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Abstract: In this paper, basing on the generating function for the van der Pol numbers, utilizing the
Maclaurin power series expansion and two power series expressions of a function involving the
cotangent function, and by virtue of the Wronski formula and a derivative formula for the ratio of
two differentiable functions, the authors derive four determinantal expressions for the van der Pol
numbers, discover two identities for the Bernoulli numbers and the van der Pol numbers, prove the
increasing property and concavity of a function involving the cotangent function, and establish two
alternative Maclaurin power series expansions of a function involving the cotangent function. The
coefficients of the Maclaurin power series expansions are expressed in terms of specific Hessenberg

determinants whose elements contain the Bernoulli numbers and binomial coefficients.
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1. Motivations

In [1] (p. 235), see also Section 1 in [2], the sequence of rational numbers V} for k > 0
was defined by means of

xS [} xk
— V —_—
6x(e +1) —12(e¥ —1) kg) Kkl
_1_§+x72 ESE S N x° N L 37x8 USRS
- 2 10 120 8400 16,800 756,000 1,512,000 2,328,480,000
The first few values of Vj for 0 < k < 8 are
1 1 1 1
Vo=1 Vi=-2, Vo=- Va= — |/ —
0 7 1 2/ 2 5/ 3 20/ 4 350/
1 1 1 37 )
Vs=—, Vo=, Vp=—o, Vo= —mon.
>7 140" ° T 10507 7 3000 ®T 57,750

Let J,(z) denote the Bessel function and

2 1
ox(v) = Z TR k>1,
m=1Jv,m
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where j, ,; are the zeros of ]LZ#) Then,

3\ 13 x 221
(72k(2> =(-1) WVZk/ k> 1.

The van der Pol numbers V; are also related to the Bernoulli numbers By, for k > 0 via
the relation

o (1) = (—1)k_122k_1B k>1
2k 2 - (2k)' 2k = 4
where the Bernoulli numbers By for k > 0 are generated by

z >z z & 7%
— Y BE=1-24Y By, o
-1 ,EO K5l 2+k; ARy 1FI <2

The Rayleigh function oy (v) for k > 1 has an alternative notation

Lk =Y - k>l

m=1Jv,m

This is also called the Bessel zeta function in [3] and was originally introduced and studied
in papers [4-7]. In paper [8], the authors derived closed-form expressions of the Bessel zeta
function ¢, (2k) for k > 1 in terms of specific Hessenberg determinants.

At the site https:/ /math.stackexchange.com/q/4447783 (accessed on 27 May 2023), a
question was asked: is there an explicit formula for the Maclaurin expansion of the function
% around the origin x = 0? At the site https://math.stackexchange.com/a /4449466
(accessed on 5 June 2023), an answer to this question was given. We now quote this answer
as follows.

Using Bessel functions, we find

x? 5 ]5/2(x)
1—xcotx ]3/2(x)
_3 ]3/2(x)

27 x]3/2(x)

’ o 1
=3-2x" )

. 2
k=11~ (X/]§/2 0

=3 szzz 2n

=1n= 0]3/2k
=3 zxzz (Z 1 ) 2n
=0 1]3/2k
=3—2x2202 <3)x2”
nZO n 2 7

where j3,  denotes the kth positive zero of [3,, and 0}, is the Rayleigh function
of order n. If n > 1, we can write

0o @ = (-1t Ta gz

where V}, is the nth van der Pol number. See paper [2] for the properties of these
numbers, including recurrence relations. In particular, the generating function is
Equation (d) in Section 1.


https://math.stackexchange.com/q/4447783
https://math.stackexchange.com/a/4449466
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In [2] (Sections 1 and 6), we find the series expansion

2 2k

z
1—zcotz

2 = kn2k Z
:3f€+3§ (=1)* 2V (3)
k=2

(2k)!

by defining ﬁ to be 3 at z = 0. According to the discussion in [2] (Section 6), the
Maclaurin power series expansion (3) has a finite positive radius of convergence, and this
radius of convergence, denoted by R, is located between %’T and 37” In fact, the number R

is the first positive zero of the equation tanx — x = 0.

