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Abstract: In ultra-precision machining (UPM), position-independent geometric errors (PIGEs),
i.e., squareness errors, have a crucial impact upon the form accuracy of a machined surface. Accord-
ingly, more research work has been conducted in PIGE identification, to improve the form accuracy.
However, the general identification methods were developed without consideration of the specific
squareness errors for crucial PIGEs under the form errors of the machining process. Therefore, a new
method with featured structures was proposed, to identify crucial PIGEs in UPM. Firstly, a volumetric
error model was developed for PIGEs, to discuss the relationship between squareness errors and their
resulting machining form errors. Secondly, following the developed model, some featured structures
have been proposed with their machining form errors, to significantly indicate crucial PIGEs. Finally,
a series of UPM and measuring experiments were conducted for the featured structures, and then
their machining form errors were measured and extracted with specific squareness errors for the
identification of crucial PIGEs. The theoretical and experimental results revealed that the proposed
method is simple and efficient with the featured structures to accurately identify crucial PIGEs in
UPM. Significantly, the study offers a deep insight into high-quality fabrication in UPM.

Keywords: ultra-precision machining; position-independent geometric error; squareness error;
featured structure; volumetric error; form error

1. Introduction

Ultra-precision machining (UPM) is one of the most advanced fabrication methods to
create a high-quality surface with a sub-micrometric form accuracy and nanometric surface
roughness [1]. In UPM, there are inevitably various errors that affect the surface quality
of the machined components, such as geometric errors [2,3], tool errors [4,5], thermal
errors [6,7], dynamic errors [8,9], etc. The geometric errors, as a crucial contributor of up
to 40–70%, majorly affect the form accuracy of a machined surface [10]. Obviously, the
identification of geometric errors is the key way improving form accuracy. According to ISO
230-1 and ISO 230-7 [11,12], geometric errors can be categorized into position-dependent
geometric errors (PDGEs), and position-independent geometric errors (PIGEs), referred to
as squareness errors [13]. Compared to PDGEs, PIGEs greatly contribute to the form errors
in UPM [14–16]. Therefore, more research work has been focused on PIGE identification
in UPM.

Currently, the common identification methods under signal measurement and separa-
tion have been developed to calibrate PIGEs via optical square bricks, probes, double ball
bars, etc. Lai et al. [17] presented a squareness identification method for an ultra-precision
motion stage via error separation, where an optical square brick was employed to measure
the squareness accuracy between the X-axis and Y-axis. Moreover, Maeng et al. [18] utilized
a touch probe to identify four PIGEs in the rotary axis of a five-axis UPM machine. Liu
et al. [19] used a high-precision standard bar and a pair of inductance displacement probes
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to calibrate two PIGEs in the spindle of a drum roll UPM lathe. Chen et al. [20] put forward
an empirical mode detection method in which a reference ball and a touch probe with a
ruby stylus were used to identify PIGEs in the rotary axis of a five-axis UPM machine.
Further, Jiang et al. [14] established a new testing procedure to identify and characterize
the PIGEs of the rotary axes in a five-axis machine, through a four-step process with double
ball bars. Song et al. [21] carried out measurement experiments with double ball bars to
extract seven PIGEs for the geometric errors of a five-axis UPM machine. It is, thus, clear
that these proposed methods were carried out only to identify PIGEs, but the machining
form errors would not be fully considered with crucial PIGEs under the machining process.

Moreover, the identification methods under trial cutting have been proposed to iden-
tify the crucial PIGEs from the form errors of a machined surface, which was employed
to evaluate the actual accuracy of a machine. Gao et al. [22] calculated coupling PIGEs
through the measured surface of a machined workpiece. Pezeshki et al. [23] designed a set
of test pieces to distinguish kinematic errors coupled with PIGEs from machined profiles,
and assessed the performance of a three-axis machine under real loading conditions. Liu
et al. [24] classified PIGEs according to the coordinate distortion directions, from which
it was identified that their main errors would have a key impact on the form accuracy.
Li et al. [25] analyzed the effects of surface form distortion on the optical performance,
to identify the main machining errors including PIGEs. Tao et al. [26] proposed a matrix
decomposition method to detect the equivalent geometric errors from a machined surface.
Zha et al. [27] presented an evaluation method to improve the machining accuracy of
curved surfaces via measuring the profile error, to identify, and further compensate for, the
machining error, which consists of the systematic error caused by PIGEs, and the random
error due to uncertainty. Although the research work has made significant contributions
to the identification methods under trial cutting, the error, identified from the machined
surface, is only an equivalent error coupled with some PIGEs, but not a specific crucial
PIGE. This would limit the methods being widely used in the machining process.

