@ axioms

Article

New Classes of Degenerate Unified Polynomials

Daniel Bedoya '

check for
updates

Citation: Bedoya, D.; Clemente, C.;
Diaz, S.; Ramirez, W. New Classes of
Degenerate Unified Polynomials.
Axioms 2023, 12, 21. https://doi.org/
10.3390/axioms12010021

Academic Editors: Roman

Dmytryshyn and Tuncer Acar

Received: 26 November 2022
Revised: 14 December 2022

Accepted: 19 December 2022
Published: 25 December 2022

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Clemente Cesarano >**, Stiven Diaz %

+ 3%t

and William Ramirez

Departamento de Ciencias Bésicas, Universidad Metropolitana, Barranquilla 00928-1345, Colombia

Section of Mathematics, Universitd Telematica Internazionale Uninettuno, 00186 Rome, Italy

Departamento de Ciencias Naturales y Exactas, Universidad de la Costa, Barranquilla 00928-1345, Colombia
*  Correspondence: c.cesarano@uninettunouniversity.net (C.C.); wramirez4@cuc.edu.co (W.R.)

1t These authors contributed equally to this work.

W ON =

Abstract: In this paper, we introduce a class of new classes of degenerate unified polynomials and
we show some algebraic and differential properties. This class includes the Appell-type classical
polynomials and their most relevant generalizations. Most of the results are proved by using
generating function methods and we illustrate our results with some examples.

Keywords: Bernoulli polynomials; Euler polynomials; Genocchi polynomials; Apostol-type polynomials;
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MSC: 11B68; 11B83; 11B39; 05A19

1. Introduction

The classical three polynomials, Bernoulli polynomials (BP), B, (x), Euler polynomials
(EP), E,(x), and Genocchi polynomials (GP), G,(x), were introduced some centuries ago,
and they have been used in different mathematical problems. Mainly in the calculus
of finite differences and number theory, e.g., [1-3]. We recall that have the following
exponential-generating functions
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As a consequence of its importance many extensions for these polynomials and others
with similar structures have been studied, achieving certain enthralling results [4-7]. For
example, generalized Bernoulli, B,(f) (x), Euler, E,(f‘) (x), and Genocchi, G,(f‘) (x), polynomials
of order « are given by
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respectively, see [8,9]. On other hand, Apostol [10] defined and infrastructures the extended
form of achieving Bernoulli polynomials and numbers, which are known as the Apostol-
Bernoulli polynomials (ABP), By, (x;A), defined using the following generating function:

Axioms 2023, 12, 21. https://doi.org/10.3390/axioms12010021

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12010021
https://doi.org/10.3390/axioms12010021
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-5614-4279
https://orcid.org/0000-0001-9613-9469
https://orcid.org/0000-0003-4675-0221
https://doi.org/10.3390/axioms12010021
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12010021?type=check_update&version=2

Axioms 2023, 12, 21

2 0f 10

te! & "

Aet —1 EOB”("')‘)H’
where |t| < 27t when A = 1 and |t| < |logA| when A # 1. Motivated by this result,
Srivastava and Luo in [11] (p. 292, Equation (9)), [12] (p. 917, Equation (1)) and [13]

(p. 395, Equation (1.18)) introduced the Apostol-Bernoulli polynomials, B,(jx) (x; A), the

Apostol-Euler polynomials (AEP), Ey(la) (x;A), and the Apostol-Genocchi (APG), G (x; ),
polynomials of order «. We recall that
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holds for given particular values of the variable t. Recently, in [14] introduced and studied
properties of a class of polynomials, Uy, (x; A; ), called unified Bernoulli-Euler polynomials
of Apostol type (UBEPA) and defined by the following power series.
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1 < 1
n(l_y)+t’<7c, 0<u<
and

ln<y i 1) + t‘ < 2m, otherwise.

Note that for particular values in the parameters y and A, we can obtain in (1), the
polynomials of Bernoulli, Euler, Apostol-Bernoulli, and Apostol-Euler. However, they do
not unify the polynomials of order «, nor consider the polynomials called Frobenius—-Euler
(FEP), Hy,(x; u), that it is are defined through the generating function:

o0 n
Hext — nZOHn(x;u);!, [t < logi‘.

For detail about Frobenius—Euler polynomials, see [15] and [16] (p. 2, Def. 1).

