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Abstract: In this paper, a new adaptive critic design is proposed to approximate the online Nash
equilibrium solution for the robust trajectory tracking control of non-zero-sum (NZS) games for
continuous-time uncertain nonlinear systems. First, the augmented system was constructed by
combining the tracking error and the reference trajectory. By modifying the cost function, the
robust tracking control problem was transformed into an optimal tracking control problem. Based
on adaptive dynamic programming (ADP), a single critic neural network (NN) was applied for
each player to solve the coupled Hamilton-Jacobi-Bellman (HJB) equations approximately, and the
obtained control laws were regarded as the feedback Nash equilibrium. Two additional terms were
introduced in the weight update law of each critic NN, which strengthened the weight update process
and eliminated the strict requirements for the initial stability control policy. More importantly, in
theory, through the Lyapunov theory, the stability of the closed-loop system was guaranteed, and the
robust tracking performance was analyzed. Finally, the effectiveness of the proposed scheme was
verified by two examples.

Keywords: adaptive dynamic programming (ADP); non-zero-sum (NZS) games; robust trajectory
tracking; Hamilton-Jacobi—Bellman (HJB) equation; uncertain nonlinear systems
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1. Introduction

Control theory has been gradually developed to meet the needs of engineering. In
practical engineering, environmental uncertainties, such as noise, temperature, etc., greatly
affect the stability of a system, so it is very important to find a control method to solve this
problem. In recent years, some methods to deal with disturbance or uncertainty have been
proposed, such as sliding mode control, type-2 fuzzy control [1,2], internal model control,
and so on. However, in a sense, robust control can be also applied to solve the control prob-
lems of uncertain dynamic systems [3,4]. Based on the development of adaptive dynamic
programming (ADP) and control algorithms, some methods have been effective in solving
robust control problems, including guaranteed cost control [5], the system transformation
method [6-8], control schemes for robust stabilization using integral reinforcement learning
(IRL) methods [9,10]. These methods mainly embody the ideas of reinforcement learning
and adaptive dynamic programming. When studying the optimal control problem using
adaptive dynamic programming [11-13], the key is to solve the Hamilton—Jacobi-Bellman
(HJB) equation; however, due to the curse of dimensionality, it is almost impossible to
solve directly. Combining neural network (NN) approximation methods and ADP ideas,
the adaptive critic design has been widely used in robust control [14,15]. Considering the
adaptive critic design, the approximate solution of the HJB equation can be attained to cope
with robust control problems [5,9,15]. For a system with uncertainties, the upper bound
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function of uncertainties is usually given, and then the cost function is modified so that the
robust control problem can be transformed into the optimal control problem of a nominal
system [15]. It has inspired our processing method for uncertain disturbance. From the
above results, it can be seen that the basic regulation problem has been solved.

As the complexity of a system increases, a large class of systems often has multiple
controllers, such as immune systems [16] and interconnected systems [17]. Game theory
considers individual predictive behavior and practical behavior in a game, and studies
optimization strategies, and multi-controller system issues can be well addressed by it [18].
As an important theory in game theory, non-zero-sum (NZS) game theory was first pro-
posed in [19] and it aims to find a set of feedback control strategies to achieve the so-called
Nash equilibrium while satisfying the defined performance indicators and guaranteeing
the system’s stability. In this process, the most important aspect is to solve the coupled HJB
equations. Since the coupled HJB equations are difficult to solve directly, many advanced
algorithms have been developed. In general, iteration-based algorithms can be used to
approximate the solution of HJB equations. A policy-based iteration algorithm was used
to solve the system of NZS game problems in [20,21]. Considering that it is difficult to
know the specific dynamics of complex systems, in [22], based on the iteration algorithm,
the Nash equilibrium was obtained approximately by the data-based IRL, which does not
need known system dynamics. As policy iteration requires an initial stable control policy,
an off-policy IRL method was given to solve the coupled HJB equations in [23]. Recently,
the ADP method has become an effective tool in solving the coupled HJB equations. To
solve the NZS game of unknown nonlinear systems, using a generalized fuzzy hyper-
bolic model, an approximately optimal control scheme based on the ADP method was
presented in [24]. Combined with the ADP method and the NN structure, the adaptive
critic design was also applied to the NZS game. Based on the structure of an actor?critic
NN, an adaptive algorithm was proposed for NZS games in the nonlinear system in [25].
In [26], using experience replay techniques, based on the framework of a single critic NN,
the NZS game of the unknown dynamical systems was studied. The method proposed
above can effectively solve the NZS game. However, there are few studies on NZS games
with uncertain disturbances. Therefore, based on adaptive critic design, the NZS game of
nonlinear systems with uncertain perturbations was studied in this work.

Initially, our research for the system was limited to allowing the state of the system
to converge to the origin; however, many system controller designs also require the con-
trolled object to track a reference trajectory, especially in noisy and uncertain environments.
Usually, this is a very common control problem. Trajectory tracking control problems have
been solved by some algorithms in [27-34]. The iterative algorithm can still be effectively
applied to trajectory tracking control. In [27], to overcome some shortcomings of the tra-
ditional controller, an adaptive iterative algorithm was proposed for the robot trajectory
tracking problem. Considering disturbance, an iterative algorithm based on Q-learning
was presented to solve the Hoo tracking problem of discrete-time systems in [28], which
didn’t require system dynamics. In [29], the tracking problem was transformed into the
tracking error adjustment problem through system transformation, which was solved by
the iterative ADP algorithm. Then, some non-iterative algorithms for tracking problems
were proposed in [30-34]. In [30], the optimal tracking control was studied using online ap-
proximators, but this method involved the reversibility of the control matrix. To overcome
the requirement of invertibility of the control matrix, some new methods were proposed.
In [31], based on system transformation, a self-learning optimal control method was used
to solve the robust trajectory tracking design of uncertain nonlinear systems. Considering
the need for multiple outputs in some systems, the robust tracking control of discrete-time
systems with multiple inputs and multiple outputs was studied utilizing the adaptive
critic design in [32]. By modifying the cost function and introducing a discount factor, the
guaranteed cost tracking problem was transformed into an optimal tracking problem, and
by developing a new critic NN the optimal tracking control problem could be addressed
without policy iteration in [33]. As with some systems with unmatched perturbation, the
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NN-based ADP algorithm was used to obtain the approximately optimal tracking control
law of uncertain nonlinear systems with a predefined cost function in [34]. In this paper,
based on the critic NN structure and the ADP method, an augmented system was used to
solve the tracking control problem for NZS games with perturbation.

The main contributions of this paper are as follows:

(1)  An augmented system was constructed by combining the tracking error and the
reference trajectory. The robust tracking control problem was transformed into an
optimal tracking control problem of the nominal augmented system by modifying
the cost functions. This method no longer strictly required the control matrix to be
reversible. Moreover, in most cases, robust tracking control is applied to some special
systems, but here we considered a general system similar to a spring-mass-damper
system [31].

(2) For the NZS game between two players with uncertainties, a newly improved adaptive
critic design was proposed to solve the revised coupled HJB equations. Two additional
terms were introduced in the critic NN weight design, one was used to ensure that
the system could always be in a stable state without the need for the initial stability
control policy, and the other was used to analyze the stability of the system.

(8) Compared with the actor—critic NN, each player only used one critic NN to approxi-
mate their value function and control policy, which could greatly reduce the amount
of calculation. By the Lyapunov theory, the stability of the closed-loop system was
proved, and the trajectory tracking performance was analyzed. What is more, the
adaptive critic design could be carried out online.

