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Rus’ theorem in a metric space, to prove the uniqueness of solutions for the problem. Examples are
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1. Introduction

The study of nonlinear elliptic systems has a strong motivation, and important research
efforts have been made undertaken recently for these systems, aiming to apply the results
of the existence and asymptotic behavior of positive solutions in applied fields (see [1-5]).
The investigation of the following system of nonlinear elliptic equations in a bounded
domain U C RN,

AZ’B +7\Ff5(5r3+1> =0, ¢y

where 3p = 0on d0and 3, = 3,.,, B € {1,2,3,---,0}, has an important application in
science and technology [6,7]. In [8], Dalmasso discussed the existence of positive solutions
to such systems for 8 = 2 when the F(0)’s are non-negative with at least one F(0) > 0
(positone problems). In [7], when d = 2, Ali-Ramaswamy-Shivaji discussed the existence
of multiple positive solutions to such positone problems. In particular, in cases where one
of %(3) or %(3) decreases for some range of 3, they established conditions for the existence
of at least three positive solutions for a certain range of A. In [9], Hai-Shivaji discussed
the existence of positive solutions for A >> 1 for cases where no sign conditions are
assumed on F(0), B € {1,2} (semipositone problems). In [10], again for ? = 2, Ali-Shivaji
discussed the existence of multiple positive solutions for A >> 1 when F(0) = 0 = F/(0)
for B € {1,2}. In addition, in [11-20], relevant references to the most recent works on (1)
can be found. Next, we quote some recent works on elliptic equations.
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In [21], Padhi et al. derived sufficient conditions to the following problem in an
annular domain:

Ns =AF(|v],3), €U ={veRN:a < |v|<a},
3=0,3 €090,

for the existence of positive radial solutions, by utilizing Gustafson and Schmitt fixed-point
theorems. In [22], Chrouda and Hassine established the uniqueness of positive radial
solutions to the following Dirichlet boundary value problem for the semilinear elliptic
equation in an annulus:

A;,:F(g),geU:{veRN:al<|v|<a2},
3=0,3€3€00,

for any dimension N > 1. In [23], Dong and Wei established the existence of radial solutions
for the following nonlinear elliptic equations with gradient terms in annular domains:

Ny +g(v]s — - Vs) =0 in Qf,

v
v
3=0 on 90,

by using Schauder’s fixed-point theorem and contraction mapping theorem. In [24], R.
Kajikiya and E. Ko established the existence of positive radial solutions for a semipositone
elliptic equation of the form

ANj+Ag(3) =0in Q,

3=0 on 0Q),

where Q) is a ball or an annulus in RN. Recently, Son and Wang [25] considered the following
system in an exterior ball Ux:

Ny + Mg ([V)Fp(34,,) =0,
35 — 0as |v] = 4o

3 = 0on|[v|] =1,

where $ € {1,2,3,---,0},3, =3, .1, and derived sufficient conditions for the existence of
positive radial solutions. The above-mentioned works motivated us to study the following
iterative classes of nonlinear elliptic equations on an exterior domain:

(N_z)ZrZNfZ
Aﬁﬁ - |V’2—N7023f5 + Q(lv‘)FB(ﬁgH) =0,ve Ur (2)

lim v) =0, =0,
|V|%003[3( ) 5[3‘30

where B € {1,2,3,--- ,n}, 3, = jn41, A3 = div(V3), N > 2,0 = {; € RN| 3] > 7o},
0 = [T, 0, each ¢; € C((rg, +o0), (0, +00)), N~1g is integrable. The Guo-Krasnoselskii
cone fixed-point theorem is a key tool for obtaining single positive radial solutions, whereas
the Avery—Henderson cone fixed-point theorem is utilized to obtain the coupled solutions.
We further study the uniqueness of solutions of the problem (2) via Rus’ theorem in a
metric space.

The study of the positive solutions to the iterative classes of ordinary differential
equations with two-point boundary conditions,

3 () = 1335 (}) + 0(8)Fp (34.,(£) =0, 0 < £ < 1,}

3)
35(0) = 0,3,(1) =0,
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R 2 2N-1) R
where 3 € {1,2,3,---,0}, 3, = 3,.,, 70 > 0 and o(f) = (Nr_ioz)zr NI, 0i(R),

0i(t) = Q,‘(Tof‘Z*lN ) by a Kelvin-type transformation [26,27] through the change of vari-
2—-N
ablesm = |v|and t = (%) , facilitates the investigation of the positive radial solutions
of (2).
We impose the below-mentioned presumptions whenever necessary:
(J1)Fp : [0,+00) = [0, +00) is continuous.
(J2)For1l <i<09,0 €LP[0,1](1 < p; < +oo)and 9o} > 0 3 of < 0;i(F) < oo almost
everywhere on the interval [0, 1].

