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1. Introduction

In this paper, we study the nonlinear fourth-order Schrodinger equation with
mixed dispersions
{ i — A%+ pAy + [p|Pp =0, (,x) € [0,T*) x RY, )
1/1(0, X) = lPO(x);

where 4 € R, ¢ : [0,T*) x RN — C is a complex valued function, 0 < T* < 0, 0 <
p < 4* (where 4* = +oo if N = 1,2,3,4 and 4* = &; if N > 5). Karpman in [1]
first introduced the fourth-order Schrodinger Equation (1) to stabilize soliton instabilities.
Karpman and Shagalov in [2] also proposed a small fourth-order dispersion term to describe
the propagation of intense laser beams in a bulk medium with Kerr nonlinearity. In recent
years, there has been a great deal of interest in using higher-order operators to model
physical phenomena (see [3-8]).
When u = 0, Equation (1) entails the scaling invariance

Pa(t,x) = /\%w()ﬁ*t, Ax), A >0.

This implies that if ¢ solves (1) with y = 0, then ¢, solves the same equation with the
4
initial data ¢, (0, x) = A?¢p(Ax). A direct computation shows

4_N
19201z = A" 2 [[4poll -

This implies that the Sobolev H7¢-norm and Lebesgue LP<-norm are invariant under
the scaling ¢ — ), where

2N Np

N—2v. 4

N[ Z

Ve i= and p; :=

4
p
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Although there is not any scaling invariance for Equation (1) with u # 0, . and p,
are referred to as the critical Sobolev and Lebesgue exponents of (1), respectively. When
0< . <2, ie, % < p < 4%, Equation (1) is referred to as HYe-critical. In particular, when
Ye = 0 and . = 2, Equation (1) is referred to as L?-critical (or mass-critical) and H>-critical
(or energy-critical), respectively.

If the initial data ¢y € H?, then Equation (1) reflects the mass and energy conserva-
tion laws:

l®)llr2 = Igollz, E(p(£)) = E¢o),
where the energy E is defined by

L

S O @

E(p(1) = S llap(0)]% + BV (o) -

If the initial data g € H7 N H? with 7, < 1, then the equation only assumes energy
conservation. The conservation of mass is no longer available in this setting.

Recently, Equation (1) was investigated extensively in [9-18]. The local well-posedness
in H? was studied in [9,13,15]. The global well-posedness for (1) in H? was studied by
Fibich, Ilan, and Papanicolaou in [19]. The global properties, including the sharp thresh-
old of scattering and blow-up, asymptotical behavior, and scattering were investigated
in [12,15-18,20]. When 0 < p < %, it follows that all the solutions of (1) exist globally
using the mass conservation. Boulenger and Lenzmann in [21] proved the existence of
radial blow-up solutions for (1) with % < p < 4*. When y = 0, the dynamical properties
of the blow-up solutions of (1) were investigated in [22-28]. However, when u # 0, the
dynamical properties of the blow-up solutions of (1) have not yet been discussed.

The aim of this paper is to consider the dynamical properties of the blow-up solutions
of (1) with u # 0. However, compared with the case j1 = 0 considered in [25,26,28], there
are two major difficulties in the analysis of the blow-up solutions of (1). One is the loss
of mass conservation due to the initial data o € H7 N H?; the other is the loss of scaling
invariance to (1) with p # 0. Since there is no scaling invariance for y # 0, we choose the
ground states of the equations

AQ+(~A)Q—QIPQ =0, 3)

and
A?R + |R|Pe2R — |R|FR =0, (4)

to describe some of the concentration properties and limiting profiles of the blow-up
solutions to (1), respectively, where (3) and (4) arise in the study of the optimal constants of
inequalities (12) and (14) (see [25]).

The structure of this paper is as follows: In Section 2, we provide some preliminary
information, including the local well-posedness of (1), the profile decomposition of the
bounded sequences in H7Y N H2, and the localized virial to (1). In Section 3, we investigate
the dynamical properties of the blow-up solutions of (1) with  # 0 in the L?-critical and
L?-supercritical cases, including the concentration properties and limiting profiles.