As mentioned above, the identification methods under trial cutting would accurately
indicate squareness errors for PIGEs in UPM, but how to recognize each crucial PIGE
from a machined surface necessitates a comprehensive discussion. Therefore, this study
proposed a new method with featured structures to recognize the specific squareness errors
for the crucial PIGEs in UPM. Firstly, a volumetric error model for PIGEs was established,
to present the relationship between squareness errors and their resulting machining form
errors. Secondly, some featured structures were designed, to allow us to identify the crucial
PIGEs from the developed model. Finally, the machining form errors were accurately
extracted for the crucial PIGEs, through a series of UPM and measurement experiments on
the designed featured structures, in order to verify the new proposed method.

2. Volumetric Error Modelling for PIGEs

During the machining process, the actual machining trajectory would deviate from
the ideal machining trajectory, due to the PIGEs generated via machine assembly errors.
This would induce the machining form error, called the volumetric error. It is employed
to describe the relationship between the PIGEs and their resulting machining form errors,
based on the machine system. As shown in Figure 1a, the machine system used is a four-
axis UPM machine, consisting of three linear axes (the X-axis, Y-axis, and Z-axis), and a
rotary axis (the C-axis). The X- and Z- axes are located on the machine base, respectively.
The Y-axis is mounted on the X-axis, and the C-axis moves with the Y-axis. The workpiece
is attached to the C-axis via the vacuum chuck, and runs with the C-axis, which forms the
workpiece motion chain with the Y-axis, the X-axis, and the C-axis (the red part in Figure 1).
The tool is mounted on the cutter frame, moving with the Z-axis, which forms the tool
motion chain with the Z-axis (the blue part in Figure 1).
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Figure 1. The system of the employed four-axis UPM machine: (a) its schematic diagram, (b) its
motion chains.

Additionally, the PIGEs represent the squareness errors along each axis deviating
from the ideal reference at constant values [28]. For the four-axis UPM machine, there
are five squareness errors, the symbols and descriptions of which are listed in Table 1.
According to the multi-body system theory [29], the four-axis UPM machine is abstracted
into an adjacent body array, following the workpiece and tool motion chains, and the
correlation between each adjacent body is intuitively described via a low-order body
sequence. As shown in Figure 1b, the low-order body sequence represents the order of
the bodies in terms of natural numbers, and the machine base is usually defined with the
0 body as the reference. Accordingly, the workpiece and tool motion chains are numbered
sequentially at the increasing sequences from the reference.

Table 1. The symbols and descriptions of the PIGEs for the UPM machine.

Number Symbol Description

1 Sxy Squareness error between X-axis and Y-axis
2 Sxz Squareness error between X-axis and Z-axis
3 Syz Squareness error between Y-axis and Z-axis
4 Scx Squareness error between C-axis and X-axis
5 Scy Squareness error between C-axis and Y-axis

Moreover, on the basis of the multi-body system, a 4× 4 homogeneous transformation
matrix is used to describe the actual motion position between two adjacent bodies. For
the PIGEs, the homogeneous transformation matrix j

i T between a low-order body i and its
adjacent high-order body j is expressed as

j
i T =

j
i T e · j

i Tm (1)

where j
i T e and j

i Tm represent an error transformation matrix and a motion transformation

matrix, respectively. The formulas for the transformation matrices j
i T e and j

i Tm between
two adjacent bodies are given in Table 2, where x, y, and z denote the moving distance of
the X-, Y- and Z-axes, respectively; θc denotes the rotating angle of the C-axis; and I4×4
denotes a fourth-order identity matrix.

Further, the coordinate systems are established for the workpiece position and tool
position, respectively. Pt = (0, 0, 0, 1)T is employed to express the tool position in the tool
coordinate system. Correspondingly, the ideal tool motion position Pi and the actual tool
motion position Pa in the workpiece coordinate system are expressed as:

Pi = (1
0Tm · 2

1Tm · 3
2Tm · 4

3Tm)
−1 · 5

0Tm · 6
5Tm · Pt (2)

Pa = (1
0T · 2

1T · 3
2T · 4

3T)
−1 · 5

0T · 6
5T · Pt (3)
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Table 2. The error and motion position transformation matrices of the UPM machine.