The rest of this paper is arranged as follows. In the second section, the description
of the two-player NZS game with uncertain terms and the construction method of the
augmented matrix structure are given. Then in the third section, a single critic NN structure
is used to approximate the value function for each player, and the approximate feedback
Nash equilibrium is then solved. Moreover, the system stability analysis and the tracking
performance analysis are given. Finally, the effectiveness of the proposed scheme is verified
by two examples.

2. Problem Statement

A class of continuous-time uncertain nonlinear dynamical systems for two-player NZS
games is given by

2(t) = f(x(8)) + g(x(8))u(t) +k(x(t))o(t) + Af (x(t)), 1)

where x € R” is the system state, u € R™ is the first control input, v € R7 is the second
control input. The known functions f(-), g(-) and k(-) are Lipschitz continuous on a
compact set 3 C R" with f(0)=0. Af(x(t)) = M(x)d(x) is the unknown perturbation
satisfying Af(0) = 0. Here, M(-) € R"*" is a known function, and d(-) € R is an uncertain
function with d(0) = 0. One chooses the initial state as x(0) = x(. Let the uncertain term
Af(x(t)) be bounded by a known function Af(x), i.e., [[Af(x)[| < Af(x) with A£(0) = 0.
Here, we introduce a system reference trajectory command generator to implement
the trajectory tracking, that is
$(t) = p(s(t), %)

where s(t) € R" denotes the bounded reference trajectory. Let the initial trajectory be
s(0) = sp and ¢(s(t)) is a Lipschitz continuous function with ¢(0) = 0. The tracking error

is defined as
er(t) = x(t) —s(t). ®3)

Then, the initial error vector is e,(0) = e,g = xg — So. According to (1)-(3), the tracking
error dynamics can be obtained as

ér(t) = f(x(£)) — @(s(t)) + g (x(£))u(t) + k(x(£))o(t) + Af (x(t)). 4)
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Due to x(t) = e,(t) +s(t), system (4) is written as

ér(t) = fler(t) + () — @(s(t)) +gler(£) +s(8))ult) + k(e (t) +s(t))o(t)

T Af(er() + s(0). ©

To introduce the augmented system, we define an augmented state vector {(t) =
[ef (t),sT(t)]T € R?", and we can choose its initial condition as £(0) = o = [¢, (0),sT(0)]T
€ R?". Combining (2) and (5), the augmented system dynamics is simplified to

C(t) = F (1) + G((1)ult) + K(Z(t)o(t) + AF (1), (6)

where F(-), G(+) and K(-) are new system matrices. What is more, AF ({) represents the
augmented system uncertainty, and they are written in the following specific form:

P = [0 060 -
g(z(e) = S 0], ®)
Kz = KGO, o)

S ] (10)

It's easy to conclude that AF({) is upper bounded, and the details are as follows:

IAF @Il = l1af(er + )l = |Af(x)] < Ap(er +5) = Af(D). (11)

In order to better analyze the NZS game with the uncertain perturbation, we decom-
pose the uncertain term AF({) into

AF (L) = AF1(G) + AF2(8) = M1(§)d1(0) + Ma(Z)da(E), (12)

where M;(-) € R"™" and M;,(-) € R"™" are known functions in the uncertain term.
di(-) € R" and dy(-) € R" are the uncertain functions satisfying d1(0) = d,(0) = 0.
Similarly, two known functions A¢1({) and A s () are the upper bounds of AF;({) and
Afz(g) with )\fl(o) = )sz(O) =0.

Assumption 1. The control function matrixes g(x) and k(x) are bounded as ||g(x)|| < Ag and
llk(x)|| < Ax [31], where Ag and Ay are positive constants, and hence

IGQOII = ligler +s)Il = Ig(x)[| < Ag, (13)
DI = [lk(er + )| = lk(x)] < A (14)

By constructing the augmented dynamics (6), the feedback control laws u({) and v({)
are found to make the state of system move along the reference trajectory. At the same
time, the closed-loop system is asymptotically stable under the influence of the uncertain
term. Next, we can give the appropriate cost functions to transform the robust control the
problem into the optimal control problem for its nominal system.

For the augmented system (6), we focus on the nominal system part

(8 = F(2(1) + G((®)u(t) + K(Z(t))o(t). (15)



Mathematics 2022, 10, 1904 5o0f 23

The two-player cost functions are

Ti(Qo, 1, 0) = / (T1(Z(1) + Uy (T(8), u(b), o)) }dt, (16)

To(Go,,0) = [ {T2(6() + Un(E(8), u(e), o(e)) Y, (17)

where U; ({, u,v) and U (, u, v) are the the basic parts of utility functions with U; (0,0,0) =
U(0,0,0) =0, Uy({,u,v) > 0and Up(¢, u,v) > 0 for all {, u and v. Utility functions are
chosen as U (Z,u,v) = ' Q10 + u' Ryyu +v"Rypv and Uy(Z,u,v) = ' Qal + u' Ryyu +
0T Ry, where Q1 = diag{Q1,0pxn}, Qo = diag{Q2,0nxn}, Q1, Q2, R11, R1z, Roy and Ryp
are positive definite matrices. T'1({) and I';({) are related to the dynamical uncertainty
withT'1({) > 0and I';({) > 0. What is more, the feedback controllers required to solve
the optimal control problem are admissible. Then, the definition of admissible policies is
described below.

Definition 1. (Admissible policies) Control functions u({) and v({) are said to be admissible with
respect to (16) and (17) on Q0 C R™ [26], if u(C) and v() are continuous on Q, u(0) = v(0) =0,
u(¢) and v({) stabilize system (15) on Q), moreover, the cost functions (16) and (17) are finite
Yo € Q.

Given admissible feedback policies u({) € A(Q)) and v({) € A(Q), one can define
value functions that correspond to the cost functions as

V@) = [ ATI(E0) + Uy @), u(n), o) e, (18)

Va(e(1) = [ {TE(0) + Ua((x), u(o), () M, (19)
where one can define T'; () and T5(¢) as

L0) = V(@) + (V@) MO M] () TV(D), 20)

T2(0) = A%2(0) + : 1(VV2(0) "M2(0) M (£) V V(D). (21)

In this paper, a 2-tuple of policies {u, v} is found to minimize (18) and (19), thus, the
optimal value functions V;* and V; are defined as

Vi) = min D) + (@), u(x), o) Jar, )
Vi) = min [TIT(E(0) + Ua(e(), u(r),ofe) Jar @)

In addition, there exists a Nash equilibrium in the NZS game between two players.
Next, we give the Nash equilibrium definition.

Definition 2. (Nash equilibrium policies) A 2-tuple of policies {u*, v*} with u, v € A(Q) is
said to constitute a Nash equilibrium solution for the two-player game [35], if the following two
inequalities are satisfied for all u,v € A(Q):

Ji(u*,0") < Ji(u,0%), (24)

Ty (u*,v") < Ja(u*,0). (25)



Mathematics 2022, 10, 1904 6 of 23

Under the admissible feedback policies, if the value functions (18) and (19) are contin-
uously differentiable, their differential equivalents are given by

0 =T1(Z) + Ui (Z,u,0) + (VVI) TI(F(E) + G(Du(E) + K(©)(0)], (26)

0 =T5(Z) + Ua(G, u,0) + (VV2) T [F(Q) + G(O)u(@) + K(§)o(2)], (27)
with V;(0) = 0and VV; = 9V;/9Z,i = 1, 2. Define the Hamiltonian functions

Hy (él u(@)/v(g)/ vvl) =I (g) + ul(@/u(g)’v(g))
+ (VW) TI(FQ) +G(Q)u(g) + K(©)o(Q)],

Hy(Z,u(Z),0(2), VV2) =I2(0) + Ua(g, u(Z),v(2))
+ (V) TI(F(©) +G(0)u(@) + K()v(0)].

