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Abstract: Unlike uniform motion, when an object moves underwater with variable speed, it experi-
ences additional resistance from the water, commonly referred to as added mass force. At present,
several methods exist to solve this force, including theoretical, experimental, and simulation ap-
proaches. This paper addresses the challenge of determining the added mass force for irregularly
shaped small objects undergoing variable speed motion underwater, proposing a method to obtain
the added mass force through numerical simulation. It employs regression analysis and parameter
separation analysis to solve the added mass force, added mass, viscous drag coefficient, and pressure
drag coefficient. The results indicate that an added mass force exists during both the acceleration and
deceleration of the object, with little difference between them. Under the same velocity conditions,
significant differences exist in pressure drag forces, while differences in viscous drag forces are not
significant. This suggests that the primary source of added mass force is pressure drag, with viscous
drag having little effect on it. During acceleration, the surrounding fluid accelerates with the object,
increasing the pressure drag with a high-pressure area concentrating at the object’s front, forming an
added mass force that is directed backward. By contrast, during deceleration, the fluid at the object’s
front tends to detach, and the fluid at the rear rushes forward, leading to a smaller high-pressure
area at the front and a larger one at the rear, reducing the pressure drag and forming an added mass
force that is directed forward. By comparing the added mass of a standard ellipsoid obtained from
numerical simulation with theoretical values, the regression analysis method is proven to be highly
accurate and entirely applicable for solving the added mass of underwater vehicles.

Keywords: added mass; added mass force; pressure drag; viscous drag; computational fluid mechanics

1. Introduction

When a rigid body accelerates relative to the surrounding fluid, it experiences addi-
tional inertial forces. That is, if two rigid bodies are moving at the same speed, the one
that is accelerating will be subjected to a greater force from the water. The underlying
reason for this is that when the rigid body accelerates, the surrounding fluid will also
accelerate, as if additional mass was attached to the rigid body, resulting in an increase in
the body’s inertia [1,2]. Added mass, a classical concept in the field of fluids, was proposed
by researchers and has been widely studied for many years. The added mass effect was
discovered by Du Buat in 1786 and Friedrich Bessel in 1828, independently. Added mass is
of fundamental importance in hydrodynamic research [1].

Currently, researchers employ various methods to determine the added mass of objects,
including Analytical and Semi-Empirical (ASE), Experimental Fluid Dynamics (EFD), and
Computational Fluid Dynamics (CFD) approaches [3]. Analytical methods mainly consist
of Strip Theory (ST) and the Equivalent Ellipsoid Method (EMM), which calculate the
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added mass based on the object’s geometry. These methods solve for velocity potential
using boundary conditions and determine the pressure distribution around the object using
Bernoulli’s equation, thus solving for the hydrodynamic forces and moments acting on
the object. ST divides the object into a finite number of transverse two-dimensional slices,
solving for the added mass by integrating slice values along the length of the object [4].
In EMM, different parts of the object are assumed to be equivalent ellipsoids, and the
velocity potential is solved using the Laplace equation, thereby obtaining the added mass
of each equivalent ellipsoid. By integrating the added mass of different parts in a specific
direction, the added mass in that direction can be solved [5]. Overall, ASE methods are
only suitable for objects with simple shapes, as increased complexity can reduce accuracy.
These methods require sufficient experimental data and must consider the complexity of
the object’s shape [6,7].

In EFD methods, researchers have developed numerous experimental techniques
to study added mass, such as free oscillation [8–11] and forced oscillation [12–16]; these
inertia methods, with extensive experimental setups like the Rotating Arm (RA) and Planar
Motion Mechanism (PMM), are being developed [17,18]. Most added masses are currently
analyzed from the hydrodynamic characteristics of oscillation, but new methods for solving
added mass, such as PIV testing and trajectory tracking, have emerged [19–21], which can
solve the added mass of deformable objects. EFD methods are the most direct way to solve
added mass, with relatively mature related technologies. However, they are not suitable
for very large or small objects. On one hand, large sizes can affect the implementation of
related experiments; on the other hand, small sizes can lead to significant errors, affecting
the resulting accuracy. Moreover, due to the need for special facilities and equipment
(e.g., PMM) to generate an object’s acceleration, these methods are not only costly but also
time-consuming.

CFD includes two methods for estimating added mass: the first is based on potential
flow assumptions, including the Panel Method (PM), Boundary Element Method (BEM),
and Finite Element Method (FEM). Many researchers have used PM [22–25], BEM [26–30],
and FEM [31,32] to predict the added mass coefficients of objects. In practice, the viscosity
of the fluid around the object can reduce the accuracy of the results obtained from these
assumptions. The second approach uses commercial CFD software (https://link.springer.
com/article/10.1007/s11804-010-9009-9, accessed on 28 March 2024) to simulate dynamic
testing processes like PMM and RA. In these simulation methods, the RANS equations
are solved in the computational domain, considering the effect of fluid viscosity. With
the continuous development of commercial CFD software, numerous related studies have
emerged [33–39], making this method a supplementary approach to experimental testing.

