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Abstract: In this paper, we study a problem of global optimization using common best proximity point
of a pair of multivalued mappings. First, we introduce a multivalued Banach-type contractive pair of
mappings and establish criteria for the existence of their common best proximity point. Next, we put
forward the concept of multivalued Kannan-type contractive pair and also the concept of weak
A-property to determine the existence of common best proximity point for such a pair of maps.
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1. Preliminaries

Let (3, p) be a complete metric space and let CB(S) denote the class of all nonempty closed and
bounded subsets of the nonempty set 3. For A, B € CB(S), the function H : CB(SJ) x CB(Y) —
[0, +00) defined by

H(A, B) = max{sup A(¢, A),supA(,B)},
feB seA
where A(6, B) = infzc5 0(9,¢), is a metric on CB(S).
For any two non-empty subsets A, B of the metric space (3, p), we shall use the following notations:

Ag={0¢€ A:p(6,&) =p(A,B) for some ¢ € B},

By={CeB:p6:¢) =p(A B)forsomeb € A},

where p(A, B) = inf{p(6,&) : 6 € A, ¢ € B}.
For A, B € CB(S), we have
o(A,B) < H(A B).

6 € Q is said to be a best proximity point (BPP, in short) of the multivalued map I' : & — CB(S)
if A(6,T0) = p(A, B). v € Sis called a fixed point of the multivalued map I' : & — CB(S) if v € T'v.

Axioms 2020, 9, 102; d0i:10.3390/axioms9030102 www.mdpi.com/journal/axioms


http://www.mdpi.com/journal/axioms
http://www.mdpi.com
https://orcid.org/0000-0003-0097-0819
https://orcid.org/0000-0002-9277-8092
http://www.mdpi.com/2075-1680/9/3/102?type=check_update&version=1
http://dx.doi.org/10.3390/axioms9030102
http://www.mdpi.com/journal/axioms

Axioms 2020, 9, 102 20f8

Let¥,Q): A — CB(B) be two multivalued maps. An element 6* € A is said to be a common best
proximity point (CBPP, in short) of ¥ and () if and only if

A", ¥0") = p(A,B) = A(8",Q67).
Remark 1.

1. In the metric space (CB(S),H), 0 € S is a fixed point of T if and only if A(6,T0) = 0. In general,
6 € T¢ ifand only if A(0,I'¢) = 0 forany 6,¢ € .

2. For two closed sets A, B, when AN B # ¢, we have p(A, B) = 0. In that case, a fixed point and a BPP
are identical.

3. The function A is continuous in the sense that if 6, — 6 as n — oo, then A(6,, A) — A(6,.A) as
n — oo forany A C S.

4. A CBPP is an element at which the functions 6 — A(6,'¥0) and 6 — A(6, Q0) achieve a global minimum,
for A(6,¥0) > p(A,B)and A(6,Q0) > p(A, B) forall 6 € A.

The following lemmas are significant in the present context.

Lemma 1 ([1,2]). Let (S, p) be a metric space and A, B € CB(S). Then

1. A6,B) <p(6,7)foranyy € Band 0 € ;
2. A0,B) <H(A,B)forany 6 € A.

Lemma 2 ([3]). Let A, B € CB(S) and let 0 € A. If p > 0, then there exists { € B such that
p(6,8) < H(A B) +p.
In general, we may not obtain a point { € B such that
0(6,8) < H(A, B).
But when B is compact, then such a point § exists, i.e., p(6,¢) < H(A, B).

The notion of P-property was introduced by Sankar Raj [4]. Further, the idea of weak P
property was put forward by Zhang et al. [5] to improve the results of Caballero et al. [6] on
Geraghty-contractions.

Definition 1 ([4]). Let (3, p) be a metric space and A, B be two non-empty subsets of S such that Ag # ¢.
The pair (A, B) satisfies the P-property if and only if p(61,81) = p(A, B) = p(62,82) implies p(61,62) =
p(&1,82), where 01,00 € Ag and &1,& € B,

Definition 2 ([5]). Let (S, p) be a metric space and A, B be two non-empty subsets of S such that Ag #
¢. The pair (A, B) satisfies the weak P-property if and only if p(01,81) = p(A,B) = p(62,82) implies
p(91,92) < p(gl, 62), where 91,92 € Aand (:1,(:2 € B.

The following well known lemma will be used in the sequel.

