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Abstract:
theorems for robust approximate quasi-weak efficient solutions for a nonsmooth uncertain multi-

This paper is devoted to the investigation of optimality conditions and saddle point

objective fractional semi-infinite optimization problem (NUMFP). Firstly, a necessary optimality
condition is established by using the properties of the Gerstewitz’s function. Furthermore, a kind
of approximate pseudo/quasi-convex function is defined for the problem (NUMEFP), and under its
assumption, a sufficient optimality condition is obtained. Finally, we introduce the notion of a robust
approximate quasi-weak saddle point to the problem (NUMFP) and prove corresponding saddle
point theorems.

Keywords: multiobjective semi-infinite optimization; approximate solution; generalized convexity;
optimality conditions; saddle point

1. Introduction

Recently, much attention had been paid to semi-infinite optimization problems;
see [1-3]. Specially, multiobjective semi-infinite optimization refers to finding values
of decision variables that give the optimum of more than one objective, and many inter-
esting results have been presented in [4] and the references therein. Moreover, fractional
optimization is a ratio of two functions, and it is widely used in the fields of information
technology, resource allocation and engineering design; see [5-8]. It is worth noting that in
many practical problems the objective or constraint functions to optimization models are
nonsmooth and are affected by various uncertain information. Therefore, it is meaningful
to investigate nonsmooth uncertain optimization problems; see [9-11]. Robust optimiza-
tion [12,13] is one of the powerful tools to deal with optimization problems with data
uncertainty. The aim of the robust optimization approach is to find the worst-case solution,
which is immunized against the data uncertainty to optimization problems. However,
most of solutions obtained by numerical algorithms are approximate solutions. In these
situations, the study of approximate solutions is very significant from both the theoret-
ical aspect and practical application. This paper intends to investigate the properties of
a problem (NUMFP) with respect to approximate quasi-weak efficient solutions by the
robust approach.

Optimality conditions and saddle point theorems are two important contents of nons-
mooth optimization problems. The subdifferential is a powerful tool to characterize opti-
mality conditions. For a nonsmooth multiobjective optimization problem, Caristi et al. [14]
and Kabgani et al. [15] investigated optimality conditions of weakly efficient solutions by
using the Michel-Penot subdifferential and convexificator, respectively. Chuong [5] ob-
tained optimality theorems for robust efficient solutions to a nonsmooth multiobjective
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fractional optimization problem based on the Mordukhovich subdifferential. It is impor-
tant to mention that the Clarke subdifferential has attracted much attention because of its
good properties [16]. Fakhar et al. [17] constructed optimality conditions and saddle point
theorems of robust efficient solutions for a nonsmooth multiobjective optimization problem
by utilizing the Clarke subdifferential. The purpose of this article is to examine optimality
conditions and saddle point theorems of robust approximate quasi-weak efficient solutions
for a problem (NUMFP) under the Clarke subdifferential. Moreover, Lee et al. [18] em-
ployed a separation theorem to established necessary conditions for approximate solutions.
Chen et al. [19] used a generalized alternative theorem to obtain necessary optimality
conditions for weakly robust efficient solutions. It is worth noting that the Gerstewitz’s
function is an important nonlinear scalar function, which plays a significant role in solving
optimization problems due to its good properties, such as convexity, positive homogeneity
and continuity; see [20,21]. This paper will use the Gerstewitz’s function to examine a
necessary optimality condition of robust approximate quasi-weak efficient solutions for a
problem (NUMEP).

In addition, convexity and its generalization play an important role in establishing suf-
ficient optimality conditions of optimization problems. In this paper, we will define a class
of approximate (pseudo quasi) convex functions for the objective and constraint functions
of a problem (NUMFP) and establish a sufficient optimality condition and saddle point
theorems for robust approximate quasi-weak efficient solutions under their assumptions.