Let
_ 2y R;
G(x) =< 1—xcotx’ <IX<R; 4)
3, x=0.
It is clear that the function G(x) is even on (—R, R).
In [9] (p. 75, Entry 4.3.70), it was listed that
1 & (=ph% oy
cotz=-—) ~———— Bz, |z] <.
z k; (2k)!
Hence, we have
1
G(x) = ST , 0<|x| <R (5)
Yo m|sz+2|ka
On the other hand,
2 . 00 (_1)k 2k
B X°sinx 1 Li=o kit
G(x) = sinx —xcosx Ezoo (ZDE(k+1) o [+l <R. ©)
k=0~ (2k+3)!

In this paper, basing on the generating function (1) for the van der Pol numbers V;;,
on the Maclaurin power series expansion (3) of the function G(z), and on the expressions
in (5) and (6) of the function G(x), by virtue of Wronski’s formula in [10] (p. 17, Theorem 1.3),
and in view of a derivative formula for the ratio of two differentiable functions, we will
derive four determinantal expressions for the van der Pol numbers V,, and Vy, discover
two identities for the Bernoulli numbers By, and the van der Pol numbers Vy, prove
the increasing property and concavity of the function G(x), and establish two alternative
Maclaurin power series expansions of the function G(x), whose coefficients are expressed
in terms of specific Hessenberg determinants in which the Bernoulli numbers By, and
binomial coefficients are involved.

2. Lemmas

For smoothly solving the above two problems, we need the following lemmas.
Lemma 1 (Wronski’s formula [10] (p. 17, Theorem 1.3)). If ag # 0 and
P(x) = ag+ajx + apx* + - - -

is a formal series, then the coefficients of the reciprocal series

‘ -

= by + byx 4 byx® + - - -

g

(%)
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are given by

aq ) 0 0 -« 0 0 0

a, M ag 0 0 0 O

( 1)r as ar ai ap <o 0 0 0

by = S| : : : oo reN @)
ay

dr—2 Or-3 G4 dp5 - 4a; 4ag O

ar-1 Gr—2 4r-3 GQr—4 -+ 42 a4i 4o

ar Gy Gr—2 4y-3 -+ 43 4z 41

Lemma 2 ([11] (p. 40, Exercise 5)). Let u(x) and v(x) # 0 be two n-time differentiable functions

on an interval I for a given integer n > 0. Then, the nth derivative of the ratio E ; is

Wini1)x (n+1) (%)
=" i L uxo, ®)

where the matrix
W(n+1)><(n+1)(x) = (u(n+l)><1(x) V(n+1)><n(x))(n+1)><(n+l)/

the matrix U, 1)1 (x) is an (n + 1) x 1 matrix whose elements satisfy uy1(x) = u=1(x) for
1 <k < n+1, the matrix Vi, 1), (x) is an (n + 1) x n matrix whose elements are

(-1 ;
(=) —
(],_1>v (x), £—j=>0

0, {—j<0

vgi(x) =

for1 <t <n+Tland1 <j<mn,and the notation |W, ;1 (n41)(X)| denotes the determinant of
the (n +1) x (n + 1) matrix W, 1) (n41) (%)

3. A Relation and Two Identities for van der Pol and Bernoulli Numbers

In this section, by comparing the power series expansion (3) and two expressions (5)
and (6), we derive a relation and two identities for van der Pol numbers V,; and the
Bernoulli numbers Byy.

Theorem 1. For k > 2, we have

a ap 0 0 - 0 0 0

ar ai ap 0 0 0 0

N as a» aq ap -+ 0 0 O

Vo = (Zk)!<4> : : : S A )

Ak—2 Ok-3 Ak-4 Og—5 -+ a1 a9 0

k-1 Q-2 Ax—3 Adg—4 -+ 42 41 4o

ax k-1 Ag—2 -3 -+ 43 a2 4

where
92k+2

ag = 2k 2! |Bok12], k>0

Proof. Comparing the series expansion (3) and Expression (5), we find that
2k o 22k+2

1 o 2
3——x2+3Y (-1 x%k B
5% T k;z( 20! Varx k;) 2%k 1 2)! 1 aksa] 1
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Applying Formula (7) in Lemma 1 and rearranging yield Formula (9). O