Lemma 3. If {6, } is a sequence in a complete metric space (3, p) such that p(6,+1,60,) < Ap(6y,0,,_1) for
all n € N, where A € (0,1), then {6, } is a Cauchy sequence.

BPPs under different types of contractive conditions have been studied in [7-15]. Moreover, BPPs
for different kinds of multivalued mappings have been studied in [16-19]. Some more relevant works
may be found in [20-24].
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In this paper, we put forward the idea of multivalued Banach-type contractive pair
(MVBCP, in short) and with the help of weak P property, establish conditions under which such
a pair admits a CBPP. Next, we define the notion of weak A-property and a multivalued Kannan-type
contractive pair (MVKCP, in short) and prove an existence of CBPP result for that pair.

2. Common Best Proximity Point for MVBCP

In this section, first we define a MVBCP. The corresponding CBPP result follows.

Definition 3. Let (S, p) be a metric space and A, B be two non-empty subsets of . The pair of mappings
¥, : A — CB(B) is said to be a MVBCP if there exists T € [0,1) such that

H(QO,¥E) < 70(0,8)
forall0,¢ € S.

Theorem 1. Let (3, p) be a complete metric space and A, B be two non-empty closed subsets of S such that
Ap # ¢ and that the pair (A, B) satisfies the weak P-property. Let the pair of mappings ¥, Q) : A — CB(B)
be a MVBCP such that Y0 and Q0 are compact for each 0 € A, and further Y6 C B 4 and Q8 C B 4 for all
0 € Ag. Then Y and Q) have a CBPP.

Proof. Fix 6y € Ap and choose y € 06y C B 4. By the definition of B 4, we choose 61 € Ag such that
p(61,0) = p(A, B). 1)
If &y € Q6 NY6,, then we have
p(A,B) < A(61,¥61) < p(61,G0) = p(A, B), since &y € Y61,

and
P(.A,B) < A(Ql, Q91) < p(@l,go) = p(.A,B), since CO S 091.

Thus p(A, B) = A(6,,Y61) = A(61,Q6,), i.e., 61 is a CBPP of ¥ and Q. Therefore, assume that
Co & Q61 N'Y6;. Consider the case ¢y & Y.

Since Y6, is compact, by Lemma 2 and the definition of MVBCP, there exist {1 € ¥6; C B4 and
T € [0,1) such that

0 < A(Go, ¥61) < p(Go,&1) < H(QBo, ¥01) < T0(60,61) @)
Since 1 € By, there exists 0, € Ap such that
p(02,61) = p(A, B). ®)
From (1), (3) and weak P-property, we have that

p(61,602) < p(Go, 1) 4
From (2) and (4), we have that

p(61,02) < p(Go,&1) < (60, 01)- (5)

If §1 € Q6, N'Y6,, then like earlier we can show that 8, is a CBPP of () and ¥. Thus assume that
¢1 & Q0 N'Y0,. Consider the case &1 € 26,. Since 6, is compact, there exists ¢, € (26, such that
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0 < A(81,002) < p(G1,62) < H(OQH, Y1)
< 70(01,02). (6)

Since &, € 00, C By, there exists 03 € Ap such that

p(03,62) = p(A, B). 7)

From (3), (7) and weak P-property, we have that

p(62,63) < (&1, &2)- ®)
Also, from (5) and (6),
p(81,82) < Tp(8o,C1)- 9)
Continuing in this way, we obtain two sequences {60, } and {¢,} in Ag and B 4 respectively,
satisfying

(B C2n € Q02 € Baand Gopi1 € Y2011 € Ba,

(B2) 0(0441,8n) = p(A, B),

(B3) p(0n,0n+1) < Tp(0n—1,0n) and p(Gn, Gnt1) < TO(Gn—1,Gn),

foreachn =0,1,2,....

From (B3) and Lemma 3, we observe that {6,} and {¢,} both are Cauchy sequences.
Since A and B are closed subsets of a complete metric space, we conclude that A and B both
are complete subspaces.

Hence, there exists 8 € A and ¢ € B such thatf, — 6 and ¢, — {asn — +oo.

We claim that (20, converges to Q6. Indeed, if m > n, then

H(Q6,, Q0) < H(Q6y, FOp) + H ¥y, Q0)
< T[o(On, 0m) + (0, 0)]

— 0asn — +oo.