This paper is organized as follows. Section 2 provides some basic concepts and
lemmas, which will be used in the subsequent sections. In Section 3, we establish optimality
conditions for robust approximate quasi-weak efficient solutions to a problem (NUMFP).
In Section 4, we introduce the concept of a robust approximate quasi-weak saddle point to
a problem (NUMFP) and prove corresponding saddle point theorems.

2. Preliminaries

Throughout this paper, N and R" stand for the set of natural numbers and n-dimensional
Euclidean space, respectively. B(%,r) denotes the open ball with center ¥ € R" and ra-
dius r > 0; B represents the closed unit ball of R”. The inner product in R" is denoted
by (x,y) for any x, y € R". We set

RY ={x=(xy,--- ,xy) eR" | x;>0,i=1,--- ,n},
Rl = {x= (o) €R 5> 0=, ),
and utilize the following symbols to represent an order relation in R":
y<yey—xeRi,,
xSyey—xeRl.

Let C C R" be a nonempty subset and intC, cIC and coC stand for the interior, the
closure, and the convex hull of C, respectively. The Clarke contingent cone and normal
cone to C at point ¥ € R”" are defined, respectively, by the following (see [16]):

T(C,%)={yeR"|Vx, € C,xy — X,Vt, = 0,3y, =y, s.t. x, +tyyn € C,Vn € N},

N(C,x) ={CeR"[(Ly) <0, Vy € T(C,x)}.

The conical convex hull (see [22]) of the set C is defined as

I
pos(C)={yeR"| A €N st. y= 2)\1']/1‘/ A>0,y,€Ci=1,---,1}
i—1
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Let F : R" — R™. F is said to be locally Lipschitz at ¥ € R" if there exist constant
L > 0 and r > 0 such that

| F(x1) — F(x2) || L || x1 — x2 ||, Va1, %2 € B(%,7).

If F is locally Lipschitz at x for any x € R", then F is called locally Lipschitz mapping.
Particularly, for a real value locally Lipschitz function f : R” — R (R denotes real number),
the Clarke generalized directional derivative of f at ¥ € R" in the direction d € R" is given

by (see [16]) k) — £(9)
Y —J\Y
t 7

f(%;d) = limsup

y—xt—0t
and the Clarke subdifferential (see [16]) of f at X is denoted by
of (%) = {¢ € R" | f(%;d) = (¢, d), Vd € R"}.
Let C C R" be a nonempty subset, and the indicator function of C is defined as

0, x€C,
5C(x):{+oo x ¢ C

It is pointed out in [16] that
d6c(x) = N(C,x), Vx € C.
The following lemmas characterize some properties of the Clarke subdifferential.
Lemma 1 ([16]). Let f,h : R” — R be locally Lipschitz at ¥ € R". Then, the following
applies:

(i) of(%) is nonempty compact convex;
(i) foranyt e R, of(tx) = tof (%);
(iii) 9(f +h)(x) C 9f(%) + oh(x);

(iv) if f attains a local minimum at X, then 0 € 9f(X).

Lemma 2 ([16]). Let f,h : R" — R be locally Lipschitz at ¥ € R", and h(%) # 0. Then, % is
also locally Lipschitz at X, and

h(x)of(x) — f(x)oh(x
a(fyte) ¢ HERAD) o)

Lemma 3 ([16]). Let F : R” — R™ be locally Lipschitz at ¥ € R” and f : R™ — R be locally
Lipschitz at F(%). Then,

AfoF)(x) Cdleo( |J a(AoF)(R))).

Acof(F(x))

Next, we give a scalar function, which will play an essential role in the proof of
optimality conditions in Section 3.

Definition 1 ([20]). Let C C R" be a pointed closed convex cone, é € intC # . The Gerstewitz’s
function ¥z : R" — R is defined as

Y:(y) =inf{teR|yete—C}, yeR"

Some properties of the Gerstewitz’s function are summarized in the following Lemma 4.
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Lemma 4 ([20]). Let C C R" be a pointed closed convex cone, ¢ € intC # @. Then, the
following applies:

(i) Yeiscontinuous and locally a Lipschitz function;

(i) Yely) <teyete—C;

(i) Ye(y) >ty ¢ te—intC;

(iv) 9¥e(y) ={A € C" | (Ay) =Ye(y)};

(V) 9¥e(y) C C\{0},

where C* = {A € R" | (A,y) > 0,Vy € C} represents the dual cone of C.