In recent years, the added mass effect has received increasing attention and research [40–44].
With the continuous development of marine technology, underwater vehicles are evolving
toward miniaturization, possessing advantages such as compact size, agile movement, low
resistance, good concealment, and low noise. They play an important role in intelligence
gathering, target tracking and striking, monitoring enemy actions, and cluster warfare, with
a very broad prospect for military applications [45–51]. Due to the flexible and variable
movement of miniature underwater robots, with constantly changing directions and speeds,
the added mass effect becomes more significant and is an important factor that cannot
be ignored. On the other hand, with the continuous exploitation of marine resources
and advancements in underwater visual capabilities, underwater robots equipped with
multi-degree-of-freedom manipulators will continue to emerge. They can perform targeted
collection and exploration of marine resources, and the irregular motion of the manipulators
and underwater robots will also generate significant added mass forces. Therefore, there
is an urgent need to find a simple, quick, and convenient method to solve for added
mass. With the continuous advancement of numerical simulation technology, several
studies have applied this technique to complex fluid dynamics analysis [52–54]. This paper
employs numerical simulation as a means, combined with effective data analysis methods,
to analyze and study the added mass of objects in variable speed motion underwater.

https://link.springer.com/article/10.1007/s11804-010-9009-9
https://link.springer.com/article/10.1007/s11804-010-9009-9
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Compared to existing methods, the approach proposed in this paper does not require
complex theoretical derivations and assumptions. It relies on the dependency relationship
between fluid resistance and motion variables, utilizing a large number of data samples to
solve mechanical parameters. This method is not only simple, understandable, and easy to
operate, but it also maintains good analytical precision under the premise of ensuring the
accuracy of simulation results. All of these indicate that this method is applicable to the
actual mechanical analysis of underwater vehicles, simplifying the analysis process and
significantly shortening the analysis cycle.

2. Methods

As previously mentioned, when a rigid body moves underwater linearly with variable
speed, it experiences an additional force known as added mass force. In laminar flow
conditions, an object moving underwater at a constant speed is subject only to viscous drag
and pressure drag. Therefore, the water resistance experienced by an object in variable
speed motion can be decomposed into the viscous drag and pressure drag corresponding
to the current speed of motion, in addition to the extra added mass force. Pressure drag is
caused by the difference in fluid pressure between the front and back surfaces of the rigid
body. Viscous drag, also referred to as wall shear stress, is induced by the viscosity of the
fluid. When a rigid body moves underwater, the viscous fluid rubs against the surface of
the body, hindering its movement and forming viscous drag. Generally, for small objects
moving at low speeds, the viscous drag is dominant, while for large objects moving at high
speeds, the pressure drag predominates. The viscous drag is approximately proportional to
the first power of the relative speed between the object and the fluid, whereas the pressure
drag is approximately proportional to the square of their relative speed. These two types of
drag exist during the motion of the rigid body, regardless of whether the motion is uniform.

The third type of force, the added mass force, is an additional force that arises due
to the variable speed motion of the object in the fluid. When two identical objects move
through a fluid at the same speed, the one accelerating experiences greater fluid resistance.
The difference between the two is referred to as the added mass force. This phenomenon
occurs because, when an object accelerates in a fluid, the surrounding fluid will also
accelerate due to frictional forces. The inertial force of this portion of the fluid acts back
on the object, making it more difficult for the object to accelerate. This effect appears as
if the mass of the object has increased, and this additional mass is referred to as added
mass. Figure 1 demonstrates the drags acting on a rigid body under three distinct motion
conditions. From the figure, it is evident that pressure drag and viscous drag consistently
act in opposition to the direction of motion. Conversely, the added mass force opposes the
direction of the rigid body’s acceleration. The computational formula for fluid resistance is
provided in Equation (1), while Equation (2) delineates the relationship between the added
mass force and the added mass itself.

Fdw = Fdp + Fdv + Fam (1)

where Fdw represents the total resistance experienced by an object moving underwater (N);
Fdp denotes the pressure drag on the object during uniform motion (N); Fdv is the viscous
drag on the object during uniform motion (N); Fam indicates the added mass force acting
on the object (N).

Fam = m∗a (2)

where m* represents the added mass (kg); a is the acceleration of the object (m·s−2), with
the constraint that the fluid is either stationary or moving at a constant speed.
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Figure 1. Resistance encountered by an object during underwater motion. (a) Accelerating motion;
(b) decelerating motion; (c) uniform motion.

Currently, numerous papers have introduced methods for determining added mass
from both experimental and simulation perspectives. For regular objects, added mass
can be obtained through theoretical derivation. However, for smaller, irregularly shaped
objects, which also tend to have less mass, it is challenging to ascertain their added mass
during underwater motion through experimental and theoretical derivation methods. The
numerical simulation methods available at present are also somewhat cumbersome.

To address the challenges encountered in the solution process mentioned above, this
paper proposes a solution based on CFD simulation methods for determining the added
mass of irregularly shaped small objects. The methodological schematic is shown in
Figure 2, with the specific steps outlined as follows:

(1) Based on three-dimensional models of a standard ellipsoid and an irregular object, the
fluid domain mesh is partitioned. The Fluent 19.2 software is utilized to simulate the
process of a standard ellipsoid and an irregular object undergoing variable acceleration
movement underwater.