The remainder of the paper is structured as follows: The problem (3) is transformed
into an analogous integral equation involving the kernel in Section 2. Additionally, we
calculate the kernel boundaries that are crucial to our major findings. In Section 3, we
employ Guo-Krasnoselskii’s cone fixed-point theorem, to provide a criterion for the single
positive radial solution. In Section 4, the coupled solutions are established by the Avery—
Henderson cone fixed-point theorem. The final portion deals with a unique solution.
Meanwhile, some numerical examples are provided.

2. Preliminaries

The essential results are stated here, prior to proceeding to the main results in the
subsequent sections.

Lemma 1. For every p € C[0, 1], the BVP
=3/ () + 783, (1) = p(2), 0< 2 < 1,
5(0) =35(1) =0,
has a unique solution
00 = [ 8 00(0ac

where

-
Lo YN Y
VARPVAY

IA A
~

Q% ¢) =

1 sinh(rpf) sinh(rg(1 —C)), O
rosinh(rg) | sinh(ro¢) sinh(rg(1 —)), 0

Lemma 2. The kernel Q(%, () has the subsequent characteristics:

(i) Q& ¢) > 0and continuous on [0,1] x [0,1];

(i) Q%) <Q( ), % Ce(0,1];

(iii) there exists & € (0, %) such that 0(&)Q(L, ¢) < Q(%,Q), (},0) € [&§,1—&] x [0,1], where

__ sinh(rp&)
U(E‘) - sinh(go) :

Proof. (i) is evident. The following proves (ii):

s 0 S S S 1,
Q#,¢) | sinh(roC) t<C
Q(C/ C) a Sinh(?’o(l _ f')) A

sinh(ro(1—C))’ 0<c<t<,

b 0<i<C<1,

U 0<i<i<1,
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For (iii), we consider

sinh(rot) X
0<t<C<1,
Q(t,¢) ) sinh(rol) =rees
Q(¢, ) ) sinh(ro(1 —#)) .
sinh(rg(1 —C))’ 0=c=f=l
sinh(ro&) 0<#<(<1LE<E<T-E,
- sinh(rg)
sinh(r&) 0<(<P<LE<E<1-§
‘sinh(rg) ’

=o.
The proof is now completed. [J

We observe that a o-tuple (3,,32,- - - ,30) is a solution of BVP (3) from Lemma 1 if and

only if

31(f)

1 1 1
/OQ(f,Q)Q(Cl)Fl[/O Q(CLCz)Q(Cz)Fz[/O Q(C2, C3)0(C3)F4

Fo1 ['/(;1 Q(Co-1,Co)0(Go)Fa (3, (Ca))dCa] = ']d@] dCz] déy.

In general,

1
3(3 f') - ‘/0 Q(f'/ C)Q(C)Fﬁ (3B+1(C))d(ﬂ [5 = 1/2/3/' o /a/

Let N := €((0,1), R) be a Banach space equipped with a norm |3/ = m[ax] |3(%)], and
te[0,1
Xe=43€N:3() >0 0,1
e={serismzoon01), min 55 = o()

be a cone, for & € (0, %) For any 3, € X, define an operator £ : X — X by

1 1
/o Q(¢1, ¢2)0(C2)F2 [/o Q(&2, G3)o(G3) - -

Fo1 [/01 Q(Co-1,Co)0(Go)Fa (3, (Ca))dCa] = ']dcgl dCz] dg;. 4)

Lemma 3. £ is self~mapping on X¢ and £ : Xz — X is completely continuous.