Adjacent Bodies Error Transformation Matrix j
iTe Motion Transformation Matrix j

iTm

0–1 (X-axis) 1
0Te = I4×4 1

0Tm =


1 0 0 x
0 1 0 0
0 0 1 0
0 0 0 0


1–2 (Y-axis)

2
1Te =


1 −Sxy 0 0

Sxy 1 −Syz 0
0 −Syz 1 0
0 0 0 1

 2
1Tm =


1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1


2–3 (C-axis)

3
2Te =


1 0 Scx 0
0 1 −Scy 0
−Scx Scy 1 0

0 0 0 1

 3
2Tm =


cos θc − sin θc 0 0
sin θc cos θc 0 0

0 0 1 0
0 0 0 1


3–4 (workpiece) 4

3Te = I4×4
4
3Tm = I4×4

0–5 (Z-axis)
5
0Te =


1 0 Sxz 0
0 1 0 0
−Sxz 0 1 0

0 0 0 1

 5
0Tm =


1 0 0 0
0 1 0 0
0 0 1 z
0 0 0 1


5–6 (tool) 6

5Te = I4×4
6
5Tm = I4×4

Accordingly, the deviation in the tool motion position is the volumetric error induced
by the PIGEs. It is denoted by the symbol E, and its corresponding error components in the
X-, Y-, and Z-directions are expressed as Ex, Ey, and Ez, respectively. The volumetric error
is written as:

E = (Ex, Ey, Ez, 1)T = Pa − Pi (4)

For Equation (4), assuming that the squareness errors are first-order infinitesimals,
whose corresponding sine is themselves and whose cosine is 1, and that the higher-order
infinitesimals are 0, the volumetric error components in the X-, Y-, and Z-directions,
respectively, are re-written as:

Ex = x · Sxy · sin θc + z · (Syz + Scy) · sin θc + z · (Sxz − Scx) · cos θc (5)

Ey = x · Sxy · cos θc + z · (Syz + Scy) · cos θc − z · (Sxz − Scx) · sin θc (6)

Ez = −x · Scx + y · Scy (7)

Finally, the volumetric error model for the PIGEs developed from above clearly de-
scribes the relationship between the squareness errors and their resulting machining form
errors in UPM. It would provide a theoretical expression for the recognition of crucial PIGEs.

3. Recognition of the Crucial PIGEs with the Featured Structures

In Equations (5)–(7), each volumetric error is coupled with other squareness errors,
and changes with the motion position along each axis, meaning that a specific squareness
error cannot be directly calculated. Therefore, some featured structures could be designed
in order to recognize the crucial PIGEs, which would amplify the contribution of the
specific squareness error to the volumetric error, weaken the influence of other squareness
errors, and decouple the complex relationship between the volumetric error and various
squareness errors. Finally, each specific squareness error is recognized with the featured
structures for the crucial PIGEs, from the volumetric error components.
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3.1. Specific Squareness Errors Scx and Scy under End-Face Turning

Following Equation (7), the volumetric error Ez is related with two squareness errors,
Scx and Scy, of the C-axis, and the moving distances x of the X-axis, and y of the Y-axis.
To recognize only the specific squareness error Scx, a featured structure is proposed for
end-face turning along the X-direction, where the Y-axis moving distance is fixed at 0, as
shown in Figure 2. Resultantly, Equation (7) is further simplified as:

Ez = −x · Scx (8)
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Under end-face turning, the volumetric error Ez is its resulting machining form error,
which would be obtained through measuring the machined surface, i.e., a taper surface, at
a taper angle α1, as shown in Figure 2. Resultantly, the squareness error Scx is expressed as:

Scx = −Ez

x
= sin Scx = sin(−α1 − π

2
) = −α1 − π

2
(9)

Similarly, for the squareness error Scy, the same featured structure is designed for
end-face turning along the Y-direction, where the X-axis moving distance is fixed at 0.
Resultantly, Equation (7) is further simplified as:

Ez = y · Scy (10)

