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Abstract: In this thesis, we research quasilinear Schrédinger system as follows in which3 < N € R,
2<p<N,2<q<N,Vi(x), Vo(x) are continuous functions, k, : are parameters with k, 1 > 0, and
nonlinear terms f,h € C(RN x R?,R). We find a nontrivial solution (u,v) for all 1 > i1 (k) by means
of the mountain-pass theorem and change of variable theorem. Our main novelty of the thesis is that
we extend A to A, and Ay to find the existence of a nontrivial solution.
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1. Introduction

We concerned the following quasilinear Schrodinger system for this paper
—Apu+V1(x)|u|P*2u+%[Aﬂu\z}u =if(x,u,v), x€ RN, 1)
—Ag0+ Va(x) 0|7 %0 + §[Ag[0P]o = ih(x,u,0), x€ RN,

inwhich3 < N e R, 2 < p < N,2< g <N, Vi(x), Vo(x) are continuous positive
functions, k is a sufficiently large positive parameter, ¢ is a positive parameter, and f, h €
C(RN x R?,R).

For a quasilinear Schrodinger system (1), by the symmetric mountain-pass theorem,
ref. [1] found infinite solutions, for given nonlinear terms f, h. When k = —2, ref. [2] proved
that it had nontrivial solutions.

The above quasilinear Schrodinger system for p = g = 2 is inspired by the quasilinear
Schrodinger equation as below

i€dz = —eAz + V(x)z — k(|z|?)z — leAh(|z|*)H' (|z|*)z, for x € RN, ()
in which V(x) is fixed potential, ! is a constant, and k and & are real functions. In [3-5],
Equation (2) is used to study several physical phenomenon with different .
For h(t) =¢t,1(t) = ytpTil and k > 0,letz(s, x) = exp(—iFs)u(x), an equivalent elliptic
equation with variational structure is obtained
—eAu+ E(x)u — ek(A(Ju*))u = ululP"'u, u>0xecRN,N>2, 3)
in which E(x) = V(x) — F is also the potential function. There is a lot of research for prob-
lems similar to problem (3). Ref. [6] studied a problem that had multiple solutions by dual-
approach techniques and variational methods when k > 0 is small enough. Ref. [7] used a
minimization argument established on the ground states of soliton solutions. The symmet-
ric critical principle and the mountain-pass theorem were used for finding solutions in [8].
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In [9], for a type of quasilinear Schrodinger equation like (3), the author used the method
developed by [10,11] to study ground state solutions. In addition, refs. [12-14] have also
conducted research on equations of this type.

There is a large amount of research on system (1) for p = g = 2. In [15], PohoZaev
manifold and Moser iteration were used for obtaining a ground state solution. By a suitable
Nehari-PohoZaev-type constraint set and analyzing relational minimization issues, Wang
and Huang found the ground state solutions for the same class system in [16]. In the Orlicz
space, the concentration compactness principle and Nehari manifold method were used
for finding a ground state solution in [17]. Ref. [18] used the monotonicity trick and the
Moser iteration to obtain the result of positive solutions. In [19], Chen and Zhang found
ground state solutions through minimization principle. By applying innovative application
of variable transformation and the mountain-pass theorem, ref. [20] proved that quasilinear
Schrodinger systems have a nontrivial solution.

Many papers mention replacing A with A, to study the properties of the equation or
system after changes, such as [1,13,21]. In fact, A is a special case of A, thatis A, = A
if p = 2. What we are interested in is the nontrivial solution to system (1) when k > 0 is
large enough.

Throughout this paper, we need some assumptions. Firstly, we make Vi (x), Va(x) €
C(RN, R) and encounter the ensuing properties.

(V1) V := min{inf g~ Vi (x),inf, gy V2(x)} and 0 < V;
(V2) 3V > 0,VV > Vo, m({x € RN : V;(X) < V}) is bounded, where i = 1,2, m is defined
as the Lebesgue measure in RN.

Meanwhile, assume that the terms f, i conform to the properties as follows:

Flst) W) .

(f1) |(§;)‘ — 0, ﬁ — 0,as (s,t) — (0,0);

(f2) 3Co > 0, which makes (V{(x,s,t), (s, t)) < C0(|(s,t)|(p—l,q—1) n |(s,t)|(lr7*1rlr1)>,
Vs, t €R, p <1y < p*,q<lg<q*, where|(s,t)|rh) = sl 4 th, p* = G g = L

(f3) 360 > 0 satisfying 0 < 67 (x,s,t) < (s,t)V{(x,s,t),and uf(x,u,v) > 0,vh(x,u,v) >0,
in which V{(x,s,t) = ( flx,s, t),h(x,s,t))

The paper’s core result is given below.

