) with Gaussian additive noise to the
semilinear case with the more general integrated additive noise. We also extend the error
estimates of [6] for the stochastic semilinear time fractional wave equation from « € (%, 2)
towa € (1,2).

To establish our error estimates, we employ a similar argument as developed in our
recent work [28], which focused on approximating the stochastic semilinear subdiffusion
equation with « € (0,1). We demonstrate that the solution’s spatial and temporal regular-
ities for (1) with « € (1,2) surpass those with a € (0,1). Moreover, we observe that the
convergence orders of the Galerkin finite element method for (1) with « € (1,2) are higher
than those with a € (0,1), as expected.

The paper is organized as follows. In Section 2, we provide some preliminaries and
notations. In Section 3, we focus on the continuous problem and establish the existence,
uniqueness, and regularity results for the problem (1). In Section 4, we discuss the approxi-
mation of the noise and obtain an error estimate for the regularized stochastic semilinear
fractional superdiffusion problem. In Section 5, we consider the finite element approxima-
tion of the regularized problem and derive optimal error estimates. Finally, in Section 6, we
present numerical experiments that validate our theoretical findings.

Throughout this paper, we denote C as a generic constant that is independent of the
step size T and the space step size h, which could be different at different occurrences.
Additionally, we always assume € > 0 is a small positive constant.

2. Notation and Preliminaries

This section provides notations and preliminary results that will be used in subse-
quent sections. We denote H = L?(D) as the space of Lebesgue measurable or square
integrable functions on D, with norm | - | and inner product (-, -). Additionally, we denote
H} = {vs. € H' : vs. = 0 ondD}. We assume that A = —A with domain
D(A) = H%(D) N H}(D) is a closed linear self-adjoint positive definite operator with
a compact inverse. Moreover, A has the eigenpairs (A, ¢¢), k = 1,2,3,..., subject to
homogeneous Dirichlet boundary conditions.
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Set H*(D) or simply H® for any s € R as a Hilbert space induced by the norm
5.3 := ) A3 (v, n)?
k=1

For s = 0, we denote H° by H. For any function y € H?, ] < B < 1, define

(=N)Py =y, )\f(lp, @) i Let L2(Q; H*), s € R be a separable Hilbert space of all mea-
surable square-integrable random variables ¢ with values in H*® such that ||¢|| 2(Er) =

(E|¢|§)% < 0o, where E denotes the expectation.

Define the space-time noise & ateg *) by, see [28],

82W t,x)
“otox Z oi(t (x), @)

where oy (-),k = 1,2,3,-- -, are some real-valued continuous functions rapidly decay-
ing with respect to k. Here, the sequence {f}{> ; is mutually independent and iden-
tically distributed one-dimensional standard Brownian motions, and the white noise

,Bk(t) = dﬁgt(t) ,k=1,2,3,---,is the formal derivative of the Brownian motion S (t).

Lemma 1 ([28]). (It isometry property) Let ¢ : [0,T] x QO — H be a strongly measurable
mapping such that fot E||¢(s)||?ds < co. Let B(t) denote a real-valued standard Brownian motion.
Then, the following isometry equality holds for t € (0, T|:

Bl [ y(s)B6) 12 = [ Elp(s)las ®

To represent the solution of (1) in the integral form, we utilize the Laplace transform
technique to write down the solution representation in terms of the Mittag—Leffler functions.
The Mittag-Leffler functions are defined in [28], and we use them to express the solution in
a compact form.

[e] z _
E.z(z) = ——, forzeC,a>0, Bk 4)
vp ,{g T(k& + B) P

The following Lemma is related to the bounds of the Mittag—Leffler functions.

Lemma 2 ((Mittag-Leffler function property) [28]). Let 1 < & < 2and p € R. Let Egp be

defined by (4). Suppose that y is an arbitrary real number such that Z& < y < min(7, &) = 7.
Then, there exists a constant C = C(a, B, i) > 0 such that

- B < < <
|Eu¢,/3(z)| - 14 ‘Z| — |arg )| TT. (5)

Moreover, for A >0, & >0, B >0, ¥ >0, 7 # 1, it follows that

d , - 5 - - .
E( T Eay (—APE)) = t772E; 51 (—APEY), £ > 0. ®)

3. Existence, Uniqueness, and Regularity Results

This section is dedicated to studying the existence, uniqueness, and regularity results
of the mild solution of the stochastic semilinear space-time fractional superdiffusion
model (1).
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Assumption 1. There is a positive constant C such that the nonlinear function f : Rt x H — H
satisfies

I (1, u1) = f(t2,u2) || < C(|ty — to] + [Jur — ual]), )
and

£ (8 )] < C+ ul]). ®)

Assumption 2. The sequence {0y (t)} with its derivative is uniformly bounded by yy and vy,
respectively, i.e.,

ok ()| < p, )

lox ()] < v, YEE[O,T], (10)

where the series Y 5. 1 U and Y p_q yx are convergent.

Assumption 3. Let1 <a <2, 3 <B<1,0<v <1Itholds with0 <r <k,

[o0]
Y HAL T < oo,

k=1
where
. 2B, ¥ > %,
2-L2p—e <

and Ay, k = 1,2, - - - are the eigenvalues of the Laplacian A = —A, with D(A) = H} (D) N H?(D).

Lemma 3 ([5], Lemma 2.4). An adapted process {u(t)}+>0 is called a mild solution to (1) if it
satisfies the following integral equation with1 < o < 2, % <B<L1,0<y<],

. t_ b

u(t,x) = By p(£)01 + By p(H)0s + /0 By p(t—s)f(s,u(s))ds + /0 By (t— 5)AW(s), (11)

where dW (s) denotes

fok $)rdBi(s)

and

toy = Zszl V(o1 ¢k, B p(t)vr := ZtEaZ “) (02, ) Prs
= Y P (AP (0,000 Bap (D05 = Y BT Eg g (<APR) (0, 0
k=1 k=1

Lemma 4 ([5], Lemma 2.5). The solution u(t) of the homogenuous problem of (1) satisfies,
fort >0,

_op—q) 1_alp=n)
]u(t)|p< Ct 2 |’01|q+Ct 2B |Z)2|r, 0<gqr<p<2B (12)
Ct=*|v1|g 4+ CH |0z, q,7 > p,

and it also implies that

_a—p b4 _ Y s
083 (£)], < CE " [og ]y + Ct T Joy),. (13)
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EH/ Etxﬁ’y

AT By (1~ 9)a(9) AT gulPds < ([ 14 B (9)ds) (1 1AL ) (17)
k=1

t
Ar=x /O (" s < o

Lemma 5 ([28]). Let1 < « <2,% <B<L1L,0<y< 1 Foranyt>0and0 <p—gq<2B,
there holds,

By (H)0]p < CE T ] |vs| (14)

Theorem 1 (Existence and uniqueness). Let 1 < a < 2, % <B<1and0 < ¢ < 1.
Let Assumptions 1-3 hold. Let v1,vy € L2(Qy; H). Then, there exists a unique mild solution
u € C([0, T); L>(Q; H)) given by (11) to the problem (1) for all t € [0, T.

Proof. Set C([0, T); L*(Q); H)),, A > 0, as the set of functions in C([0, T]; L*(Q); H)) with the
following weighted norm |[u|3 := SUP;c[o,7] E(||e_)‘tu(t)||2) Vu e C([0,T|; L2(C%; H)), .

For any fixed A > 0 this norm is the same as the standard norm on C([0, T|; L?(Q; H)). We
can therefore define a nonlinear map 7 : C([0, T]; L*(Q; H)) , — C([0, T]; L*(Q); H)) , by

Tu(t) = By p(t)01 + By gt v2+/ 5t —5)f(s,u(s) ds+/ By (£ — s)dW(s). (15)
For any A > 0, the function u € C([O, T]; LZ(Q; H)) is a solution of (11) if and only
if u is a fixed point of the map 7 : C([0, T|; L*(C%; H)), — C([0, T]; L*(€%; H)) ,. In order
to apply the Banach fixed point theorem it suffices to show that for an appropriately
chosen A > 0, T is a contraction mapping. We first show that 7u € C([0, T]; L2(Q; H)) for
any u € C([0, T]; L2(Q; H)). By (15) and the Cauchy-Schwarz inequality we obtain with
u e C([0,T;L?(Cy H)),
~ t_
E||Tu(t)||* < 4[| Eqp(t)or]|* + 4E[ By p ()02 | + 4E]| /0 Enp(t —5)f(s,u(s))ds|?
t_
H4E| [ Bupy (= s)dW(s)?
~ t —
< 4E|Ey p(t)01 ] + 4E|| By (1) 02| +4t/0 E||Eyp(t —5)f(s,u(s))|*ds
t —
+ 4E| /0 By (F— 5)dW(s)||2