2. Preliminaries

First, we recall the local well-posedness for the Cauchy problem (1).

Lemma 1 ([14]). Let 0 < p < 4* and g € H>. Then, there exists T = T(||¢o]| y2), such that (1)
admits a unique solution Y € C([0, T), H?). If T* < oo, then ||Ap(t)| 2 — coas t T T*, where
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T* is the maximal existence time of solution (t). Moreover, for all [0, T*), the following mass and
energy conservation laws follow:

M) = [ 19(tx)Pdx = M(go), ®

E(y(t)) = E(vo), 6)
where E((t)) is defined by (2).

Next, in order to study the existence of the blow-up solutions, we recall the localized
Virial to (1) established in [21]. Let ¢ : RN — R be a radial function which satisfies
Vipge L®, for1 <j <6,

7,2
=g 2 Jorr =] do'(r) <1 > 0.
(P(T) { const. f()}" . Z 10’ an (p (7’) <1, for r>

For R > 0, we define ¢g(r) := R?¢(%). When ¢ € C([0, T*); H?), we define the
localized virial of ¢ (t) by

Moy, (¢ = ZIm/ (t,x)Vor(x)Vip(t, x)dx. (7)
Boulenger and Lenzmann in [21] obtained the following time evolution of My, ({(f)).

Lemma 2 ([21], Lemma 3.1). Let 0 < p < 4* and R > 0. Let ¢ € C([0, T*); H?) be a radial
solution to (1), then,

%MrpR(llJ(t)) <2NpE($(1)) — (Np = 8)[Ap(1) |72 — (Np — 4)u| Ve (b)II72 + X [(1)]

v 2 v p/2
+0(R14+” POl | IV +|y|)

RZ R (N 21)p RZ

Vo2, V)P
—4Q(¢(f))+Xy[¢()]+0(R e +|Rz|)'

forany t € [0, T*), where

0 <0
X B < -
o0 < { Q@ forn <o
with some constant Ag > 0.
Lemma 3 ([29], Proposition 1.32). Let sp < s < s1. Then, H% N H® is included in H*, and

Olgs < o orallv € HO N H, (8)
H

o [

where s = (1 — 0)sg + 0sy.

Lemma 4 ([26], Theorem 1.1). If0 < p < 4%, then

& ||P+2 4(p+2) 4(p+2)—Np ¥ 1 o ||M||Av||¥ )
Lpt2 — 4(P+2) NP NP ||R||p 12 12 7

forall v € H?, where R € H? is a ground state of the equation

A’R+R — |R|PR = 0. (10)
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Moreover, the following Pohozaev’s identities follow.
18RI = g PRI = g IRIE an
Lemma 5 ([25], Proposition 3.2). Let & < p < 4*. Then, for all v € HY N H?
uuﬁi_”§2|ﬁm% o], 12)

where Q € HY N H? is a ground state of (3). Moreover, the following Pohozaev’s identities follow.

+2
1QII5, = ||Q||Zp+z = IIQIIH% (13)

Cp+2
Lemma 6 ([25], Proposition 3.2). Let % < p < 4*. Then, forall v € LPe N H?

pr2 o pt+2 1 Aol

- |AD]|52, 14

[ollpi2 = = IR 10117 pe 18017 (14)

where R € LPe N H? is a ground state solution of the elliptic Equation (4). Moreover, the following
Pohozaev’s identities hold true:

IR

Lrt2

+2 2
= ijz|| 1 = ;IIRII%m- (15)

Since the uniqueness of the ground state solutions to (10), (3) and (4) is still unknown,
to study the dynamical properties of blow-up solutions, we introduce the notions of Sobolev
and Lebesgue ground states. Denote

w =l 72+ [wmﬂAwpy we
GU—WMHMMWMWJuemmm

+2 .
K(u) i= ullfy2 = [l Aul2,), we L0 E2,

Definition 1 (Ground states).

1 We call the Sobolev ground states the maximizers of Go and G, which are solutions to (10)
and (3), respectively. We denote the set of Sobolev ground states of Go and G by Gy and G,
respectively.