According to the stationarity conditions [36], two players’ optimal feedback control
policies are given by

(28)

(29)

oH 1

T~ 0= = RGOV (30)
oH R P ]
872 =0=0" = —iRzzllCT(C)VVZ. (31)

Combining (26), (27), (30) and (31), one obtains the coupled HJB equations

0 :rl(o +T QL+ (VVI)TF(E) - %(vvl )TG(ORG G (O)(VVY)
3) +

(VYD) TK(QRZ KT (2)(VV: (VV1*)TQ(C)RI1TR11R1_119T(C)VVf‘ (32)

Hk\b—‘l\)\

(VV3)TK(Q)Ry RixRG KT (Q)V VS,

0=T2(0) +¢'Qal + (VV5) T F(Q) - %(VVJ)TQ(C)REQT(Z)(VV1*)

~ SVVTKQRZKT @) + 4 (V) TGOR RuRGT Q) VY (39
+ 1 (V) TRy RoRG KT () VY3,

where V;(0) = 0 and V;*(0) = 0. To simplify the operation, eight non-negative matrices
Ai(2),B (g) i(¢) and D;(),i = 1,2 are given by

A1(Q) = Mi()M] (), (34a)

Ax() = (é)MzT @), (34b)

B1({) = G(DR{'GT (), (340)

B2(¢) = K(Q) 2;iCT< ), (34d)

C1(0) = K(§)Ry,  R12R%' KT (D), (34e)

C2(4) = G(Q)Ryy RuR'GT (D), (34f)

Di() = K(O)RZ' KT (D), (34g)

D2(¢) = G(OR'GT (D). (34h)

We all know that it is difficult to directly solve the coupled H]B equations, so, next, we
approximate their solutions using the NN-based adaptive critic design.
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3. Robust Trajectory Tracking Design for Non-Zero-Sum Games

This section mainly includes two parts. First, the solution of coupled HJB equations
is approximated by the adaptive critic design based on a single NN structure, so that the
so-called Nash equilibrium is found. Secondly, the stability of the system is proved and the
tracking performance is analyzed via the Lyapunov theory.

3.1. Neural Network Implementation

In order to realize the neural network approximation, we first introduce the Weierstrass
high-order approximation theorem [37,38].

Assumption 2. The solutions to (26) and (27) are smooth.
According to Assumption 2, there exist complete independent basis sets {@;({)} and

{11;(C)} such that the solutions to (26) and (27) and their gradients are uniformly approxi-
mated, that is, there exist coefficients ¢; and z; such that

=) K IS
Vi(Q) =) ci@i() = ) c@i(D)+ Y, ciai(]), (35)
i—1 i-1 i—K+1
[=S) K )
() =Y zipi(Q) = Y zami(Q) + Y zipi(Q). (36)
i=1 i=1 i=K+1
Then we have -
Vi) =Clog(@)+ Y c@i(Q), (37)
i=K+1
a(Q) = Z{ () + Y zimi(Q), (38)
i=K+1

where ¢1(7) = [@1(3), @2(7) - .- @k (D], ¢2(2) = [1(8), #2(Q) - .- ux(§)]T, and the last

terms in these equations converge uniformly to zero as K — co. Next, we give the specific
content of the value function approximation.
For the augmented dynamics (15), the value functions are re-expressed as

Vi(2) = W ¢1(2) + €1, (39)

Va(2) = W3 $2(2) + €2, (40)

where Wy, W, € RK are ideal weights, ¢1(Z), ¢2(Z) € RX are defined as activation function
vectors, K is the number of hidden neurons, and €; and ¢ are the critic NN approximation
errors. When K — oo, £1 and ¢, converge to zero; however, when K is a fixed constant they
are bounded.

Assumption 3. In order to ensure the boundedness, we make the following assumptions, as in [26].

(1) The critic NN activation functions and their gradients are bounded such as ||¢;|| < Ay, and
Vil < Aag,, i = 1,2. Ay, and Ay are positive constants.

(2)  The critic NN approximation errors and their gradients are bounded by positive constants
such that |le1|| < Ag; and ||Ve;|| < Age,, i = 1,2. Ae; and Age, are positive constants.

(3)  The critic NN weights are upper bounded such that |W;|| < W;,i = 1,2. W; are positive
constants.

The derivatives of (39) and (40) along with { are

VVi(2) = Vo] (D)W + Ve, (41)
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VVa(2) = V3 (5)W + Ve, (42)

where V¢; = 9¢;/9C, Ve; = 0¢;/9C,i = 1,2. Noticing (30), (31), (41) and (42), the optimal
control laws are written as

W' = RGT(O) VT (@)W + Ve, 3)
0 = Ry KT(0)[Vg] (§)Wa + Ves]. (a4)

Then the associated Bellman equations can be derived as
T1(Q) + W (G 1,0) + W V1 (Q)IF (§) + G(Qu() + K@) =&, (45)

T2() + Uz (G, u,0) + W3 V2 (8)[F(2) +G(5)u(@) + K(5)o(0)] = eny, (46)

where ¢, = —(Ve;)T(F + Gu + Kv),i = 1,2 are the Bellman equation errors. When the

number of the critic NN hidden neurons K — oo, they converge to zero [36]. However,

when K is a fixed constant they are bounded by constants such as ||ey, || < Ae, ,i =1,2.
Based on (32), (33), (43) and (44), one obtains l

H =0T Qi + V() + W V(@) F(E) + W] Vr(Q) A V9T (@)W
- VR OBV O + W VROGQOVI W @)

— WV 0D Q) VT OWa = ex,

Ho ={TQaf + 32(0) + WI V9a(Q) F (&) + 3 WT Va(0) Ax(0) V] (0)Wo

— MTVROBQVIOW + W VR OGOV @W  68)

— W Vp(ODQ) VT OWr = er,

ey, and ey, are the coupled H]B equations approximation errors shown in [36]. Without
loss of generality, as the number of the critic NN hidden neurons K — oo, they converge to
zero. However, when K is a fixed constant they are bounded by positive constants such
that ||€H]1.|| < )\gH]i,i =1,2.

Since the ideal weights W; and W, are unknown, they are estimated as Wy and Wy,
then the weight estimation errors are defined as W; = W; — W;,i = 1,2. The estimated
value functions are given by

(@) = Wi (), (49)
Va(2) = Wi ¢2(0). (50)
Meanwhile, the approximate optimal control policies are presented as
* 1, A
0 = —5Ry'GT (O Vel ()W, (51)

0 =~ R KT(©) VoI (O)Wa 62)
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Based on (32), (33), (51) and (52), the approximate Hamilton functions are

A =0T Qi + () + W V(@) F (&) + W] Vr(0) A V9T (@)W

— TV OBV QW + M VRGOVl @ 63)
— SWTV D) VT (@) 2 e,

By ={T Qof + 32(0) + WT V9a(Q) F(G) + 3 WT Va(0)Ax(0) V] (0) o
— IMTV(OBAO VT (OWa + ATV (QC@OVET O G

— SWIVODAQ) VT OW: 2 s

where ¢; and e, are the residual errors. The next tasks are to train neural networks and
design Wi and W5 to minimize the target function E = %elTe1 + %ezTez. Then W; and W,
converge to W; and Wj.