(2) The fluid resistance curve is fitted using the least squares method, with the model’s
speed and acceleration (v, a) as independent variables, and the total water resistance
(Fdw) as the dependent variable. The specific fitting function is shown in Equation (3).
This method is primarily based on the components of Fdw, by utilizing a large set of
sample data to solve the three parameters â, b̂, and ĉ.

Fdw = Fdb + Fam = Fdp + Fdv + Fam = âv2 + b̂v + ĉa (3)

where Fdw represents the total water resistance experienced by the model during
its motion (N); Fdb denotes the water resistance acting on the model during motion,
excluding the added mass force (N); Fam is the added mass force (N); â, b̂, and ĉ are
constants to be determined through fitting; v is the speed of the model (m·s−1); a
represents the acceleration of the model (m·s−2).

(3) Based on the components of Fdb and the relationship between Fam and m*, the values
of C1, C2, and m* can be determined, as shown in Equations (4)–(6).

C1 =
b̂

µL
(4)

C2 =
2â

ρSW
(5)

m∗ = |ĉ| (6)

where C1 and C2 are the coefficients for the viscous drag and pressure drag, respec-
tively, and can be considered constants within a certain range of Reynolds numbers;
µ is the dynamic viscosity of water (Pa·s); L is the characteristic length scale; ρ is the
density of water (kg·m−3); SW is the model’s maximum cross-sectional area facing the
flow (m2).
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(4) As a method of verification in contrast to process (2), this step employs the parameter
separation method to solve for the three parameters â, b̂, and ĉ. Seven sets of uniform
motion simulations are added. According to the cause of the added mass force, by
comparing the water resistance of each group with that of the same speed during
the acceleration process, the added mass force under the accelerated state can be
obtained. From the relationship graph between the seven sets of added mass forces and
acceleration, the parameter |ĉ|, which represents the added mass of both the standard
ellipsoid and irregular object, can be obtained. Similarly, during the simulation
process, viscous drag and pressure drag data at different speeds are extracted. By
understanding the relationship between the viscous drag or pressure drag and the
speed, parameters â and b̂ can be solved.

(5) By comparing the differences between the added mass of the standard ellipsoid and
its theoretical values, the accuracy of the methods used in processes (2) and (3) can be
assessed, thereby obtaining a reasonable approach to solving for added mass.
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3. Numerical Simulation Methodology
3.1. Governing Equation

This numerical simulation, targeting the process of the underwater variable speed
motion of objects, is classified as viscous incompressible single-phase flow, adhering to the
laws of mass conservation and momentum conservation. The fluid control equations can
be provided by the mass conservation of Equation (7) and the momentum conservation of
Equation (8).

∂ρ

∂t
+

∂(ρvx)

∂x
+

∂(ρvy)

∂y
+

∂(ρvz)

∂z
= 0 (7)

ρ(
∂vx

∂t
+ vx

∂vx

∂x
+ vy

∂vx

∂y
+ vz

∂vx

∂z
) = ρ fx −

∂p
∂x

+ µ(
∂2vx

∂x2 +
∂2vx

∂y2 +
∂2vx

∂z2 )

ρ(
∂vy

∂t
+ vx

∂vy

∂x
+ vy

∂vy

∂y
+ vz

∂vy

∂z
) = ρ fy −

∂p
∂y

+ µ(
∂2vy

∂x2 +
∂2vy

∂y2 +
∂2vy

∂z2 )

ρ(
∂vz

∂t
+ vx

∂vz

∂x
+ vy

∂vz

∂y
+ vz

∂vz

∂z
) = ρ fz −

∂p
∂z

+ µ(
∂2vz

∂x2 +
∂2vz

∂y2 +
∂2vz

∂z2 )

(8)

where ρ represents the fluid density (kg·m−3); µ is the dynamic viscosity of the fluid (Pa·s);
p denotes pressure (pa); vx, vy, vz are the components of the velocity vector (m·s−1); fx, fy,
fz are the components of the volume force’s unit vector.

In this numerical simulation, the fluid medium water is considered incompressible, with
ρ being constant. Thus, the continuity equation can be obtained as shown in Equation (9).
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∂vx

∂x
+

∂vy

∂y
+

∂vz

∂z
= 0 (9)

3.2. Solution Model Selection

When an object moves underwater, the resistance acting on it typically depends on
numerous factors, including the density and dynamic viscosity of the fluid, as well as the
object’s own geometric shape, surface characteristics, and velocity. The Reynolds number
(Re) plays a crucial role in determining fluid flow characteristics and resistance [55], as
shown in Equation (10). The values of density and dynamic viscosity of liquid water at
different temperatures are presented [56], as shown in Table 1.

Re =
ρLv

µ
(10)

where ρ represents the density of the fluid (kg·m−3); v is the relative velocity of the object
with respect to the fluid (m·s−1); µ is the dynamic viscosity of the fluid (Pa·s); L denotes
the characteristic length of the object (m).

Table 1. Values of the density and dynamic viscosity of liquid water at different temperatures.

Temperature/◦C Density ρ/kg·m−3 Dynamic Viscosity µ/10−6 Pa·s
20 998.2336 1002.0
25 997.0751 890.3
30 995.6783 797.5
35 994.0635 719.5

In this numerical simulation, the minimum and maximum velocities of the model mov-
ing underwater are 0.04 m/s and 1.4 m/s, respectively, with the characteristic length of the
model being 36 mm. Assuming the temperature of the water is at room temperature, 25 ◦C,
the range of Reynolds numbers (Re) during the model’s motion is from 1613 to 56,445. This
indicates that both laminar and turbulent flow states exist during the model’s movement.