Theorem 1. For given k > 0, thereis 11 (k) > 0 forall 1 > 11(k), when (V1), (V2), and (hy) — (h3)
are true, in that system (1) has a nontrivial solution (u,v) € H and max,cpn | (u(x),v(x))| <

()7, Gs)7)-

Let me introduce the basic framework of this paper. Preparation work was completed
in Section 2. In Section 3, we consider issues related to the solution of the modified system.
We acquire the solution for the first system (1) by use of the Morse iteration technique in
Section 4. Section 5 makes a conclusion.

In this article, we use C to denote dissimilar positive constants, and B0 stands for
a ball with its radius R > 0 and center at the origin. The operation (x1,x2)(y1,Y2) =
X1y1 + X2y, and the operation (x1, xp)¥1¥2) = x%l + xgz.

2. Preliminary Work

The corresponding Euler-Lagrange functional for (1) is as follows:
Jitw,o) = [ =k 2l GulP a4 [ Vi) ul? dx
p /RN p /RN

1 1
+7/ 1—kzq*2qvw+f/v qd—/ u,0) dx.
o weltax L [ Vool dx < [ 2C0)
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The functional J; has quasilinear terms, and it is difficult to consider the critical points in
the Sobolev spaces.

We stipulate that D = Dy X D, and

1@, )| = [lul] + ],

in which
Dy = {uec W (RN): /N Vi (x)[u]? dx < 4o}
R

given the norm

==

lull = ([ (98l + Vi) ul") dx)
and

— {0 WHI(RN) /RN Va(x)[0] dx < 4o}

given the norm

==

loll = ([, (9017 + Va(@)lol) dx) ",

WLP(RN) and W4 (RN) are the Sobolev space.
To make (u,v) a solution for (1), if Vo, € CP(RN), (u,v) € H satisfies

/ ((1— 2=k |u|P) [ VulP 1V g — 2P D k[T ulP [ulP o dx+/ Vi (x)|ulP2ugdx
+/ — 202)ko|) | Vo[V — 20Dk Vool ) dx+./RN Vo (x) o]0~ 20 dx @)
= /RN (f(x,u,v)qo—l—h(x,u,v)tp) dx.

Let 1 — 2P~ 2k|u|P > 0, we define the functions as follows:

yu(—u), t<0,

1—2-DklulP)r o< 15
() =4 (- [l )1 » VU< (2(P*3)k1) '
(=3-1 1\
2(p+p D T2,z ()’
and
yo(—v), t<0,
1 1
yv(’z)) = (1 2<q_2)k|v|q) O S v < (2(q13)k1)q/
(=7-1) 1 Nz
2(q+q 20 +200° » 02 (5g) Y

Then, y;(i) € CY(R, (2 (_%_1), 1]),i = u, v, y; is even and a convex function.
Affected by [22], we handle the following modified quasilinear Schrédinger system,

—div(yﬁ(u)IVulp_l)eru_ )y, ()| VulP + Vi(x0)[ulP~! = 1f (x,u,0), x€ RY, )
—div(y}(0)|Vol11) +y3 7 (0)y4(0) Vol + Va(x)[ol7 1 = ih(x,u,0), xe RN,

Clearly, Vo, € CP(RN) and (u,v) € H, (u,v) is a weak solution for (5), if it holds
. -1 .
[ () [TV 4y )l ) [Tl g+ Ve ()l )
[ @IVl 4y @) Vel + @l ) @)

= l/RN (f(x,u,v)qo—i—h(x,u,v)t/]) dx.
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1 1
Obviously, if ||(u, v) || < ((2(17)]{)?, (ﬁ)ﬁ) and (u,v) is a solution for (5), so this

p—3
particular solution (1, v) also satisfies system (1). Utilize the change of variable as follows:

u w
Z=Y(u) = /0 yu(H)dt, w=Y(w) = /O Yo (t) dt;
then, the issue (5) can be simplified as:

{ —Apz+ Vl(;f)(l;’ll(Z))”’l — lf(x,Y_l(Z)/Y_l(W)), x € RV,

Y*l(z) (7)
x, Y1 “T(w

among them Y ! and Y are inverse functions of each other, respectively. The corresponding
function about (7) is

Iz w) = ;/IRNVZ|pdx+;/IRN Vi (x)|Y 1 (2) [P dx
8
+1/ |Vw|qu+1/ V(x)|rl(w)|qu—l/ 20, Y1 (2), Y\ (w)) dx o

q RN q RN 2 ]RN ' 7 .