To overcome the difficulty of finding the initial admissible controllers, the following
assumption is given. Furthermore, an additional term is developed to strengthen the
learning process of the critic NN.

Assumption 4. Given the cost functions (16) and (17), for the nominal augmented system (15),
under the optimal control policies of the two players, we define a continuously differentiable Lyapunov
function candidate Js({) satisfying

Js(8) = (VIs(2) T[F(Q) + G(0)u* () + K(§)o* (D)) <0, (55)
where V(L) = 9]Js(0) /L. Suppose there exists a positive definite matrix E({) such that

(VIS(O)TIF(Q) +G(Q)u* Q) + K(D)o*(2)] = —(VIs(E) TEQ)VIs() (56)
holds [5].

Remark 1. We assume that || F () +G(Q)u™ () + K(2)v*(Q)|| < 6|V ]s(Q)|], and 6 is a positive
constant [5]. Hence, we have ||(V]5(2)) T F () + (0w (£) + K(@)o* ()] < 0lIVs(2)[]*. The
minimum and maximum eigenvalues of matrix E({) are Ay, and Ay, then we obtain

Al VISP < (V@) TEQ) V) < AmlIVISE@)]1> (57)

Here, J5({) can be selected as J5() = 0.5 ¢.
Now, based on the normalized gradient descent algorithm, the weights of the critic
NN for each player are tuned with two additional terms, that is

A A A 1., A
Wy =— ﬂ(lﬂiﬁan)z[‘fﬂwl +2A51(0) + Ui (G, ,0) — ;LW1TV¢1(§)A1(€)V¢1T(§)W1}
b o a0y AT T(M\1A (58)
+ 1@, 0) Ve (8)BrE) V(D) + a +01Tl011)2[wl Vi (2)A1(0)Vey ()W

— WY V1 (2)B1(Q) Vi (W1 — W Va(2)C1(Q) Vs (§)Wal,

A [0 A A A 1. A
Wo = —a T s oW + 252(0) + Ua(,9) = g V() 420 VeI (€T

b A A [71%))
+ EH(C/ u, v)V¢2(§)B2(§)V]s(C) + 4 % (1 i 0,;'20,22)

— WS V$2(2)B2 () VI (0)Wa — W V1 () C2(Q) Vi (0)Wi],

W V2 (0) A2(0) V3 (O)Wa (59)
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where a > 0 is the learning rate of the critic NN and the third term, b > 0 is the learning rate
of the second term. o; = V¢ (F(§) + G(0) + K(§)9) + 5 Vi (O Mi(O)MT () V! (0)W;,
i = 1,2. In addition, [;({) is given in Assumption 3. In (58) and (59), the I'1(, 4, 9) is the
additional stabilizing term defined as

g 00— { 10 = (VE@)TIF@ +9@a@) +K@o@)) <0 (o

1, else

Remark 2. The second term introduced guarantees that the system remains stable during the
weight update process. When the system is stable, the value of this item is 0. When the system is
unstable, this item is activated to reinforce system stability by enhancing the training process. On
account of

9js(0) _ an \ js(¢) _ 1
_W = _<8W1> oL Ev‘Pl(é)Bl(g)VIS(g) (61)
and
9js(0) _ Js(0) 1
—T% - - (BWZ) 90 EV‘PZ(@)BZ(@V]S@), (62)

the additional stability term makes the weights update in the opposite direction of s(). If Js({) > 0,
the reinforced training process can reduce it to a negative value. On the other hand, when the probing
noise is needed to satisfy the persistent excitation (PE) condition, the additional stabilizing term
can keep the system in a closed-loop stable state, which leads the system to no longer need initial
stability control. The third terms given in (58) and (59) are for the next stability analysis.

3.2. Stability Analysis

In this section, we give several theorems and then add some assumptions to prove the
stability of the closed-loop nominal augmented system and analyze the tracking performance.

Assumption 5. Assume that the matrices associated with each player’s control input have upper
bounds, i.e.R11 < Riip, Ri2 < Riopm, Ro1 < Roypg and Ryy < Rppp. Eight non-negative matri-
ces A;(0),Bi(2),Ci(Q) and D;({),i = 1,2 are bounded, i.e. A; (L) < Aa;, Bi({) < Ap;, Ci(Q) <
Aci and Di({) < Api,i = 1,2, Aai, Agi, Aci and Ap;,i = 1,2 are positive constants. More-
over, B1({)Ve1(§) < Ay and By($)Vea(d) < Az Ay, A3, Ruum, Riam, Ram and Ryow are
positive constants.

Theorem 1. For the nominal augmented system (15), a pair of feedback control laws {u*,v* } are
derived by (51) and (52), moreover, the weight vectors of the critic NN are trained by (58) and (59),
respectively. Then, we have that the closed-loop system state and the critic NN weights’ estimation
errors are both uniformly ultimately bounded (UUB).

Proof. See the Appendix A. O

According to Thereom 1, it is easy to conclude that the feedback control laws converge.

Corollary 1. The control policies converge to the approximate Nash equilibrium solution of the
NZS game.

Proof of Corollary 1. Based on (43), (44), (51) and (52), we have

Wi = RGGT Q)T (W — SREGT(O) Ve (D), (63)

0 — 0" = 2 RAKT(O) VT (OWa — 3Ry KT (0)Vea(Z). (64
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According to Theorem 1, Assumption 1 and Assumption 3, we conclude that W;,
i = 1,2, the terms R;;'GT()Ve] ()W, Ry KT (2)Ved (0)Wa, Ri'GT(0)Ver(Z) and
R,'KT(Z) x Vey({) are bounded. Furthermore, we have

N 1 __ 1 __
Ju* —a*|| < §R1111v1)‘g)‘d¢1M + ERnlMAg/\dﬁ = A, (65)

1 1.
|o* —8*|| < ERzle/\k)\d@M + ERzle/\k/\dSz 2 M. (66)

where A, and A, are the finite bounds. Therefore, ||u* — #1*|| and ||v* — ¢*|| are UUB. This
completes the proof. [

In addition to the convergence of system states to the origin, the tracking performance
of the system is also an important indicator. Therefore, we put forward Theorem 2 to show
that system (1) can track the reference trajectory (2) well, and the proof is given.

Theorem 2. Given the cost functions (16) and (17), for the nominal augmented system (15), the
approximate optimal control laws obtained by (51) and (52) ensure that the tracking error dynamics
are UUB.

Proof. See the Appendix A. O

Remark 3. In this section, we give an optimal robust tracking control scheme for the NZS game,
which can be extended to the N-player NZS game system in theory.

4. Simulation
4.1. Two-Player Linear Non-Zero-Sum Game

Consider a continuous-time uncertain linear system:

. X 0 0 1]1X2€08X1
= {—3961 - 0.5x2] + [1} u {2] vt Lylesinxz} ¢ ©7)

where x = [x1,x3]T € R? is the state variable, u € R and v € R are the control inputs and
the uncertain parameters 71, 7o € [—1,1]. The last term of system (67) is the uncertain term

that is bounded by A¢({) = \/x% 4 x3, then we have Ar(Q) = \/;% and Ap(() = x2.

Let the initial system state vector be xg = [—1,1]T.
Here, the reference trajectory s(t) is generated by the following system:

. |—0.5s1 —szcos(s1)
0= [ 351':1(51) — 5 1 ]’ (68)

where s = [s1,5;]T € R? is the reference state. One lets the initial reference state vector be
so = [0.5,0.5]T.