Based on the smoothing properties of the solution operators and by Assumption 1, it
follows that

t
BITu(t) 2 < CElou 2+ CEles -+ Ct [ (¢ =121 (1 4 Blu(s)| )
t_
+CEH/O By (£ — 5)dW(s)|% (16)

By the smoothing property of the operator IE, g, the isometry property of Brownian
motion, we have with 0 < r < x that,

WS =B [ AT By (1 -5) )4 el

K—r

t

5 g ) / ety

k=1 0
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Note that v,v0 € L*((;H) and u € C([o, T]; L2(Qy; H)); we then obtain
SUP;¢[0,71] E|Tu||? < oo, which implies that Tu € C([0, T]; L>(Q; H)). Now we consider
the contraction property. For any given two functions u1 and uy in C([0, T]; L*(Q); H)) ,, it
follows from (15) with the smoothing property and boundedness of E, g, with p = 0 and
g = 0 that

2 b 2
Ele (T = Tua) () = E[e™ [ Buplt —5)(F11(5)) = flma(s)) s
—E tl . *)\(i*S)E F— —As _ d 2
= @ ap(t—s)| e (f(ur(s)) — f(uz(s))) | ds
2
< CtE/ [ [ e=I8 gt — )] [ (F(11(5) — flua(s)))] |t
< i [ eI B plt =) 8] - g — .
Note that
t t
e O IE gt = 9)|Pds < Ct [ e P09 (1 920D s
0 0
t t 00
_ Ct/ e 2AT2(a=1) g Ct{/ 2% 202 dx] A2 < Ct[/ 2% 202 dx} AI=20 < o(T)AL22,
0 0 0
With « € (1,2), choose sufficiently large A, we obtain
2
EHe*/\t(Tul — Tuz)(t)H < C(T)AY¥|Juy — up||3 < 6||ug — ua||3, for some 0 < 6 < 1.
Hence, || 7 (1) — T (u2)||x < 6||ug — uz][5. Therefore, by the Banach contraction map-

ping theorem, there exists a unique fixed point u of the nonlinear map 7 which is the mild
solution given by (15) of the problem (1). O

Theorem 2. (Regularity) Let 1 < a < 2, % < B <1, 0 <y < 1. Assume that Assumptions 1-3

hold. Let vy € L?(Q; HY), vo € L2(Q; HP) with p,q € [0,2p]. Then, the following regularity
results hold for the solution u of (11) withr € [0,x]and0 < p <r <2B, 0<qg<r <2pB,

”‘( = r—K
E|u(t)]? < Ct |v |q+Ct2 |022+CE( sup |u(s)|2> +c< Y AL > (18)
s€[0,T] k=1

Proof. From the definition of the mild solution (11) and ¢ € (0, T] with0 < p,q <r < 28,
it follows that, with r € [0, x],

. t_
Blu(t)? <4 BIEw o1+ EIBap (10} + B [ Bup(t —5) (5 u(s) s
t -
+ E| /0 By pq(t— s)dW(s)$> <4(h+DL+L+1). (19)
For I; and I, by the regularity Lemma in [5], we have

I = E[E,g(t Ho)? < Ct |01|2, (20)

and

- _ (V
I = E|f,4(t))> < CF " |vz\2 for ﬁp <2. (21)
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For I3 using the smoothing property of the operator E, 4(t) and the Assumption 1, we have

2
— B [ Bt =) (s u(6))sP < B[ [ [Bugt =) 5, u(s)loe

< cr( [T s utslas) @
< C(/Ot(t — S)a”“(rﬁo)ds)zEL:l[épﬂ ||f(s,u(s))||]2 < CE(SZEPT] ||u(s)||2>

For I, by isometry property of the Brownian motion and Assumption 2 and the
smoothing property of the operator I_EZ,X//;,7 (t), we arrive at, with 0 < r < x,

£, A5
=) [ AEwy e = s)dW(s) | = B [ ATEw gyt =) Y u(s) AT udpels)
ad 't K = r—x 2 K = 2 ad 27—
= 1 [ 1A Byt~ 9)0x(5)A"F g < c( [ 143 ) P ) (£ i) @)
k=1 k=1

0 t (x—0) el t _K _
<c( ) [ (“” ) as— o ) [
k=1 0 k=1 0
sc(Lunr) <
k=1
which implies that
(r—p) ol
Elu(t) < CE 5 oy 2 + CA™F |vz§+c1s( sup |u<s>|2)+c(zu£A;K). 24)
s€[0,T] k=1

Hence the proof of the theorem is completed. [J

Assumption 4. There is a positive constant C such that the nonlinear function f : R x H — H
satisfies, with uy,uy € HI with0 < g <2Band } < p < 1.

(=82 (F(tr, 1) — fta,u2))]| < L(It — ta] + [ (—A)2 (11 — w2) ), (25)

and , ,
[(=A)2f(t,u)|| < C(1+[[(=A)2ull). (26)

Theorem 3. Let1l < o < 2, % < B <1,0 < < 1. Assume that Assumptions 1—4 hold. Let
v1, vy € L2(Q); H?P). Then, there exists a unique mild solution u € C([0, T|; L2(Q); H?P)) given
by (11) to the model problem for all t € [0, T].

Proof. The proof is similar to the existence and uniqueness theorem; therefore, we will only
indicate the changes in that proof. Set C([0, T]; L?(€; H?)) |, t > 0 as the set of functions
in C([0, T]; L*(Q); H?#)) with the following weighted norm:

I35 := up E(leMp(t)[3),V ¢ € C([0, T]; L* (0 H)). 27)
te|0,

For the proof, it is now enough to show that the map 7 : C([0, T]; L*(Q; Hzﬁ)) y
C([0, T); L*(©; H?F)), is a contraction. We first show that Tu € C([0, T]; L*(Q); H?)) for
any u € C([0, T]; L*(Q; H*)). By (15) and the Cauchy-Schwarz inequality, we obtain with
u € C([0, T]; L>(Qy; H?F)),
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E|Tu(t)[35 < 4E|E,p(t)01]35 +4E[E, 5 (H) 02|35 + 4E| /Ot By p(t —s)f(s,u(s))ds|3,
+4E| /Ot Ep g (£ — 5)AW(5)[35 (28)
< 4EJE, ()01 By + 4B[E (0203 + 8¢ [ EIEp(t —5) (5, () By
+4E| ./; B (£ — 5)dW(s) .

By the smoothing properties of E, g and Ea,ﬁ with p = g, and using the Assumption 1,
it follows that

BIT (1) 35 < CElonf3, + CEJua B + Ct [ (65721 (14 Blus) By)ds
+ 4| /O Bo g (£ — 5)dW(s) . (29)
For the integral E| fot Eqpy(t —s)dW(s) %ﬁ' a use of the isometry property and

Assumptions 3 and 4 and the smoothing property of the operator sz,ﬁ,’y/ yields, with
0<r<k,

Bl [ Bt - )W (s)3 zak (5)A" guctpie(s) |1

=3 [ 14

K— r+2,B _

By (t—5)0k(s) A7 || *ds < C(/ A= Euc‘B’y |2ds) ( ZP‘ AL K>

To resolve the integral fo \ w8y (8)||2ds < oo, it is enough to choose r = 28,
which means that k = r = 2 since 0 § r < k. Hence, we need to restrict 27y > 1 in order to
obtain ¥ = 2 by Assumption 3. With such choices of x and r and by noting that % <y<1,
we arrive at

E|/ By (£ — 5)dW(s)[35 < C( / |ASE, 5, (s)|ds (Z 2A1=r)

<C<EV2/\7 K)/ (oc+’y 1- “(2ﬁ > gs— C (kzlya/o 5272dsgc(koil]/,%) < oo, (30)

We note that v, v, € L?(Q;H?) and u € C([0, T];L%(Q; H*)); we obtain
SUPeo,7] E\’Tu|%}g < oo, which implies that Tu € C([0, T]; L>(Q); H?)).