Proof. As Fg(3,,,(¥)) > 0and Q(#,¢) > 0 for ¢ € [0,1], we have £(3,(%)) > 0 for
t€[0,1], 3, € Xz. Applying Lemmas 1 and 2, we obtain
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te[E,1-E)

min (£3,)(f) = min { /01 Q% ¢1)o(¢1)Fq [/01 Q(C1, G2)e(C2)F2 [/01 Q(C2, C3)0(C3)Fy - - -

te[E,1-E)

Foo1 [/01 Q(Co—1,Co)0(Co)Fa (51((:0))61(:01 i '1dC31 dCz] dC1}

1

> U(i){ /01 Q(&1, G1)e(C)Fy [/01 Q(&1, G2)o(Lo)F2 l/o Q(C2, G3)o(C3)Fs - - -
Foo1 [/01 Q(Co-1,Co)o(Co)Fa (51((:0))61(:01 i '1dC31 dCz] dC1}
> U(E){ /01 Q% ¢1)o(¢1)Fy [/Ol Q(C1, &2)o(82)F2 [/01 Q(C2, G3)o(C3)Fs - - -

Foo1 [/01 Q(Co—1,Co)0(Co)Fa (51(Ca))dC01 i '1(1(:31 dCz] dC1}

> o0(&) max |£3, (1)

> (&) max |5, (F)

Thus, £(Xz) C Xg. In light of this, the operator £ is fully continuous according to the
Arzela—Ascoli theorem. [J

The following theorems are key tools for the existence of positive solutions:

Theorem 1 (Holder’s [28]). For ¢ =1,2,--- ,x,and py > 1,leth € LP¢[0,1] with }j_, é =1;
then, T1j_4 hy € LY[0,1] and |[TTj_y hell; < TTf—; |hellp,- Furthermore, if i € L1[0,1] and

§ € L™[0,1] then ng € L1[0,1] and [[1g]ly < [|72]l1g]leo-

Theorem 2 (Guo—Krasnoselskii [29]). Let & bea Banacﬁ space, and let 9y, Iy be bounded open
subsets of & with 0 € My C Ny C Mpand N : XN (M\My) — X (X C S isacone) as a
completely continuous operator, such that

(@) N3] < [|3]], 5 € X N0y, and N3] = |51, 5 € XN 9N, 0r
(i) [[N3]] = [I3]], 5 € XN 0Ny, and [[N5]| < [[5]], 5 € X NNy

then, N has a fixed point in X N (M2\9).

Let P > 0 be a continuous functional on a cone X, and let f > 0 and h > 0. Define
X(b,h) = {3 € X:(3) <b}and Xy = {3 € X: [l3]| <f}.

Theorem 3 (Avery-Henderson [30]). If y1 > 0, v2 > 0, y3 > 0 continuous and increasing
functionals on X, y3(0) = 0, such that, for some positive numbers b and k, v2(3) < v3(3) < v1(3)
and ||3| < ky2(3), for all 3 € X(v2,b), and there exist § > 0 and g > 0 with f < g < b, such
that v3(A3) < Ays(3), for 0 < A < 1and 3 € 0X(y3,9). Furthermore, if £ : X(v2,h) — Xisa
completely continuous operator, such that

(a) v2(£5) > b, forall 5 € 0X(y2,h),
(b) v3(£3) < g, forall 5 € 0X(v3,9),
(¢) X(v1,f) # D andy1(£3) > f, for all 90X (1, ),

then £ has at least two fixed points '3,%5 € P(ya,h), such that § < y1(13) with y3('3) < g
and g < v3(%3) with v,(%3) < b.

Define the non-negative, increasing, continuous functional v, v3, and y; by

v2(3) = o 3(), va(3) = max 3(®), v1(3) = max 3(%).
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It is obvious that for each ; € X, v2(3) < v3(3) = v1(3), and v2(3) > o(&)[l3|- Thus,
l3]] < ﬁﬁ/z (3) for all 3 € X. Furthermore, we observe that y3(A3) = Ay3(3), for0 < A <1,
;€ X.

3. Single Positive Radial Solution
In accordance with Guo—Krasnoselskii’s theorem, we demonstrate in this section that

problem (3) has a single positive radial solution.
For o; € LPi[0, 1], we have the following cases:

<1 )

! i=1

]
=1, ) —>1

i i=1 Pi

| —
| —

agt
]
S

K
1
We discuss the positive radial solutions for } * — < 1, in the following theorem:
i=1 Pi

Theorem 4. Suppose that (J1)—(J2) hold, and there exist positive constants ay > a; > 0,
such that

r2 R K -1
(J3) Fp(3(1)) < Fap for 0 <# < 1,0 < 3 < a, where Ry = ( _02)2 Qllq T Tloill
i=1

and Q(C) = (¢, Q) TN,
(Ja)Fp(3(2)) = Ryag for E << 1§, 0(&)ay <3 < ay, where

o [ o@n e 17
1= (N—Z)ZHQi/g Q(¢, 0)¢ ac| ,

then the BVP (3) has a solution (3,,32,- - ,30), such that ip > 0,1 < H;,ﬁ | < ap, B =
1,2,---,0.