Obviously, I; has a good definition in D, and we can obtain the following lemma that are
similar to [23].

Lemma 1. The functions y, (1), y»(v), Y (1), Y (0), Y~1(z), Y=Y (w) satisfy these conditions as follows:

(1) Y( )and its mversefunctlon Y~Y(z), Y~ (w) are odd, where i = u,v;

(i) — ()]/u()<0 v y;()SOforulluve]R

(iii) |Z\<|Y Uz )|§2_%_ |Z| |w|_| 1w )|<2 i )|w|foreveryz,weR;

(iv) hmHO Yi:() =1, limz 0 @ — 2057 ,limypse0 Yﬁl(w) =207 where i = z,W;
() yu(Y7l(z)) < Y%(Z), ¥ (Y (w)) < ﬁ"w)forallz w e ]R

Proof. Clearly, (i) is established. The definition of v, and y, include

" Y~ l(z) 1 _ 1y
70  z T 250 vu(Y71(2)) o y(0) o
Y Yw) 1 1
I T I @) ) Y
-1

lim Y@ _ lim 711 = 2(_%_1),
z00  Z i—eo Yy (Y™1(2))

. Yfl(w) . 1 . (7171)
A, TSy T2 T

Thus, (iv) is proven. Since y,, , are decreasing in |u/|, |v|, we obtain
Y(u) > uy,(u) >0, u>0andY(u) <uy,(u) <0, u<0,

Y(v) > vyy(v) >0, v>0andY(v) <ovy,(v) <0, ©v<0,

and (v) has also been proven. From

d [Yfl(z)

"2y (Y Uz) [ >0, z>0,
e j {

_z Y
z }_ yu(Y~1(z))z2 <0, z<0,



Axioms 2024, 13, 182

50f 17

d (Y Hw)]  w—Y Hw)y,(Y!
%[ w }_ Yo (Y1 (w))w?

and (iv), we obtain (iii). Next, we prove (ii). We consider u,v > 0. w”(‘u)y;(u) < 0and

(w)) [ >0, w>0,
<0, w<o,

v

1 1
yh(v) < 0are clear. For 0 < u < (ﬁ)ﬁ and0 < v < (ﬁ)ﬁ,we have

]/v(v) -k k
u —2(r=2)k
e
yu(u)y”(u) w2 D Y
and
v (o) = —20-2)k
Yo (0) 01 —20-2)f ~
1 1
Foru > (2(P13>k)p and v > (ﬁ)q,we have
(—5—p+2) -1
u -2V r k
( yu( ): 5 1 —lﬁl > -1,
Yu ”) 2( p p)k—l +2( 7 )up
and 1 :
_o(=—qt2) 1
L )= Ky

Yo(0) 2(2_‘7_%)](71 +2(_%—1)vq
When u, v < 0, the proof method is similar to this. O

Lemma 2. Let (V1), (V) and (f1) — (f3) be true. To make (u,v) = (Y~1(z), Y"1 (w)) a solution
for (5), it is required that (z,w) € D is a critical point of .

Proof. Because (z,w) € D is a critical point of I, V(¢, ) € D, we have

Y1z
(Y 1(2))
. T
+A@|wa2VwV¢MH1@NWﬂﬂ?R?jq&ﬁwdx 9)
Y @)Y W) k(YN (z), Y ()
= fu ( T ey )

/]RN |Vz|”_2Vqu)dx+/RN Vi(x) @dx

By Lemma 1, we know (u,0) := (Y~1(z),Y"1(w)) € D. Arbitrary to ¢o, o € CF°(RV), let
(¢, 9) := (yu(u)po, yo(0)tpo) € D in (9) simplify to

JufP~!

yu(u)

+ [ IVl 2Vl (@)p0Vo + yo(o) Vi) dx + [ Vo) 2 (o) d
RN Yo lpo Yo lPO RN 2 yv(v)yv U‘/’O

- l/]RN (WW(”)% + W?/v(v)ll]o) dx.

Applying the fact thatz = Y(u), w = Y(v), Vz = y,(u) Vu and Vw = y,(v) Vv, after cal-
culation, obtaining (6), thus, (1, v) is a weak solution of (5). [

Lo V2P 2V ) g0V 4+ yu (1) Vo) e+ [ Vi) E () o dx

Lemma 3. Make (V1), (V2) real. In Dy, Dy, {zy}, {wy } are bounded, then, there is z € Dy N L"
and w € Dy N L2, up to a subsequence, z, — zin L', rq € [p, p*), wy = win L2, 1y € [q,9).