In Fluent software, five main categories of turbulence models are provided, including
the Spalart–Allmaras model, k-ε models (further divided into the standard k-ε model, RNG
k-ε model, and k-ε model with turbulence correction), k-ω models (further divided into the
standard k-ω model and pressure-corrected k-ω model), the Reynolds Stress Model (RSM),
and Large Eddy Simulation (LES). The first four methods obtain flow field data by solving
the Reynolds-averaged Navier–Stokes (RANS) equations, a method that averages over time
to eliminate the effects of vortices, known as the RANS method. LES is an intermediate
method based on Direct Numerical Simulation (DNS) and RANS. In LES, coarse large-scale
vortices are simulated using DNS, while smaller-scale vortices are modeled using RANS,
requiring a relatively high mesh quality. DNS is a numerical solution method based on the
Navier–Stokes equations that fully resolves every vortex in the fluid. This method is the
most accurate in terms of computation but also the most resource-intensive.

In this numerical simulation, due to the relatively small size of the model and the mod-
erate Reynolds number, the RANS method was chosen. Within the RANS methodologies,
the Spalart–Allmaras model is designed for aviation applications, primarily focusing on
wall-bounded flows. Among the k-ε models, the standard k-ε model is intended for high
Reynolds number flows. The RNG k-ε model offers an analytical formula that accounts for
low Reynolds number flow viscosity. Both the turbulence-corrected k-ε model and the RNG
k-ε model exhibit better performance than the standard k-ε model in conditions of strong
streamline curvature, vortices, and rotation. In the k-ω models, the standard k-ω model
is based on the Wilcox k-ω model, modified for low Reynolds numbers, compressibility,
and shear flow propagation. The SST k-ω model integrates cross-diffusion from the ω
equation and takes into account the turbulent shear stress propagation, offering higher
accuracy and reliability than the standard k-ω model. The RSM model rigorously accounts
for streamline bend, vortices, rotation, and rapid changes in tension, providing higher
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accuracy for complex flows. However, pressure tension and dissipation rates are the main
factors that can reduce the prediction accuracy of the RSM model. It is necessary to use the
RSM model when considering the anisotropy of Reynolds stresses, such as in hurricane
flows, secondary flows in pipes, etc. Consequently, for this numerical simulation, the RNG
k-ε model was selected.

3.3. Mesh Division of Fluid Computational Domain

The smaller the mesh size, the finer the calculation domain will be divided, and the
more accurate the simulation results will be. However, an excessive number of meshes can
significantly extend computation time, resulting in the wastage of computational resources.
By densifying the mesh in areas where the flow changes abruptly and appropriately and
increasing the mesh size in areas with less significant changes, accurate simulation results
will also be achieved. The computational domain in this numerical simulation is divided
into four fluid regions: Fluid 1, Fluid 2, Fluid 3, and Fluid 4, as illustrated in Figure 3.

The entire fluid domain is cylindrical, and the hybrid mesh is employed, with un-
structured mesh used to densify the surrounding area of the model, while structured
mesh is used in other areas. Among these, the cylindrical fluid domain around the model
is Fluid 4, which is designated as a dynamic mesh area using unstructured tetrahedral
meshes. The fluid domain behind Fluid 4 is Fluid 1, and the fluid domain in front of it is
Fluid 2. Dynamic layering is used to update the mesh in these areas. During the model’s
motion, the mesh in the Fluid 1 area will stretch, and the mesh in the Fluid 2 area will
compress. When stretching or compression reaches a set value, the mesh in that area will
be updated and reorganized. The peripheral fluid domain of Fluid 1, Fluid 2, and Fluid
4 is Fluid 3, which serves to connect the wall and the inner fluid areas. Fluid 1, Fluid
2, and Fluid 3 all utilize hexahedral meshes. To ensure the accuracy of the numerical
simulation, the mesh of the cylindrical fluid domain Fluid 4 is densified around the model,
while the meshes in other fluid domains are relatively sparse, which can somewhat shorten
the computation time. The mesh parameters for each fluid domain are shown in Table 2.
The data in the table indicate that the mesh quality exceeds 0.2 for all cases, meeting the
computational requirements.
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Table 2. Detailed mesh parameters.

Region Mesh Size/mm Number of Elements Mesh Quality

Ellipsoid Surface 0.3–0.5 10,866 >0.58
Fluid 4 0.5–4 2,783,156 >0.65
Fluid 1 4–10 5152 >0.75
Fluid 2 4–10 64,400 >0.75
Fluid 3 10–14 14,560 >0.9

3.4. Solution Method

In this simulation, the numerical discrete method adopted a pressure-based incom-
pressible PISO algorithm, the transient time dispersion method adopted the Euler implicit
format, the gradient term dispersion method adopted the Green–Gauss node-based format,
and the pressure dispersion method adopted the body force weighted format. The fixed
time step length is set according to the maximum speed of the object. A User-Defined Func-
tion (UDF) is employed to capture instantaneous data on the resistance and coordinates
of the object moving underwater at each time step. The viscous drag and pressure drag
are extracted every 10 time steps through defined Commands and Macros. To achieve the
underwater variable speed motion of the model, the simulation process uses UDFs to assign
velocities to the model, with the movement speeds of the standard ellipsoid and irregular
model presented in Table 3. Additionally, the fluid surrounding the model is stationary.