Proof. Let 0 = {3 € R : 3] < a1} and M = {3 € N : [j3]] < ap}. For 3, € 09y,
0 <3 <apforte[0,1]. For {,_1 € [0,1], and from (J3), we obtain

/01Q(Caﬂ/Ca)Q(Ca)Fa(51(Ca))dCa < /01Q(CD,CD)Q(CD)FD(31(Ca))dCa

1
< mzaz/o Q(Ca, Ca)o(Co)dG

2 2(N-1) K

r 1 2(N-1)
< Poer "oy /0 (o, &) G2 EQi(Ca)dCa-

K
1
Now, there exists q > 1, such that Z l + = = 1. From Theorem 1, we have
i1k q
1 1’% N K
/0 Q(Co—1,C0)a(Co)Fo (3,(Co))dGo < mz”zw“WhH [0illp:
i=1

< ay.
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Similarly, for 0 < (o—p < 1,

1 1
/OQ(Cafz,Ca—l)Q(Ca—l)Fa—l /OQ(Ca—lzCa)Q(Ca)Fa(él(Ca))dCa dlp-1

1
S/O Q(Co—1, Go—1)0(Co—1)Fo—1(a2)dlp—1

1
< 9%2512/0 Q(Co—1, Go—1)0(Co—1)dCo—1
1’2 N K
< §J£{zﬂzﬁnanq1_£||Qi||l>i
i=

< ap.

Following this bootstrapping reasoning, we arrive at

(£3,)(t) = /Olu(f, )o(G)Fy [/OlQ(Cl,Cz)Q(Cz)Fz [/Olq(cz, (3)0(C3)Fy -

1
Fo—1 l/o QCo—1,Co)0(Go)Fa (3, (Ca))dCa] - ']d@] dCz] d¢y
Saz.
As My = ||3, ]| for 3, € X N 0Ny, we obtain

[1£3, 11 < I3, II ®)

Lett € [£,1 - ] then, ay = [|3,[| = 3, (F) > s fpin 5(H) = 0(&) 3] = o(&)ar. By

(J4) and for (51 € [E,1— &], we have

[ a6 1 @)ele)F (s, @)at > [ G 1 G)eE)Fo 5, (6)
> o(&) /:EQ(Ca,Ca)Q(Ca)Fa (3,(%))dGo
1-¢&
> 0(5)9%1511/6 Q(Co, o) o(Co)dls
2(

o(&)ry 1 N1 K
=0 (G, 00) G20 [oi(G)ac
(N_Z)z/;' 0 0 0 ll;!: 0 0

> Rim

2 K 1-& )
> Rim (1(\2(5.);(32 11 Qf/‘E QCo, G2) G N da

> ai.

Similarly, for 0 < (p_p < 1,
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1
/0 Q(Co—2, Go—1)0(Co—1)Fo— 1[ QCo-1,%)0(Co)Fa (3, (o)) dGo [l
>

/a Q(Co-2, Co-1)0(Zo1)Fo_1(a1)dlo_1

v

1-§
‘T(ﬁ)/a Q(Co-1,Co-1)0(Co—1)Fo-1(a1)dCo 1
1-§
> Cf(i)i){{lﬁl/a Q(Co-1,Co-1)0(Co-1)dCo 1
2 1-& z(N—l) K
29{1&1(;(?;%2/ Q(Co-1,Co-1) HQz Co-1)dGo1
Z(N—l)

29‘{1611 2HQ1/ (Co—1, Com 1)& dCa 1

> ai.

It follows that

1
Fo1 l/o Q(Co—1,Co)0(Go)Fa (3, (Ca))dCa] x ] dC3] dCz] ddy
2 ap.
Thus, for 3, € X N9y, we have

1311 = 113, 1]- (6)

It can be seen that 0 € 9; C Ny C Ny, and from (5), (6), and Theorem 2, the operator £ has
a fixed point 3, € XN (M\MNy) and 3,(2) > 0 on (0,1). Now, put 3, to obtain an
infinite number of solutions:

= dot1r

1
35 (f) = /0 Q(fls)Q(S)Fﬁ(5[3+1 (S))ds, [_)) = 1,2, e ,a _ 1,0’
301 (B) = 3,(8), £ € (0,1).