Similarly, we can show that Y6, converges to Y6.
From (B2) we have that

P(en-&-lzgn) = P(A/B)

foreachn =0,1,2,....
This implies

Jim p(6,41,6n) = p(6,6) = p(A, B). (10)
Again, we claim that { € Q20 N'Y0. Since {2, € (20, we have

lim A(&,,0Q0) < 1_1)12 H(Q62,, Q) = 0, (since Qb converges to (20)
n (<)

n—-+oo

— A(Z,Q0) = 0.

Hence ¢ € Q6.
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Also since ¢y, 11 € Y0,41, we have
n1—i>Too A(Eopa1,90) < nl_i)rfoo H (Y0241, ¥0) = 0, (since ¥6,, converges to ¥0)
= A(E,¥0) = 0.
Hence ¢ € Y6. Therefore,
Zenonvo. (11)
Finally, using (10) and (11) we have that

p(A,B) < A(0,%0) < p(6,8) = p(A, B)
— A(6,%6) = p(A,B),

and

p(A,B) < A(6,00) < p(6,5) = p(A,B)
— A(6,06) = p(A,B),

HencefisaCBPPof Qand ¥. O

Next, we present an example in which the pair (\A, B) satisfies only the weak P-property but not
the P-property.

Example 1. Consider & = R? with the Euclidean metric p. Let A = {(—5,0),(0,1),(5,0)} and B = {(6,¢) :
E=2+vV2-620 € [—v2,v2]}. Then p(A,B) = V3and Ag = {(0,1)}, B4 = {(v/2,2),(=v2,2)}.
Define a pair of multivalued maps Q,Y : A — CB(B) in the following manner:

Q(=5,0) = {(0,2+V2)}, Q(0,1) = {(-v2,2),(0,2+V2)}, Q(5,0) = {(~1,3),(1,3)},

and

¥(-5,0) = {(-v2,2),(-1,3)}, ¥(0,1) = {(V2,2)}, ¥(5,0) = {(v2,2),(1,3)}.

By routine calculations, it is easy to check that the condition
H(O0,¥E) < 7p(6,8)

is satisfied for all 0,¢ € S and for T = % €[0,1).
Thus the pair ¥, () is a MVBCP.
Finally, we observe that

p((0,1),(v2,2)) = p((0,1), (—v2,2)) = V3 = p(4,B),
but
0((0,1),(0,1)) =0 < p((V2,2),(-V2,2)) = 2V2.

Thus, (A, B) satisfies weak P-property, but not the P-property. Therefore, all conditions of Theorem 1
are satisfied and since A((0,1),%(0,1)) = A((0,1),Q(0,1)) = /3 = p(A, B), we conclude that (0,1) isa
CBPP of Y and Q).

3. Common Best Proximity Point for MVKCP

In this section, we define the concepts of weak A-property and a MVKCP. Combining these two
concepts, we establish a CBPP result.
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Definition 4. Consider the metric space (CB(S), H) and let A, B be two non-empty subsets in CB(S) such
that Ag # ¢. The pair (A, B) is said to have the weak A-property if and only if A(6,U) = p(A, B) = A(E,V))
implies p(0,&) < H(U, V), forall 6, € Agand U,V C B 4.

Definition 5. Let (3, p) be a metric space and A, B be two non-empty subsets of . The pair of mappings
¥,Q: A — CB(B) (Y and Q) may be identical) is said to be a multivalued Kannan-type contractive pair
(MVKCP, in short) if there exists A € [0,1) such that

H(0,¥E) < S[A(6,00) + A, ¥E) ~ 20(A B)] (12)

forall0,¢ € S.
Remark 2. If¥, Q) is an MVKCP, the condition (12) is satisfied when ¥ = () as well.

Definition 6 ([25]). Let (S, p) be a metric space and R be a self-map on 3. R is said to be a Kannan mapping
if there exists 0 < A < % such that

0(R6,RG) < M{p(6,R0) +0(¢, RE) },

forall0,¢ € S.
Remark 3. If (3, p) is a complete metric space, then a Kannan mapping on ¥ possesses a unique fixed point.