Table 3. Movement speeds of the standard ellipsoid and irregular model.

Model Variable Acceleration Process Velocity/m·s−1 Uniform Motion Process Velocity/m·s−1

standard ellipsoid v = 1.36 sin(πt) + 0.04(0 s ≤ t ≤ 1 s) v = 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4
irregular model v = 1.36 sin(πt) + 0.04(0 s ≤ t ≤ 1 s) v = 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4

4. Result Analysis and Discussion
4.1. Fluid Resistance Change Characteristics during Variable Speed Process

As depicted in Figure 4a, within the acceleration phase, the object starts with a velocity
of nearly zero, and the initial acceleration is at its maximum positive value. As the accelera-
tion continues, the velocity of the object reaches its peak, while the acceleration gradually
decreases to zero. Upon entering the deceleration phase, the object’s velocity gradually re-
duces, eventually nearing zero, as the negative value of the acceleration increases, reaching
its maximum negative value by the end of the deceleration phase. Overall, the curve of
the velocity is symmetrical about the t = 0.5 s axis, and the acceleration change curve is
symmetrical around the coordinate point (0.5, 0).

As shown in Figure 4b, the relationship between acceleration and velocity can be
approximately described as follows: the greater the absolute value of the acceleration, the
lower the object’s velocity, and conversely, the smaller the absolute value of the acceleration,
the higher the object’s velocity. This facilitates the distinction between pressure drag,
viscous drag, and added mass force during the object’s variable speed movement.

From Figure 4c, it is evident that during the acceleration phase, the standard ellipsoid’s
pressure drag is significantly higher than its viscous drag, and the maximum difference
approaches 6 mN, which is approximately 50% of the viscous drag. However, upon entering
the deceleration phase, the pressure drag decreases rapidly, whereas the reduction in the
viscous drag is relatively slow; at around 0.75 s, the pressure drag equals the viscous drag,
after which the pressure drag further decreases, resulting in the pressure drag being 3 mN
less than the viscous drag during the later stages of the deceleration phase. By the end of
the deceleration phase, the pressure drag turns positive, indicating that it has transitioned
from resistance to propulsion. During the deceleration phase, the pressure drag changes by
approximately 22 mN, while the viscous drag changes by about 15 mN. This reveals that
pressure drag is more sensitive to changes in the direction of the acceleration. Similarly,
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during the initial phase of the acceleration phase, the difference between the pressure drag
and viscous drag for an irregular object is minimal. Subsequently, the difference between
the two continues to increase; during the later phase of the deceleration phase, the pressure
drag is notably less than viscous drag, and the difference reaches its maximum value of
3 mN, further illustrating the pressure drag’s greater sensitivity to acceleration direction
changes. Additionally, there are significant differences in the proportion of the pressure
drag and viscous drag between different objects, primarily due to the pressure drag being
largely influenced by the object’s shape.

As Figure 4d shows, the difference in the viscous drag between the acceleration and
deceleration phases is minimal, with only slight variations at lower velocities, whereas
pressure drag exhibits more substantial differences. This indicates that under identical
velocity conditions, the viscous drag remains essentially unchanged, while differences in
acceleration significantly impact the pressure drag.
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As shown in Figure 5a, the difference in the pressure drag at the same speed points
during the acceleration and deceleration phases for a standard ellipsoid is approximately
twice that of the irregular model, where the velocities are identical, but the directions of
the acceleration are opposite. Since acceleration is the source of added mass force, this
difference is actually caused by the added mass force, indicating that the added mass force
of the standard ellipsoid is approximately twice that of the irregular object. At the end of
the deceleration process, the pressure drag for both the irregular object and the standard
ellipsoid is greater than zero, indicating that the pressure drag is now acting as a propulsive
force. Despite the forward motion of the object, the direction of pressure drag has shifted
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from pointing backward to forward. The differences in the pressure fields during the
motion process will be compared and analyzed in later sections.
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mass force with velocity during variable speed motion process.

According to Figure 5b, during the acceleration and deceleration phases, the maximum
difference in viscous drag for the irregular object and the standard ellipsoid does not exceed
1.5 mN. After the speed exceeds 0.6 m/s, this difference essentially approaches 0. This
indicates that changes in the direction of the acceleration do not significantly affect viscous
drag, given the same velocity. Since the change in the acceleration direction is a source
of added mass force, it can be inferred that the added mass force is primarily caused by
changes in pressure drag.

Figure 5c reveals that the total resistance curves of both the irregular object and the
standard ellipsoid under uniform motion are positioned approximately midway between
the total resistance curves for the acceleration and deceleration phases. This suggests that
the added mass forces for an irregular object and a standard ellipsoid are basically equal in
value but in opposite directions during acceleration and deceleration processes. The total
resistance during acceleration is greater than that during uniform motion, whereas the total
resistance during deceleration is less than that during uniform motion. This indicates that
the added mass force during acceleration points backward relative to the motion, while the
added mass force during deceleration aligns with the direction of motion.