K
1
For the cases Z =1land 2 — > 1, we have the following theorems:
i=1 P i=1 Pi

Theorem 5. Suppose (J1)—(J2) hold, and there exist constants by > by > 0 with Fg (f =
1,2,---,0) satisfies (Jy) and

5 -1

7 N K
(J5) Fp(3(2)) < Mabyfor0 <t <1,0 <3 < by, where My = ﬁHQH"OHHQiHPi
i=1

N 2(N-1)
and Q(¢) = Q(¢, ¢)C N
then the BVP (3) has a solution (3,32, ,30), such that 5, > 0, by < [j3,]| < by, p =
1,2,---,0.

Proof. The proof is similar to the proof of Theorem 4; therefore, we omit the details
here. O

Theorem 6. Suppose (J1)—(J2) hold, and there exist constants co > ¢y > 0 with Fg (p =
1,2,---,0) satisfying (Jy) and
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5 -1

T, ~ K
(J6) Fp(3(2)) < Mocoforall0 << 1,0 < 3 < cp, where My = ﬁ“ﬂllw [T lleillx
i=1

~ 2(N-1)
and Q(C) = Q(¢, )N,
then the BVP (3) has a solution (3,32, ,30), such that 3, > 0, c1 < [j3,]| < c2, B =
1,2,---,0.

Proof. The proof is similar to the proof of Theorem 4; therefore, we omit the details
here. O

Example 1. Consider the problem

2 ON-2
(N —2)%rg

Byp — ez e T e(VIFa(.) =0 1<V <3, @

35(0) =0, 3,(1) =0, ®)

whererg =1, N =3, 8 € {1 2}, 33 =3, 0(8) = r4H1 10i(R), 0i(R) = Q,(%) in which
01(t) = t2+1 and g2(t) = \/7 then 01,02 € LP|0, ]and]‘[l 107 = % Let & = %/Fl(ﬁ) =
Fa(3) = 1+ 3|sin( 1+3)\+1+3.

A, ¢) =

1 sinh(#)sinh(1—-C), O
sinh(1) | sinh(¢)sinh(1—%), 0

. 1
and o(8) = SmE) = SS) — 02889212153, In addition,

N—l)

-1
dC] ~2 2.932844681.

R = [ ZHQl /17 Q(¢, Q)

Letpy = 2,py = 3and q = 6, then -+ L + 1 — 1and

-1

2 K

T, ~

R = | L lQllq[Tlloille;| = 4.284821634.
l(N—Z)z qi:1 1P

Choose a1 = % and a, = 1. Then,

1 1
F1(3) =F2(3) =1+ §| sin(1+3)| + s < 4284821634 = Roay, 0 < 3 < 1,

N —

1 1
F1(3) = F2(3) =1+ gsin(1+3)| + T = 11466422340 = Sy, 0.1444606076 <

Thus, by Theorem 4, BVP (7) and (8) has at least one positive solution (3,,32), such that % <
I35l < 1forp=1,2.

4. Existence of Coupled Positive Radial Solutions

By utilizing the Avery-Henderson cone fixed-point theorem, we demonstrate in this
section that there are coupled positive solutions for (3). Denote

1)
Bl N 2 ™~ _ ~\2 HQ; / r dc/
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70 ‘A| | ‘
(N 2)2 qil I LIIP,
2

T

K
__ " 5 ,
B3 = N—2) HQIIoogIIQsz[,

1,2 R K
Ba = oz Qe [ T lleslls-
(N-2) E

Theorem 7. Suppose that (j )—(J2) hold, and that there exist three positive real numbers f <
g<bwithFg(p =1,2,---,0) satisfying
(J7)Fp(3) > %,f) <3<
(Fo)Fpls) < &0 <5< oy
(P) Fp(s) > g 1 <3 < 5l

then the BVP (3) has coupled positive solutions {(13,,%2, -+ ,'30)} and {(®3,, %2, -,