Lemma 5 ([22]). Let {C; | i € I} be an arbitrary collection of nonempty convex sets
in R" and K be the convex cone generated by the union of the collection. Then, every
nonzero vector of K can be expressed as a nonnegative linear combination of n or fewer
linearly independent vectors, each belonging to a different C;.

Let T be a nonempty and arbitrary index set. Considering the following nonsmooth
uncertain multiobjective fractional semi-infinite optimization problem (NUMEFP)

i ) (A A
min {55 = (e i)

st. gi(xv, ) <0, VEET,

(NUMEP) {

where vy and t € T, are uncertain parameters from the uncertainty set V; C R?, t € T. f;, h; :
R*" = R, hi(x) #0,i=1,---,1, g : R" x V} = R, fj, h;, g are locally Lipschitz functions,
and the uncertainty map V : T =% R? is defined as V () := V.

We consider the robust counterpart of the problem (NUMEFP) as follows:

flx) _ (f1(x) fl(x))
x) ha (x) Iy (x) 7

min ,
(NRMEFP) h 1(x
s.t gt(x,vt) <0, VeV, teT,

where the feasible set of the problem (NRMFP) is denoted by
F={xeR"|g(x,v) <0, Vo eV, t € T}.

Definition 2. Lete = (g1, -+ , &) € RL. ¥ € F is called a robust quasi-weak e-efficient solution
of the problem (NUMEFP) if ¥ is a quasi-weak e-efficient solution of the problem (NRMFP); that is,

FE)_SE) s ¢ —RL,, vxe F.

h(x)  h(x)

Remark 1. When ¢ = 0, the quasi-weak e-efficient solution degrades into the weak efficient solution
in [8].

3. Optimality Conditions

In this section, we will establish necessary and sufficient optimality conditions for
the quasi-weak e-efficient solutions to the problem (NRMFP). We begin with the following
constraint qualification.

Definition 3 ([23]). For x € R", let I1(x) := {(t,v) € gphV | g:(x,v) = 0} and

Alx):= |J 0:8i(x,0),
(t,0)ell(x)

where gphV := {(t,v) € T xRP | v € V(t)}.

Definition 4 ([16]). Let ¥ € F. The Basic Constraint Qualification (BCQ) holds at % if N(F, %) C
pos(A(%)).
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Next, we present a necessary optimality condition for the quasi-weak e-efficient solu-
tions to the problem (NRMFP) by using the properties of the Gerstewitz’s function.

Theorem 1. In problem (NRMFP), let e = (eq,- - - , ;) € R If X € F is a quasi-weak e-efficient
solution of the problem (NRMFP) and the BCQ holds at %, then there exist & = (&1, -+, &) €
RL\{0}, A; = hjﬂé})/ i=1,-,1, p = (fir, -, fin) € R and (§,7;) € gphV, j =
1,---,n,such that

—

Lo fil®
0¢e ;Al(afl(x) ni()

n l
Ohi(%)) + ) j0x81, (%, 7)) + ) RieiB, (1)
j=1 i=1
Proof. Since ¥ is a quasi-weak e-efficient solution of the problem (NRMFP), we obtain

@_-@.'.g”x—f” Q—RLJF, Vx € F.

h(x) (%)

Let H(x) = (% - % +¢||x — %||), by Lemma 4 (iii), then we obtain

N>

‘P(E)(H(JC)) >0, VxeF.