Remark 1. When k = 4, we have

JJn @ 00 s = I 0 o0
o3\ a2 @ a0 O _ o (3\|sz & 3 O|_ 37
4 ) laz ax a; 4ag 4 55 915 35 3 57750
) i 2 1
Ay A3 2 M 935 4725 045 45
When k = 3, we have
1 1
A I A BRPWE A T B A B
67 \a) 72 0 R0 TP ) | B 3T 10507
s a2 M w5 95 B
When k = 2, we have
2 21 1
vo—ar(3) ] % g (3 3oL
4 a aq 4 945 15 350
These three values are congruent to the corresponding ones in (2).
Theorem 2. For k > 0, we have
k
i (2k+3 k+1
j=0
Proof. From Expressions (5) and (6), it follows that
(DM D) o 1S (FDF g 222 2%
—t =) L _x ——|B X
kzo (2k +3)! 2,{2(2}&1)! k;()(zmz)!'”‘“'

) _ 1)k k ; i
S A v Gl

=0

Accordingly, we obtain

~DFk+1) 1 (-DF | & k43
( (23<(+3)! ) 2(2(k+)3)1 L§<—1)1(2].+2)221”Bz]-+z|], k>0,

which can be simplified as the identity (10). O

Theorem 3. For k > 2, we have

k 4 2k +3 4
Z<k—;+1)22f( 2 )VZj——wk(kz—l)- (11)
j=2

Proof. Considering the series expansion (3) and Expression (6), we arrive at

22k

o ( 1\k
= 5 CDHEED o

2k
Vaix (2k +3)!

= (=DF
; (2k+1)!x2k =2

3-leis i(fl)k
k=0 5 k=2

k=0

[0 9)

=2Y (-1

k=0

3(k+1) 1k k k—j+1

1 2%
(2k+3)!+5(zk+1)!+3]§ 212k —2j 1 3)! -

227V,
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This means that

1
(2k+1)

3(k+1) 1 &k k k—j+1
= 3y :
Qk13) "5y T Jg 212k —2j 1 3)!

227V,

7

which can be rewritten as identity (11). The proof of Theorem 3 is complete. [J

4. A Determinantal Expression of van der Pol Numbers
In [12] (Theorem 2.7), an explicit formula of the van der Pol numbers V,, for n > 0 was

given by
“ k! n\ =k n—k n+ 2k
= Lram () Lo -0 (") ()
k n+2k
e (8) oz () S 0 -
=0 t) =0 p 0

y ’;’; (k g E) — p(;i)f: = ﬁZS: <;> propALs)

=1

where S(p, q) for p > g > 0 denotes the Stirling numbers of the second kind and

= _Jz(z-1)---(z—n+1), neN
<Z>n—g(2_k)_ {1, n=20

is the nth falling factorial of z € C.
In this section, by virtue of Lemma 2, we deduce an alternative formula of the van der
Pol numbers V,, in terms of specific Hessenberg determinants.

Theorem 4. For n > 1, the van der Pol numbers V,, can be expressed by the determinant

TR o
(03)11*0 (31)2 gz)l 0
0 o e X
S (0)7 1)s ()10 0
n=\7 : : : - :
(7172)' 6 (1’172 ' 6 (1172) ' 6 L 0 (13)
n_lo n(n6+l) nll (n761)n Zn_l(n72)6(n71) o
N G G N N N
(o) (n+2)(n+3) (1) (n+1)(n+2) (z)m e (hl1)2
= (_1)n’vi/f‘n><n’
where
0, 3<i4+2<j<m
Vi = i 6 S ; .
2 > 1.
() e 2

Proof. The generating function in (1) of the van der Pol numbers Vj can be written as

3 1

o k+1 . k°
Li—o ap®

x
6x(e¥ +1) —12(e¥ —1)

N =
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Therefore, by virtue of the derivative Formula (8), we obtain

_ 3 (n)
V= ifb{m(ex 1) — 12(eF —1)]

k=0 (k+3)!
1 1 0 0 0
S R R R
R TR | B
o1 U .
= (=1%o 7 15 ()10 0
(n+l):(n+2) (n;l) n(6n6+1) (7151) (n6fl)n o (Z:%)
(n+2)(n+3) (1) (n+1)(n+2) (2) n(n+1) e (nfl)
()3 () 0
(03)11*0 (31>§ (32)1
AL Gk 3
| (i G
i (Dot (D) omen
(H—l)# (n—l) 6 (n—l) 6
2 (n-&-é)(n—l—?.) N 1 n(6n+1) 2 (né—l)n
(o)m (1)W (z)m

= (—1)n|vi,]'|n><n

for n > 1. The proof of Theorem 4 is thus complete. [J

1

2

o O © O

(n—l

(nil

)

)

2

Remark 2. It is obvious that the determinantal expression (13) is more beautiful, symmetric, and

computable than the explicit expression (12) of the van der Pol numbers V.