Now we present the main result of this section.
Theorem 2. Let (3, p) be a complete metric space and A, B be two non-empty closed subsets of 3 such that
Ap # ¢ and that the pair (A, B) satisfies the weak A-property. Let the pair of mappings ¥, Q2 : A — CB(B)
be a MVKCP such that Y0 C B4 and Q6 C B forall € Ag. Then ¥ and Q) have a CBPP.
Proof. Define the map I': Q(Ap) — Ap by

[(S) =16 € Ap: A(6,5) = p(A B)}, (13)

for all S € Ap. The map T is well defined, for if T(S) = 6; and T'(S) = 6,, then A(61,S) = p(A, B) and
A(62,5) = p( A, B). By weak A-property, we have p(61,6;) < H(S,S) =0, i.e., 6; = 6.

From (13), we have A(T(Q0),Q0) = p(A, B) and A(T(Q¢), Q¢) = p(A, B) forany 6, ¢ € Ag.

Again, using the weak A-property, we have

p(F(Q0),T(QF)) < H (OB, OF)

IN

[A(6,00) + A5, QF) — 2p(A, B)]

IA
N> 1) > N>

[0(6,T(Q20)) + A(T(Q0),Q0) + p(¢, T(QF)) + A(T(QF), AF) —20(A, B)]

= 5 [p(6,T(Q0)) +p(¢,T(Q5)) —20(A, B)],
forany 0,¢ € Agand A € [0,1).

It means that the composition map I'oQ2 : Ap — Ap is a Kannan map from Ag to itself, which is a
complete metric space.

Thus, ToQ) has a unique fixed point 61, ie., ToQ(6;) = 6; € Ap, which implies
that A(6,,Q(61)) = p(A, B).
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Similarly, we can define IT : ¥(Ap) — Ag and obtain a unique fixed point 6, of ITo¥ and
consequently A(6, ¥ (62)) = p(A, B).
Using the weak A-property, we have that

p(61,62) < H(Q01,Y0,)
< &[A(Gl,ﬂel) + A(62,%62) —20(A, B)]

2
0,
which implies that 8; = 6, = 6 (say).

Therefore, A(6,Q2(6)) = A(6,¥(0)) = p(A,B). Thusfisa CBPP of Qand ¥. O

4. Conclusions

The concepts of MVBCP, MVKCP and weak A-property have been introduced in this paper. Using
weak P-property, a CBPP result has been proved for a MVBCP and using the weak A-property, a similar
result has been established for a MVKCP. The current study is interesting because the proof of our
main theorem in Section 2 provides us with a scheme on how to find a CBPP for two multivalued maps.
An application of the same has also been discussed in Example 1.

Author Contributions: Author P.D. contributed in Conceptualization, Investigation, Methodology and Writing
the original draft; Author H.M.S. contributed in Investigation, Validation, Writing and Editing. The authors thank
all the reviewers for their detailed comments resulting in improvement of the manuscript. All authors have read
and agreed to the published version of the manuscript.

Funding: The first author (P. Debnath) acknowledges the UGC-BSR Start-Up Grant vide letter No.
F.30-452/2018(BSR) dated 12 Feb 2019 (Ministry of HRD, Govt. of India).

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Boriceanu, M.; Petrusel, A.; Rus, I.A. Fixed point theorems for some multivalued generalized contraction in
b-metric spaces. Internat. J. Math. Stat. 2010, 6, 65-76.

2. Czerwik, S. Nonlinear set-valued contraction mappings in b-metric spaces. Atti Sem. Mat. Univ. Modena
1998, 46, 263-276.

3. Nadler, S.B. Multi-valued contraction mappings. Pac. J. Math. 1969, 30, 475-488. [CrossRef]

4. Raj, V.S. A best proximity point theorem for weakly contractive non-self-mappings. Nonlinear Anal. 2011,
74, 4804-4808.

5. Zhang, ].; Su, Y,; Cheng, Q. A note on A best proximity point theorem for Geraghty-contractions’. Fixed Point
Theory Appl. 2013, 2013, 99. [CrossRef]

6. Caballero, J.; Harjani, J.; Sadarangani, K. A best proximity point theorem for Geraghty-contractions.
Fixed Point Theory Appl. 2012, 2012, 231. [CrossRef]

7. Almeida, A.; Karapinar, E.; Sadarangani, K. A note on best proximity points under weak P-property.
Abstr. Appl. Anal. 2014, 2014, 716825. [CrossRef]

8. Eldred, A.A.; Kirk, W.A.; Veeramani, P. Proximinal normal structure and relatively nonexpansive mappings.
Stud. Math. 2005, 171, 283-293. [CrossRef]