Proof. The proof process is as shown in reference [1]. O
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3. The Solution of the Modified System
Now, we study the modified system (5) and find its solution.
Lemma 4. If (f1) — (f3) are accurate, in that way
(i) thereare p, T > 0 makes Iy(z, w) > 7 valid for every (z,w) with ||(z, w)|| = p;
(ii) the existence of (z,w) € D\ {(0,0)} makes I (z,w) < 0 vaild.
Proof. (i) By (f2), Ve > 0, 3Cy > 0 settle for
(VZ(x,5,t), (s, 1)) < el(s, )] P90 4 Col (s, £)| 1), (10)
where p <[, < p*and g <l; <g*. Then,
Lx,5,) < e(+, )] (5,129 + C(-, 1) (s,£)[ 09, a1
pa Ip" Iy

1
. (2P 7
Let e = min{ 222 VI]() 2 V2

i (,ILI
that 5 2]” > & [[w], 27 € 2] > 22T T s, e have

1 1
L(z, >f/ Vz|P d +—/ v Pd
)2t [ Varac ] [ i

1 1
+5/RN |Vw|‘7dx+f/RN Vo (x) 0] dx
_ 11 1 -1 (p.) 11
TN CERICEORIIENEI

21/ |Vz|pdx+1/ Vi (x)|z|P dx
p JRN p JRN

+1/ |Vw|qu+1/ Va(x) w7 dx
g Jry g Jry

1
_ 1/ (52(—1—p)|2|r) + So(=1=0) |7 Ez(—fp—lp)mlp + o1
RN \p q Iy lq

For 55 |1z[|P + 2 l|w||?, when ||z]| > 1, w[| > 1,p > g,
1 1 11
P el > q
2’DIIZII + 2q||w|| Z 5y 20 Iz, w)]",

when [|z[| > 1, [[w] > 1,p <4,

1 ol > L 1

1
Szl + o

q P
ool = e,

when [lz]| > 1, ]| < 1,p > g,

1
2P g5 11 q
el + gl = el

when ||z]| > 1, w|| < 1,2 < p < g,

1 1
_— P 9> P>
el + 5wl = el > 2

} by Sobolev inequality, the Lemma 1(iii) and (11), assuming

Y z), Y H(w)) |(lp/lq)) dx
q

l")|w|l‘7) dx
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when [z|| <1, [[w| = 1,p > g,

1 1

ool + o ol

p q
when [|z|| <1, [[w] = 1,p <4,

1 1

_ Py - q

el + 5l
when |z|| < 1, [w| < 1,p>q,

1 1

_ Py - q

35207 + 3w
when |z|| < 1, |w| < 1,p <g,

1 1
_ Py - q
2521+ 55

Vv

v

For |z[|'"? + [|w]|", when ||z|| > 1, [|w|| > 1,1, > I,,

P

1
P

1 I 1
1217 + ([l < [[(z, w)[[”,

when |z|| > 1, |w| > 1,1, <,

1 1 1
1217 + [Jwl < [[(z, w)]",

when | z|| > 1, |w| < 1,1, > I; > q,

1 1 1 1
127+ el < flz[17 + [[wll < [[(z @) " + [I(z,w)],

when |z > 1, [lw|| < 1,1, <,

Iy 1 1
1217+ flwl < {|(z, w)|[",

when |z|| <1, |w| > 1,p <1, <,

l I I 1
127 4 [l < izl + [[w]" < Iz, ) |7 + [[(z, w),

when | z|| <1, ||w| > 1,1, > I,

1 1 !
1217 + ([l < [[(z, @),

when [z]| <1, ||w|| < 1,1, <1y,

1 1 !
1217 + [Jwl < [[(z, @),

when ||z|| <1, [lw|| < 1,1, > 1,

l 1 1
1217+ ] < {|(z,w)*

Hence,

Lz ) > min{ 2 1w 5555w

W, 3055z

— max{||(z, w)||"Is + || (z, w)||ls, || (z, ) | 1]s + || (z,w)]|1s},

I, 3551w

1

5261
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1 I}
where [; := max{t%Z(f%fl")C’P,t%Z(fﬁqflq)C’ﬂ}. Take || (z, w)|| = p small enough to satisfy

11 11 11 11 11

> ::.771177}?**!777‘77
lky(z,w) = 71 := min 2p2iF 2p o 20200 25200 2p7 2g

}— max{plpls + pls,pl'ils + pls}.
(ii) Choose (11, T2) € D with 7y, T» > 0, from Lemma 1(iii), we obtain

Y~ (trp) |9

Y1 (try) [P
tP +q

In|P < < 26P D |P, 1) < < 2020151,

Z(x,51,52)
51,52) =400 T(sy,5,) [P

By (f3), we know lim|(

= +oco. Therefore, for p > g, we have

Ik(le,th) (=p-1

tpP

1 2 )
<~ [ |vu|d / % P d
< fo vl + [ Vi@l dx

(—q-1

)
/RN Va(x) |27 dx (12)

C(x, Y (tm), Y (b)) (YN (), Y (b))
Y (Y-L(tTy), Y~L(tm))P I dx — —oco, ast— +oo.