Next, we look at the contraction property of the mapping 7. For any given two
functions u; and u, in C([0, T]; L2(0); Hzﬁ)) v it follows from (15) that
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Ble (T (6) ~ Tua(6)) s = Ble ™ [ gt = 9)(f(5,m(5)) — s 2(5)) sl
<B( [ e MR plt = ) (f 5,11 (5)) — f 5,120 g

< CE( [/ (= )5 e M (£ (5, m1(5)) — 5,19 o)

CB( [/t =937 M1 us(5) — () ages)

SCE(At (£ = )3 7162 [|e7 (s s) — as) ) | s)

t «
< Ct/ (t— s)z(ﬁfl)e*”\(t*s)ds sup Ele " (uy(s) — ua(s)) \5/5 (31)
0 s€[0,T)

IN

< Ct/. TP 2Ty sup Ele” As(u1( )*”2(5))@5

s€[0,T]
< Ct/ e ?Mdt sup Ele ™ (uy(s) —uz(s))\gﬁ
s€[0,T]
< Ct / t (3)2*2e=2dxA~1[ sup Eluy(s) — un(s) ]
- Jo A 5€[0,] P

< ct[/ X202 ‘zxdx})xl 2*[ sup E[ui(s) — ua(s)|34]
0 s€[0,T)
< C(T)A'™* sup Eluy(s) — ”2(5)@5-
s€[0,T]

Based on the same argument of the existence and uniqueness theorem proof, the rest
of the proof follows and this concludes the proof. [

4. Approximation of Fractionally Integrated Noise

Let0 =t; <ty <--- <ty < tyg1 = T be the discretization of [0, T] and At = I be

dﬁk(S)

the time step size. The noise can be approximated by using Euler method,

p(s) _ B l3k
ds At = P

with i = Bi(t;), i =1,2,--+, N, where Bi(t;i11) — Br(t;) = VAE-N(0,1),and N(0,1) is
the normally distributed random variable with mean 0 and variance 1. Assume that ¢}’ (s)
is some approximation of oy (s). To be able to obtain an approximation of

82th

o0
o =) ot ¢e(x), in [t;, tiyq], i=0,1,2,---,N—1,

k=1

in (1), we replace it with

2W, (t, x > N .

et = Lt tnto Loe)x o)
here, x;(t) is the characteristic function for the ith time step length [t;,¢;, ], i =0,1,2, -,
N — 1 and oy is some approximations of 0j. The following is the regularized stochastic
space—time fractional superdiffusion problem. Let 1, be an approximation of u defined by
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2
CDR (%) + (=A)Pun(t, x) + £ (£, un(t, %)) = Dﬂ%, (t,x) € (0,T] x D,
un(t,x) =0,0<t<T, x€dD, (32)
311 (0,
wn(0,0) = or(x), 220 g

The solution of (32) takes the following form:
3 b -
(1) = By p()or + By p(£)0n + /O By p(t— ) f(s, tn(s))ds + /0 By (E—5)dWo(s). (33)

Here, dW,(s) = (f,?( s)pe (X lNl(alBjc)Xi(s))ds where yx;(s) is the characteristic
function defined on [tl,tl+1], i=012---,N—1

Assumption 5 ([5]). Suppose that the coefficients 07! (t) are generated in such a way that

(s)

To regularize the noise dV\;”S , we need the following regularity assumption.

Assumption 6. Let1 < a <2, % <B <1, 0<y <11t holds, with0 <r < x,

Z(ﬂk) A < oo,

where x is defined by

K{Zﬁ,'r>%
= 1-2
( a'y),B_e/’)/Sl/

and A,k =1,2,-- -, are the eigenvalues of the Laplacian —A with D(—A) = H}(D) N H*(D).

By following similar proofs as in Theorems 1 and 2, we can establish the following
theorems for the approximate solution u,(t).

Theorem 4 (Existence and uniqueness). Let 1 < a < 2, % <B <1 0Ly <1 Sup-
pose that Assumptions 1-6 hold. Let vy, vy € L?(Q); H). There exists a unique mild solution
uy € C([0, T]; L*(); H)) given by (33) to the problem (32), for all t € [0, T].

Theorem 5 (Regularity). Let1l < a < 2, % < B <1,0 <y < 1. Suppose that Assumptions 1-6
hold. Let vy € L?(Q;HY) with q € [0,28] and v, € L?>(Q; HP) with p € [0,2p]. Then
the following regularity result for the solution u, of Equation (33) holds with r € [0,«| and
0<gqp<r<2p

(4=1)
E|u, (1) < C1* 5 E|oy|2 + CF 7 025 + CE( sup ||un(s)|%). (34)
s€(0,T]

Theorem 6. Let1 < a < 2, % < B <1, 0 <y <1 Suppose that Assumptions 1-6 hold. Let u
and uy, be the solutions of Equations (1) and (32), respectively. We have, for any given € > 0,
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3
1. fora+vy <3,

Ellu(t) — un(0)P < € Yo A~ 55 2 4 c(ar? Yo A28 (2
k=1 k=1
L CPE(ARPEE 12 Y (2, (35)
k=1
2. ford<a+y<3,
Eflu(t) — un (D] < C 2 ATEEE 2 4 c(an Yo AP (2
k=1
ORI (ARZ Y (). (36)

Proof. Subtracting (33) from (11), we obtain
b t_
() = n(t) = [ Buglt =) (F(5,(5)) = £(5,10(5))ds + [ By (t =) (dW(s) — dW, (s))
=G+ Gy, (37)

where

Gi = [ Buplt =) (f(s,u(5) ~ £ 5,190 s,

and ,
G = /0 By (t =) (dW(s) = dWa(s) ).
By the definitions of dW and dW,,, we now rewrite G, as
Gy = / s)t1-1E, aty (— Aﬁ(t —s)Y) ( Zl(o'm (8) — a3y (8)) (Pm, Pr)dBm (s))ds
frin ©
25> /’ (=7 L Eussn (= AL =9 ( 35 h(5) mi)dBn(s)
(=17t k=1
N b ad
- Z / S)a+7—1 Z Eoc,tx+'y t_ s) ( Z O 4)m/ ¢k (aﬁl )ds) ¢k}
(=17t =
= Go1 + G,
where
o = [ L0517 B (= A0t = 90) ( 1 (n(s) ~ h(5)) 0 ) (5) s
and
N tos 1 o 8 0
Co= Y [T (t=9" Y Buny (AL =9)) (X () (@908 (S) ) 9
(=1t k=1 1

02 (5) (s Bi) (3Bl ) ) e

i\mg s

N triq )
S LT Y B (A= 5
=17t k=1

We first estimate E| Gy ||?. From the form of Gy, using the smoothing property of the
operator E, 4(t — s) and Assumption 1, we arrive with 1 < a < 2 at
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E[Gi 2 = E( /(f(t 5 (s, u(s)) — Fls,un(s)) )
<B( [ (6= uts)  ma(s)las)’ 8)
< [ (=5 Aok [ (1= ) uls) — () s
< P [V Blu(s) — un(s) P

For the estimate of E||Gy1||?, using the Ito isometry property and Assumption 6,
we obtain

BlGa | =&l | 2 T Ean (= A (E—5)7)

Note that, for « + v < %, a use of the boundedness property of the Mittag—Lefler
function yields

t t
/ (t— 2@ DIE, o (—AP(t — 5)*)Pds < C /O (t — s)2@+ 1= gs — cREEM=1  (39)
0

Furthermore, for 1 < a + 7 < 3, by using the asymptotic property of the Mittag—Lefler
function, we have

t
| =gy 1|Em+v< At =) s

(t—s)*+7- /\ﬁtfs S B 2
[ (-
1+/\ ”‘ l—i—)\ "‘
a+'y 1) /\AB t— S 2B(a+y—1)
— /‘ ‘ds<C)\ .
1+ AP (-

Thus, we now arrive at

2B(a+y—1)

O 2p(tr-1)
E[[Gul?<CY_ A, = (gf)? forl<a+7y<3. (41)
k=1

We now estimate Gyy. We first denote M by ﬁ ftt;'“ dBm(s) and replace
the variable s with 5 in the second term of Gzz Usmg the orthogonality property of
¢, k=1,2,---,we obtain
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ElGul? = EY [ (-1 Y E B (Y 0 (5) (s )l (5)
|G| ||Z \ (t—s) Z a,a+“r( k( 5)) Z‘Tm ) (Pm, Pr)ABm(8) ) Pk
=174 k=1 m=1
Nty = 0 1 tria _
- Z/ (t _§)lx+7 ! Z Etx,oc+7(_)‘f(t _5)“)< Z Urrrlz(s>7/ (4’m/4’k)dﬁm(5))¢kd5”2
k=1 m=1 At iy
tHl at+y—1 = B ay n
—E| 2 L= Y B (AL ) () 9udBe(s)
k=1
toyr 1 t/+1 P _
/t — 9T Y Bt (AL (=)0} (5)gudsapi(s)]
k=1
te 1
= EZ | Z / = ) T B (<AL (E = $)%) e (5)ABi()
t t 2
/ [ T B (<AL~ )0 ()dsdps)|
ty
ad trv 041
EZ‘Z/ : [/ : (ts)"‘ﬂ_lEWHW()\f(ts)“)af(s)ds?}dﬁk(s)
k=1 fe At
N oty t 2
3 [ [ e v (Al o )i apuo)
(=1""
Thus, a use of the Cauchy-Schwarz inequality yields
r+1 teva
BlGal? = 3 3 [ e ([ 6= B (A=) 6) ot e
=1/=1
t
n /t +1 (t —S)a+7_1Ea,rx+'y(_/\f(t _S)a)
¢
2
—(t— §)”‘+7*1Ea,a+7(—)\f(t - §)”‘))a}j(§)ds‘) ds
N t 0 t) 2
<2y [ L Z / = )2 By (AP (= )0 Ploti(s) —a,?(g)] dsds
=17t At =y
Nt 1 tepa
L A (e (a0
2
(- 5)“*%1@,&”(—&6@ -9 et (5) s
= 2L +2b.
For I, using the mean value theorem and the Assumption 5, we arrive at
2 [l & 2(aty—1) B ay % ony2
n< @y [Ty - Euaty (=M (£ =)")| (o)ds
(=17t k=1
= (B2 L ()2 [ (¢ = P04V [Egan (AL = 5)*) s
k=1
Now, following the same estimates as in (41)
© _2p(aty-1)
L<CA*Y A & () forl<a++v<3. (42)
k=1
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For I, we note by the Mittage-Leffler function property that

(=) T g (—AL (£ = 5)%) = (£ = 8) " T Ep g (—AL (£ — 5)1)
S

- [ [(t T B (<A (- 1)) |
5

= [ (=D ey (<A (- 1))dT
S

gq/ (t — 7)1 247,
S

hence,

t o s 2
I < CZ/Hl Alt Z#k//“ (/ (t—r)“*“f‘zdr) dsds. (43)
S

ty

Now we estimate f§ (t — T)*T72d7 for the different « and . We shall show that, with
0<e< %,

. C(t — max(s,5)) 2T (ABT27€, g 4y < 3,
/ (t— T)‘””*Zd‘f’ < (44)
’ C(t —max(s,5))*"2At 3 <a+7y <3.