In the last decade, so-called degenerate polynomials have received great attention
from several researchers due to their multiple properties and applications in science and
engineering, as well as in mathematics (see [17-20]). This type of polynomials was initiated
by L. Carlitz when introduced (see [21]) the degenerate Bernoulli polynomials (DBP),
B, (x; a), using the following generating function
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In a similar way, the degenerate Euler polynomials (DEP), &, (x;a), the degenerate

Genocchi polynomials (DGP), &, (x; a), and the degenerate Frobenius—Euler polynomials
(DFEP), $3,,(x; a), are given by means of the corresponding generating functions;

2 x = t"
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See [22,23]. The authors of [20] (p. 3, Equation (2.1)) introduces a unified class of the degenerate
Apostol-type polynomials

2V ‘ x o (a) "
m (1 +at)” = 2 PYI (x,'a,")/,l/,v)ﬁ. (6)
Y(1+at)a =0 '

Observe that, for particular parameters, v, 7, «, and v, we obtain the polynomials (2), (3),
and (4). However, it is not possible to obtain (5), immediately.

Motivated by (1) and (6), we introduce a new version of unified degenerate polynomi-
als and numbers, that relates to all of the above polynomials mentioned. Several important
recurrence relations and explicit representations for these polynomials are derived.

2. Preliminaries

Let R* be the set of the non-zero real numbers and R, positive real numbers. For
complex sequences (a,),>0 and (b,),>0, we recall the following identity

(Z Hn) (2 bn) =Y ) b @)
n=0 n=0 n=0k=0

See [24] (p. 18, Equation 0.36) and [25] (p. 463, Def. 9.4.6). Further, recursive formula for
binomial coefficient (see [26] (p. 13, Equation (5))) is given by

<’:):(£:1)+(1’;1>,r€@k62. ®)

For any natural number 7, the forward difference A is given by
Au(n) =u(n+1) —u(n).

On other hand, the Taylor series for the natural logarithm (see [24] (p. 53, Equation 1.511))
is given by

ln(l—i—x)—iﬂx” -1<x<1 9)
n=1 n ' T
For a € R*, we recall that
x > "
(14at)s = Z(x\a)nﬁ, (10)
n=0 :
where
(xla)o=1, (x|]a)y =x(x—a)...(x—(n—1)a), (n>1)
and
lim(1+at)s =¥, n>0. (11)
a—0

For more detail see [27].
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3. New Classes of Degenerate Unified Polynomials

Given the results mentioned in Section 1, we focus our attention on new unified pre-
sentations of generalized polynomials of type Generalized Apostle type. More specifically,
we define degenerate unified polynomials and study their properties using power series.

Definition 1. Leta € R*, 0 € C,a € Z, A € Ry U{0} and u,p € Ry — {1}. We define the
(“)(

degenerate unifies given polynomials Uy, (x; a; A; i; 6; p) by the following power series:

2—u+ k" . n
Pl1+ 2 (14 at)s Z Ll (x; a;A;y;G;p)t—'. (12)
Al +at)s +(1—p) .

Furthermore, the degenerate unified numbers, denoted
U™ (a; 1 11;6; ),
are given by
L{,Slx) (0,a; A, 4;0;0) := Z/{r(,“) (a; A, 1;6;0).

In case p = p and 6 = 1, we denote simply by Z/{,SD‘) (x;a;A; ).

Remark 1. The radius of convergence of (12) is given as:

A
- <
ln(1 )+t’<7T, 0<p<l1

and

ln(A) + t‘ < 27, otherwise.
o—1

Remark 2. By (11), we have that the degenerate unified polynomials (12) converge to unified
Bernoulli—Euler polynomials of Apostol type (1) whena =0 =1,y = pand a — 0.

£ 2—u+ 5t x
lim Z Z/{ (Ca; A p;0,0)— = lim V1+ 2 (14 at)s
aaO n: a—0 A(l—i—at)ﬁ +(1—P)
_ 2_V+%t xt
o [Ae (1)
}’1
== 21/{;1 X, A I/l)*‘
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Remark 3. From the Definition 1, the degenerate unified numbers u,E”‘) (a; A; u; 6; p) is given by
the following series:

n

x o i ;
— Z L{,S )(a;A;y;G;p)—'.
= n!