9.  Eldred, A.A.; Veeramani, P. Existence and convergence of best proximity points. J. Math. Anal. Appl. 2006,
323, 1001-1006. [CrossRef]

10. Bari, C.D.; Suzuki, T.; Vetro, C. Best proximity points for cyclic Meir-Keeler contractions. Nonlinear Anal.
2008, 69, 3790-3794. [CrossRef]

11. Mondal, S.; Dey, L.K. Some common best proximity point theorems in a complete metric space. Afr. Mat.
2017, 28, 85-97. [CrossRef]

12.  Reich, S. Approximate selections, best approximations, fixed points and invariant sets. J. Math. Anal. Appl.
1978, 62, 104-113. [CrossRef]


http://dx.doi.org/10.2140/pjm.1969.30.475
http://dx.doi.org/10.1186/1687-1812-2013-99
http://dx.doi.org/10.1186/1687-1812-2012-231
http://dx.doi.org/10.1155/2014/716825
http://dx.doi.org/10.4064/sm171-3-5
http://dx.doi.org/10.1016/j.jmaa.2005.10.081
http://dx.doi.org/10.1016/j.na.2007.10.014
http://dx.doi.org/10.1007/s13370-016-0432-1
http://dx.doi.org/10.1016/0022-247X(78)90222-6

Axioms 2020, 9, 102 80f8

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Basha, S.S. Best proximity points: Global optimal approximate solutions. J. Glob. Optim. 2010, 49, 15-21.
[CrossRef]

Basha, S.S.; Shahzad, N.; Jeyaraj, R. Common best proximity points: Global optimization of
multi-objective functions. Appl. Math. Lett. 2011, 24, 883-886. [CrossRef]

Salimi, P.; Vetro, P. A best proximity point theorem for generalized Geraghty-Suzuki contractions.
Bull. Malays. Math. Sci. Soc. 2016, 39, 245-256. [CrossRef]

Al-Taghafi, M.A.; Shahzad, N. Best proximity pairs and equilibrium pairs for Kakutani multimaps.
Nonlinear Anal. 2009, 70, 1209-1216. [CrossRef]

Khammahawong, K.; Kumam, P.; Lee, D.M.; Cho, Y.J. Best proximity points for multi-valued Suzuki
a-F-proximal contractions. J. Fixed Point Theory Appl. 2017, 19, 2847-2871. [CrossRef]

Kim, WK,; Kum, S.; Lee, KH. On general best proximity pairs and equilibrium pairs in free abstract
economies. Nonliner Anal. 2008, 68, 2216-2222. [CrossRef]

Kirk, W.A ; Reich, S.; Veeramani, P. Proximinal retracts and best proximity pair theorems. Numer. Func.
Anal. Optim. 2003, 24, 851-862. [CrossRef]

Debnath, P. Fixed poiints of contractive set valued mappings with set valued domains on a metric space
with graph. TWMS |. App. Eng. Math. 2014, 4, 169-174.

Debnath, P,; Srivastava, H.M. New extensions of Kannan’s and Reich’s fixed point theorems for multivalued
maps using Wardowski’s technique with application to integral equations. Symmetry 2020, 12, 1090.
[CrossRef]

Kirk, W.A_; Shahzad, N. Fixed Point Theory in Distance Spaces; Springer: Berlin/Heidelberg, Germany, 2014.
Koskela, P; Manojlovié, V. Quasi-nearly subharmonic functions and quasiconformal mappings.
Potential Anal. 2012, 37, 187-196. [CrossRef]

Todorcévi¢, V. Quasi-nearly subharmonic functions and quasiconformal mappings. Potential Anal. 2012,
37,187-196.

Kannan, R. Some results on fixed points-II. Am. Math. Mon. 1969, 76, 405-408.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1007/s10898-009-9521-0
http://dx.doi.org/10.1016/j.aml.2010.12.043
http://dx.doi.org/10.1007/s40840-015-0171-8
http://dx.doi.org/10.1016/j.na.2008.02.004
http://dx.doi.org/10.1007/s11784-017-0457-6
http://dx.doi.org/10.1016/j.na.2007.01.057
http://dx.doi.org/10.1081/NFA-120026380
http://dx.doi.org/10.3390/sym12071090
http://dx.doi.org/10.1007/s11118-011-9252-y
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Preliminaries
	Common Best Proximity Point for MVBCP
	Common Best Proximity Point for MVKCP
	Conclusions
	References