As shown in Figure 5d, the added mass force for the standard ellipsoid and the
irregular object during the acceleration and deceleration processes demonstrates excellent
consistency, indicating that the added mass remains essentially constant between the two
variable speed processes. However, at the initial stage of the acceleration, the added mass
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force for both the standard ellipsoid and the irregular object is higher. The reason may be
that, when the acceleration begins, the surrounding fluid is stationary, and the object must
overcome the fluid’s inertia to accelerate forward together. This results in greater resistance
faced by the object, which is then added to the added mass force, leading to a higher added
mass force at this stage. Upon entering a stable period during the acceleration phase, the
added mass force exhibits good consistency.

4.2. Comparison of Pressure and Velocity Fields during Acceleration and Deceleration Phases

As shown in Figure 6, a1 to a6 represent the pressure contours of a standard ellipsoid
during the acceleration phase, while d1 to d6 are those during the deceleration phase.
Both the ellipsoids in Figure 6(a1,d1) have the same velocity, with the directions of the
velocity pointing to the right. The directions of the acceleration are opposite, with rightward
pointing considered positive and leftward negative. This condition also applies to other
figures with the same numbering. As the sequence number increases, the velocity of the
ellipsoid continuously increases, while the absolute value of the acceleration decreases.

From Figure 6(a1,d1), it can be observed that under conditions of a lower velocity
and a higher absolute acceleration value, the accelerating ellipsoid exhibits a large high-
pressure area at the front, with no significant positive pressure area at the rear. Conversely,
the decelerating ellipsoid shows no prominent high-pressure area at the front but forms
negative pressure areas on both shoulders. This indicates that due to the ellipsoid’s
deceleration, the fluid acting on the front maintains a certain velocity due to inertia, leading
to fluid detachment from the ellipsoid’s head, thus reducing the pressure there. A significant
high-pressure area forms at the rear of the ellipsoid, suggesting that fluid continuously
flows toward the ellipsoid from behind, creating a high-pressure area at the rear and
generating vortices on both sides of the tail.

With an increasing velocity and a decreasing absolute acceleration, the difference in
the high-pressure area at the front of the ellipsoid becomes less noticeable, indicating that
the increase in velocity significantly reduces the impact of the acceleration on the front high-
pressure area. For the ellipsoid in deceleration, the high-pressure area at the rear is larger,
highlighting a more pronounced effect of the acceleration on the rear high-pressure area.

As shown in Figure 7, a1 to a6 are the velocity contours of a standard ellipsoid during
the acceleration phase, and d1 to d6 are for the deceleration phase. In Figure 7(a1,d1),
the ellipsoids have the same velocity, with the directions of the velocity pointing to the
right. The directions of the acceleration are opposite, with rightward pointing considered
a positive value and leftward a negative value. This condition applies similarly to other
figures with matching sequence numbers. As the sequence number increases, the velocity
of the ellipsoid continuously rises, and the absolute value of acceleration decreases.

Figure 7(a1) reveals that at lower speeds, for the ellipsoid in acceleration motion, the
fluid at its front is squeezed away and flows toward the rear, forming a subtle velocity
vortex in the middle and reconverging at the tail. Figure 7(d1) shows that at lower speeds,
for the ellipsoid in deceleration motion, there is a significant difference in the velocity
field compared to during the acceleration, with a large area of high-speed fluid at the
tail continuously converging on both sides of the tail and merging with the fluid flowing
from the front to form a velocity vortex. The high-speed fluid rushing forward extends
to the middle of the ellipsoid. This rushing fluid is precisely the primary source of added
mass force during deceleration, while the difference in the velocity field at the front is less
noticeable, indicating that the change in the acceleration direction has a more pronounced
impact on the flow field at the rear of the object.
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As the velocity increases and the absolute value of the acceleration decreases, the de-
celerating ellipsoid no longer forms a velocity circulation at the tail but forms a small-scale
velocity circulation at the waist, and the velocity circulation becomes increasingly smaller.
The difference in the velocity field at the tail of the ellipsoids between acceleration and
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deceleration motions becomes less noticeable, suggesting that the increase in velocity and
the decrease in the absolute value of the acceleration reduce the impact of the acceleration
direction change on the rear velocity field.
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Figure 7. Velocity contours for the standard ellipsoid during acceleration and deceleration movements.
(a1–a6) are the velocity contours for acceleration; (d1–d6) are the velocity contours for deceleration.