Remark 3. By the determinantal expression (13), we can compute

%§<$‘<% :
_ 14 (@70 2 0|__1
BEEDTRY @5 § @) | T e
Gi oY & @)
O () o
=l O O|=-
@ OF Q)i
I T 1
i= VgL i =5 =000l =y

These values of Vy for 1 < k < 4 coincide with the corresponding ones in (2).

5. Decreasing Property and Concavity

In this section, we discuss the decreasing property and concavity of the even function

G(x) defined by (4).

Theorem 5. The even function G(x) defined by (4) is decreasing on [0, R) D [0, 7t] and is concave

on [0, 7t] C [0, R).
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Proof. From Expression (5), it is easy to see that the even function G(x) is decreasing
on (0,R).
Considering the first equality in (6) and directly differentiating give

x? sin x " _ x[xsin(2x) +2cos(2x) +2x* — 2]
N 2(sin x — x cos x)2

G'(x) = (

sinx — X COS X

and
_sin(3x) — (4x* — 12x% 4 3) sinx — 8% cos x

1 —
C(x) 2(sinx — x cos x)3

Let
h(x) = sin(3x) — (4x* — 12x2 + 3) sin x — 8x° cos x. (14)

The function h(x) can be expanded to

) 22j+9 _ 4 3 2 : )
hx) = 2° Z(—l)’B (64j* + 896] 4.—464(:] +10,552j +8931) 5
far (21 +9)!
Let )
T _ 32119 — (64j* + 896;° + 4640j% + 10,552 + 8931) . >0
= (2j+9)! o 1=
Then

9 v 2y . A4j 9 v B 2\ 4
h(x) =" Y (Toj — Toj1x?)x =27 ) iy —x? ) xY.
j=0 j=0 Taj+

By induction, we can verify that
3519 > 64j* + 896/% + 4640/% +10,552j + 8931, j > 0.

This means that T, >0 forj > 0.
In order to prove that the inequality

T 2
2 ><3”) —202...>72=98- (15)
Toj41 2

holds for j > 0, it suffices to show Tp; > 25T5;,1 for j > 0, which is equivalent to

3479(16/% + 84j — 115) > 16,384° +200,704;° + 986,112;*
+2,454,784/% + 3,186,032/% + 1,932,844j + 355,335, j > 0.

For j > 2, it is sufficient to prove that

34749 < 16,384j + 200,704j° + 9,861,12j* + 2,454,784/3 + 3,186,032% + 1,932,844 + 355,335
16j2 + 84j — 115

7

which can be verified by induction on j > 2. In short, Inequality (15) holds for j > 2.
Let
1 Ty ) 3 o
Y(y) =) Tojin <T] = y>y2’ =) (-1/Ty
j=0 2j+1 j=0
7133 v 2y 4 2

_ Y L2 0<y<nak
65,488,500 + 4050 525 * 135’ Osysm
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Differentiating gives
713y? y 1 713y
Y'(y) = — — = d Y'(y) = - .
W)= "3igo500 "2005 55 YW= 205~ 10,914,750
The second derivative Y”(y) is decreasing and has a zero 17?’3?%3;2 = 57?1930. The first
derivative Y’(y) has a maximum
Y/ 5390\ _ 19,637
713 ) 10,106,775

Thus, the first derivative Y/ (y) is negative and the function Y (y) is decreasing. Since

) 4 27 7137
Y(m?) = 2 — oz + -
135 525 ' 4050 65,488,500

= 0.0056...,

the function Y (y) is positive on [0, 7%].