Defining the tracking error as e, = x — s so that ¢, = x — ¢, let the augmented state
vector be { = [e],s"]T. Then, we have the augmented system dynamics as follows:

02+ L4 + 0503 + {4c05(3)
(= —3(¢1 4 ¢3) — 0.5(%2 + Ca) — 3sin({3) + Ca
—0.503 — {4c0s(C3)
3sin(L3) — Ga

where { = [01,02,03,0a]"T € R* with {3 = er1, {2 = enp, {3 = 51, {4 = 52, and AF(])
is the uncertain term of the augmented system. Here, we choose M;(Z) = [1,0,0,0]"
and M(Z) = [0,1,0,0]T. Meanwhile, the decomposed the uncertain term are respec-

tively A¢1(f) = /(G2 +0a)? and Ap2(8) = /(1 +{3)% Therefore, the initial state of

+ u+ v+ AF(Q), (69)

0
1
0
0
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the augmented system is o = [—~1.5,0.5,0.5,0.5]T with the initial tracking error vector
erg — X0 — So — [—1.5, 05]

Select Q1 = diag{2I,0px2}, Q2 = diag{l»,02x2}, R11 = Ry1 = 1, Rip = Ry = 0.5,
71 = 1 and 1, = —1. The critic NN activation functions are chosen as ¢ ({) = ¢2(0) =
12,0102, 8183, 0184, 03, 0203, 0204, 03,0304, 03] . Let the learning rates be a = 2 and b = 0.5.
Moreover, one brings in a probing noise to satisfy the persistence excitation (PE) condition.
The state trajectories and reference trajectories are displayed in Figures 1 and 2. After
the learning process, Figures 3 and 4 show that the weights of critic NN1 and NN2 con-
verged to [0.2521,0.0627, —0.0501, 0.0213, —0.0487,0.0373,0.0134, 0.0188,0.0171,0.0273]
and [0.1934, —0.0558,0.0248,0.2574, 0.1487, —0.0026, —0.1406, —0.0039, —0.0134,0.0928] .
Since the value of the initial weights was all set as zero, we could conclude that the system
did not require the initial stable control policies. The control trajectories for each player are
in Figure 5. Figure 6 demonstrates that the tracking errors convergenced to 0, which indi-
cated that system (67) could track the reference trajectory (68) well. To verify the robustness
of the method, one could choose #; = —0.5 and # = 0.5, and then perform the simulation
and verification.The tracking error and control input are depicted in Figures 7 and 8, which
still demonstrated the desired trajectory tracking performance again.

System state and tracking trajectory

O.SH |

0 5 10 15 20 25 30 35 40 45 50
Time (s)
Figure 1. System state x1 and its tracking trajectory when 7y = 1 and 17, = —1.

System state and tracking trajectory

o

fo.sfH .

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 2. System state x; and its tracking trajectory when#; = 1and 17, = —1.
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Parameters of the critic NN1

03 :
0.25 —War |
7WC2
0.2 Wes |1
w
c4
0.15 1
Wcs
0.1 w, |
0.05 e 1
' 7WCB =
0 w7
0.05 Wcm
0.1 ]
0.15 1
02 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 3. Convergence curves of the critic NN1 weights for player 1.

Parameters of the critic NN2

0.3

03 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45

Time (s)

Figure 4. Convergence curves of the critic NN2 weights for player 2.

50

Control input

10 15 20 25 30 35 40 45
Time (s)

Figure 5. Control trajectories for two players when77; = 1and 7, = —1.

50
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Tracking error
: : :

error1

error2

a5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40 45 50
Time (s)
Figure 6. Tracking error trajectories when 1 = 1and 7 = —1.
15 System state and tracking trajectory
%2
52
al ]
il
0.5 1
|
‘
|
|
|
of |
05 1

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 7. System state x; and its tracking trajectory when #; = —0.5and 77, = 0.5.

System state and tracking trajectory

4 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 8. System state x and its tracking trajectory when 77; = —0.5 and 7, = 0.5.
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4.2. Two-Player Nonlinear Non-zero-Sum Game

Consider a continuous-time uncertain nonlinear system:

X2
0 0
X = | xp — 0.5x1 — 0.25x5(cos(2x71) +2)?| + u+ v
cos(2x1) +2 sin(4x3) +2
—0.25x5 (sin(4x1) + 2)? (70)
111X2C08X15iNX)
+
12x15inx3

In this example, the reference signal s(t) is derived by
—s1 + sin(sy)
§ = . (71)
—25i1’l3 (Sl) — 0.552

The critic NN activation functions, 4 and b are the same as in the first example.
Similarly, the augmented system dynamics are as follows:

[ 0o+ Ca+ 3 —sin({a) i

024 s —0.5(C1 + G3) — 0.25(82 + Z4) (cos(2(Z1 + 3)) +2)? — 0.25(Z2 + T4)

§= X (sin(4(g1 + 3)) +2))* + 2sin®(g3) + 0.504
—{3 +sin(Gs)
L —2sin3(f3) — 0.54 1 @2
_ . - _ . -
cos(2(g1+C3)) +2 sin(4(g1 +{3)%) +2
+ u+ v+ AF(Q).
0 0
0 0

Here, we select M; () = [1,0,0,0]T, Mz(Z) = [0,1,0,0]7, A¢1(Z) = /(2 + C4)? and
As2(8) = /(01 +(3)?. Let the initial system state vector be xg = [—0.5, —0.5]T and the
initia reference trajectory vector be sy = [0.5,0.5]T, then the initial state of the augmented
systemis (o = [—1, —1,0.5,0.5]T.

Select Q1 = diag{5I,02x2}, Q2 = diag{2I,02x2}, R11 = Ryt = 2, Rz = Ryp = 1,
71 = —0.2 and 7, = 0.2. The state trajectories and reference trajectories are displayed in
Figures 9 and 10. Figures 11 and 12 show that the weights of critic NN1 and NN2 converge
to [0.4582,0.2514, —0.2907, —0.2567,0.1455, —0.1353, —0.1050, 0.1527,0.1321, O.lllZ]T and
[0.2622,0.0666, —0.0854, —0.0858, 0.0879, —0.0610, —0.0470, 0.0601, 0.0487,0.0406] T, respec-
tively. It could also be seen that initial stability control policies were not required. The
control trajectories for each player are in Figure 13. The tracking errors are displayed in
Figure 14, which indicated that system (70) could track the reference trajectory (71) well.
These experimental results verified the effectiveness of the proposed method in this paper.
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System state and tracking trajectory

0.6

25 30 35 40 45 50
Time (s)

Figure 9. System state x1 and its tracking trajectory when 77; = —0.2 and 7, = 0.2.

08 System state and tracking trajectory

-0.2 ]

04} ]

06 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 10. System state x; and its tracking trajectory when 77y = —0.2 and #, = 0.2.

08 Parameters of the critic NN1

Wc1

We
c3
—W

WcS

c4 |

ch
— Wy
- Wcs
- ch

c10| 7

02F 4

0.4 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 11. Convergence curves of critic NN1 weights for player 1.
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Parameters of the critic NN2

0.3 T T T T
7Wc1 —
7W52 7]
W03 4
7W04
7W05 4
ch
— W,
7W08 i
7W09
0 Wero|
-0.05
01f T 1
-0.15 : 3 3 3 3 3 3 : .

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 12. Convergence curves of critic NN2 weights for player 2.