2 Wecall the Lebesgue ground states the maximizers of K, which are solutions to (4). We
denote the set of Lebesgue ground states by K.

It follows from the optimal constants in (9), (12), and (14) that all the Sobolev ground
states have the same H7<-norm and all the Lebesgue ground states have the same LF<-norm.
We thus denote

Go:=[1Qll2, VQ € Go, G1:=Qllgw, YQ€E€G, Go:=|R|rre, VREK.  (16)
Finally, we recall the following two compactness lemmas:

Lemma 7 ([28], Compactness lemma I). Suppose that {u,}5_; is a bounded sequence in H>
and satisfies
limsup ||Auy||;2 < M, limsup ||uy|| /52 > m > 0.
n—00 n—oo
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Then, there exist {xn}Z":1 C RN and V € H?, such that, up to a subsequence,
Uun (- 4 xn) — V weakly in H?
with

2 mp+2 p

Lemma 8 ([25], Compactness lemma II). Let % < p < 4. Let {v,}$_, be a bounded sequence
in HY N H2, such that

limsup |0,z < M, limsup |[v,||p+2 > m.
n—oo n—o0

o Then, thereexist V € HY N H? and a sequence {y, }°_, in RN, such that up to a subsequence,
O (- +yn) — V weakly in H"< N H?,
with

+2
2 mP p

(17)

e Then, there exist W € LPc N HZ and a sequence {zy };":1 in RN, such that up to a subsequence,
On (- +2z4) — W weakly in LP< N H?,
with

+2
2 mP p

Wl > 5

(18)

Remark 1. The lower bounds (17) and (18) are optimal. Indeed, taking v, = Q in the first case
and v, = R in the second case where Q € G and R € IC, we obtain the equalities.

3. Dynamic of Blow-Up Solutions in the L?-Critical and L?-Supercritical Cases

In this section, we study the dynamical properties of the blow-up solutions for (1) in
the L2-critical and L2-supercritical cases.

3.1. The Sharp Threshold Mass of Blow-Up and Global Existence

It easily follows from the local well-posedness that the solution of (1) with small initial
data exists globally, and the solution may blow up in finite time for some large initial data.
Therefore, whether there is a sharp threshold of global existence and blow-up for (1) is
of particular interest. Next, we obtain the sharp threshold mass of global existence and
blow-up for (1) by using the scaling argument and the inequality (9).

Theorem 1. Let g € H>, >0, p = %. Then, we obtain the following sharp threshold mass of
the global existence and blow-up :

() If ||oll ;2 < Go, then all solutions of (1) exist globally.

(ii) For any p > Gy, there exist initial data g, such that |||l ;2 = p and the corresponding
solution P(t) of (1) blows up in finite time.

Remark 2. When u = 0, Fibich, Ilan, and Papanicolaou in [19] proved that all solutions of (1)
with initial data ||1o|| ;2 < Go exist globally. When i > 0, we prove that all solutions of (1) with
initial data ||{ol| ;2 < Gy exist globally. This suggest that the defocusing second-order dispersion
term may prevent the occurrence blow-up.
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Proof. (i) When ||¢o||;2 < Go, we deduce from (2) and (9) that

E(o) = EW(0) = 2| Ap(0)[2 + B IVt — 5 w2

1 lyoll} )
> (2— ZGS HAlp(t)”LZ

Due to ||¢o||;2 < Go, we have that ||Ap(t)]| ;2 is uniformly bounded for all times t.
Therefore, (i) follows from the conservation of mass and Lemma 1.

When ||¢g]|;2 = Go, we prove this result by contradiction. If the solution ¢ (t) of (1)
blows up in finite time, then there exists T* > 0, such that lim;_, 1+ [|A¢(t)||;2 = 0. Set

p+2

P2(8) = [ARI|2/1IA9(O)l 2 and o(t,x) = p(H)¥/2(t,p(1)q).