As depicted in Figure 8, the characteristics of the pressure distribution at the head
and tail of an irregular object are similar to those of ellipsoids. At lower velocities and
greater absolute values of acceleration, the irregular object undergoing acceleration has a
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larger high-pressure area at its head and a smaller one at its tail, which is the opposite of
the pressure distribution during the deceleration, and the reason is as previously described.
With the increase in the velocity and the decrease in the absolute value of the acceleration,
this difference in the flow field gradually becomes less pronounced. A distinction from
the pressure distribution of ellipsoids is the asymmetrical pressure distribution on both
shoulders caused by a geometric asymmetry.
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As illustrated in Figure 9, due to the geometric asymmetry of an irregular object, when
the velocity is low and the absolute value of the acceleration is high, the velocity distribution
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is noticeably asymmetrical. Fluid on both sides of the irregular object’s tail tends to
converge more easily on the side with a gentler slope, forming a velocity recirculation with
the outwardly retreating fluid, while no velocity recirculation is formed on the side with
a steeper slope, indicating that there is less forward-moving fluid on that side. As the
velocity increases and the absolute value of acceleration decreases, the forward-moving
fluid continuously diminishes, causing this asymmetrical distribution of the velocity field
to gradually become more similar.
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4.3. Least Squares Method for Fluid Resistance Regression Analysis

From the previous text, it is known that viscous drag is approximately proportional
to the first power of velocity, pressure drag is approximately proportional to the square
of velocity, and added mass force is approximately proportional to acceleration. Based
on the proportional relationships between these three forces and their respective motion
variables, the total resistance curve shown in Figure 4c was analyzed using the least squares
regression analysis, as demonstrated by the calculation formula in Equation (3). The
regression analysis was conducted for the total resistance during the acceleration cycle
(Acc. cycle), the deceleration cycle (Dec. cycle), and the entire variable speed cycle (En.
cycle). The fitting results are shown in Figure 10, and the diagram indicates that there are
significant differences between the fitting curves at point A for the acceleration cycle and the
entire variable speed cycle. Additionally, there are connectivity issues between the fitting
curves for the acceleration and deceleration cycles at points B and C. The corresponding
coefficients â, b̂, and ĉ are shown in Table 4. The data in the table reveal some discrepancies
in the total resistance regression analysis results for the acceleration phase compared to
the other two groups, characterized by larger values for â and ĉ and a smaller value for
b̂. This is mainly due to the fact that at the initial stage of acceleration, the surrounding
fluid is stationary, and the object experiences greater pressure drag, while the viscous
drag remains relatively low, leading to differences in the parameters. Subsequently, the
coefficient regression analysis results in the table will be compared and analyzed with the
results obtained from the parameter separation method to verify the accuracy of solving
parameters using the least squares regression analysis.
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Table 4. Fitting results of the fluid resistance curve during variable speed motion.

Number
i Model Time Range (s)

Fdw = âv2 + b̂v + ĉa (mN)
R2 RMSE

10−4âi b̂i ĉi

1
Standard ellipsoid

[0.004, 0.5] −12.40 −5.713 −1.0440 0.9997 1.608
2 [0.5, 1] −10.29 −8.808 −0.9502 0.9999 1.226
3 [0.004, 1] −10.94 −7.835 −0.8759 0.9997 1.991
4

Irregular model
[0.004, 0.5] −8.749 −2.270 −0.5463 0.9994 1.478

5 [0.5, 1] −7.229 −4.531 −0.4084 0.9997 1.275
6 [0.004, 1] −7.397 −4.240 −0.3860 0.9993 1.820
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4.4. Parameter Separation Method for Fluid Resistance Regression Analysis

To verify the accuracy of the parameters solved by least squares regression analysis,
this study utilizes data on viscous drag and pressure drag from a standard ellipsoid and an
irregular object during uniform motion, along with total resistance data from both uniform
and variable speed motions. The parameter separation method is then applied to conduct
regression analysis on coefficients â, b̂, and ĉ.

As shown in Figure 11a, the change curves of the pressure drag Fdp with respect to v2

for both the standard ellipsoid and the irregular object exhibit good linearity, indicating
that the pressure drag is proportional to the square of the velocity, i.e., Fdp = kdpv2, where kdp
is the slope of the curve. From the components of the total resistance Fdw, it is known that
â = kdp. The linearity of the viscous drag Fdv with respect to v for the standard ellipsoid and
the irregular object is slightly poorer, containing nonlinear components. However, since
the pressure drag of the standard ellipsoid is significantly greater than its viscous drag,
the nonlinear components of Fdv with respect to v can be disregarded. In contrast, for the
irregular object, the difference between the viscous drag and pressure drag is not significant,
so the nonlinear components of Fdv with respect to v cannot be ignored. Therefore, when
conducting the regression analysis using the parameter separation method, the nonlinear
components were retained, as shown in Table 5.

Since the added mass force is generated by the variable speed motion of an object,
a body in uniform motion is not affected by an added mass force. Therefore, to separate
the added mass force, we just subtract the total resistance during uniform motion from
the total resistance during variable speed motion. As shown in Figure 11b, the change
curves of the added mass force Fam with respect to the acceleration a for both the standard
ellipsoid and the irregular object exhibit good linearity, with larger deviations only in areas
of higher acceleration. As indicated by Figure 4b, this corresponds to the initial stages of the
acceleration phase, and the reasons for the increased added mass force have been explained
previously. Thus, it can be considered that the added mass force is proportional to the
acceleration, i.e., |Fam| = kam|a|, where kam is the slope of the curve. From the components
of the total resistance Fdw and the direction of the added mass force, it is known that
ĉ = −kam. This allows for the separation and solving of the three parameters â, b̂, and ĉ, and
the results are presented in Table 5.