Case 1. We now consider the case o + 7 < % If 5 < s, thenwith0 < € < %, it
implies that
S 1 3
|/ D)2y | = / (t— 1) 3¢t — 1) 3 -¢r
5

S

<(t- s)*%%/ (t— )= 3-¢dr
S

1

1
_t_sif+€7
( ) 1x+'y—%—e

_1l_ o=
(t =) 2 i

Since a’ — b < (a —b)?,fora > b >0and 0 < § < 1, then for a + ¢ < %,
(- Tz < (s -9t e < (e

=5 >

and this implies that
| / T2 < C(t — 5)3TE(APRHTEE, (45)
Similarly, we may show that for s < 5, with 0 < € < %,
| / D)2 < C(t - 5)” %-&-G(At)zx-&-"r—%—e‘ (46)
Therefore, we obtain, for o + v < %,

| / )M 17247| < C(t — max(s,5)) 2T (A2 €, (47)

Case 2. Next, consider the case % < wa+ vy < 3.If 5 < s then we obtain,

| / 1) 2| < C(E—5)" T2 (s —5) < (F—s)" T2 AL (48)
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Similarly, for s < 5, it follows that

|/ )= ZdT\ <C(t— )a+7—2(At) <C(t- §)a+7—2At. (49)

Therefore, for % < a+ v < 3 we obtain,

|/ T)*F1247| < C(t — max(s, 5))* T2 AL (50)

Note that

|/ T)*F77247| < C(t —max(s,5))* 7 2At, fora+ ¢ < 2,
and

|/ 7)1 =2d7| < C(t — min(s,5))¥TT2At, for a + ¢ > 2.

Thus, we derive the following estimate for I. For o + ¢ < %,

t oo ty
L <C Z / oL )2/Hl(t—max(s,§))*Hze(At)z(”W)*lfzeds’ds

ty

) t
C(At)z(a+’y)—1—2€ Z(VI}ZV‘/O (t _ S)—1+26ds

k=1

< Ct2€(At)2(a+'y)7172e Z(lllr{l)Z
k=1

For3 <a+v<3,
N t 00 t
L<C), / Ai Y (up)? / "t max(s,8))2CF A (A dsds
(=174 tia t

< C(AH)? /;(t — )2t —4gs i(ﬂz’?)z

k=1
< CEEFNT(AN Y (u)2.
k=1

Together with these estimates we obtain the following results.
Fora+ vy < %, it follows that for t > 0,

© _2p(ey=1) _2platy—
Ellu(t) —un(OI><CY Ay )2 +CA2 Y A T ()
k=1

+ CtZe(At)Z(ter'y)flee Z (VQ)Z-

(51)
k=1

For%§a+”y<3,

2p(aty=1) 2B(a+y-1)

; <nz>2+c<At>ZkiA,: %
=1

Eu(t) — un(1)|? < C k)“j A
=1

+ CREENS (A2 Y (ulh)> (52)
k=1

An application of the Gronwall’s Lemma completes the rest of the proof. [
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5. Finite Element Approximation and Error Analysis
Let D be the spatial domain and let 7}, be a shape regular and quasi-uniform triangu-
lation of the domain D with spatial discretization parameter h = maxgc7, hk, where hy is
the diameter of K. Let Vj, C HP, } < B < 1 be the piecewise linear finite element space
with respect to the triangulation 7y, that is,
Vi = {’UhEHﬁ(D)ZUHKGP](K),VKEE}. (53)
Let P, : L*(D) — V, and Ry, : HP — V}, be the L2 projection and fractional Ritz projection
defined by (Pyo,x) = (0,x), ¥ x € Viyand ((=8)TRy0, (~8)2%) = ((=8)%0,(~4)%7).
We then have
Lemma 6 ([28]). The operators Py, and Ry, satisfy
| P — vs.|| + h/g||(—A)§(th —0)|| < Ch'|vs.|,, Yus. € H, r € [B,28], (54)
and 5
|Ryv — vs.|| + HP||(=A)2 (Ryo — v)|| < CH'|vs.|,, VY vs. € H, r € [B,2p]. (55)
Let Ay, : Vj — Vj, be the discrete Laplacian operator defined by ((—A,)9, x) = (V, Vx),
YV x € Vj,. Assume that (/\Z, q)k) are the eigenpairs of the discrete Laplacian, that is,
(—dn)¢p(x) = Algji(x), x € D,
¢t (x) =0, x €3D,
where {([)k ; forms an orthonormal basis of Vj, C H. Further, we introduce the following
fractional dlscrete Laplacian (—A)P : Vj, — Vj, for p €V,
B B
(=8P, x) = ((=8)2¢, (=2)2X), Y X € Vi (56)
For x € V}, the discrete norm can be defined by |X|ph = ZN" (A )P(X, 4)]’(1)2, peR.
The semi-discrete finite element method approximation of Equation (32) is to seek
ul(t) € v, for t € [0, T] such that
SDRul (8) + (—Ap)Pul (£) = P f (¢, ul () + Py(D; "dW, (1)), t € (0,T)
0~t"n h n h r Uy h t n ’ s L),
ui(0) = of, (57)
i (0) = ot
where Uﬁl = Pyuy, 0’21 = Pyv, are chosen as L? projections of the initial functions v, v, € H.
As it is in the continuous case, the solution of (57) takes the form
b t_
ull(t) = E! /5( )Py + BN o, (£)Pro2 + /0 ]E’;,ﬁ(t —5)Pf (s, ul(s))ds + /0 Ezﬁﬁ(t — 8)PydWiy(s), (58)

where for each t € [0, T], the operators Ez,ﬁ(t)' EZ/S( ) and E! 5 7( ) are defined from
Vi—=V by

N]l
Do = L B (A PE) (o1, 9) 0k, Bt ZtEaz —AOPHE) (2, 1) ¢
Nh
IPMOLE I;t“+”*1Ea,a+v(<—A2)ﬁt“) (05., 9}) 1

We have the following smoothing properties:
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Lemma 7 ([5]). Foranyt > 0and 0 < r,q < p < 2B, there holds for v, € Vy,

(9-p)
EL 5 (on]pn < CE % |oylg, 0 < q < p <28,
- i)
B! ()0l < CHT" % [olr, 0 <7 < p < 2B,

)
1+ (at+7)—a 35 |vh|q/ 0<g<p<2B,

B 5, (Donlpn < Ct
= Agp—g =)
B2 5 (E)oulpn < CETF o)y, 0< g < p <28,

Lemma 8 ([5]). (Inverse Estimate in V) For any £ > s, there exists a constant C independent of h
such that
|onlep < CH* "oy,

s, v Uy € Vh-
We now consider the error estimates.