Let {t,};>_; be any time sequence, such that t, — T*, p, := p(t,) and v, (x) := v(t,, x).
Then, the sequence {v,, } satisfies

[onllz2 = [tz = ol 2 = Go, |Avallz = p5lAY(ta) 12 = IAR]| 2. (19)
Observe that
1 1 +2 1 1 +2
0< EHAWH%Z - m”vnniwz =p; <2||A1P(tn)|%2 - W||lp(t”)|Zp+2>

ot (Epo) = EIvp(ta)2:)

<PEE(gg) — 0, asn — oo. (20)
This implies that
. +2 —i— 2
Tim o |75 = E 2 AR|,

Thus, we deduce from (19) that there exist subsequences, still denoted by {v, } and
u € H?\{0}, such that
Up 1= Tx,Un — U # 0 weakly in H?,

for some {x,} C RN. This implies that there exists Cy > 0, such that

lim [|Vou ||, = lim ||V |F2 > Co > 0. (21)

On the other hand, we deduce from (9) and |[¢(#)[|;2 = |[oll;2 = ||R]| 2 that

1
518907 — p+2||¢< M >0,

forall t € [0, T*). This implies that
LIV < Epo),

forall t € [0, T*). We consequently obtain that

207

IV0ul2 = 021V (t) 122 < ZE2E(0) = 0, asn — oo,

which is a contradiction with (21). Thus, the solution ¢ (t) of (1) exists globally.
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(ii) Let R € Gy be radial. We define the initial data ¢y (x) = AT R(Ax) withe = GLO and
some A > 1. Then, ||iy|/;2 = p. Applying the PohoZaev identity for the following equation:

A’R+R —|RIPR =0, (22)

. +2
ie., %HARH%Z = ﬁ ”RHIZHZ’ we deduce that

‘ ‘2 4 |C’p+2)\

Np
~ IR
ol

|P+2
Lp+2

LIRS
||AR|| 2+ T”VRH%Z -

E(yo) =

)t 2
- " (e = DIARIE: + T2 R 2. 23

Now, taking A, such that

HIVRIZ,
(lelP = DI AR]1Z

2

This implies E(ip) < 0. Thus, the solution ¢ of (1) with initial data ¢y blows up by
applying the same method as that of Theorem 3 in [21]. O

3.2. The L2-Critical Case

In this subsection, we investigate some dynamical properties of the blow-up solutions
for (1) with u # 0 in the L2-critical case.

Theorem 2. (L?-concentration) Let g € H?, u #0, p = %. If the solution y(t) of (1) blows up
in finite time T* > 0. Let a(t) be a real-valued non-negative function defined on [0, T*) satisfying
a(t)||Ap(t ||Lz — coast — T*. Then, there exists x(t) € RN, such that
lim inf t,x)[*dx > Gj, 24
miné [ ()P > G 9
where Gy is defined by (16).
Remark 3. By a similar analysis as that in Remark 2, this theorem gives the L?-concentration and
rate of L2-concentration of the blow-up solutions of (1).
Proof. Let R € Gy; we set
N
(1) = IAR[| 2/ [|Ag ()] 2 and o(t,x) = p (H(t,p()x).

Let {t,};> ; be any time sequence, such thatt, — T*, 0, := p(t,) and v, (x) := v(t,, x).
Then, the sequence {v, } satisfies

lonllz2 = [l 2 = Ipolli2, |A0all 2 = 3 l1AP(E) 12 = [ AR]| 2. (25)
Observe that
1 r 2
_|= _ p+2
Ealon)| =| 5 [ 100 0Px = 5 [ ol 2

1 1
=5 24y — —— p+2
pfl 2 \/RN |A¢(t}’l1x)| dx p +2 RN |ll)(tn,x)‘ dx

E(4o) + |2ﬂ /RN |V (b, x) [*dx|.

<y (26)
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Thus, applying the inequality (8), we deduce that Ey(v,) — 0, as n — oo. This implies
S [on () |P+2dx — B2 AR|2,

Set mP2 = E2= 12 ||AR|| , and M = ||AR||;2. Then, it follows from Lemma 7 that there
exist V € HZ and {xn} >, C RN, such that, up to a subsequence,

Ou(- 4 x0) = pN" 29 (ty, 00 (- + x)) = V weakly in H? (27)
with
[V][r2 = Go. (28)

Note that 2
a(ty) _ altn)|A¢(tn) |12
On |AR] 142

— 00, asn — oo.