1 2
+f/ Vol dx +
q Jev

In the same way, for p < g, as t — 400, we have

I
k(tTl,th) L
t1

Hence, 3t) > 0 large enough, such that (z, w) = (to7y, toT2) with Ix(z,w) < 0. O

To sum up, the (PS), sequence exists and is denoted as (z,,w,) C D, therefore,
as n — oo, we obtain

Ii(zn,wn) — ¢, Ii(zn,wn) =0 (13)
and

c = inf sup Ix(z¢, wt),
7€l 1e0,1)

I = {(zt,w¢) € C([0,1] x [0,1], D) : (zp, wp) = (0,0), (z1,w1) # (0,0), It (z1,w1) < 0}.
Lemma 5. If (f3) are accurate, in that way for all (PS). sequence (z,, wy) is bounded in D.

Proof. For p < g, combining (13) and Lemma 1(ii), (iii) with (f3), there is
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¢+ 1+ 0n(1)||(zn, wn)|l

> Ix(zn, wn) — %U}Q(Zn/wn)r (Y_l(zn)yu(y_l(Zn))fY_l(wn)yv(y_l(wn)))>

B 1 1 1 Y™ 1(211) ! (v —

= (E— 9)/ |Vzp|P dx — */ |Vzn|pmyu(lf H(zn)) dx

(5= 5) [ MY )l
1 1 ~(wy) -

+(6*§)/RN|an|qu— L. |an|qu e (Y ) dx »
1 1 _

(=) fo VY )1

+/RN ( (VT Y (zn), Y wn)), (Y zn)ye (Y7 (za), Y™ (wn)yo (Y™ (wn))))
Y~

H(za) Y a0 >>)dx

> (=) o (T2l Vi) dx+ =) [ (19l + Vo) d
= (= g Uzl + "),

when [z > 1, [lwn| > 1,

1 1

1 1 1
(5 ) Uzall” + f[wa]") = (5~ ) Uzall” + llwoull”) = 511z, o) [,
when ||z,|| > 1, |lws|| <1,
1 1 1 1
(?—*)(HznllpwL [ = (5 =gzl
when ||z,| <1, ||w.|| > 1,
1 1 1 1
(; = ) Uzall? + l[wn]|) = (? = g llwnll,
when ||z,|| < 1, |lw|| <1,
1 1 1 1 1
(5~ ) Uzall? + [[wa]") = (5~ ) zall” + [lwoa 1) = 55 [ (zn, ) |-

Overall, for p < g, (zn,wn) C D is bounded; similarly, for p > g, (z4,w,) C D is also
bounded. [

Since, (PS). sequence (z,,w,) C D is bounded, there is (z,w), and (z,, w,) have a
subsequence recorded as (z,, wy,) meet

(zn, wy) = (z,w) in D,
(zn(x), wp(x)) — (z(x),w(x)) ae. inRN xRN, (15)
(zn,wy) = (z,w) inL", L7 =L1L" x L.
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I of (8) also is defined as

1 1
L(z,, :7/ VP d f/ % Pd
(zn, wy) p.RN| Zn| x+p.RN 1(x)|zn|P dx

1

! (16)
+f/v qd+f/v qd—/ 2, wy) dx,
p ]RN| wy |Tdx 7 Jrn () |wn|Tdx — RN;y(x Zy, Wy) dx

and
12 m) = Vi) (Jl? = 1Y @17) 4+ V20 (ol = Y )
+ l@(x, Y_l(zn),Y_l(wn)),

in the same

Y~ (za) P!
Yu(Y~(zn))
Y~ (wn) |7
Yo (Y1 (wn))

Lemma6. If (f1),(f2), V1), and (Va) are accurate, (zn, wy) is a (PS). sequence, and (z,, wy) —
(z,w) in D, as n — oo, in that way

£ Y M en), YN (w0))
Yu(Y 1 (zn)) "

h(x, Y Y wy), Y Y(zn))
Yoy~ (wn))