2—y+%t9
AM1+at)i + (1—p)

The tables below (Tables 1-4) summarize the standard notation for several sub-classes

(“)(

degenerate unified polynomials U, ' (x; a; A; 11; 6; p).
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Table 1. Parameters for the degenerate polynomials.
Parameters Generating Functions Polynomials
P o n
p=p=2 a=1A=16=1 M:Z%n(x;a)t—' The DBP
(1+ﬂt>§ -1 n=0 n:
e n
H=p=0, a=A=1 20 +a)s Z@n(x,a)t—' The DEP
(I+at)s+1 >0 n:
2(1+at)s & t
p=2,0=0=1,A=p=1 L@:Z@( ja)— the DGP
(I4+at)a+1  4=0 1.
1—h)(1 CR G
p=dha=1A=26=0p=1+2n L MOFBT o wm The DEP
(1 + (»Zt)Z — h n=0
Table 2. Parameters for the Apostol type polynomials of order «.
Parameters Generating Functions Polynomials
t 14 o (Ot) t”
[ — xt _ .
p=p=20=1anda—0 (m> ext = Z B, (x,)\)a The ABP of order «
[ ”0_00 tn
2 : () (.
p=p=0anda—0 (m) er :nZ:OEn (X'A)E The AEP of order a
=2,0=3%7A=19—=1and 2t \* & t
Zl_> 0 p=2 2 an <W) M = an g,g“)(x;h)m The AGP of order «
Table 3. Parameters for the classical polynomials.
Parameters Generating Functions  Polynomials
a=0=1u=p=2,A=1landa — 0 Lﬂ—iB(x)ﬁ The BP
SUELEELESAAS etfl_nzon n!
x=1,pu=p=0A=1anda—0 2" *iE(x)ﬂ The EP
S EEe=RAS et+1 - =" !
1 1 et & t
x=0=1,A=3pu=2p=3anda—0 et+1:Z:0Gn(x)H The GP
n=
Table 4. Parameters for the Frobenius—-Euler polynomials.
Parameters Generating Functions Polynomials
— — — — — _ i n
u=4ha=160=0p0p=1+2h A =2and 1 hext: ZHn(x;h)t— The FEP
a—0 et —h = n!

For specific parameters, we calculate the firsts degenerate unified polynomials in the

followings two examples (Figures 1 and 2).

Example 1. For A = 0 = a =1, a = 2, and y = p = 3 the first few degenerate unified

polynomials are given as:

U (611313 = 1,

Lll(z)(x; 1,1;3,1;3) = x-—1,

Uz(z)(x; 1,1;31;3) = x>—3x— g,

U (x1,1;3,1;8) = P —6x2+ g -3,

UP (51;1;3,1;3) = x*—10x% + 1402 — 17x — 6,
U (x:1;1;31;3) = x5 — 15x* + 502 — 9042 + 24x.
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Figure 1. Polynomials of the Example 1.
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o 200
1
150
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05 100
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50
° 10
= 0
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4000 20 1
2000 15 0
0 & -
10}
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5
-4000 ‘\ 3
-6000 0 T = 4
-8000 5 5
2 0 20 20 0 20 20 0 20

Figure 2. Polynomials of the Example 2.

Example 2. For A = =1,0 =1,a =2, a = 1, and y = p = 4 the first few degenerate unified
polynomials are given as:

U (2, -141;4) = %
Lll(l)(x;Z;—l;4;1;4) — g_ g
?/Iz(l)(X;Z;—l;4; 1;4) = %2 _ %Tx i %’
U (62 -1,414) = K 39x% | 145x E,
2 8 16 64
U (5214 14) = x;_ 172x3 . 31;x2 B 8?23( %’
5 4 3 )
Uél)(x;z;—l;zl; 1;4) = % _ 10§x n 8923: B 12,23535 ) 27, 64413x . 9275365.

4. Properties

In this section, we state some properties for the new classes of degenerate unified
polynomials using generating function approach. Initially, we can use the generating
function to develop a recurrence relation for our polynomials.
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Theorem 1. Let n be non-negative integer. For o, B € 7, we have

n
U,g”ﬁ)(x—l—y;a;/\;y;ep Z( ) xa)\y,G o)U (ﬁ)(y;a;A;y;G;p).
k=0

Proof. Observe that

" tn o tk
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L= !

o n
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where we used (7). Then,

n n
nl

e} e} n t
Z ul“P( x+y,a)\y,9p ZZ() o xax\pt,@p)u(ﬁ)(y,a/\yﬁp)

Hence, comparing the coefficients, we obtain the result. [

Corollary 1. Let n be non-negative integer, we have
3@ o100 = 5 (™M™ (521100 0
no (e A 00) = k;() <k>un_k(x, a; A; 11;6; 0) (y|a) - (13)
In particular, for x := 0 and y := x, the above relation becomes
n
Ui (x;0;; 1403 ) = kZ%] (k> Uy (@3 ;36 p) (x]a). (14)

Proof. By (10) and (7), we have

e} n

t
Y U;S“)(x+y;a;?x;y;9;p); =
n=0 .