Then, for every r > 0, there exists ny > 0, such that for every n > ng, rp, < a(ty).
Therefore, using (27), we obtain

liminf su t,, x)|[?dx > liminf su t,, x)|2dx
e yG]RI?\] [x— ]/‘<’1(tn) |l/J( " )‘ n—oo yGRI?\] \x—y\grpn | ( n )|
> liminf (£, x)[2dx

n—co ‘x*xn|§7(3n

— liminf ON (b, 00 (x + x)) [Pdx

n—o00 \x|§r

= liminf |0(tn, x + x)|?dx
n—oo Jix|<r

> liminf |V(x)|*dx, foreveryr >0,

n—oo ‘x|§r

which means that

liminf sup / | (tn, x |dx>/ (x)]?dx.
|x—y|<a(ty)

n—oo yERN

Since the sequence {t,}?> , is arbitrary, we obtain

.. 2 > 2
liminf sup /|x Ji<at) lp(t, x)|“dx > /RN |R(x)|“dx. (29)

t—T* ]/GRN

Observe that for every t € [0,T*), the function g(y) := f\x—y\ga(t) [ (t, x)|?dx is

continuous on y € RN and g(y) — 0 as |y| — co. So, there exists a function x(t) € RN,
such that for every t € [0, T*)

|9(t,x)[Pdx = / lw(t, x)|?dx.

Sup/
eRN /[x—yl<a(t) |x—x(t)|<a(t)

Y
This and (29) yield (24). O

Next, we study the limiting profile of the blow-up H?-solutions with critical norms.
To do so, we recall the following characterization of the ground states:
Lemma 9 (Characterization of ground states [28]). Let p = %. If u € H? is such that
]| ;2 = Go and

+2
lullf2> =0,

1
Eo(w) 1= 3l ~ 5
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then there exists R € Gy, such that u is of the form
u(x) = €A% R(Ax + xg),
for8 € RN, A > 0and xy € RN,
Theorem 3. Let (g € H?, u < 0, p = &. Assume ||y || ;2 = Go and the corresponding solution
¢ of (1) blows up in finite time T* > 0, then there exist Ry € Gy, p(t) > 0, x(t) € RN and
6(t) € [0,2m), such that
N2t p(1) (- + x(£)))e®®) — Ry strongly in H?, as t — T*. (30)

Proof. We use the notations in the proof of Theorem 2. Assume that ||¢g||;2 = Gp. Recall
that we have verified that ||V||;2 > Gy in the proof of Theorem 2. Whence

Go < [[V2 < liminf [on]l,2 = liminf (62 = [oll,2 = Go,

and then,
sim [Joall2 = V]2 = Go, 61

which implies
V(- + xn) — V strongly in L as n — c.

We infer from the inequality (8) that
IV (@n(- +xn) = V)72 < Cllon(- +xa) = VI2llA@a (- +x0) = V)l 2.
From ||Avy, (- + x5)||;2 < C, we obtain
Vo, (- +x,) = VV in L? as n — oo.

Next, we will prove that v, (- + x,) converges to V strongly in H2. For this purpose,
we estimate as follows:

. 1 2 1 .
Z p+2
0 nhm |Eo(vn)| ‘2 /]RN |AR(x)|“dx ; lim /]RN |y (x) [P dx

+ 2 n—oo
:1/ AR(x)Pdx — —— [ V()P 2dx (32)
2 JrN p+2JrN '
Thus, we infer from the inequality (9) that
1 ) 1 IV, 1
3 Jo |ARGPdx = S [ V()P 2 < 5 g 18V =3 1VIE e

On the other hand, we deduce from (25) that ||AV||;2 < iminf, e ||AVR (- + x4) || 12 =
IAR||;2. Hence, we have ||Q|| ;2 = || V|| 2 and

0 (- + xn) — V strongly in H? as n — oco. (34)
This and (33) imply that
Eo(V) = 1/ AV (x)Pdx — —— [ V()P 2dx =0
0 2 JrN p+2JrN '

Up to now, we have verified that

HVHLZ = Go and E()(V) =0.
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Applying Lemma 9, there exists R; € Gy, such that
V(x) = e®Ry(x + xq) for some 6 € [0,27), xg € RN

and

N2 (b, 0 (- + x0)) — €Ry (- + x0) strongly in H? as n — oco.