Control input

0.25 ‘
02 :
|
\
0.15 f ]
|
\
0.1 ]
0.05 ]
ol
-0.05 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40 45 50
Time (s)
Figure 13. Control trajectories for two players when 7, = —0.2 and 7, = 0.2.
Tracking error
0.6 ‘ ‘ ‘

error‘

EI'I'OI'2

12 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 14. Tracking error trajectories when 771 = —0.2 and 77, = 0.2.



Mathematics 2022, 10, 1904

18 of 23

Wy = —

— IWTVGBQ VT W + W VB (O VT Wy — T VG (O VT W

5. Conclusions

In this paper, an ADP-based robust tracking control design was proposed for the
NZS game of nonlinear systems with dynamic uncertainties. Firstly, the tracking error
and reference trajectory were used to construct the augmented system. The coupled HJB
equations were modified by defining appropriate performance indicators. Then, a new
adaptive critic design was proposed to solve the coupled HJB equations. A single-network
structure was used to approximate the value function and control policy for each player. By
a modified critic NN weights’ tuning law, the control policies of the two players converged
to the Nash equilibrium of NZS games. What is more, the proof that the system state,
tracking error and weight estimation error were UUB was given via the Lyapunov theory.
Finally, two simulation results verified the effectiveness of the proposed scheme. We will
consider the input constraints and state constraints for this problem in the future.
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Appendix A
Proof of Theorem 1. We choose the following Lyapunov function candidate:
L= 2 WTw, 4 S WTw, + 9} ) (A1)
T2q U pg 2 R s
where J;({) is presented in Assumption 3. Let 0';1- = —0y, (‘T;i = —0;,mg;; = 1+ Ui;'-—aﬁ, 0i; =

0ji/mgji, i = 1,2, combining (47), (48), (51), (52), (58) and (59), we obtain the weight estima-
tion error dynamics as

T 1 1.
(1] Wr + JWIT Vi AL () VT Wi — S W Ve A1 () VT Wi

(A2)

1. 1.~ 1 N
+ EW2TV¢2C1(§)V¢2TW2 - 5W2TV<P2C1(€)V<P1TW2 + §W1TV<P1D1(€)V<P2TW2 +eny,)

— gHV%Bl(@V]S@)'

W2 =—a
1 1. 1
— W3 V$2Ba(0) V3 W + 5 WI VepoBa(0)Vep3 Wa — ;W Vi Ca(0) VT Wi

*2

O’l 1T .~ 1
” (033 Wa + szTvﬁbzAz(C)V%TWz -

1

§W2TV¢2A2(C)V4’1TW2

(A3)

Wi V1 Ca (D) V! Wy — %WJV%Cz(@)V‘l’zTWl + %W;V¢2D2(C)V¢1TW1 + eny,)

_ gnwlgz(g)ws(o-
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L:

Based on (A2) and (A3), the derivation of L can be rewritten as

Y+ g + ?m(@)ﬂz

Wl ‘711‘711 Wl Wl ‘7114
W1 V¢1B1(§)V¢IW1

XW1+W1 0'114 Wl 0'112

Wl V1A1(0) V! Wi + Wy (7112

Wl V1A1(0) Ve

W1 V1B1() V] Wy + Wy

_ 1 T 1 T |
X o I W) Vo Ci(Q) Vs W — Wi oy, ey Wz V¢2C1(§)V‘P1TW2 — Wy, Iy
~ ATl T~ 1 T
x W V1 D1 V3 Wo — W 0053 Wy — Wy ‘7224 Wz T V2 A2 (3)V 3 Wo + W, 0y (A4)
_ 1
m W3 Vg Az () Vg Wy + W, 0'224 Wz V2B () V] Wy — W3 ‘7222
522 Msp2
x W3 VoBa(0) Vs Wo + W) ‘7224 Wl VG2 (Q) V! Wy — Wy ‘7222 Wl V¢
1 b_ .
x C(0)Vey Wy — Wy ‘7222 W1 VD V] Wy — W] 0y, Ll U STV Vs
1 b~
x Ba(Q)VJs(Q) — Wy o7 vl U HW1V¢1B1(C)V]s(C)-
Defining p = [W[ &;,, W, &,,, W], W) ]T, the derivation of L can be rewritten as
N11 Nip Niz Ny
N- N N N
L—_pT|Nao Noo Nog Nog| 7 A5
P N31 N3 Nzj N34p Py (A5)
Ny Ny Ngz Ny
where
N1 =Np =1,
N1 = Np1 = N3z = N3y = Nyz = Ny =0,
T wr T T
Niz = N3; = m(V%Bl(C)V% —V¢1A1(0)Ver ),
S
1
Niy = Ny %W;V@Cl QVe¢; — Wz IV1C1(Q) Vg
1
+ ——W{ V¢ D1(0)Va,
T ¢1D1(0) Ve,
Nps = NI, = WTy G (D) V! — wv G (D) V!
23 2 = g, PG o1 1 VG (0) Vg
S
T
+ %Wz VD2 (0) V7,
T W T T
Nyy = Ny = %(VGDZBZ(@V% V¢ A2(0)V, ),

and the vector ¢ =

Y1 =

4mgq

(1,2, 3, 1/14]T is given by

(WY Ve A1 (Q) V] Wi + W Vi B (2) V] Wi

1
+ WS V§aC1 () VP Wa) — ——epy,,
mMs11
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1
Y2 = (W) V2 42(0) Vg3 Wa + W) V2B2(0) Vg Wo
S.
1
+ W V1 Co(5) Vs Wh) — ——epy,,
MmMsp2

1,[]32474:0.

According to Assumption 3 and the fact that 0;;,i = 1,2 are bounded, we derive that i
is bounded. Selecting the appropriate parameters such that N > 0, one lets A,,;, (N) denote
the minimum eigenvalue of N and i be bounded by 5, We can conclude that

. b .
L <= Auin(N) Pl + 9mlipll — EHW1V<P131(€)VIS(€)

— YRRV Ba) V(D) + (V)T

(A6)
In the following, the cases of I1 = 0 and I1 = 1 will be considered.
Case 1. IT = 0. Since V]5({)T¢ < 0, we have —V J5(Z) T > 0. According to the density property

of real numbers, there exists a positive constant Ay such that 0 < A{||Vs(0)|| < —(VJs(2)T¢
holds for all € Q, i.e.,(V]5(2))TC < —A1||V]s(Q)||. Hence, the inequality (A6) becomes

. b
L < =Auin(N) P17 + $aallpll = — A1 VIS (D) (A7)

Therefore, given that the following inequalities

M s
or . )
Ym 2

hold, we conclude L. < 0.
Case 2. I1 = 1. Adding and subtracting b(V]s(Z))"B1(Z)Ve1(Z)/(2a) and b(V]5(7)) "B2(Q)

x Vea(C)/(2a) to the right hand side of (A6), meanwhile taking Assumption 1 and Assumption 4
into consideration, we can conclude that

L < =Xuin(N) Pl + ¢mllpll — gnwlvﬁblBl(C)V]s(C) - gHW2V¢1B2(€)V]s(C)
+ 2L
b
= —Amin(N)[IpI* + ullpll + E(V]s(g))T(]:(C) +G(Qu" + K(g)v") +

< By(O)Ve1(0) + 5 (VIs(0) B0 Veald)

b

]
(VD) (A10)

b b
< = Amin(N)lp 11 + 9ullpll — ;)‘mHv]s(g)Hz + 5, (A2 +A3)[VIs(@)-

Therefore, given that the following inequalities

Y b(Az +A3)? YM_ A
Iell = \/4)\%”.”(1\7) T TBar iy (M)A () 2 (A1)

or

ap3, (A2 +A3)2  Aa+Az 4
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hold, we conclude L < 0.