230)} satisfying
f<vi(ss) with v3('s,) <9, B=1,2,---,0

and

Proof. It is easy to demonstrate that £ : X(y,,h) — X and £ are completely continuous
from (4): first, we check that the condition (a) of Theorem 3 holds; for this, we choose
3 € ax(yz, ); then, v2(3,) = minge(g1-¢)3,(}) = b, sobh <5, () for i € [£,1—E]. As
I3, < 5{gyv2(s) = 5(gyh wehave b <5, (2) < 5, B €61 &) Let (o1 € [£,1 &
Then, by (77), we have

/ ' Q(Co1, Ca)0(Co)Fa (3, (Ga)) 4o = o(&) / ® 0o, Co)0(Co)Fo (5, (Co)) dla
£)b

1-§
/E Q(Ca, Co)o(Ca)dla

o(& r2 1-§ 2(N—
> (N(_)Zh);}sl /(i (%, Ga)C Hg, Co)dlp
Z(N 1)

M ol T8 —
N —2)2p; EQ:‘/{E Q(Co, Co) Gy dé,

v

(
> .

Following this, we arrive at

v2(£3,) = min /lq(f, )o(G)Fy l/OlQ(CLCz)Q(Cz)Fz [/OlQ(Cz,C3)Q(C3)F4

t(0,1] Jo

Fa_1 [/01 Q(Co-1,Co)0(Co)Fo (51(Ca))déa] x -]df,a] dCz] dgy
> b.

Condition (

a) of Theorem 3 is proved. To prove (b), choose 3, € 9X(v3,g). Then, v3(3,)
max;c(o,1) 3, (1

) = g, sothat 0 < 3, (8) < gfort € [0,1]. As ||z < 0(1£)Y2(31) <
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-2 wehave 0 < 3,(¢) < o(&)%g, € [0,1]. Let 0 < (51 < 1. Then,

| 1Q(Ca—1,Ca)Q(Ca)Fa(él(Ca))dCa < o(&) 1a<ca,ca> (o)Fa (5, (Co))dlo

Q(Co, Co)o(Co)dlo

( )g 1 2(N-1) K
< W_22p, Ao, Go) G2 Y 1‘[91 (0)dlo-

1
For some q > 1, we have — + Z = 1. From Theorem 1, we have

—1 bi

/01 Q(Co-1,C0)0(Co)Fa (3,(Ga))dGo < (N(E)Zg)ro ‘QHqH loillp; < g

It follows that

v3(£3,) = max /1 (f,cl)e(cl)Fll/ola(cl,cz)g(cz)FzUolm(cz,cs)e(@)m

te€[0,1]

Fa-1 [/01 Q(Co—1,Go)0(Go)Fa (3, (Ca))dCa] . -]d@] dCz] dgy

<g.

Thus, (b) holds. Finally, we also check that (c) of Theorem 3 holds. Observe that 3, (¢)
f/4 C X(v1,f) and §/4 < f, so that X(y1, ) # @. Next, if 3, € X(y1,f), then §f = v1(3,)
maxseor) 3 (B) = I3, = 5{gv2(60) < 5l vs(a) = g6 = 5l ien f < 5 (1)
ﬁ fort € [0,1]. Let 0 < Ca—l < 1. Then, by (Jy), we have

IA I

/ ' QCo1,Co)0(Co)Fa (3, ()40 = o(&) / " 0o, Co)o(Co)Fa (3, (Go))dda

o(&)f /:_EQ(Ca,Ca)Q(Ca)dCa

- P
2 1-§& 2(N-1) K
> %-/& Q(&a, Ga)C 2 N HQz (o)dGo
K 1-& (N 1)
> ( ( )f)f’o ng*/a (Ca,Ca)C 2N dés
i=1
> f.

Following this bootstrapping reasoning, we arrive at
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Y1(£3,) = max /1 Q(E, &1)e(&)F1 l/ol A(¢1, G2)e(G)F2 [/01 Q(C2, G3)0(C3)Fy - - -

#€[0,1] J0

Fa-1 [/01 Q(Co—1,Co)o(Co)Fo (51(53))6150] . ']dC’j] dCz] dgy

T te01]

> min /Olq(f, )o(G)Fy l/ola(cl,cz)g(cz)FzMlq(cz,cg)e(@)m---

Fa-1 [/01 Q(Co—1,Co)o(Co)Fo (51(50))6150] . ']d@j] dCz] dgy

> ¥,

Thus, assumption (c¢) of Theorem 3 holds. Hence, by Theorem 3, there exist coupled
positive solutions as mentioned in the hypothesis. []