Since the sequence {t, }%°_; is arbitrary, we infer that there are two functions x(t) € RN
and 0(t) € [0,27), such that

N2y (t, p(t) (x + x(t))) — Ry strongly in H> as t — T*.
O

3.3. The L-Supercritical Case

In this subsection, we investigate some dynamical properties of the blow-up solu-
tions for (1) with ¢ € H N H? in the L?-supercritical case. The main difficulty in this
consideration is the lack of conservation of mass.

Theorem 4. Let u € R, & < p < 4*, ¢y € HY N H? with v = min{,, 1}. If the solution y(t)
of (1) blows up in finite time T* > 0 and satisfies

sup [[Y()llpgre <o if e <1, sup [[Y(t)|lgreqm < o0 if 1<7c<2.  (35)
te[0,T%) te[0,T*)

Assume that a(t) > 0, such that

1
a(t)[Ap(H)[I 2" — oo, (36)
as t — T*. Then, there exist x1(t), x2(t) € RN, such that

lim inf [(=2A)Z(t x)|2dx > G2, (37)
=T J]x—x ()| <alt)
and

lim inf t,x)|Pedx > GE°. 38
B anyay PN 2 G2 9

Remark 4. The assumption $y € HY N H? with v = min{+y,, 1} guarantees that the energy
E(¢) is well-defined.

Proof. Let Q € G; we set

1

p(t) = 1AQII7™ /18y ()llf.™ and o(t,x) = o7 (9 (t,p(t)x).

Let {t,}5° ; be an any time sequence, such that t, — T*, p, = p(t,) and v,(x) =
v(tn, x). Then, it follows from assumption (35) that v, satisfies ||vs || gy = [ (tn) ] e < 00
uniformly in n. Moreover, by some direct computations, we obtain

27
18vall 2 = o [ A (ta) |2 = [AQ] 2,

and
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1 ) 1
. - p+2
Eo<vn>|—\2/N|Avn<x>| =g [ on(RP

_p2(2 Ye)

1

25 +2
3 o 180t )Pt = s [l )

—Mn

2(2_')’6)

=P E(lp(tn))_* V(s x)Pdx

_ a0l
18906 2,

When 0 < 9. < 1, applying the inequality (8), that is

(39)

E(yo) = & [ IV(ts, )|

2(1-7¢

IV (ta)lI72 < llAg(tn)ll IIIIJ(tn)IIfﬁZC, (40)

we have Eg(v,) — 0asn — co. When 1 < 7, < 2, it follows from (35) that Ey(v,) — 0 as
n — 0. These imply that an||€:+22 — p-;z 1AQ|12, as n — co.
Set mP+2 = 22| AQ|12, and M = ||AQ| > Then, it follows from Lemma 8 that there

exist V.€ H N H2 and {xn} > | C RN, such that up to a subsequence,

1
O (-4 xn) = P Y(tn, pn - +x4) — V weakly in HY N H?
with
By the definition of H¢, we have

% c
(—A)F 0l (b, 00 - +x0) — (—A)EV weakly in L2,
Thus, for any R > 0,

/H<R|(—A)% (x)[2dx < liminf 1(—8) 5 (b, x) Pdx.
X

n—=0  Jix—x,|<pnR

In view of the assumption a(t,)/pn, — oo, this implies immediately

8) ¥ VPdx < limin sup | —A) Fp(ty, ) 2d
J el E VP <timintsup [ J(-8)E gl )P

n—o0 yERN

Then, we can prove this theorem by a similar argument as that in Theorem 3. The
proof of (38) is similar, so we omit it. This completes the proof. [

Let us now study the limiting profile of the blow-up H? N H? solutions with critical
norms. To do so, we recall the following characterization of the ground states.