Combining the above arguments, we conclude that the function h(x) is positive on
(0, 7t]. Then, the second derivative G”(x) is negative on (0, 7r). Hence, the function G(x) is
concaveon [0, 77]. O

Remark 4. We guess that the function h(x) defined in (14) is positive, and even increasing, on the
interval (0, 37”] D (0, R]. If this guess were true, then the even function G(x) would be concave on
[0,R) C (0,3).

Remark 5. We note that a concave function must be a logarithmically concave function, but not
conversely. However, a logarithmically convex function must be a convex function, but not conversely.

6. Power Series Expansions

In this section, basing on (5) and (6) and utilizing the derivative Formula (8) in
Lemma 2, we derive two Maclaurin power series expansions of the function G(x) de-
fined by (4) in terms of specific Hessenberg determinants. These two Maclaurin power
series expansions are different from (3) in form.

Theorem 6. For m > 0, let
22" | By

En = 0w 1 m+1
and
11
0 (hi 0 0 0
i 302 (2)§ 301 0
P6 (1) 402 ()3 0
1o 0 *)2 0 0
15 2)35
Doy = . . .

Fn 2 10 2 Enz 2 10 o 01
0 ( m1_ )Em—l 0 ( m3_ )Em72 (zﬁl)%
En 0 (3" Ep-1 0 0

= |ei,j | (2m)x (2m)
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with the convention Dy = 1, where
0, 2m—2>i—j=2k>0;
1,] .
(J,_ll)E(in)/z, 2m—-1>i—j=2%k-1>—1.
Then the function G(x) defined in (4) can be expanded to
ol 2m 2 4 2x6 37X8
Glx) — iy, X g XX _ L 1
(x) EO?’ 20 el ~ 0T 5 175 7875 3,081,875 (16)

Proof. Since the function G(x) is even, its odd order derivative G2"+1)(0) = 0 for m > 0.
Letu(x) =1and
o 22k+2

=Y o5 B ¥,
= O 2k+2

which are both even functions. Then

) 22k+2 0/ n=2m + !
o)(0) = lim Y e Basal (K™ = 3 21 By,
k=0 2m+1 m+1"7

n=2m

for m > 0. Applying the derivative Formula (8) to Expression (5) leads to

1 (2m)
G2 (0) = lim —
O X% 22k++2)||BZk+2|x2k
1 (0)Eo 0 0 0
0 0 (1)Eo 0 0
0 QB 0 (2)Eo 0
. 0 0 G)E 0 0
4 4
= W 0 (0)E2 0 (Z)El 0
0 . . : .
O (zmoiz)Em—] 0 (277’!272) Em—z 0
0 0 ("N Em-1 0 (G 1)Eo
0 (¥En 0 () Ep-1 0
T o 0 0
B 30 2 G)s 30 1 0
0 (D3 2, ()3 0
_ g2m+1| 315 0 ()5 0 0
Fna 2 10 (Zmz_z)EmQ 2 10 2 01
0 ( ml_ )Em-1 0 ( m3_ )Em—2 (22:1)%
Em 0 ()Em—1 0 0
Consequently, the Maclaurin power series expansion is
x2m ol 2m

00 n [ee]
Gix)=Y ¢ = ¥y glm) X — y gm+ip, T
(%) EO ( )n! mgo ( )(Zm)! mgo 21 (2m)!
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The proof of Theorem 6 is complete. [
Remark 6. When m = 2 and m = 1, we obtain
0 (1)Eo 0 0 0 M3 o 0
Dy = (O)El 30 (2)E0 30 — (0)4% 302 (2)% 301 - _ 8
40 (1)E1 40 (3)Eo \ 016 (1) a3 402 33 14,175
(0)E2 0 (2)E1 0 (0)315 0 )iz 0
and
Dy =|,° (1)Eo| _ O W3l__ 2
(E1 0 (Was O 135
Accordingly, we have
5 X sy XS omy, X
= 3D Dy — Dy— "D
G(x) =3Do+3"Dy7; +3 44!+m;33 2 o
W2 A o §2m
=3-— -+ Y 32tlp, ,
5 175 ,E;é " (2m)!
which coincides with the first three terms in the series expansions (3) and (16).
Remark 7. Comparing the series expansions (3) and (16) reveals
o T SR — D IPI Cl
3 —1)* 27 Ve = 3" Dy .
g; ) (2k)! zg " (2m)!
As a result, we deduce the relation
2k
k3
Vo = (1) <2) Dy, k=2, (17)
which is different to the determinantal expression (9).
Theorem 7. The function G(x) defined in (4) can be expanded into
o 2m 2 4 2x6 373(8
Glx) = 2m+17 Yoy XX _ _ ... 1
(x) mZ::O?’ 21 )1 =275 T 175 7875 3,081,875 o 18