X1 X1
The following theorems are for the cases, ) — =1land ) — > 1, respectively:

i=1 Pi i=1 Pi
Theorem 8. Suppose that (J1)—(T2) hold, and there exist three positive real numbers f < g < b
withFg(p =1,2,---,0) satisfying (J7), (Jo), and
(T)F(s) < £,0 <5< o,
then the BVP (3) has coupled positive solutions {(*3,,'32,- -+ ,'30)} and {(®s,,%52, -,

230)} satisfying
f<vi(sy) with v3('s5) <9, B=1,2,---,0

and
0 <v3(%,) with y2(%,) <b, =12+ ,0.

Proof. The proof is similar to the proof of Theorem 7; therefore, we omit the details
here. O

Theorem 9. Suppose that (J1)—(J3) hold, and there exist three positive real numbers 0 < § <
g < bwithFg(p =1,2,---,0) satisfying (J7), (Jo) and
(J11)Fp () < #;,0<35 < (g
then the BVP (3) has coupled positive solutions {(*3,,'32,- -+ ,'30)} and {(®3,,%52, -,
230)} satisfying
f < Yl(lﬁg) with V3(13‘3) <g l?’ = 1/2/’ - ,0

and
9 <vs(%,) with v2(%3,) <h, p=12,--- 0.

Proof. The proof is similar to the proof of Theorem 7; therefore, we omit the details
here. [

Example 2. Consider the problem

(N—2)21’2N72
AN W—N,Ozéﬁ +o([vDFp(34.,) =0, 1 < [v[ <3, )

35(0) =3,(1) =0, (10)
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whererg = 1,N =3, B € {1 2}, 3, = 5, 0(1) = %le 10i(R), 0i(%) = Qi(%),in which
01(¢) = r}r—z and 02(%) = A2+1, then 01,02 € LP[0,1], I—[l 107 = % and o(&) = % =

inh(l
s{n}ﬁm = 0.2889212153. In addition,
sinh(1)

N-1)
N d( &~ 0.1704829453.

B = 21‘[@1 [ e

Letp1:6,p2:3andq:2,thenl}—l+l}—2+cllzland

2
B2= 2)2 IIQIIqH 0|5, A 0.1255931381.
Let
3.9, 3 <18,
F1(3) = F2(3) = s
39(3-0.8)2+3—18, 3>18.
Choose f = %, g = L and by = 3. Then,
F1(3) = Fa(3) > 3.519413622 = Bi ;€ 2,3,461 % ﬂ
1 i
1
Fi(y) = Fa(3) <3981109220 = 1, 5 € 0,3.461 2},
2
1 1
Fi5) = Fa(s) = 1955229790 = o, 5 € | 5,3461 3}
1 i

Hence, by an application of Theorem 4, the BVP (9) and (10) has coupled positive solutions
(B31/ B52)/ B == 1,2, such that

1
B ; By (%
< max with max )<=, for p=1,2,

c[0,1] 5(®) tc[0,1] 5 (®) 2 for B

W =

1
B ; B
= < max with min < —, for p=1,2.

2 ief0]] (%) t€[0,1] 2(f) o Jor B =
5. Uniqueness of Positive Radial Solution

We use two metrics, in accordance with Rus’ theorem [31,32], in this part, to test if
there is a unique positive solution to the BVP (3). Consider the collection of continuous,
real-valued functions defined on [0, 1]: this space is symbolised by the letter X. Take into
account the below metrics on X, for functions 1,3 € X :

d(y,3) = max In(%) —3(2)]; (11)

[/ n(8) — 3(8)[Paz|”, p> 1. (12)

The combination (X, d) creates a complete metric space for d in (11). Then, (X, p) constitutes
a metric space for the value of p in (12). The equation expressing the connection between
the two measures on X is

p(y,3) <d(v,3) forall y,3 € X. (13)
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Theorem 10 (Rus [32]). Let F : X — X be a continuous with respect to d on X and
d(FU/Fé) < 0‘19(‘)/5)/ (14)
for some wy > 0and forally,; € X,

p(Fn,F3) < azp(v,3), (15)

forsome Q0 < ay < 1forally,; € X, then there is a unique n* € X such that Fy* = y*.

2(N-1)
Denote Y(¢) = Q(¢, )¢ 2N TT5; 0;(Q).