Lemma 10 (Characterization of ground states [25]). Let & < p < 4*.
1. Ifu € HY N H? is such that ||ul| gy, = Gy and

+2
ull}; > =0,

1
Eo(w) 1= 5l ~

then, u is of the form
. 4
u(x) = A7 Q(Ax + xp),
forsome Q € G, 0 € RN,A > 0and xg € RN,
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2. Ifu € LPe N H? is such that ||u||ppe = Gy and

1 1 +2
H(u) == S lull3 - [ullf )22 =0,
2 p+2

then, u is of the form
o 4
u(y) =e’p7 R(py + o),

forsome R € K, 9 € RN, p > 0and yy € RN.
Proposition 1 (Limiting profile with critical norms). Let 4 € R, % <p<4, ¢y H NH?
with v = min{vy,, 1}, and the corresponding solution p(t) of (1) blows up in the finite time
T > 0.
1. Assume that

sup [[p(8) || gre = G1- (42)
te[0,T*)

If1 < yc <2, assume further that sup;c (o 1+ lp(t)||gn < oo. Then, there exists Q1 € G,
0(t) € R,A(t) > 0and y(t) € RN, such that

P ONT () p(t,A(E) - +y (1)) — Qi strongly in F* 2,

ast 1 T*.
2. Assume that

sup |[[¢(8)[[gre < oo, sup [[P(£)[[Lre = Ga. (43)
te[0,T*) te[0,T*)

If1 < 7c < 2, assume further that sup,cio - [|(t) || gn < oo. Then, there exist Qo €
IC,0(t) € R, p(t) > 0and z(t) € RN, such that

i9(t)

S

p? (D) (L, p(t) - +z(t)) — Qqp strongly in LPe N H?,
ast 1 T*.

Proof. We only treat the first term, the second one is similar. It is enough to show that for
any (t,),>1 satisfying t, T T*, there exists a subsequence still denoted by (t,),>1, Q1 € G,
sequences 6, € R,A;, > 0and y, € RN, such that

. 4 . .
e AL (t, Au - +yn) — Qu strongly in H* 1 F2, (44

as n — co. Using the notation given in the proof of Theorem 4, we have

4 . .
O (- 4 Yn) = AL (tn, Ay - +y5) — V weakly in H* N H?,

as n — oo with ||V|| g, > Gj. By the semi-continuity of weak convergence, (41) and (42),
we have
Gy < Ve < liminf [ e = limin€ [9(t) e < G,

We thus obtain

tim [oullze = [Vl ire = Ga. (45)
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This shows that v, (- + y,) — V strongly in H”* as n — co. Using the sharp Gagliardo-
Nirenberg inequality (12), we have

Un(- 4+ yn) — V strongly in Lr+2,

as n — oo. Using (39) and (45), the sharp Gagliardo-Nirenberg inequality (12) yields

HQH%qz =

. 12 2 +2 VIl gae \*
p+2 nIEIJOHUnIlZM = mllVllim < <G1HY HV”?# = HVH%{Z

This combined with

Vg2 < liminf [[on]| gz = (| Qll 2
shows that
tim [oull = 1Vl = Qe (16)

Combining (45), (46) and the fact (- +y,) — V weakly in H7c N H?, we conclude that
O (- +yn) — V strongly in H7 N H?,
as n — co. In particular, we have

EO(V) = nlgl(’)lo Eo(vn) =0.

Therefore, we have proved that V € H N H? and satisfies

IVIge = G1,  Eo(V) =0.

. 4
Applying Lemma 10, there exists Q; € G, such that V(y) = ¢A7 Q;(Ay + o) for
some § € R,A > 0and yo € RN. We thus obtain

4 . . .
Un(-+yn) =AYt A - +yn) = V = eleA%Ql (A - +yp) strongly in HY N F?,
as n — oo. Redefining variables, we prove (44). The proof is complete. [
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