140

: (1+at) s
A1+ at)i + (1—p)

[=

= Zu,& (xa; A 1;6; p) (1+at)

n=0
00 ) k
:nZOZ/{y(, xa)Ly,Qp ;y|a kk'
= Y LU A e) s (bl
n=0k=0 ( )! k!
o0 n n
=% 3 (U manioie S ol
n=0k=0

Comparing the coefficients, we obtain (13). O

Corollary 2. The following statements hold:

n
AZ/{,E )(x ;A 0;0) = ( ) @A u00) ) ( )ur(t+)1 (@25 1;6; 0) (x|a).
k=1
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Proof. By (14) and (8),

N n+1 n+1
AU (3 ;05 1;0;0) = Y ( r )M,Efl k(@ A5 1450, ) (x]a)

n

3 ()it el

k=0

n
Z( ) n+1— (345150, 0) (x|a)g
= r(l:‘_)l (a;A; 1;6;0) Z ( > nil (@A 1;6;0) (x|a)g.

O
For the following proposition, we recall that u" )(x a; A ;0 u) = u® )(x a;A; 1;0).
Proposition 1. The following identities hold:
D g 1) = [ W (g A 1.0) 4 2P0 (yog. A1,
(@) Uy (xalul) = (2_2;1) {(2 1) Pp (x,a, H,I,O) +5P, (x,a, g,l,o)}.

(b) Z/I,Sl)(x;u;/\;y;f)) = (1i]/t> {(1 — %) ,S” (x;a; ﬁ;l;O) + %P,(ll) (x a; 1)‘}‘ 0; 9)}

Proof. We have

2—pu+5t 2—u+ 5t 2
L - 2(1— 1/a
A(1+at)a + (1 —p) (1—p) L4 M +at)
T—u
Then,
= (1) T (2optht) & (1)( A )
un X,Q,A, ,1 Pn x;a,—— | —
LU (5w i) (2(1—;1);_;0 1—p)nl
(1 e (o AN o A\
_(2(1—@){(2 V)H;OP” (x’a’l—#)n!JrznZO n A\ T ) T

P
1 > W A M (g AN
<2(1u)>2[(2 1P (x’a’lﬂ>+ 2 PO T )

n=0

where we used (6). Thus, we obtain item (2). On other hand, observe that

2—p+5t° 1 (-9 2 o 8 |
At +an)i+ (- 1H 2 (a1 2 (14 ans -1

From the above, it follows (b). O

Proposition 2. The following statements hold:

Ly a o) = ¥ (") @, nkla*
aun (x,a,)x,pt,@,p)—kgo P (-DU”, (A y,@p)k+l.
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Proof. By (7) and (9), we have

0
g%ga)(x; a; A; 1;6;.0) =

(1+at)e In(1 + at)

<i Z/Ir(llx)(x;a; A s G;p);n!> (i (1’1_41-)171(at)n+1>

n=0
L @) gy T (DR
—k( (n—k)! k+ a
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(054105 0) p 1ak.
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Comparing the coefficients, we obtain the expected result. [

Proposition 3. The degenerate unified polynomials U,S“) (x;a; A; u; 6; p), satisfy the following relation:

n
[/\U;S'X) (x+La; A 1;0;0) + U (x;0:; W 9;p)} =2)" U™ (x;a; A 1 e;p)u,S*” (a;A;0;6;0). (15)
k=0

Proof. Using (12), we have

o (@ (w) tr
2[ Uy ' (x+La 1) + Uy (x;a;)\;y)}ﬁ
n=0
2— 4L ‘ w1 2—pu+ bt ¢ .
=A —= (1+at) 2 (1+at)e
Al +at)a + (1 —p) Al +at)a + (1 —p)
2—y+%t

a(1+at)% (1+A(1 +at)%)

A(1+at)s +(1—p)
- i}:()n (x;;A; 113 0; ) U (WaAoem

. - t" . . .
Comparing the coefficients of —on the both sides of the above equation, we obtain

the identity (15) at once. O
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