(Vi (x,zn,wn), (zn,wn)) = V1(x)(|zn|? —

)+t

+ V2 (x) (Jwa |7 -

)+t

Wy .

nh_r)r(}o IR{N<V17(x,zn,wn),(z,,,wn))dx:/RN<V17(x,z,w),(z,w))dx, (17)
lim [ ((x, 20, 00), (2 w)) dx = /R AV, z,w), (z,w)) dx. (18)

Proof. From Lemma 3, since z, — zin L', w, — win L2, r; € [p,p*), 12 € [9,97),
for Ve > 0, there is R; > 0 satisfied

/C |zn|P dx <, /C |z|]P dx <,
B B

Ry Ry

(19)
/ |w,|Tdx <, / |w]Tdx < e.
B%l Bf{l
Then,
/ V1(x)|zq|P dx < Ce, / Vi(x)|z|P dx < Cg,
B¢ BS
Rq Rq (20)
/ Vo (x)|wy|Tdx < Ce, / Vo (x)|w|Tdx < Ce.
B%l B%l
It is from (15) that
im [ Vi(x)[zalP dx = / Vi (x)|2]? dx,
n—eo Jpp, Bg,
(21)
lim Vo (x)|wy|Tdx = / Vo (x)|w| dx.
n—oo BR1 BRl
By (20) and (21), we obtain
lim V1(x)|zn|P dx = / V1 (x)|z|P dx,
n—oo JRN RN (22)

lim [ Va(x)|wn|7dx = /RN Vo (x) |w]7 dx.

n—oo JRN
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Deriving from Lemma 1 (ii) and (iii) that
Y1 (z,)|P~1 _oe) Y (awy,) [ )
s < gy, s, 0 g o,
Yu(Y~1(zn)) Yo(Y~(wn))
it follows from (22), (20) and (21) that
—1 p—1 -1 p—1
lim Vl(x)%z,1 dx :/ Vl(x)%zdx,
n=00 JRN Yu(Y~1(z0)) RV yu(Y71(2)) 23)
, Y~ () |7 / Y~ (w)|7!
lim W (x) ——=7——swndx = Vo (x) ——=7—wdx.
T A G T R AV D)
By (10), Lemma 1 (iii) and Holder inequality,
fOo Y zn), Y wn) B Y (wn), Y (z0))
| 1 Zi’l + 1 wn|
Yu(Y~(zn)) Yo(Y~1(wn))
= [(VZ(x,zn, wn), (20, wn))|
(p+1)(p-1) (g+1)(g—1) (p+D(Ip-1) (g+1)(g=1)
<2 ez P 42 efwn 1 420 7 Clzallr 42 1 )l
By (19), we obtain
/ |z |' dx < Ce, / |z|'r dx < Ce,
Bg, BS,
(24)
/ |wa|'1 dx < Ce, / lw|'r dx < Ce.
By By
1 1
Thus,
[ 198G ), Y @), (2 )
Ry
(p+D)(p-1) g (g+1)(9-1)
<2l =t )e/c |zn|pdx+2(_ s )e/c |w, |7 dx
B, Bg, 25)
(7(P+1)(Zp—1)) ! (7(Q+1)(’q—1)) I
120 c/ lza|lP dx +20 7 c/ |wal dx
By By
1 1
- - (p+1)(1p—1) (g+1)(lg—1)
(2(7(P+1)p(l7 1))6 n 2(, (Hl)q(fl 1))6 n 2(, Pt pP )C n 2(, 7+1)g )C)S
By (15),
nlgrolo B ‘<VC(er71(Zn)rY71(wn))/ (zn, wn))| dx
N (26)
= [ Ve Y @), Y @), (2,0)) dx.
Ry
By (25) and (26),
lim

v RN<V€(XI Y_l(zn)ry_l(wn))/ (zn, wy)) dx

T Fe, Y M zn), Y (wy)) h(x, Y (wa), Y~ (zn))
Y R G o R T ) LA 2
_ [, Y N (z), Y (w) | h(x, Y (w), Y (z))
= o Ty T iy ™

Combining (22), (23) and (27), it is easy to obtain (17). Similarly, (18) can also be obtained. [
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lim (

n—oo

Lemma 7. If (f1), (f2), (V1) and (V) are satisfied, then, in D, any (PS). sequence (zn, wy)
received in (13) exhibits a robust subsequence of convergence.

Proof. It follows from Lemma 5 that (z,,wy) is bounded in D and its subsequences

(zn,wn), as n — oo satisfy (zy,wy) — (z,w) € D and ([ (zn, wn), (2, wn)) = 04(1),
adding Lemma 6 to reveal

tim (27 + fwa|) = [ (V5(x,2,), (z,0)) dx.