Under end-face turning, the volumetric error Ez would be obtained via measuring
the machined taper surface at a taper angle α2, as shown in Figure 3. Resultantly, the
squareness error Scy is expressed as:

Scy =
Ez

y
= sin(Scy) = sin(

α2 − π

2
) =

α2 − π

2
(11)

3.2. Specific Squareness Error Sxy under End-Square Milling

Following Equations (5) and (6), the volumetric errors Ex and Ey are related with
five squareness errors Sxy, Syz, Scy, Sxz, and Scx, the moving distances x of the X-axis and z
of the Z-axis, and the rotating angle θc of the C-axis. To recognize the specific squareness
error Sxy, a featured structure is proposed for end-square milling in the X–Y plane, where
the C-axis is fixed at the rotating angle of 0, and the Z-axis moving distance is the cutting
depth, hence regarded as the infinitesimal, as shown in Figure 4. Resultantly, the volumetric
error Ex in Equation (5) can be ignored, and Equation (6) is further simplified as:

Ey = x · Sxy (12)
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Under end-square milling, the volumetric error Ey is its resulting machining form error,
which would be obtained via measuring the form of the machined square, i.e., a rhombus,
at two diagonal lengths LMN and LPQ (the purple dashed line in Figure 4). The lengths
are obtained from the position information of four vertices, which are recorded via the
intersections of the residues of the two toolpaths (the yellow part of Figure 4). Resultantly,
the squareness error Scx is expressed as:

Sxy =
Ey

x
= sin(Sxy) = sin

[
π

2
− 2 · arctan(

LMN
LPQ

)

]
=

π

2
− 2 · arctan(

LMN
LPQ

) (13)

3.3. Specific Squareness Error Syz under Lateral-Square Milling

Following Equations (6) and (7), the volumetric errors Ey and Ez are related with five
squareness errors Sxy, Syz, Scy, Sxz, and Scx, the moving distances x, y, and z of the X-, Y-,
and Z-axes, and the rotating angle θc of the C-axis. To recognize the specific squareness
error Syz, a featured structure is proposed for lateral-square milling in the Y–Z plane, where
the C-axis is fixed at the rotating angle of 0, the X-axis moving distance is the cutting depth,
hence regarded as the infinitesimal, and the Y- and Z-axis moving distances are equal, as
shown in Figure 5. Resultantly, Equations (6) and (7) are, respectively, simplified as:

Ey = z · (Scy + Syz) (14)

Ez = y · Scy = z · Scy (15)
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The simplified volumetric errors are still related with two squareness errors Scy and Syz,
and the Z-axis moving distance. The squareness error Scy only makes the designed featured
structure rotate around the machined square at a certain angle without any geometric
changes, as shown in Figure 5b, while the squareness error Syz changes it into a rhombus,
as shown in Figure 5c. Accordingly, only considering its form accuracy, the volumetric
error Ez in Equation (15) could be ignored, so that Equation (14) is further simplified as:

Ey = z · Syz (16)

Under lateral-square milling, the volumetric error Ey would be obtained via measuring
the form of the machined square at two diagonal lengths LUV and LRW, as shown in
Figure 5c. Resultantly, the squareness error Syz is expressed as:

Syz =
Ey

z
= sin(Syz) = sin(

π

2
− 2 · arctan(

LUV
LRW

)) =
π

2
− 2 · arctan(

LUV
LRW

) (17)

3.4. Specific Squareness Error Sxz under Cylinder Turning

Following Equations (5) and (6), in order to recognize the specific squareness error Sxz,
a featured structure is proposed for cylinder turning along the Z-direction, where the X-axis
moving distance is the cutting depth, hence regarded as the infinitesimal, as shown in
Figure 6. Besides, the volumetric errors Ex and Ey of Equations (5) and (6) in the Cartesian
coordinate system are transformed into the volumetric error Er along the radial direc-
tion in the cylindrical coordinate system, via the expression Er = Ex·cosθc + Ey·sinθc [30].
Resultantly, the volumetric error Er is expressed as:

Er =
√

z2 · (Syz + Scy)
2 + z2 · (Sxz − Scx)

2 · sin(2θc + ϕ) (18)

where ϕ is the phase angle and it is given by ϕ = arctan
(
(Sxz − Scx)/(Syz − Scy)