As ¥ € F, thus,

Y (H(x)) = 0. ®)
Note that H(%) = 0, then H(%) € —R/, and it follows from Lemma 4 (ii) that

Y (H(x)) <0,
together with (3), and then we have
Therefore,

"P(é)(H(X)) > ‘Y(E)(H(f)) =0, Vx e F,

and this means that ¥ is a local minimizer of ¥ ;) o H (x) on F, and * is also a local minimizer
of ¥z o H(x) + 67(x) on F. By Lemma 1 (iii), we obtain

0€ (¥ oH+0r)(xX) Ca(¥( o H)(X)+0x(T). 4)
Due to
d0r(x) = N(F; %),
combined with (4), we arrive at
0€9(¥ o H) (%) + N(F;%).

Since H(x) is locally Lipschitz at ¥ and ¥ ;) is locally Lipschitz at H(%), it follows from
Lemma 3 that

¥ oH)(X) Celco( | A(AoH)()).
A€IY ) (H(%))
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According to Lemma 4 (v), there exists & = (&1, -+ ,&;) € 0¥ () (H(%)) C R’ \{0} such that
0 € c(co(d(moH)(x)))+ N(F;x)
= dfeo@(@e (2 5oy gy o) + N(F )

h(-)  h(x)
c d(eo(@@o (1)(®) + (m.e)B) + N(F 7).

From Lemma 1 (i), it leads to

By Lemma 5, there exist p < n, i = (fi,---,fl,) € R and (£;,9;) € I1(%), j =
1,---,psuch that

Lo . filx) _ P o L
0€ 7y @il = 5 Mi(D) + L Aidagyy (5,0) + L mieiB. )

Let ﬁ = A;. If p = n, then (1) and (2) hold due to (¥;,9;) € I1(x), j = 1,--- ,p. When
p < n, we take multipliers fi,11 = --- = fi, = 0in (5) to obtain the desired result and

complete the proof. O

Remark 2. In studies [18,19], the necessary optimality conditions were obtained by utilizing a
separation theorem and an alternative theorem, respectively. Different from [18,19], the necessary
optimality condition of the above Theorem 1 is directly proved by using the properties of the
Gerstewitz’s function. However, if ¢ = 0 and T is a finite index set, then Theorem 1 of this paper
will reduce to Theorem 1 in [8].

Before we establish a sufficient optimality condition of quasi-weak e-efficient solutions
for the problem (NRMFP), we next introduce the following two kinds of generalized
convexities for the objective and constraint functions of the problem (NRMEFP).

Definition 5. In the problem (NRMFP), (f,h, g) is called an approximate convex function at ¥ €
Fif forany x € F, § € ofi(%), 1 € ohi(x), i = 1,---,1, (tj,v;) € gphV, and &; €
axgtj(x, v]-), j=1,---,n,such that

filx) _ fil5) , 1 I
hi(x) hi(f) 2 ]/li(f) (<Ci’x_x> - hi(f) <77i/x_x>), 1= 1,' .. ,l,

Here is an example of an approximate convex function.
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Example 1. In the problem (NRMFP), let f;, hi : R - R,i=1,2, ¢:RxV; >R, t €T =
0,1, ve Vi =[2—t,2+1], (t,v) € gphV, and

flx) (fl(x) fz(x)) _ (x2+2x 2x2 )
h(x)  “hi(x)” hy(x) 3 ‘x2+1”

gt(x,v) = 2tx* — ox.

By a simple calculation, we obtain F = [0,1]. Let ¥ = 0 € F, then we have df; (%) =

{2}, ofa(%) = {0}, ohy(%) = {0}, ohp(x) = {0}, and 0xg:(%,v) = {—v}. For any x €
F, & €0fi(%),n; € 0hi(%),i=1,2,6 € 0xg:(X,v), since

A AE P42 _2x 1 A® _
hi(x) - hi(f) B 3 = 3 hl(f)(<gl'x_x> B hi(f) <771/X—x>),
folx) _ fols) _ 20 0= (&g, x — %) — ﬁi; (112, x — %)),

prm— >
ha(x)  ha(x)  x2+17 7 (%)
gt(x,v) — g1(x,0) = 2tx% —vx > —vx = (6,x — x).
We obtain an approximate convex function (f,h,g) at ¥ = 0.