Theorem 11. Suppose that (J1) and (7J,) and the following
(J12)[Fp(3) —Fp(n)| <Klz —y| for 3,9 € X, for some K > 0
are satisfied. Furthermore, there are two real numbers p > 1, q > 1 satisfying % + é =1, and the

following holds:
o(&)krd o or 1 i
[(N_Z;] [ volae] | [T v©pae]" < (16)

then the BVP (3) has a unique positive solution in X.

Proof. Let,,n; € Xand (,_1 € [0,1]. The Holder's inequality gives

’/OlQ(Cal,Ca)Q(Co)Fa (3,(Co))dCa — /01 Q(Co—1,Go)0(Go)Fa (91(Ca))dGo
< /Ol 1Q(Co—1,G0) 0(Ca)[[Fa (3, (Ca)) — Fo(11(Co))|dla

2
< /1 1Q(Co, Ca) 0(Co)| K3, (Co) — 11(Co)]dlo < % /1 1Y (Co)l[3,(Co) —91(Ca)|ddo

L k1 [/ Y(c) qua] [/ (%) m(Ca)IPdCa]l

KrO

1
S ( |:/ |Y CD quD:| P 31/0]) S D‘Tp(jlrnl)/

where )

K
= e ro [/ 1Y(2) |qu}.

Similarly, for 0 < (3_p < 1, we obtain

’ /01 Q(Co-2,Co-1)0(Co-1)Fo1 Uol QCo-1,C)0(Co)Fa (Zl(Ca))dCa} dlo—1

1 1
- [ 6@z et@aRa | [ 6G 1 GelCa)s (n (@)t |ato-s

Kr2
< (N 02 / ‘Y CD 1)|0€19(3],U1)d(,0 1 < txlalp(al,nl)

where

Thus, we have
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[ @00 - e e’

that is,
d(F3,,F91) < a10(3,,01), (17)

for some a3 = &%t > 0 for all 3,97 € X, this proves (14). Next, let 3,91 € X, and from (13)
and (17), we obtain

d(F3,,Fn1) < w1p(3,,91) < a1d(3,, 1)
Thus, for € > 0, select n = €/, we obtain d(F3,,Fy1) < ¢, whenever d(3,,91) < n, which

shows that F is continuous on X with metric d. It remains to be shown that F is contractive
on X with metric p. For each 3,,; € X, and from (17), we have

IN

1
) 1
UO }&?an(zl,mﬂpdC} '

[mK_%zy} h [ o[ [ 1xcorad] ot

that is

2

b(Fs, Fon) < [<NK_°2>21+ ([ veored]"[ [ wioisad] s,

From assumption (16), we have

p(F3,,Fy1) < a2p(3,,91)

for some &y < 1 and all 3,,9; € X. It follows from Theorem 10 that F has a unique fixed
point in X. Moreover, from Lemma 3, F is positive. Hence, the BVP (1) has a unique
positive solution. [

Example 3. Consider the problem,

ON-2
(N —2)%r

D — [V2N-2 9 +o(vDFp(.,) =0 1< v <2, (18
33(0> = dp (1) =0, (19)
whererg = 1, N = 3,3 € {1,2}, 33 = 3,, 0(F) = %Hle 0i(%), 0i(8) = Qi<%>, in which
01(8) = 0a(%) = \/:% Let F1(3) = 3 sin(3) and F»(3) = 2(;,37“)" then,
|sin(3) —sin(y)| _ 3
_ — < Z|h_
F16) ~Fi () N <2y
and 31 1 1 3
— == = | <Zh—vyl
Fa(s) ~Ra(9)| = 3|5 — 7| < 3B

Thus, K = %.Leta =2and p = q = 2; then,

l(NK—r%Z)Z] v [/01 |Y(C)|dC} ’ Uol |Y(C)|qu] ' 0.1508078067 < 1.

Hence, as an application of Theorem 11, the BVP (18) and (19) has a unique positive radial solution.
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6. Conclusions

In this paper, we developed a theory to study the existence of single and coupled
positive radial solutions for a certain type of iterative system of nonlinear elliptic equations,
by applying Krasnoselskii’s and Avery—-Henderson'’s fixed-point theorems in a Banach
space. In the future, we will study the existence of positive radial solutions for an iterative
system of elliptic equations with a logarithmic nonlinear term. In addition, we will study
global existence and ground-state solutions to the addressed problem.
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