Theorem 7. Let 1 < & < 2, % < B <1,0 < g < 1. Suppose that Assumptions 1-6 hold.
Let u, and uf’l be the solutions of (32) and (57), respectively. Let vi,vp € L%(Q); HY) with
0 < g < 2B. Then, there exists a positive constant C such that for any € > 0, with r € [0, k] and
0 <max(g,B) <r <28,

Bl (1) — uly(6)|-+12PE]| (— ) 5 (n () — (1)) |2

< Ch™2"2" | E|oy 2+ E[vy |3 + E( sup [[un(s)|?)
s€[0,T]

(775‘7) E 2 9
‘02|q' (5 )

_alra) _ _
+CHYE*F Eloy 2+ cr2rg 2 e

Proof. Introducing i (t) € V}, as a solution of an intermediate discrete system

SDY Al (1) + (=) Pal () = Puf (8 (1)) + Py(D; TdW, (1)), t € (0,T],

We split the error ult (t) — u, (t) := (ul(t) — @l (£)) + (@l (t) — un(t)) = (t) +n(t).
Again using Pj,u, we split 7(t),

n(t) = (ﬁﬁ — Pyuy) 4+ (Ppuy — uy) == 60 +p. (61)

From Lemma 6 it follows that, with r € [B, 28],

Ello(t)[2 + W E[|(~a) ()

B
E|lo(t)[|* + h*PE[|(—A)2p(t)[|* < CH*"Elu, ()], (62)
which means that
) 20 ’ oo B
<Ch2f<(:t “F Elog|; +CtT P Elva|f + CE| 21[(1)};]||f(s,un(s))||] +C Zly%m; K) (63)
s , m=

2—n (r—q)

_g ) 00
< Ch2r<Ct g E\01|5+Ct P E|vz|§—|—CE( sup [un(s)|?) +C Y ;4%1/\2")

s€[0,T) m=1
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To estimate 6, note that 6 satisfies the following equation

G DFO() + (—An)PO(t) = (—A)P(Ryuun — Pyun),
0(0) =0, (64)

and hence, the representation of solution 6 is written as
/ Eaﬂ (t = 5)(=ADp)P(Rytn(s) — Pyutn(s))ds. (65)

Choose p = 0 and p = B separately, from Lemma 6 with v = 0 and Lemma 7, it
follows that for g = € — 28+ pand 0 < € < 2 that

E[0()2), < E(/Ot B2 (£ —5) (= Ap)P (Rytan(5) = Pyttn(s))] )
< CE( ./Ot(t - S)%_H(*Ah)ﬁ(Rh”n - Phun)(s)\e—25+p,h)2

< CE( /Ot(t — )% (Rt — Phun)(S)\e+p,hdS)2 (66)

< Chzr—zp—ze(/ot(t —5)% ') /Ot(t — 5)% VE|u,(s)|ds

< CHP 225 fu, (s) [2ds.

Now an application of regularity shows

t oG]
E|9(t)|%;,h < Cth—Zp—Ze/O( 5)25 1[5 g0y T8 1)
st|ﬂaw@wﬁks ©7)
s€[0,T)

< ChPr2rme [Elvll%Elvzl%E( s?p]llun(S)llz) ,
s€|0,T

ae _q _,—a)

where we used the fact that fot (t—s)2 1T ds < oo, fot(t s) 2% 152- e ds < ©
since 0 < 22 <2and 0 < a(~ ﬁq) < 2. We now combine (63), (66), and (67) to arrive at an
estimate for 7 as, with p = 0,and 0 < p <r <26,

Eli (D)5 < CH 272 o1 T .y + 102072 00 + B s?p}llun( s)1%)
s€|0,T

2 =9
’ ) (68)

Ch2 =2 (+ " ) Tt

Now to estimate , note that {(t) € V}, satisfies
§DFC(E) + (—80)PL(t) = Pu(f (1) — f(1n)), (69)
and therefore we now write {(t) in the integral form as
t —
= | Eap(t = )P (F(h(6)) = Flan(s)))ds, (70)

Again, choose p = 0, B. From Lemma 6 with v = 0 and Lemma 7, it follows for g = p
and for 1 < a < 2, that
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2
61225 < B( | Bup(t ~ B () ~ () s

t 2
< E(/O (t =) 1Py (f(ul(s)) _f(un(s)))lp,hds>

IN

; 2

CE (/o (t—5)*uy(s) — uZ(s)|pds> (71)
< C(/Ot(t—s)"‘_lds(/ot(t—s)“‘1E|un( ) —ul(s )|2ds)>

<ct /Ot(t — ) VEfun(s) — u(s) s,

Combining (68) and (71) it follows for p = 0and B, and 0 < p <r < 2f that
Elun () —uj (£)[5 < Chm2e¥20 [E|01§+Evz|§+‘5( sup ||”n(5)||2):|
s€[0,T]

(
+ A= P>( o, 2+ 5 o] ) (72)
+c/ ) LE iy (s) — ul(s) [2ds.

An application of the Gronwall’s Lemma completes the rest of the proof. [J

The main result of this paper is obtained by combining Theorems 6 and 7.

Theorem 8. Let 1 < & < 2, 4 5 < B <10 <9 <1 Suppose that Assumptions 1-6
hold. Let u and uZ be the solutions of (1) and (57), respectively. Let v, vy € L?(Q); H7) with

0 < g < 2B. Then, there exists a positive constant C such that, for any € > 0 with r € [0, k] and
0 <max(gq,B) <r <2p,

3
1. fora+vy <3,

’ 2p(a+9=1) 2 X 2p(at+y-1) 2
Ellu(t) —uy ()]] <CZA POy A T ()
k=1
+ CtZe(At)Z(a-l-V)—l—Ze kzl(yz)Z + Ch—2€+2r [E|Ul|§ + E‘UZ@ (73)

_q ) _y )
+E( sup [[un(s)|?)] +Ch*t P E|01|§+Chz’t‘2 “F E\vz|§,
s€[0,T)

2. for3<a+7y<3

5 2p(aty-1) 2 ©  2B(at+y-1) 2
Ef[u(t) —uy (1) <CZA TP ACANT Y A ()
k=1
+ CrREEN=3(Af)? 21 2+ Ch™ 22" [E|oy |3 + Elva| (74)

_qlra) (r—
+E( sup [[un(s)|?)] +Ch*t " P E|01|3+Ch2’t2 "

s€[0,T)

5 E\02|2
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Remark 1. In particular, when the noise is the trace class noise, i.e.,

82W £, x)
T otox Z 7k ¢ Bel®)

= Z'Yk < 0.
k=1

In this case we have ! = 0, v = 0, Lp> 1 (u)? = ooy 1k < oo, whereaw — 1, p =1,
v = 0, we obtain with e > 0,

E[|u(t) —uj (1)|2 = O(H*=¢ + (A1) 7€),
which are consistent with the results for the stochastic heat equation.

6. Numerical Simulations

In this section, we will explore three numerical examples of the stochastic semilinear
fractional wave equation. For simplicity, we will focus on the Laplacian operator, that is,
B = 1in Equation (1). Our goal is to approximate Equation (1) with various functions
f(u) and examine the experimentally determined orders of convergence in time. We
consider both the cases of trace class and white noises. Specifically, we choose the following
functions: f(t,x) = x?(1 — x)%e' — (2 — 12x + 12x?)e, f(u) = sin(u), and f(u) = u — u®.
By comparing the experimentally determined orders of convergence with the theoretical
findings in Theorem 8, we observe consistent results, as expected. All the numerical
simulations in this paper are performed on an Acer Aspire 5 Laptop.

To complete this, let us first introduce the numerical method for solving (8). Consider,
withwa € (1,2),

2
6 Dfu(t, x) — % = f(u(t,x))+g(t,x), 0<t<T,0<x<l, (75)
u(0,x) = up(x), au(a(i,x) =u(x), 0<x<1, (76)
u(t,0)=u(t,1) =0, 0<x<1, (77)

where f(r), r € R, up(x) and uj (x) are given smooth functions. Here, with y € [0, 1],

stx) = £D M) gy §° 172, (1 ), 78)

m=1

where B, (t), m =1,2,... are the Brownian motions. Here, e, (x) = /2 sin mrtx denotes
the eigenfunctions of the operator A = —% with D(A) = H}(0,1) N H?(0,1). Further,
let (ym,em),m =1,2,... be the eigenpairs of the covariance operator Q of the stochastic
process W(t), that is,

Qem = Ymem.

We shall consider two cases in our numerical simulations.
Case 1: The white noise case, e.g., v = m~P with B = 0, which implies that

where tr(Q) denotes the trace of the operator Q.
Case 2: The trace class case, e.g., Y = m~P with B > 1, which implies that

DI SR
m=1 m=1
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The numerical methods for solving stochastic time fractional partial differential equa-
tions are similar to the numerical methods for solving deterministic time fractional partial
differential equations. The only difference is that we have the extra term g in the stochastic
case and we need to consider how to approximate g.

Let v(t,x) = u(t,x) — up(x) — tuy(x). Then (75)—(77) can be written as the following:

§D3vs.(t, x) — Avs.(t, x) = Aug(x) + tAug(x) + f(u(t,x)) +g(t,x), 0<t<T,0<x<]1, (79)
0(0,%) =0, av(a()t,x) —0, (80)
v(t,0) =v(t,1) = 0. (81)

Since the initial values v(0,x) = 0, av(a(i’x) = 01n (79)—(81), it is easier to consider the

numerical analysis for the time discretization scheme of (79)—(81).

Let0 < fp < t; < --- < ty = T be a partition of the time interval [0, T] and 7 the time
step size. Let 0 = x9p < x1 < --- < xp = 1 be a partition of the space interval [0, 1] and h
the space step size.