Definition 6. In the problem (NRMFP), let e = (g1, -+ , ;) € R, (f,h,g) is called an approx-
imate pseudo/quasi-convex function at X € F if forany x € F, & € 9f;(%), n; € ohi(%), i =
1,---,1, (tj, v]-) € gphV, and 6; € axgt]. (x, v]-),j =1,---,n, such that

hiﬁ) (& x — %) — ﬂz; (i, x = %)) +eillx = %[ 2 0= fg% - 58 el =0

gtj(X, v;) - 8(%, vj)) 0= (4, x—x) <0.

Remark 3. Clearly, if (f,h,g) is an approximate convex function at ¥ € F, then (f,h,g) is an
approximate pseudo/quasi-convex function at ¥ € F; conversely, it is not true (see the following
Example 2).

Example 2. In problem (NRMFP), let f;,h; : R - R,i=1,2,

fx) _ filx) fz(x))
h(x)  “hi(x) ha(x)”

where
filx) =xt 4 x, (x) =2, folx) = 2, ha(x) = x* 41,

S RxV;, R teT=113,veV,=][1,3+1t], (tv) € gphV,
gi(x,v) = —x% — 20t.

Through a clear calculation, we obtain F = R. Taking X =0 € F, e = (1,2), we obtain 0f1(%) =
{1}, 9f2(%) = {0}, ohy(x) = {0}, ohy(x) = {0} and 9g:(%,v) = {0}. Forany x € F, {; €
ofi(%), n; € ohj(%),i=1,2,and 6 € 9xg1(X,v), since

! o A ] s
iy (€ =0 — GG nex = 0) kel =7l = 34 e 20
(x) f(f) I x4+x
- hi(x) _hi(m +efx— x| = ——+Ix >0,
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1 o (%) i, Sl —
]’lz(f) <<§21x - x> - hi(f) <172,X - x>) +52||x - x” = 2|x| >0
2(x) (%) §

X
— Xl = —— 2 >O,
ha(x)  hp(r) T2l A= g 2=

g1(x,0) — g (F,0) = —x2<0= (§,x— %) =0<0.
We obtain (f,h, g), an approximate pseudo/quasi-convex function, at x = 0. However, for x €
F\{0} and 5 € 9,g¢(%,v), one has
gt(x,0) — g1(%,0) = —x2 #0=(6x—x).

Therefore, (f,h, g) is not an approximate convex function at ¥ = 0.

The following Theorem 2 presents a sufficient optimality condition for the quasi-weak
e-efficient solutions to the problem (NRMEFP).

Theorem 2. In problem (NRMFP), let ¢ = (e1,--- &) € RY and (f,h,g) be an approxi-
mate pseudo/quasi-convex function at ¥ € F. If there exist multipliers & = (&1,--- ,&;) €
RLA\{0}, i = (11, -+, fin) € R and (F;,0;) € gphV, such that (1) and (2) hold, then X is a
quasi-weak e-efficient solution of the problem (NRMFP).

Proof. It follows from (1) that there exist &; € 9f;(%), 7; € oh;(%), é; € 9x8y;(¥,0j) and
b; € B, such that

]:] i=1

l = 1 n
- — i\X) _ _ _ _ _ = _
CAGE- D) -0 + Daelr -2 2 (L pdx-0. ©
‘ i=1 j=1
When ji; = 0, (Z;-’Zl fijoj, x — %) = 0.1f fi; # 0, from (2), we derive
8, (%, 7)) < g5, (%,7j) = 0.

Since (f, h, g) is an approximate pseudo/quasi-convex function at %, for é; € 9, 8F; (%,9;),
we have
<5]-,x — X> <0 (7)

Combining with (6) and (7), we obtain

gwf e +§aiei|x—x|| >0, .