To summarize, if the inequality ||p|| > max(Mj, My) = M or | V]s(Q)|| > max(N;,
N3) = N holds, then L < 0 and we have that system state and the weight estimation errors
are UUB. This completes the proof. O

Proof of Theorem 2. We choose the following Lyapunov function candidate:
Li=Vi+ V. (A13)

Differentiating L; along {, we have

Vi =~ T~ W1 (0) + W Vgr AVl Wi+ AF(Q)TAF(Q)] — W VB VT Wy

1 1 1 _
+ EwlT V1BV Wy — ZWZT VGV Wo + §W1T VD1V Wy — [VoT Wy (A14)
— AF@QIT[Ve] Wi — AF(Q)] +enj, + &1 + 71,

where ¢ 51 = Ve1AF({), since Vey and AF({) are bounded, let e 7y < A .. V5 is similarly
as Vj, it is not hard to see that
L=+ <" (Qi+Q)T—9"Yg+ M\
< = Anin(Q1 + QNI = Amin (V) [l1% + As,
where ey, +ep1 +enp, e teFF e S Ay + Aoy, F ey T Ag, H e Ay, = Ay,

g = [WT, W), Wy, Wa]T, Auin(Q1 + Q2) and Ay, (Y) are the minimum eigenvalues of
Q1 + Q7 and Y, respectively. In the top formula,

(A15)

Yii Y2 Yiz Yia
Yor Yoo Yoz You
Y31 Yz Yz Yau
Yy Yo Yiz Yy

and 1 .
Yi = VOBV + VGV,

Yoo = [VPB2V] + 1V 0C1Vg],
Yi3 =Ygy = *EIV%BN(PI/
Yig=Yj) = *LlivﬁlelVQb;’
Yo3 = Y3 = —jIVQDZDZVG”I’

1
You = Y5 = —ZV@BZV%T.

Therefore, if the following inequalities

/\4 A
”CH = \/ )\min(Ql +Q2) ! ( )

A
lqll > 20 (A17)

)\min (Y)

or




Mathematics 2022, 10, 1904 22 of 23

References

1. Namadchian, Z.; Zare, A. Stability analysis of dynamic nonlinear interval type-2 TSK fuzzy control systems based on describing
function. Soft Comput. 2020, 24, 14623-14636. [CrossRef]

2. Tavoosi, J.; Suratgar, A.A.; Menhaj, M.B.; Mosavi, A.; Mohammadzadeh, A.; Ranjbar, E. Modeling Renewable Energy Systems by
a Self-Evolving Nonlinear Consequent Part Recurrent Type-2 Fuzzy System for Power Prediction. Sustainability 2021, 13, 3301.
[CrossRef]

3. Zhang, H.;;Hong, Q.; Yan, H.; Yang, F; Guo, G. Event-Based Distributed H, Filtering Networks of 2-DOF Quarter-Car Suspension
Systems. IEEE Trans. Ind. Inform. 2017, 13, 312-321. [CrossRef]

4. Li, L,; Xiao, J.; Zhao, Y.; Liu, K.; Peng, X.; Luan, H.; Li, K. Robust position anti-interference control for PMSM servo system with
uncertain disturbance. CES Trans. Electr. Mach. Syst. 2020, 4, 151-160. [CrossRef]

5. Liu, D.; Wang, D.; Wang, E-Y,; Li, H.; Yang, X. Neural-Network-Based Online HJB Solution for Optimal Robust Guaranteed Cost
Control of Continuous-Time Uncertain Nonlinear Systems. IEEE Trans. Cybern. 2014, 44, 2834-2847. [CrossRef]

6. Zhong, X.; He, H.; Prokhorov, D.V. Robust controller design of continuous-time nonlinear system using neural network. In
Proceedings of the 2013 International Joint Conference on Neural Networks (IJCNN), Dallas, TX, USA, 4-9 August 2013; pp. 1-8.

7. Sun,],;Liu, C; Ye, Q. Robust differential game guidance laws design for uncertain interceptor-target engagement via adaptive
dynamic programming. Int. J. Control 2017, 90, 990-1004. [CrossRef]

8.  Yang, X, Liu, D.; Luo, B.; Li, C. Data-based robust adaptive control for a class of unknown nonlinear constrained-input systems
via integral reinforcement learning. Inf. Sci. 2016, 369, 731-747. [CrossRef]

9. Yang, X.; He, H. Adaptive Critic Designs for Event-Triggered Robust Control of Nonlinear Systems With Unknown Dynamics.
IEEE Trans. Cybern. 2019, 49, 2255-2267. [CrossRef]

10. Wang, X.; Ye, X. Optimal Robust Control of Nonlinear Uncertain System via Off-Policy Integral Reinforcement Learning. In
Proceedings of the 2020 39th Chinese Control Conference (CCC), Shenyang, China, 27-29 July 2020; pp. 1928-1933.

11.  Vamvoudakis, K.G.; Lewis, FL. Online actor critic algorithm to solve the continuous-time infinite horizon optimal control
problem. In Proceedings of the 2009 International Joint Conference on Neural Networks, Atlanta, GA, USA, 14-19 June 2009; pp.
3180-3187.

12. Dierks, T.,; Jagannathan, S. Optimal control of affine nonlinear continuous-time systems using an online Hamilton-Jacobi-Isaacs
formulation. In Proceedings of the 49th IEEE Conference on Decision and Control (CDC), Atlanta, GA, USA, 15-17 December
2010; pp. 3048-3053.

13. Lv,Y;Na,]; Yang, Q.; Wu, X.; Guo, Y. Online adaptive optimal control for continuous-time nonlinear systems with completely
unknown dynamics. Int. J. Control 2016, 89, 99-112. [CrossRef]

14. Wang, D.; He, H; Liu, D. Adaptive Critic Nonlinear Robust Control: A Survey. IEEE Trans. Cybern. 2017, 47, 3429-3451. [CrossRef]

15. Wang, D,; Liu, D.; Zhang, Q.; Zhao, D. Data-Based Adaptive Critic Designs for Nonlinear Robust Optimal Control With Uncertain
Dynamics. IEEE Trans. Syst. Man Cybern. Syst. 2016, 46, 1544-1555. [CrossRef]

16. Sun,].; Zhang, H,; Yan, Y.; Xu, S.; Fan, X. Optimal Regulation Strategy for Nonzero-Sum Games of the Immune System Using
Adaptive Dynamic Programming. IEEE Trans. Cybern. 2021, 47, 1-10. [CrossRef]

17.  Narayanan, V.; Sahoo, A.; Jagannathan, S.; George, K. Approximate Optimal Distributed Control of Nonlinear Interconnected
Systems Using Event-Triggered Nonzero-Sum Games. IEEE Trans. Neural Netw. Learn. Syst. 2019, 30, 1512-1522. [CrossRef]

18.  Morris, P. Introduction to Game Theory, 1st ed.; Springer: New York, NY, USA, 1994; pp. 115-147.

19. Starr, A.W,; Ho, Y.C. Nonzero-sum differential games. J. Optim. Theory Appl. 1969, 3, 184-206. [CrossRef]

20. Zhang, H,; Jiang, H.; Luo, C.; Xiao, G. Discrete-Time Nonzero-Sum Games for Multiplayer Using Policy-Iteration-Based Adaptive
Dynamic Programming Algorithms. IEEE Trans. Cybern. 2017, 47, 3331-3340. [CrossRef] [PubMed]