Let S, C HL(0,1) be the piecewise linear finite element space defined by

Sy ={x € C[0,1] : x is a piecewise linear function defined on [0, 1] and x(0) = x(1) = 0}.
The finite element method of (79)—(81) is to find vj, () € Sy, such that, V x € S,

(§DEon(), x) + (Vou(8), V) = —(VPytto, Vi) — (T Py, V) + (F(£), ) + (3(8), %), 52)
04(0) = 94(0) =0, (83)

where P, : H — Sy, denotes the L, projection operator.

Let V" = v,(ty,),n = 0,1,...,N be the approximation of v,(t,). We define the
following time discretization scheme: find V" € S;, withn = 1,2,...,N, such that,
V)( €Sy,

(77 Y wa V3 x) + (VV", V) = =(VPyso, V) = (VP V) + (F(ta), x) + (8(ta), ), (84)
j=1
V0 =0, (85)

where the weights are generated using the Lubich’s convolution quadrature formula, with
a € (1,2),
i .
(1-2)*= ijz].
j=0

Let ¢1(x), 92(x), ..., ¢pm—1(x) be the linear finite element basis functions defined by,
withj=1,2,...,M—1,

Y—Xj—1 . .
X% 1 Xji—1 <X <X

(x) = Y X . )
@j(x) T N <X <X

0, otherwise.

To find the solution V" € §;,, n =0,1,..., N, we assume that

M—-1
V=Y ahpm,
m=1
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for some coefficients a}}, k = 1,2,...,M — 1. Choose x = ¢;, | =1,2,..., M —1in (84), we

have, withn =1,2,...,N,

n M-1 M—
- Zw [ Z Pm, P1 "‘m] Z Vou, Ve u
j=1 m=1 m=1
M-—1 M-—1
Zl Y um, V)i, — tn Zl(V¢m,V<vz)um+(F(tn),¢1)+(g(tn)rqu), (86)

where we assume the initial values P,ug and P,u; have the following expressions:

M-1 0 M-1 )
Pyug = Z Uy Py Pyuy = Z Uy P
m=1 m=

To solve (86) using MATLAB, we need to write (86) into the matrix form, which we
demonstrate below.

Denote
oy (E(tn), 1)
n
P — & P = (F(tn‘)/ (Pz) )
-1/ (M-1)x1 (F(ta), 9m-1) / (m1yxa
and 0
(8(tn), 1) u
" (8(tn), 92) 0 U3
g = . ;o W= . ’
(g(tn)/q)M—l) (M—-1)x1 u(l)\/l—l (M—-1)x1
and
0
1
u
u' = : :
ul
M-1 /7 (M-1)x1
After some simple calculations, we may obtain the following mass and stiffness metrics
2 1
3 s 0
M—-1 1 .
= = 6 ’ )
M ((qpm’(m))m,l:l " SO '
R
0 1 2
6 37 (M-1)x(M-1)
and
2 -1 0
M-1 1 -1 .
— ((Vgom; prl))m,l:l — ﬁ . . _1 7
0 -1 2 (M=1)x(M-1)

respectively. Then, (86) can be written as the following matrix form,n =1,2,...,N,

n .
Y w, Md/ +S&" = —Su’ — £,Su' + F' +g", 7 given, (87)
j=1
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Denote A, = M~18S. Then, (87) can be written as, withn = 1,2,..., N,
n .
Ty w, @ + Apd" = ~Ad® — t,Aput - MTIF Mg, G0 given. (88)
j=1
Hence @#",n =1,2,...,N can be calculated using the following formula

n—1 )
B = (wy + T%Ay,) ! ( — A’ — T, Apul + MU Mg — Y wn,jazn—f). (89)
i=1

ey

We now consider how to calculate F”. The kth component (F (tn), gok),k =1,2,.
M —1in F" can be approximated by using the following formula:

(F(tn / fu(ty))prdx = / F(u(ty_q))gr dx
- /Xk_lfw(tn_l))qokdxf/w F(utar) i dx
~ B [f b, HE) 4 fu(t g, BT
~ ﬁ[F(u(tn—ka—l)) + F(u(tu—1, %)) i F(u(t,—1,x)) + F(u(tn—1,Xk+1))}
2 2 7
= Z F(u(tn-1,%6-1)) + 2F (u(tn—1, x¢)) + F(u(tn1, xkﬂ))}
= Z :Ffl +F+h], 0)

where, withk =1,2,..., M —1,

F_1 = F(u(tp—1,%c-1)) = F(v(tn—1,Xk—1) + to(Xg—1) + tn—111(xx_1)),
= F(u(ty_1,xr)) = F(o(ty_1, x¢) + to(xx) + tp_1u1(xx)),
Fu(ty—1,Xk41)) = F(o(tn—1, Xpkq1) + s (Xpq1) + tn1t1 (Xeg1))-

See the MATLAB code in Appendix A.1 for calculating kth element of (f(u(ts)), k)
in F".

We next consider how to calculate g", which is more complicated than F". Approx-
imating the Riemann-Liouville fractional integral by the Lubich first-order convolution
quadrature formula and truncating the noise term to M — 1 terms, we obtain the lth com-
ponent of g" by, with/ =1,2,..., M —1,

g"(1) = (g(ta), @) = RD; il,yl/z (x )dﬁgt( )

- Z 7(1 7 [ Z 2 e 1) ,Bm(tj) _T:B%(tjl)}, o1)

j=

where w( ) ,j=0,1,2,...,nare generated by the Lubich first-order method, with y € [0,1],
o= Y )
=L Y
j=0

To solve (91), we first need to generate M — 1 Brownian motions 8 (t),m = 1,2,.. .,
M — 1. This can be performed by using MathWorks MATLAB function fbm1d.m [29],
which gives the value of the fractional Brownian motion with the Hurst parameter H €
(0,1) at any fixed time T. Let Nref = 27 and T = 1 and let dtref = T/Nref denote the
reference time step size. Let 0 = to < t; < ...ty s = T be the time partition of [0, T]. We
generate the fractional Brownian motions Bt (ty), Bl (t1),... B (tn), m =1,2,..., M — 1
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with the Hurst number H € [1/2,1] by using the MATLAB code in Appendix A.2. When
H =1/2, fbm1d.m generates the standard Brownian motions.

Since we do not know the exact solution of the system, we shall use the reference time
step size dtref and the space step size h = 277 to calculate the reference solution vref. The
spacial discretization is based on the linear finite element method.

We then choose kappa = 25,24 23 22 and consider the different time step size
T = dtref * kappa to obtain the approximate solutions V" at f, = nt.

Let us discuss how to calculate the Ith component of g" in MATLAB. Denote

Wy = [wé_w, w§‘7>, vy wfl:,{)]lx(Mfl)f

and
ZM:l ,)/}n/2 (em/ el) ﬁm(tn)_ﬁm(tn—l)
ZNT:l 1/2 ﬁm(trz—l)zﬁm(tn—2)
m= T

dWdt — 1 Ym (em, er)

M-1,.1/2
yMoLal

1 T (em,gl)w

(M—1)x1

The Ith component of the vector g" satisfies
g'(l)=wyxdWdt, 1=1,2,..., M—1.

Finally, we shall consider how to calculate the L, projections Pyu and P,uq of ug and
11, respectively. Here, we only consider the case Pju9. The calculation of Pju; is similar.

Assume that
M-1

} : 0
Phu() = Uy Pm-
m=1

By the definition of P}, we obtain

M-1

Y. tn(@m 1) = (110, 1)
m=1
Hence, u’ can be calculated by
(10, 1)
Up, P2
W =M1, withv’= ( 7 ) : (92)

(1o, pr1-1) (M—1)x1

Example 1. Consider the following stochastic time fractional PDE (Partial Differential Equation),
witha € (1,2),

ng‘u(t,x)—% = f(t,x)+g(t,x), 0<t<T,0<x<]1, (93)
u(0,x) = up(x), au(;t'x) = uy(x), (94)
u(t,0) =u(t,1) =0, (95)

where f(t,x) = x2(1 — x)%e' — (2 — 12x + 12x2)e! and the initial value up(x) = x*(1 — x)?,
uq(x) = x and g(t, x) is defined by (78).

Let v(t,x) = u(t,x) — ug(x) — tuy(x) and transform the system (93)—(95) of u into the
system of v. We shall consider the approximation of v at T = 1. We choose the space step size
h = 27 and the time step size dtref = 277 to obtain the reference solution vref. To observe
the time convergence orders, we consider the different time step sizes T = kappa  dtref with
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kappa = [2°,24,23,22] to obtain the approximate solution V. We choose M1 = 20 simulations to
calculate the following L2 error at T = 1 with the different time step sizes

loref = Vlliz(,m) = /Elloref = V2.

By Theorem 8, the convergence order should be
loref =Vl 20y = O(T™nibat7=1/2), (96)

In Table 1, we consider the case of trace class noise, where 7y, = m—2 form =1,2,....
We observe that the experimentally determined time convergence orders are consistent with our
theoretical convergence orders, as indicated in the numbers in the brackets. We have included
the CPU time in seconds for running 20 simulations in each experiment. The CPU times exhibit
similarity across the other tables; hence, we have decided not to include them in subsequent tables.