Conversely, suppose that ¥ is not a quasi-weak e-efficient solution of the problem (NRMFP).
Then, there exists £ € F such that
f(2)  f(x)

_J\r) s % _ 1!
l’l()?) h(f) +‘C'”x xH € R-I—-‘r’
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which implies that

fil®) _ fi¥)

hi(%)  hi(%)

Since (f, h, g) is an approximate pseudo/quasi-convex at ¥, for ¢; € 9f;(%), and 7j; € oh;(x),
i=1,---,l, weobtain

vellt—x)<0,i=1-- L

P 0 P
hi(f)(@"x ) hi(x)(m,x %)) +ellt—x)<0,i=1,---,L
Noticingthatﬁce]RlJr\{O}, %:/_\i, i=1,---,], wearrive at
L e fi® o e e o
(Y A& = 75570), 2 — %) + ) @2 — %] <0,
i=1 hi(%) i=1

which contradicts (8). Hence, ¥ is a quasi-weak e-efficient solution to the problem (NRMFP).
O

4. Saddle Point Theorems

In this section, we establish saddle point theorems of quasi-weak e-efficiency. We first
give the definition of a quasi e-weak saddle point for the problem (NRMEFP).

Letx € F, &= (&, - ,&) € RA\{0}, e=(1,---,1) € RL, = (1, - pn) € R
andv = (tj, vj) € gphV, j =1, .- ,n. The Lagrangian function of the problem (NRMFP) is
defined as

E(x,ljé,]/l,'l/) = (El(xlu_(’ %V)/' o ,El(x,lx,]/l,V)),

where
X x 1&
L(x,& p,v) = 5‘(% B Jh(Ex;) + T]; wigy (x,vj)e, ©)
ﬁz(xﬂi/#/l’) = &l(i((x; - 28?))_'— ] i:u]gt](xlv])/ 1= 1/ /l

(R A\{0}) x R" x gphV is said to be a quasi e-weak saddle point if

L(x,&f,7)+el|lx— x| — L(x,&p,7) ¢ R, YxeF, (10)

L(x,a&,uv)—el|lu—p| < L(x,an7), VueRY, vegphV. (11)
The following example is presented to illustrate Definition 7.

Example 3. In the problem (NRMFP), let f;, hi : R - R, i=1,2,¢: RxV; = R teT=
[0,1),and v € V; = [2 —t,2 + t]. Define

fx) (fl(X) fz(x)) _ (xj 2x
h(x)  “hi(x)" ha(x) 2 x+1

gt(x,v) = —tx — ox.

),
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Via calculation, we obtain F = [0, +o0). For any (x,&u,v) € F x (R2\{0}) x Ry x gphV,
the Lagrangian function of the problem (NRMFP) is

2 201 2x 2% 1

5= 5 gkt o), m( T — S+ pu(—tx —ox)),

L(x,&,p1,v) = (a( x+1 x+1’ "2

Letx=0€ F,e= (e1,62) = (L,1), & = (@,8) = (3,%), i =1and 6 = 2 —t. It is easy
to obtain

,C(x,&,ﬁ,ﬁ) - (Z _x,m — X

L(%,& u,v)=(0,0).
Hence,
2

X X

(Z,m) ¢ _Ri+r Vx € F,

L(x, & ji,7)+e||x —x|| — L(%,af,7)=

L(x,a,p,v)—ellp—fll =—elp—1| = L(%,a,7,7), VueR:, vegphV.

The above result is seen in the following Figures 1 and 2. Therefore, (%, &, fi, V) is a quasi e-weak
saddle point of the problem (NRMFP).

/

N

2

4
4

N
_4 \
\\

Figure 2. The illustration of £(%, &, u,v) — || — fi|.
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Theorem 3. In the problem (NRMFP), suppose that X € F is a quasi-weak e-efficient solution of
the problem (NRMFP) and Theorem 1 is satisfied. If (f, h, g) is an approximate convex function
at %, then (%,&,71,7) € F x (RL.\{0}) x R x gphV is a quasi &e-weak saddle point, where
ae = (€1, - - &1gg).