From (I (zy, wy), (z,w)) = 0a(1),

/RN |Vzn\p_1Vzdx—l—/RN Vl(x)\zn|p_1zdx+/RN Ian|‘7_1dex+/RN Vo (x) |wy |1 o dx)

— /RN Vi (x,z,w)dx +0,(1),

equivalent to
Sim (201" + o ]|) = 201" + o]

Therefore, (z,, wy) — (z,w)inD. O
From Lemmas 4-7, similar to [20], Theorem 2 can be concluded.
Theorem 2. (z,w) is nontrivial solution of the problem (7), if (V1), (Va) and (f1) — (f3) is true.

4. Proof of Main Result
Now, we try to prove that the solution (u,v) = (Y~1(z), Y~ (w)) is solution of (1).

Lemma 8. (z,w) is a nontrivial critical point of I, the critical value is c, in that, 3K € R with
K > 0 unrelated to | make

Izl + [lw]|? < Ke. (28)
Proof. Add (14) from Lemma 1 (ii), (iii) and (f3), there is

b = 012, w) — (1 (z,0), (¥~ 2yl (2)), Y (@)yer (@)}
< (5 = I + ).

Hence,

6
Izl + ll]? < 5= = Ke.
The proof is completed. O

Lemma 9. (z,w) is the critical point of the function Iy (z, w), in that, 3C € R with C > 0, and C
is unrelated to 1 makes

1 1
<Ol (ol < CT o]l (29)

[ [P

oo
Proof. For every nj € N, taking § > 1 be the given constant, let
Al’lo = {x S RN : |Z|ﬂ_1 < no, |'Z’U|ﬂ_1 < nO}/ B?’lo = RN \ Anor

(z|z|PB=D), w|w|1B-Y)),  x € Ay,
no?(z,w), x € By,

(i) = {
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as well as
(z|zf~1, wlwlf~1), x € Ay,

2 2
(ng?,m97)(z,w), x € By,.

(Zng, Wny) = {
Apparently, (Uny, Vny), (Zny, Wny) € D. For (z,w) is a nontrivial solution of (7), in that

Y~ H(z) [P~

s )

Y~ (w)]r

2T )

L[, e, )
RN yu(Y~(2)) " Yo(Y~H(w))

/RN (IV21P~292Vuy, + Vi (x)

+/RN (|Vw\‘7_2Vwan0 + Vo (x)

vno) dx.
Furthermore,
/RN V2P~ Vi, dx+/RN IVw|1~ Vv, dx
=(pp=p+1) [ (VPP dx (g g 1) [ (Tl )

0

+n02/é |Vz|”dx+n02/B |Vw|Tdx,

0 o

/RN |Vzn0|7"dx+/]RN Va0 |9 dx

(31)
:/sp/ V2| || P(B-1) dx+[3”’/ V|7~ dx+n02/ |Vz|de+n02/ Vel dx.
Ang Ang By Bug
Therefore, we have
/ |Vz|P~1Vu, dx—i—/ |Vw|T Vo, dx—noz/ |Vz|pdx—n02/ |Vw|9dx
RN 0 RN 0 By, By
0 0
(32)
2/ |V 2|P|2[PE=D dx+/ Vw|)w] 1D dx.
Ay g
From (31) and (32), let B¢ = max{B*, 7}, we obtain
/RN |vZn0|de+/RN Ve |7 dx
<p* /RN V2 )P~ Vi, dx + B° /RN V"~ Vo, dx .

—nozﬁC/B |Vz|pdx—n02/3€/B \Vw]"dx—i—noz/B |Vz]pdx+n02/B |Vw|Tdx

0 L] o o

<p¢ /RN V2 )P~ Vi, dx + B° /RN Vw11V, dx.

It follows from (33) and B > 1 that
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Yz

Y1 (w) 11
) 5 ) éx

Up, + V2 (x) mvno

/RN |V 20, |P dx + /RN |V, |7 dx + B¢ /RN (Vi)

<p° /]RN |Vz’l’*1vun0 dx + B° /RN |VZU|‘771VUHO dx
: Yl Y )i
8 o (R0 gy + V500 gy o)
g [ (fEYT @Y @) (2), Y"1 (w)
o (im0t e )
1

h(x,Y’l

¢ (Y ') ! (Y (w)r!

o (L, O,
'(z

Un0> dx

D ot 1wy )

)
¢, (Y '(z)" ! (Y (w))la~
P o ey ™ oy Ty )