)
. During

the cylinder turning process, the rotating angle of the C-axis θc changes rapidly, while
the Z-axis moves relatively slowly. Accordingly, the volumetric error Er is further maxi-
mized as:

Er = z · Sco (19)

where Sco =
√
(Syz + Scy)

2 + (Sxz − Scx)
2. Under cylinder turning, the volumetric error Er

is its resulting machining form error, which would be obtained via measuring the machined
surface, i.e., a cone, at a taper angle β, as shown in Figure 6. Resultantly, the squareness
error Sco is expressed as:

Sco =
Er

z
= sin(Sco) = sin(

β

2
) =

β

2
(20)
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Finally, the squareness error Sxz is expressed as:

Sxz = ±
√

Sco2 − (Syz + Scy)
2 + Scx = ±

√
(

β

2
)

2
− (Syz + Scy)

2 + Scx (21)

4. Experimental Setup

The above-designed featured structures were machined under end-face turning, end-
square milling, lateral-square milling, and cylinder turning on a four-axis UPM machine,
respectively. It includes the X-axis, Y-axis, Z-axis, and C-axis for diamond turning, micro-
milling, micro-grinding, and grooving non-rotationally symmetric surfaces, as shown in
Figure 7. The surface roughness of its turning is less than 1.5 nm, and the form accuracy
is less than 0.125 µm, and the surface roughness of its milling is less than 10 nm, and the
shape error is less than 0.2 µm. The machining conditions are listed in Tables 3 and 4.
Firstly, a disc-type workpiece was employed, with a diameter of 210 mm, for end-face
turning and end-square milling, respectively. Secondly, a bar-type workpiece was used,
with a length of 200 mm and a width of 80 mm, for lateral-square milling. Additionally, a
cylinder-type workpiece was utilized, with a diameter of 38 mm and a length of 70 mm,
for cylinder turning. Further, the step distances between two toolpaths were 100 µm for
end-square milling and lateral-square milling, respectively. Finally, the machined featured
structures were measured using a high-resolution 3D freeform profilometer. Its probe has a
measurement resolution of 0.8 nm and can be used in surface finish and form analysis for
the freeform surfaces of high-precision optical components.

Table 3. Machining parameters.

Squareness Error Featured Structure Feed
Direction

Feed Rate
(mm min−1)

Spindle
Speed (rpm)

Feed
Distance (mm)

Cutting
Depth (µm)

Scx End-face turning in the X-direction X 10 1000 105 2
Scy End-face turning in the Y-direction Y 10 1000 105 2
Sxy End-square milling in the X–Y plane X and Y 10 20,000 70 5
Syz Lateral-square milling in the Y–Z plane Y and Z 10 20,000 70 5
Sxz Cylinder turning in the Z-direction Z 10 1000 70 2

Table 4. Tool geometric parameters.

Tool Tool Nose Radius (mm) Tool Rake Angle (◦) Front Clearance Angle (◦)

Turning tool 0.3258 0 12
Milling tool 0.3700 0 7
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Figure 7. UPM experiments for the featured structures under: (a) end-face turning for Scx or Scy,
(b) end-square milling for Sxy, (c) lateral-square milling for Syz, (d) cylinder turning for Sxz.

5. Results and Discussion

To recognize the specific squareness errors Scx and Scy, the machining form errors
under end-face turning along the X- or Y-directions under the machining conditions of
Tables 3 and 4 were measured and extracted, as shown in Figure 8. Whether turning along
the X-direction or Y-direction, the surface profiles are not the lines, but the tapered curves,
and their taper heights are about 6 µm at the feed distance of 105 mm. Fitted via the
least-square method, the taper angles α1 and α2 were obtained at 179.9896◦ and 179.9858◦

(Table 5), respectively. According to Equations (9) and (11), the specific squareness errors
Scx and Scy were 18.72′′ and −25.56′′, respectively, as shown in Table 6. The results verify
that the featured structures under end-face turning could be greatly amplified to recognize
the specific squareness errors Scx and Scy.
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X-direction, (b) α2 along the Y-direction.
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Table 5. The results of the featured structures for the specific squareness errors.

Item Result

The taper angle α1 (◦) 179.9896
The taper angle α2 (◦) 179.9858

The lengths LMN and LPQ (µm) 98,996.126 and 99,003.545
The lengths LUV and LRW (µm) 99,000.582 and 99,008.822

The taper angle β (′′) 19.80

Table 6. The specific squareness errors for the crucial PIGEs.