In Table 2, we consider the case of white noise, where y,, = 1 form =1,2,.... We observe
that the experimentally determined time convergence orders are slightly lower than the orders in the
trace class noise case, as we expected.

In Figure 1, we plot the experimentally determined orders of convergence with v = 0.6
and o« = 1.1 as shown in Table 1 for the trace class noise. The expected convergence or-
der is O(T™n{le+7=1/2}y — O(t).  To get the plot, we choose the different time step sizes
At = (At Aty Ats,Aty) = 272,273,274,275 and calculate the corresponding errors
y = (e1,ex,e3,e4). By error estimate we have y < CAtP with the convergence order p > 0
which implies that

log2(y) <log2(C) + plog2(At).

The reference line in Figure 1 is determined by four points (log2(At;), plog2(At;)),
j=1,2,3,4 and the blue line in Figure 1 is determined by the four points (log 2(At;),log2(e;)),
j =1,2,3,4. If these two lines are parallel, then we may conclude that the experimentally determined
convergence order is almost p. We use the similar approach to obtain other figures below.

In Figure 2, we plot the experimentally determined orders of convergence with -y = 0.6 and
« = 1.1 as shown in Table 2 for the white noise. We observe that the convergence order is almost
O(7) in the figure, where the reference line represents the order O(T).

A plot of the error at T=0.1 against log2 (A t)
T T T T

reference line

log2(error)
[ee]
T

210 ,

11 | | | | | |
-8.5 -8 -7.5 -7 -6.5 -6 -5.5 -5

log2(A t)

Figure 1. The experimentally determined orders of convergence with v = 0.6 and &« = 1.1 in Table 1.
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log2(error)
4

-10
-8

A plot of the error at T=0.1 against log2 (A t)
T T T T

reference line

5 -8

-7.5

-7

-6.5
l0g2(A t)

Figure 2. The experimentally determined orders of convergence with v = 0.6 and & = 1.1 in Table 2.

Table 1. Time convergence orders in Example 1 at T = 1 with trace class noise 7y;; = m2m=12,...
[ 0% T=1/4 T=1/8 1/16 1/32 Order CPU Time
1.1 0.0 1.91 x 1072 1.07 x 1073 6.76 x 1073 3.75 x 1073 40.1
0.82 0.67 0.85 0.78 (0.60) 40.1
1.1 0.4 1.15 x 1072 5.25 x 1073 333 x 1073 1.63 x 1073 40.1
1.13 0.565 1.03 0.94 (1.00) 40.2
1.1 0.6 1.01 x 102 454 x 1073 243 x 1073 1.16 x 1073 40.1
1.15 0.90 1.05 1.03 (1.00) 40.5
1.1 0.8 854 x 1073 3.96 x 1073 193 x 103 9.07 x 1074 40.1
1.10 1.03 1.09 1.07 (1.00) 40.3
1.6 0.0 1.38 x 1072 6.34 x 1073 3.50 x 1073 1.68 x 103 40.5
1.12 0.85 1.05 1.01 (1.00) 40.4
1.6 0.4 7.76 x 1073 3.70 x 1073 1.82 x 103 8.07 x 1074 40.2
1.06 1.02 1.17 1.08 (1.00) 40.4
1.6 0.6 6.73 x 1073 333 x 1073 1.61 x 1073 6.96 x 1074 40.3
1.01 1.04 1.21 1.09 (1.00) 40.3
1.6 0.8 6.33 x 1073 319 x 1073 1.54 x 1073 6.61 x 1074 40.1
0.98 1.05 1.22 1.08 (1.00) 40.3
Table 2. Time convergence orders in Example 1 at T = 1 with white noise v, =1,m =1,2,...
o 0% T=1/4 T=1/8 1/16 1/32 Order
1.1 0.0 6.58 x 1072 4.86 x 1072 3.61 x 1072 237 x 1072
0.43 0.43 0.60 0.49
1.1 0.4 1.32 x 1072 7.00 x 1073 445 x 1073 2.29 x 1073
0.92 0.65 0.95 0.84
1.1 0.6 1.06 x 1072 501 x 1073 2.75 x 1073 1.34 x 1073
1.08 0.86 1.03 0.99
1.1 0.8 8.75 x 1073 410 x 1073 2.03 x 1073 959 x 104
1.09 1.01 1.08 1.06
1.6 0.0 2.69 x 1072 1.64 x 1072 1.02 x 1072 558 x 1073
0.70 0.68 0.87 0.75
1.6 0.4 9.71 x 1073 5.07 x 1073 2.68 x 1073 1.26 x 1073
0.93 0.91 1.08 0.98
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Table 2. Cont.

o 0% T=1/4 T=1/8 1/16 1/32 Order
1.6 0.6 7.40 x 1073 3.75 x 1073 1.87 x 1073 824 x 1074

0.97 1.00 1.18 1.05
1.6 0.8 6.54 x 1073 330 x 1073 1.60 x 1073 6.88 x 1074

0.98 1.04 1.22 1.08

Example 2. Consider the following stochastic time fractional PDE, with « € (1,2),

gD?‘u(t,x)—% = f(u(t,x))+g(t,x), 0<t<T,0<x<1, (97)
(0, %) = u(x), %ﬂx) — (v, (98)
u(t,0) = u(t,1) =0, 99)

where f(u) = sin(u) and the initial values ug(x) = x>(1 — x)?,u1(x) = 2x(1 — x)(1 — 2x) and
g(t, x) is defined by (78).

We use the same notations as in Example 1. In Table 3, we consider the case of trace class
noise, where v, = m=2 form = 1,2,.... We observe that the experimentally determined time
convergence orders are consistent with our theoretical convergence orders, as indicated in the
numbers in the brackets.

In Table 4, we consider the case of white noise, where y,, = 1 form =1,2,.... We observe
that the experimentally determined time convergence orders are slightly lower than the orders in the
trace class noise case, as expected.

In Figure 3, we plot the experimentally determined orders of convergence with v = 0.6
and o« = 1.6 for the trace class noise as shown in Table 3. The expected convergence order is
O(rmin{la+7=1/2}) — O(1). The reference line in the figure represents the order O(t), which is
consistent with our observations.

In Figure 4, we plot the experimentally determined orders of convergence with v = 0.6 and
« = 1.6 as shown in Table 4 for the white noise. We observe that the convergence order is almost
O(7) in the figure, where the reference line represents the order O(T).

. A plot of the error at T=0.1 against log2 (A t)
-9. T T T T

-6 -

6.5
as reference line
7.5

-8+

log2(error)

-85

-9

951 T

210 - 4

105 * | | | | | |
-8.5 -8 -7.5 -7 -6.5 -6 -5.5 -5

l0g2(A t)

Figure 3. The experimentally determined orders of convergence with v = 0.6 and & = 1.6 in Table 3.
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A plot of the error at T=0.1 against log2 (A t)
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Figure 4. The experimentally determined orders of convergence with v = 0.6 and & = 1.6 in Table 4.
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Table 3. Time convergence orders in Example 2 at T = 1 with trace class noise y;; = m~%,m =1,2,...

o 0% T=1/4 T=1/8 1/16 1/32 Order
1.1 0.0 1.48 x 1072 8.28 x 1073 496 x 1073 2.77 x 1073

0.84 0.73 0.84 0.80 (0.60)
1.1 0.4 846 x 1073 3.86 x 1073 2.68 x 1073 1.34 x 1073

1.13 0.52 0.99 0.88 (1.00)
1.1 0.6 6.57 x 1073 2.69 x 1073 1.61 x 1073 8.16 x 1074

1.28 0.74 0.98 1.00 (1.00)
1.1 0.8 457 x 1073 1.85 x 1073 991 x 1073 5.00 x 1073

1.30 0.90 0.98 1.06 (1.00)
1.6 0.0 1.32 x 1072 577 x 1073 3.18 x 1073 154 x 1073

1.19 0.85 1.04 1.03 (1.00)
1.6 0.4 7.73 x 1073 3.62 x 1073 1.75 x 1073 7.90 x 1074

1.09 1.04 1.15 1.09 (1.00)
1.6 0.6 6.64 x 1073 324 x 1073 155 x 1073 6.77 x 1074

1.03 1.06 1.19 1.09 (1.00)
1.6 0.8 6.17 x 1073 3.07 x 1073 1.46 x 1073 6.34 x 1074

1.00 1.06 1.20 1.09 (1.00)

Table 4. Time convergence orders in Example 2 at T = 1 with white noise v, =1,m =1,2,...