where the determinants

Doms1 = ’di/f (2m+1)x (2m+1)

and the elements of the determinants Dy, 1 are

(_1)(i71)/2[1+ (_1)1'71]

4= 2i !

K i—1\ (=1)07tD/2[1 4 (—1)i-7H])
<i—2) 20 —-j+2)(i—j+4) 7

Proof. Let

00 1k o [ 1k
u(x) = Z (Z(kl)ka and ov(x) =2 2 ((123<_(|_k3—’)—[1)x2k'

k=0 1) ! k=0

1<i<2m+1,j=1;

1<i<2m+1,2<j<2m+1.
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Differentiating results in

( _ 111‘1’1 x2k—2m — (_1)m <2m> — (_1)m
x=0 = ( 2k+1 Qm+ )0 T 17
& (DR +1) _ (=1)m
v0) 00 = (2k + 3)! (2K)amx 2m+1)(2m+3)’
for m > 0. Applying the derivative Formula (8) to Expression (6) leads to
1 5 1 0 1 0
0 0 (13 0
=1 =1 0 (Z)L
3 35 31 2 01 3
0 0 5
G(@2m) (0) 1 1 (1)3-5 o1
il —| 5 57 0 ()33
: 2m—1 .( 1)m-1 :
0 0 ") EnnEe 0
(71)m (71)m 0 (Zm) (71)m—1
2m+T  (2m+1)(2m+3) 2/ 2m—1)(2m+1)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
-1 : 2m-1 : 2m—1
Gbd 0 Gihk 0 Gihh
0 (2m—4) 57 0 (Zm—2) 35 0
= Domt1
for m > 0. Consequently, we have the series expansion
( ) i (2m) X2 i 2m—+1 X2
G(x) = G —_— = 3 Dz 17—~ -
= (2m)! — = " (2m)!

The proof of Theorem 7 is complete. [J
Remark 8. Comparing the series expansions (16) and (18), we acquire the relation

Do = Dyyy1, m 2> 0.

(19)

We note that the elements of Dy, contain products of the Bernoulli numbers By and binomial
coefficients, while the elements of Dy, 41 just contain products of common fractions and binomial

coefficients.
Can one verify relation (19) by a linear algebraic operation?

Remark 9. The determinants Doy, and Dy, 1 are both connected with the van der Pol numbers

Vo via the relation (17) and

3

2%
Vo = (—1)k(2> Dojy1, k=2

(20)
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Remark 10. When m = 2 and m = 1, we acquire

1
L f5 0 0 0
01 01 (13 201 0 3
PN o B | TE
¢ T g o B
5 57 0 Qs 0
and .
115 0 )
Dy = = ——.
3 _01 i (1)1-3 135

3.
Therefore, the relation (19) is confirmed for m =1, 2.

7. Conclusions
In this paper, we established the following results.

1.  Three determinantal expressions (9), (17), and (20) for the van der Pol numbers Vy
with k > 2 were derived in Theorem 1 and Remarks 7 and 9.

2. Anidentity (10) for the Bernoulli numbers By, with k > 1 was deduced in Theorem 2.
3.  Anidentity (11) for the van der Pol numbers Vo with k > 1 was acquired in Theorem 3.

4. A determinantal expression (13) for the van der Pol numbers V,, with n > 1 was
presented in Theorem 4.

5.  The even function G(x) defined by (4) was proven in Theorem 5 to be decreasing in
[0,R) D [0, 7] and to be concave in [0, 7r] C [0, R).

6. Two Maclaurin power series expansions ((16) and (18)) of the function G(x), whose
coefficients are expressed in terms of specific Hessenberg determinants with elements
containing the Bernoulli numbers By, were discovered in Theorems 6 and 7.
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