Squareness Error Result (′′)

Squareness error Scx 18.72
Squareness error Scy −25.56
Squareness error Sxy 15.46
Squareness error Syz 17.17
Squareness error Sxz 23.98

Additionally, to recognize the specific squareness error Sxy, the machining form error
under end-square milling in the X–Y plane at the machining conditions of Tables 3 and 4
was measured and extracted, as shown in Figure 9. The two diagonal lengths, LMN and
LPQ, are 98,996.126 µm and 99,003.545 µm (Table 5) at the noticeable difference of 7.419 µm,
which indicates that the machined square was deformed into a rhombus. According to
Equation (13), the specific squareness error Sxy is 15.46′′, as shown in Table 6. The results
prove that the featured structures under end-square milling would be significantly designed
to recognize the specific squareness error Sxy.
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Figure 9. The measured diagonal lengths under end-face square milling for Sxy: (a) M for LMN, (b) Q
for LPQ, (c) P for LPQ, and (d) N for LMN.

Further, to recognize the specific squareness error Syz, the machining form error under
lateral-square milling in the Y–Z plane at the machining conditions of Tables 3 and 4 was
measured and extracted, as shown in Figure 10. The two diagonal lengths, LUV and LRW,
are 99,000.582 µm and 99,008.822 µm (Table 5) at the significant difference of 8.240 µm,
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which identifies that the machined square was deformed into a rhombus. According to
Equation (17), the specific squareness error Syz is 17.17′′, as presented in Table 6. The results
confirm that the featured structures under lateral-square milling would be dramatically
designed to recognize the specific squareness error Sxy.
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Figure 10. The measured diagonal lengths under lateral-square milling for Syz: (a) U for LUV, (b) W
for LRW, (c) R for LRW, and (d) V for LUV.

Finally, to recognize the specific squareness error Sxz, the machining form error under
cylinder turning along the Z-direction at the machining conditions of Tables 3 and 4 was
measured and extracted, as shown in Figure 11. After fitting, the taper angle β was 19.80′′

(Table 5), which means that the machined cylinder was deformed into a cone. According
to Equation (21), the specific squareness error Sxz was 23.98′′, as listed in Table 6. The
results support the theory that the featured structures under cylinder turning could be
prominently designed to recognize the specific squareness error Sxz.
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Overall, a series of UPM and measuring experiments have been carried out for the
featured structures. The five specific squareness errors for the crucial PIGEs have be
obtained effectively from the machining form errors of the designed featured structures
under end-face turning, end-face milling, lateral-square milling, and cylinder turning,
respectively. The results effectively support the new proposed method with the featured
structures for the efficient identification of crucial PIGEs, which could be employed for
compensation to enhance machining accuracy.

6. Conclusions

In ultra-precision machining (UPM), position-independent geometric errors (PIGEs),
called squareness errors, serve as a key factor affecting the form accuracy of a machined
surface. To improve the form accuracy, more research work has been conducted on the iden-
tification of PIGEs. However, the currently used identification methods cannot accurately
recognize specific squareness errors for crucial PIGEs, due to the lack of consideration
of form errors under the machining process. In this study, a new method with featured
structures was proposed, to identify crucial PIGEs in UPM. The main conclusions are
drawn as follows:

(1) A volumetric error model has been proposed for PIGEs, to significantly reveal the
relationship between the five squareness errors and their resulting machining form
errors in UPM. The volumetric error is coupled with other squareness errors, and
changes with the motion position along each axis.

(2) Moreover, the featured structures have been designed, machined, and measured to
efficiently decouple the specific squareness errors from their form errors in UPM, and
to successfully recognize crucial PIGEs. The values of the five specific squareness
errors identified are between 15′′ and 26′′.

(3) Further, it is a potential means to improve the form accuracy of UPM, through the
identification of crucial PIGEs with compensation.

The innovation in this paper is that it proposes a new method with featured structures
to identify the specific squareness errors for crucial PIGEs in UPM. This method not only
considers the influence of PIGEs on the actual machinery, but also effectively decouples the
specific squareness errors from the machining form errors, realizing the accurate recognition
of crucial PIGEs.
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