By comparing the values of parameters â, b̂, and ĉ in Tables 4 and 5, it can be observed
that the values of â, b̂, and ĉ obtained through the parameter separation method are closer
to the data in groups 3 and 6 of Table 4, especially with very small errors in ĉ. This indicates
that performing regression analysis on the total resistance data for the entire variable speed
cycle using the least squares method can yield fairly accurate values for the added mass,
with certain errors present in â and b̂. Specifically, the discrepancy between âdp for the
irregular object in Table 5 and â6 in Table 4 is significant, mainly due to the nonlinear term
of the velocity v in the viscous drag Fdv and the closeness of the viscous drag to the pressure
drag. If the nonlinear term is taken into account, then the regression parameter â for the
pressure drag of the irregular object in Table 5 should be equal to âdv + âdp, and finally, the
values are no longer significantly different. This shows that performing regression analysis
on the resistance data for the entire variable speed cycle using the least squares method
can achieve a certain degree of accuracy for the coefficients of pressure drag and viscous
drag. In practical engineering applications, the least squares method can be used for rapid
preliminary regression analysis of the total resistance data throughout the entire variable
speed cycle. Subsequent validation with several sets of resistance data under uniform
motion conditions can then provide accurate coefficients for pressure drag, viscous drag,
and added mass.
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irregular model. (a) Relationships between viscous drag or pressure drag and velocity; (b) relationship
between added mass force and acceleration.

Table 5. Functional equations of trend lines l1~l6 in Figure 11.

Model Curve
Number

Mechanical
Variable (mN)

Functional
Equation Parameter Value

Standard ellipsoid

l1 Fdv Fdv = b̂v b̂1 = −8.3571
l3 Fdp Fdp = âv2 â1 = −9.6062

l5 Fam
|Fam| = k̂am|a|

Fam = ĉa
k̂am1 = 0.8556

ĉ1 = −k̂am1 = −0.8556

Irregular model

l2 Fdv Fdv = b̂v + âdvv2 b̂2 = −3.5306
âdv = −3.0396

l4 Fdp Fdp = âdpv2 âdp = −4.9459

l6 Fam
|Fam| = k̂am|a|

Fam = ĉa
k̂am2 = 0.3822

ĉ2 = −k̂am2 = −0.3822

4.5. Theoretical Comparison

To verify the accuracy of the two analytical methods, the theoretical added mass of
the ellipsoid was calculated. According to reference [57], when the ellipsoid accelerates
along its major axis, its added mass can be calculated using Equation (11).

m∗ =
α0

2 − α0
× 4

3
ρπab2 (11)

α0 =
1 − e2

e3 (ln
1 + e
1 − e

− 2e) (12)

where m* represents the added mass of the ellipsoid; ρ is the density of water; a and b are
the major and minor axes of the ellipsoid, respectively; e is the eccentricity of the ellipsoid
cross-section through the axis of symmetry.

The results of regression analysis using the least squares method and the parameter
separation method indicate that the added mass of the ellipsoid is 0.8759 g and 0.8556 g,
respectively. Meanwhile, the theoretical value of the ellipsoid’s added mass calculated
through the formula is 0.8679 g. The relative errors of the two calculated added masses are
0.92% and −1.42%, respectively. This demonstrates that the added mass obtained through
both methods exhibits good accuracy.
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5. Conclusions

This paper conducted numerical simulations on both standard ellipsoid and irregular
objects undergoing variable and uniform motion underwater. The changing characteristics
of the various drags were analyzed, and the least squares method was proposed for
calculating the added mass. The accuracy of this method was verified using parameter
separation regression analysis and theoretical solutions.

The analysis of fluid resistance change characteristics during the variable speed process
reveals that changes in the direction of acceleration significantly affect the pressure drag
but have a negligible impact on the viscous drag. This indicates that the source of added
mass force is primarily the changes in the pressure drag. During the deceleration process,
the direction of the added mass force aligns with the direction of motion, acting as a
propulsive force.

The analysis of differences in the pressure fields during acceleration and deceleration
processes shows that the distribution of high pressure at the head and tail of the ellipsoid
presents opposite phenomena. This is because, during the deceleration process, the sur-
rounding fluid continues to flow forward due to inertia, leading to a tendency for the fluid
at the head to detach, while the fluid at the tail has a tendency to surge forward. As the
velocity increases and the absolute value of acceleration decreases, this difference in the
pressure field becomes less pronounced.

The analysis of differences in velocity fields during acceleration and deceleration
processes indicates that, at lower speeds, for the ellipsoid undergoing deceleration, there
is a significant presence of high-speed fluid at the tail, which continuously converges
toward both sides of the tail and merges with the fluid flowing from the front to form
a velocity vortex. These forward-moving fluids are precisely the primary sources of the
added mass force during deceleration, while the difference in the velocity field at the head
is less pronounced. This demonstrates that changes in the direction of acceleration have a
more noticeable impact on the flow field at the rear of the object.

The regression analysis using both the least squares method and the parameter sep-
aration method indicates that conducting a least squares regression analysis on the total
resistance throughout the entire variable speed cycle can yield relatively accurate added
mass values, consistent with the results of the parameter separation method. By comparing
these values with the theoretical value of the added mass for the ellipsoid, the relative
errors of the added mass solved by these two methods are only 0.92% and −1.42%. This
demonstrates that utilizing the least squares method for parameter analysis can achieve
relatively accurate results.
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