% 0% T=1/4 T=1/8 1/16 1/32 Order
1.1 0.0 6.57 x 1072 4.86 x 1072 3.60 x 1072 2.36 x 1072

0.43 0.43 0.60 0.49
1.1 0.4 1.08 x 102 6.14 x 1073 4.06 x 1073 2.14 x 1073

0.81 0.59 0.92 0.77
1.1 0.6 7.38 x 1073 348 x 1073 211 x 1073 1.07 x 1073

1.08 0.72 0.97 0.92
1.1 0.8 497 x 1073 2.16 x 1073 1.18 x 103 5.95 x 104

1.19 0.87 0.99 1.02
1.6 0.0 2.70 x 1072 1.64 x 1072 1.02 x 1072 558 x 1073

0.71 0.68 0.87 0.75
1.6 0.4 9.84 x 1073 510 x 1073 2.68 x 1073 1.27 x 1073

0.94 0.92 1.07 0.98
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Table 4. Cont.
o 0% T=1/4 T=1/8 1/16 1/32 Order
1.6 0.6 7.40 x 1073 3.72 x 1073 1.83 x 1073 8.17 x 1074
0.99 1.02 1.16 1.05
1.6 0.8 6.42 x 1073 321 x 1073 1.54 x 1073 6.66 x 1074
0.99 1.05 1.20 1.08
Example 3. Consider the following stochastic time fractional PDE, with « € (1,2),
2u(t, x
6 Dfu(t, x) — % = f(u(t,x))+g(t,x), 0<t<T,0<x<l, (100)
ou(0, x
u(0,x) = up(x), % =up(x), (101)
u(t,0) =u(t,1) =0, (102)

where f(u) = —u® + u and the initial values ug(x) = x>(1 — x)?,u1(x) = 2x(1 — x)(1 — 2x)
and g(t, x) are defined by (78).

We use the same notations as in Example 1. In Table 5, we consider the trace class noise,
ie, ym=m"2m=1,2,...,and observe that the experimentally determined time convergence
orders are consistent with our theoretical convergence orders. The numbers in the brackets denote
the theoretical convergence orders.

In Table 6, we consider the white noise, i.e., v, = 1,m = 1,2,..., and observe that the
experimentally determined time convergence orders are slightly less than the orders in the trace class
noise case, as expected.

In Figure 5, we plot the experimentally determined orders of convergence with y = 0.6 and x = 1.6
in Table 5 for the trace class noise. The expected convergence order is O(tT™n{1a+7-1/2}y — O(1).
We indeed observe this in the figure where the reference line is for the order O(T).

In Figure 6, we plot the experimentally determined orders of convergence with v = 0.6 and
a = 1.6 in Table 6 for the white noise. We observe that the convergence order is almost O(T) in the
figure where the reference line is for the order O(T).

55 A plot of the error at T=0.1 against log2 (A t)
-J. T T T T
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Figure 5. The experimentally determined orders of convergence with v = 0.6 and & = 1.6 in Table 5.
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A plot of the error at T=0.1 against log2 (A t)
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Figure 6. The experimentally determined orders of convergence with v = 0.6 and & = 1.6 in Table 6.
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Table 5. Time convergence orders in Example 3 at T = 1 with trace class noise vy, = m=%,m =1,2,...

o 0% T=1/4 T=1/8 1/16 1/32 Order
1.1 0.0 1.91 x 1072 1.07 x 1072 6.75 x 1073 3.74 x 1073

0.82 0.67 0.84 0.78 (0.60)
1.1 0.4 1.15 x 1072 524 x 1073 332 x 1073 1.62 x 1073

1.13 0.65 1.03 0.94 (1.00)
1.1 0.6 1.01 x 1072 453 x 1073 242 x 1073 1.16 x 1073

1.15 0.90 1.05 1.03 (1.00)
1.1 0.8 850 x 1073 394 x 1073 1.93 x 1073 9.04 x 104

1.10 1.03 1.09 1.07 (1.00)
1.6 0.0 1.38 x 102 6.34 x 1073 3.50 x 1073 1.68 x 1073

1.12 0.85 1.05 1.01 (1.00)
1.6 0.4 7.77 x 1073 3.70 x 1073 1.82 x 1073 8.08 x 1074

1.06 1.02 1.17 1.08 (1.00)
1.6 0.6 6.74 x 1073 333 x 1073 1.61 x 1073 6.98 x 1074

1.01 1.04 1.21 1.09 (1.00)
1.6 0.8 6.35 x 1073 3.20 x 1073 1.54 x 1073 6.62 x 1074

0.98 1.05 1.22 1.08 (1.00)

Table 6. Time convergence orders in Example 3 at T = 1 with white noise v, =1,m =1,2,...

o 0% T=1/4 T=1/8 1/16 1/32 Order
1.1 0.0 6.58 x 102 4.86 x 1072 3.61 x 1072 2.37 x 1072

0.43 0.43 0.60 0.49
1.1 0.4 1.32 x 1072 6.99 x 1073 445 x 1073 229 x 1073

0.92 0.65 0.95 0.84
1.1 0.6 1.06 x 1072 5.00 x 1073 2.75 x 1073 134 x 103

1.08 0.86 1.03 0.99
1.1 0.8 8.71 x 1073 408 x 1073 202 x 1073 5.56 x 1074

1.09 1.01 1.08 1.06
1.6 0.0 269 x 1072 1.64 x 102 1.02 x 1072 557 x 1073

0.70 0.68 0.87 0.75
1.6 0.4 9.71 x 1073 5.07 x 1073 2.68 x 1073 1.26 x 1073

0.93 0.91 1.08 0.98
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Table 6. Cont.
o 0% T=1/4 T=1/8 1/16 1/32 Order
1.6 0.6 741 x 1073 3.75 x 1073 1.87 x 1073 825 x 1074
0.97 1.00 1.18 1.05
1.6 0.8 6.55 x 1073 331 x 1073 1.60 x 1073 6.90 x 1074
0.98 1.04 1.22 1.08

7. Conclusions

In this paper, we explore a numerical approach to approximate the stochastic semilin-
ear space-time fractional wave equation. We establish the existence of a unique solution for
this equation by using the Banach fixed point theorem, assuming that the nonlinear func-
tion satisfies the global Lipschitz condition. To obtain the stochastic regularized problem,
we approximate the noise using a piecewise constant function in time. The finite element
method is then employed to approximate the stochastic regularized problem. Furthermore,
we propose a natural extension of this work, which involves considering more general
nonlinear functions, such as the Allen-Cahn equation, as well as exploring different types
of noise, including fractional noise with a Hurst parameter H € (0,1). Additionally, it
might be very interesting to investigate more advanced fractal-fractional derivatives [30]
in our stochastic space-time fractional wave equation.
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Appendix A
In this Appendix, we include some MATLAB codes used in Section 6.

Appendix A.1. Calculate the kth Element of (f (u(tn)), @) in F" in (90)

% find (fu, phi)
function y=fu_phi(x,n,tau,alpha,v,Ph_u0,Ph_ul)

tn=n*xtau;
h=x(2) -x(1);
UO=v+Ph_uO+tn*Ph_ul;
U_1=[0;U0(1:end-1)]1;
U1=[U0(2:end) ;0] ;
% £(u)= sin(u)
FO=sin(U0); F_1=sin(U_1); F1=sin(U1);
y=h/4* (F_1+2%F0+F1) ;
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Appendix A.2. Generate the Fractional Brownian Motions B (to), Bi(t1), ... BE(tn),
m=1,2,...,M — 1 with the Hurst Number H € [1/2,1]

w=[1;

for j=1:M-1
[(Wj,t]=fbmld(H,Nref,T);
w=[W Wil;

end

W(1,:)=zeros(1, M-1);

Appendix A.3. Caculating g" (1) in (91)

% find (g, phi)
function y=g_phi(x,n,tau,ga,kappa,W)
y=0;
M=length(x)+1;
%Find w_ga=[w_{0}~{-ga} w_{1}~{-ga} w_{n-1}~{-gal}]
w_ga=[];
for nn=0:n-1
w_ga=[w_ga w_gru(nn,-ga)l;

end

for k=1:M-1
A=dWdt_k(x,n,tau,kappa,W,k);
yl=tau~(ga)*w_ga*A;
y=Ly;y1l;

end

% Find dwdt_k
function y= dWdt_k(x,n,tau,kappa,W,k)

y=zeros(n,1);

M=length(x)+1;

for m=1:M-1
beta=2; % white noise beta=0, trace class beta=2
ga_m=m" (-beta) ;
kil=n:-1:1; Ytn=n*tau=(n*kappa)*dtref
dW_k1=W(k1l*kappa+1,m)-W((kl-1)*kappa+l,m); %dW_k is a vector
h=x(2)-x(1);
x1=((k-1)*h+k*h)/2; x2= (k¥h+(k+1)*h)/2;
e_phi=h/2*(sqrt(2)*sin(pi*m*x1)+sqrt (2) *sin(pi*m*x2));
y=y+ga_m~ (1/2) *e_phi*(dW_k1/tau);

end
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