)
1 ) .
<8 o (500 R+ 00 s o)
1

Iy~ ~1())a—1
v [ c(1e) (@)

(1) T (1 (w)

vn0> dx,

(34)

where 0 < € < min{@,@}. By Lemma (iii) and the fact of zP~1u,, = z}, and

w1 _1vn0 = wZO, we can obtain
/RN |Vzn0|”dx—|—/RN |Vawn, |9 dx

e [ (Pt
<pc [, <yu< e 0t oty ") ¢

_ lq(q+1)
<ﬁClC/ 2( \z|lP Pzh, +20577 )\w|lﬂ_‘7wZO) dx

gﬁch/N |z|ll’_pznO + |w|lq_‘7wzo) dx.
R

(35)

If J(a) + J(b) < L(a) + L(b), we have J(a) < L(a), J(b) < L(b). It follows from (35) that

Ly,—p, P
/RN |V |P dx < mc/ﬂw l2'v P2l dx,

: .
/RN |Vw,, |Tdx < g4C /RN lw|'s~Tw], dx.

From the Sobolev inequality, when S > 0, we have

* N—p
(/An V2o [P dx) §S/RN|VZ,10|de,

0

combining (36) and Holder inequality, we can obtain

* N-p I,—
(], 1Vzlt" dx)" < prusclaly, a1,

noy

P _ 1. Note that |zny| = |2|P in Ap, and |zpy| < |z|P, thus

Pr P
where o o

. N-p
(. VP =" < prisCllly " IzI72

0

B’

(36)

(37)
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Action ng — oo on the above equation, with
11 1 (L—p)L
lzllgye < BB CH 2]l P 2l (38)
Denoting o = 5—1 and let B = ¢ in (38), we can obtain
< 1 P P I
|2llgpe < 07 177 87 C7 |2 Hp " 121 - (39)
Taking B = 02, we see that
20 1 1 L 7p)ﬁ
el < o S el el 40
From (39) and (40), we have
c(ly2y 1l 1y 11,1y 1¢1, )5 (5t
||Z||(72 <oret2) pGralgrGra)opet || ||p || Hp
For (38), continuing this approch by taking 8 = ¢/(j = 1,2,...), then
eyl b1l ch -p)E.yi, L
12l gipe < 0" TP (P SPCP |2 2llyy "7)E 12+
Setting i — +o0 and using the Sobolev inequality, then
1.1 1
lell < o7 (iPSFCFC) @ 12+
1
= Cyrle-1) ”ZHP* (41)
1
— 7
= CF el
in which C is not related to i. Similarly, we have
1
wllog < Ce7 [0,
where C is not related to:. O
Proof of Theorem 1. Let y > 0 and
T={xecRN:¢p;(x) > x}n{x e RN : po(x) > x}
be a nonempty set. From (f;) and (f3), for x € T, there is C > 0, which makes
7(x,s,t) > C|(s, t)|rha). (42)

Supposing that (z, w) be a critical point of Iy with the critical value c. By Theorem 2 and
(42), we obtain
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< I (tdq, t
¢ <max k(tp1, t2)

<max(f/ V¢ \de+f/ 21=P)V (x| |P dx
T >0 \p JRN ! p JRN ! !

+ [ Vgaltar+ 5[ 2 v w)lgaftan
q JRN q JRN

(p+1)1 (g+1)1

—ulrC2” p/ |y |7 dx — 1#lsC2™ q/ |¢2\lﬁdx>
RN RN

From (28), (29) and the continuous embedding Dy — L"!, Dy < L2, we obtain

1 1 1 1
2]l < C7" W |z]|e < CuP" 2] < Cut™P (Ke)?

|

p
1 g oy 43
< C (Ko ) < Curien,

(P*~Ip)Up—p)
where C; is a constant. Since p < I, < p*, for given k > 0, there is 11 (k) = (2°kCJ) P&" ¥,
which makes for each ¢ > 11 (k), it satisfies

_1.q i} le;};:,ip ) 1
< 2TP TG P p-p) <

<=

)

oo

lule = ¥ @] <2777 (2

1
Similarly, we may obtain ||7||,, < (ﬁ) 7. Hence, the system (1) has a nontrivial solution
(1,0) = (Y~(2), Y~ (w)).

5. Conclusions

We study the related problem of the quasilinear Schrodinger system containing the
operator A, and A;. By using the variable transformation to process quasilinear terms,
combined with the mountain-pass theorem, we received a nontrivial solution of the sys-
tem. It is worth considering whether the variable exponent has an impact on the above
conclusion, and trying to extend p and g to p(x) and g(x) is also a meaningful issue.
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