Proof. Firstly, we verify (10) holds. Since X is a quasi-weak e-efficient solution of the
NRMFEFP, it follows from Theorem 1 that

g (%,9) =0, Vj=1,--,n.
Therefore, there exist &; € dfi(%), 7j; € 0hi(%), §; € 9xg;,(%,;), and b; € B such that

Duetob; € B, for x € F, (b, x — %) < ||x — x|, we have

!
Z (& — flé )) +Zy]5],x—x +Zﬂé€z||x—x|| > 0. (12)
i= j= i=1

Suppose that (%, &, i, 7) is not a quasi e-weak saddle point of the problem (NRMFP); then,
there exists £ € F such that

From (9), we deduce

_f(®) f(x), 1 X
a(@_@)jLY];”f(gfj(x 7)) — 8;,(%,9)))e + ael|% — x| € R,

(4 (7 n
2, (i) _ fl(" %Z (5,8 — g (5,9)) + et =] <0, i=1,-- L (13)
=1

Since (f,h,g) is an approximate convex function at ¥, there exist ¢; € 9f;(%), 7; € 9h;(%)
and §; € 9xgf, (%, 0j) such that

Let ® Aj, i = I, and then together with (13) we have
— _ (x R B 1 n o ~
Az<(§z - ';?Ef))ﬁi),x - x> + 7<Z ]/1]5] X — x> + &; Sle — x|| <0,i=1,---,1L
i =1
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which contradicts (12).
Next, we prove (11) holds. Since 71i8, (x,9;) = 0,forany u; > 0, (t,v;) € (gphV), i =
1,---,1, we have ],tjgt].(f, v]') < 0; hence,

n n
'21 78, (%, 9j) — 21 w8t (%, 0j) = 0.
= =

That is,

i
;wmww%}%bl

~ =

which implies that
(5,8, p0,) —aellp; — | < L(2,8,7,7).
The next Theorem 4 shows that a quasi &e-weak saddle point is a quasi-weak e-efficient
solution of the problem (NRMFP). O

Theorem 4. In the problem (NRMFP), if (%,&,71,7) € F x R, | x R x gphV is a quasi ae-
weak saddle point and X is an optimal solution of the problem max Z}Ll 71i8t; (x,0;), then X is a
quasi-weak e-efficient solution, where ke = (&1€1,- -+ &j€p).

Proof. Since (%, &, fi, 7) is a quasi ae-weak saddle point of the problem (NRMFP), it follows
from (10) that

_Ec(]h(g; - ;;g;) - ;:1 7igi (X, 07)e & R, vxe F. (14)

Because ¥ is an optimal solution of the problem max Y i ; i; 8%, (x,9;), it holds that
n n
Y igr (x,0) — ) igr (%,0) <0, Vx € F. (15)
j=1 j=1
Together with (14) and (15), we obtain

&(m - legg) +ex—x| & R, Vxe £

Note that & € Rﬂr ., and we obtain

(%3 - {lég) +ellx - x| € ~Ryy, VxeF.

Hence, ¥ is a quasi-weak e-efficient solution of the problem (NRMFP). O

5. Conclusions

We have established a necessary condition for robust approximate quasi-weak efficient
solutions of a problem (NUMEFP) based on the properties of the Gerstewitz’s function.
We have also introduced two kinds of generalized convex function pairs for the problem
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(NUMFP), and under their assumptions we have presented sufficient conditions and saddle
point theorems for robust approximate quasi-weak efficient solutions.

It would be meaningful to further investigate the proper efficient solutions, duality
theorems and some special applications for the problem (NUMFP), such as multiobjective
optimization problems and minimax optimization problems. Indeed, ref. [4] has discussed
duality theorems and special applications for a nonsmooth semi-infinite multiobjective
optimization problem, respectively. Therefore, the further works seem feasible.
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