21. Mu, C.;; Wang, K; Sun, C. Policy-Iteration-Based Learning for Nonlinear Player Game Systems with Constrained Inputs. IEEE
Trans. Syst. Man Cybern. Syst. 2021, 51, 6488-6502. [CrossRef]

22. Zhang, Q.; Zhao, D. Data-Based Reinforcement Learning for Nonzero-Sum Games with Unknown Drift Dynamics. IEEE Trans.
Cybern. 2019, 49, 2874-2885. [CrossRef] [PubMed]

23. Song, R.; Lewis, EL.; Wei, Q. Off-Policy Integral Reinforcement Learning Method to Solve Nonlinear Continuous-Time Multiplayer
Nonzero-Sum Games. IEEE Trans. Neural Netw. Learn. Syst. 2017, 28, 704-713. [CrossRef] [PubMed]

24. Zhang, H.; Su, H.; Zhang, K.; Luo, Y. Event-Triggered Adaptive Dynamic Programming for Non-Zero-Sum Games of Unknown
Nonlinear Systems via Generalized Fuzzy Hyperbolic Models. IEEE Trans. Fuzzy Syst. 2019, 27, 2202-2214. [CrossRef]

25.  Zhao, Q.; Sun, J.; Wang, G.; Chen, J. Event-Triggered ADP for Nonzero-Sum Games of Unknown Nonlinear Systems. IEEE Trans.
Neural Netw. Learn. Syst. 2021, 27, 1-9. [CrossRef]

26. Zhao, D.; Zhang, Q.; Wang, D.; Zhu, Y. Experience Replay for Optimal Control of Nonzero-Sum Game Systems with Unknown

hold, we obtain I.; < 0.

To summarize, if the inequality ||{|| > C; or ||q|| > C» holds, then L; < 0 and we
have that the tracking errors of the closed-loop uncertain augmented system are UUB. This
completes the proof. [

Dynamics. IEEE Trans. Cybern. 2016, 46, 854-865. [CrossRef] [PubMed]


http://doi.org/10.1007/s00500-020-04811-0
http://dx.doi.org/10.3390/su13063301
http://dx.doi.org/10.1109/TII.2016.2569566
http://dx.doi.org/10.30941/CESTEMS.2020.00020
http://dx.doi.org/10.1109/TCYB.2014.2357896
http://dx.doi.org/10.1080/00207179.2016.1192687
http://dx.doi.org/10.1016/j.ins.2016.07.051
http://dx.doi.org/10.1109/TCYB.2018.2823199
http://dx.doi.org/10.1080/00207179.2015.1060362
http://dx.doi.org/10.1109/TCYB.2017.2712188
http://dx.doi.org/10.1109/TSMC.2015.2492941
http://dx.doi.org/10.1109/TCYB.2021.3103820
http://dx.doi.org/10.1109/TNNLS.2018.2869896
http://dx.doi.org/10.1007/BF00929443
http://dx.doi.org/10.1109/TCYB.2016.2611613
http://www.ncbi.nlm.nih.gov/pubmed/28113535
http://dx.doi.org/10.1109/TSMC.2019.2962629
http://dx.doi.org/10.1109/TCYB.2018.2830820
http://www.ncbi.nlm.nih.gov/pubmed/29994780
http://dx.doi.org/10.1109/TNNLS.2016.2582849
http://www.ncbi.nlm.nih.gov/pubmed/27448374
http://dx.doi.org/10.1109/TFUZZ.2019.2896544
http://dx.doi.org/10.1109/TNNLS.2021.3071545
http://dx.doi.org/10.1109/TCYB.2015.2488680
http://www.ncbi.nlm.nih.gov/pubmed/26529794

Mathematics 2022, 10, 1904 23 of 23

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

Zhang, C.; Zhang, Z.. Adaptive Iterative Learning Trajectory Tracking Control of SCARA Robot. In Proceedings of the 2021 IEEE
4th Advanced Information Management, Communicates, Electronic and Automation Control Conference (IMCEC), Chongqing,
China, 18-20 June 2021; pp. 910-914.

Yang, Y.; Wan, Y.; Zhu, J.; Lewis, F.L. Ho, Tracking Control for Linear Discrete-Time Systems: Model-Free Q-Learning Designs.
IEEE Control. Syst. Lett. 2021, 5, 175-180. [CrossRef]

Huang, Y,; Liu, D. Neural-network-based optimal tracking control scheme for a class of unknown discrete-time nonlinear systems
using iterative ADP algorithm. Neurocomputing 2014, 125, 46-56. [CrossRef]

Dierks, T.; Jagannathan, S. Non-zero sum games: Optimal tracking control of affine nonlinear discrete-time systems with unknown
internal dynamics. In Proceedings of the 48h IEEE Conference on Decision and Control (CDC) Held Jointly with 2009 28th
Chinese Control Conference, Shanghai, China, 29 January 2010; pp. 6750-6755.

Wang, D.; Mu, C. Adaptive-Critic-Based Robust Trajectory Tracking of Uncertain Dynamics and Its Application to a
Spring-Mass—-Damper System. IEEE Trans. Ind. Electron. 2018, 65, 654—663. [CrossRef]

Liu, L.; Wang, Z.; Zhang, H. Neural-Network-Based Robust Optimal Tracking Control for MIMO Discrete-Time Systems with
Unknown Uncertainty Using Adaptive Critic Design. IEEE Trans. Neural Netw. Learn. Syst. 2018, 29, 1239-1251. [CrossRef]
Yang, X.; Liu, D.; Wei, Q.; Wang, D. Guaranteed cost neural tracking control for a class of uncertain nonlinear systems using
adaptive dynamic programming. Neurocomputing 2016, 198, 80-90. [CrossRef]

Mu, C.; Zhang, Y.; Gao, Z.; Sun, C. ADP-Based Robust Tracking Control for a Class of Nonlinear Systems with Unmatched
Uncertainties. IEEE Trans. Syst. Man Cybern. Syst. 2020, 50, 4056—4067. [CrossRef]

Basar, T.; Olsder, G.J. Dynamic Noncooperative Game Theory, 2nd ed.; Academic Press: Cambridge, MA, USA, 1999.
Vamvoudakis, K.G.; Lewis, F.L. Non-zero sum games: Online learning solution of coupled Hamilton-Jacobi and coupled Riccati
equations. In Proceedings of the 2011 IEEE International Symposium on Intelligent Control, Denver, CO, USA, 28-30 September
2011; pp. 171-178.

Finlayson, B.A. The Method of Weighted Residuals and Variational Principles. J. Fluid Mech. 1973, 57, 623.

Vamvoudakis, K.G.; Lewis, FL. Online actor—critic algorithm to solve the continuous-time infinite horizon optimal control
problem. Automatica 2010, 46, 878-888.


http://dx.doi.org/10.1109/LCSYS.2020.3001241
http://dx.doi.org/10.1016/j.neucom.2012.07.047
http://dx.doi.org/10.1109/TIE.2017.2722424
http://dx.doi.org/10.1109/TNNLS.2017.2660070
http://dx.doi.org/10.1016/j.neucom.2015.08.119
http://dx.doi.org/10.1109/TSMC.2019.2895692

	Introduction
	Problem Statement
	Robust Trajectory Tracking Design for Non-Zero-Sum Games
	Neural Network Implementation
	Stability Analysis

	Simulation
	Two-Player Linear Non-Zero-Sum Game
	Two-Player Nonlinear Non-zero-Sum Game

	Conclusions
	Appendix A
	References

