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Abstract: For r > 2 and a > 1 integers, let (ty’”))nzl be the sequence of the (r,a)-generalized

Fibonacci numbers which is defined by the recurrence t,(f’u) = t,(;fl) +-+ t,(qrfr) for n > r, with initial

(ra)

i

for any given r > 2, there exists a positive proportion of positive integers which can not be written as
(r.)

tn

values t =1,foralli € [1,r—1] and tSr’”) = a. In this paper, we shall prove (in particular) that,
forany (n,a) € Zs,y2 X Z>1.
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1. Introduction

We start by recalling that if A is a set of positive integers, the natural density of A,

denoted by 6(.A), is the following limit (if it exists)

5(A) = tim A
x—oo X

where, A(x) := AN[1,x], for x > 0 (also liminf, . #A(x)/x and limsup,_,  #A(x)/x
are called lower density and upper density, respectively). For example, if F := (F;)u>0
is the Fibonacci sequence, one has that F(x) < (logx)/(log¢), where ¢ = (1 ++/5)/2.
In particular, the natural density of Fibonacci numbers is zero and, so, almost all positive
integers are non-Fibonacci numbers (i.e., §(Z~o\F) = 1). Clearly, this is not a surprising
fact, given the exponential nature of Fibonacci sequence. We refer the reader to the classical
work of Niven [1] (and references therein) for more details about natural (and asymptotic)
density (see also books [2,3] and papers [4-8] for more recent results).

It is especially interesting that the some kind of “combinations” of zero density sets
may have positive density. For instance, the set of powers of two and the set of prime
numbers have zero density but, in 1934, a classical result of Romanov [9] implied that the
set of positive integers which are not of the form p + 2, for some p prime and k > 0, has
upper density smaller than one.

It is also possible to study the density of a set in some prescribed subset of Z~1. More
precisely, let A and B be elements of P (Z>1) (the power set of Z=1, i.e., the set of all subsets
of positive integers), we name d3(.A) the B-density of A, as the limit (if it exists)

where, Ag(x) := {m < x : by, € A} (for x > 0) and B := {by, by, ...} (with b; < b;,1).
By convention dp(.A) = 0 and note that d7,_, : P(Z>1) — [0, 1] is the standard natural density.

As any very well-studied object in mathematics, the Fibonacci sequence possesses
many kinds of generalizations (see, e.g., [10-14]). One of the most well-known generaliza-
tion is probably the sequence of generalized Fibonacci numbers of order r, denoted by (t,(f) V>0
which is defined by the rth order recurrence
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with initial conditions t(()r) = 0 and tl(r) =1, fori € [1,r—1]. For r = 2, we have the
sequence of Fibonacci numbers, for r = 3, we have the Tribonacci numbers and so on.
For recent results on this sequence, we cite [15] and its annotated bibliography.

Here we are interested in a related generalization. More precisely, let ¥ > 2 and a > 0

be integers. The (7, a)-generalized Fibonacci sequence (t,(f’a))nzl is defined by

1, fl<n<r-1;
t,(f’”) =<a, ifn=r;
ST
Note that (t,(f))nzl = (t,(f'r*l))nzl. For our purpose, we consider the previous se-

quence only after its (r 4 1)th term, i.e., we denote 7;, := (t,(f’”) Jn>r+1- As before, by its

exponential nature, it holds that §(7;,) = 0. Now, we turn or attention to the a specific
“combination” of these sets, namely, their union. Thus, the following question arises: Are
there infinitely many positive integers which do not belong to 7, = U,>17;,4? If so, does
this “exception set” represent a positive proportion (i.e., with positive natural density) of
the positive integers?

In this paper, we answer (positively) this question by proving a more general result.
More precisely,

Theorem 1. Let r > 2 be an integer. Then there exists B € P(Z>1) (depending only on r) with

1
0(B) = =7
( ) or—1 (27 _ 1)
such that ,
op(Tr) < 1) 1
where a, is the only positive real root of x" — x"~1 — ... — x — 1. In particular, for any r > 2, there

exists a positive proportion of positive integers which do not belong to T, 4, for all a € Z>1.

Remark 1. Table 1 shows that the upper bound for 5g(T;) provided in the Theorem 1, say uy,
decreases significantly as r grows.

Table 1. The upper bound for d5(7;).

r 2 3 4 5 6 7 8 9 10
u, 0.6180 0.1914 0.0781 0.0352 0.0166 0.0081 0.0039 0.0019 0.0009

We organize this paper as follows. In Section 2, we will present some helpful properties

of the sequence (tf{'“>)n. The third section is devoted to the proof of Theorem 1.

2. Auxiliary Results

Before proceeding further, we shall present some useful tools related to the previ-
ous sequences.

The characteristic polynomial of the sequence (t,(['a))n is Py (x) = 2" — a1 — . —
x — 1 which has only one root outside the unit circle, say a,, which is located in the interval
(2(1—277),2) (see [16]). Throughout this work, in order to simplify the notations, we shall
write « for a, and for integers a < b, we write [a,b] for {a,a +1,...,b}.

In 2018, Young [17] (p. 3) found a closed formula for ty) in therange n € [r+1,2r],
namely,

) =21 (2r —3) 41,
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for alli € [1,r]. The next result generalizes this fact for (t,(f’a) n
Lemma 1. The identity
) — 2 (rpa—2) +1

r+i
holds for all i € [1,r].

Proof. To prove this identity, we shall use (finite) induction on i € [1, r]. For the basis case

(r,a)

i=1,since t; ”/ = a, one has that

tﬁffl):u+1+~~~+1:a+r—1:21*1(r+a—2)+1.
r—1

(ra) 2i-1(r +a —2) + 1, for some i €

Suppose (by the induction hypothesis) that ¢, ;

[1,7 — 1]. Then

(r,a) o (r,a

tr+i+1 - tr+i
= 2.2 (r+a-2)) -1
= 2(r+a—-2)+1

) o 4(ra) (ra) _ o (ra) _ ,(ra)
+ tr+z’—1 +ot ti+1 - 2tr+i - ti

which completes the induction process. [

Before stating the next lemma, we recall that the sequence of k-bonacci numbers (or
k-generalized Fibonacci numbers) (F,S”)nz_ (r—2), is the kth order linear recurrence which

b))

satisfies the same recurrence as ( n>1, hamely,

but with r initial values 0,...,0,1 = Fl(r) (see, e.g., [18,19]).

The third lemma relates the sequences (t,(f’”) )n and (F}f) )n. Specifically, we have

Lemma 2. Ifn > r, then
) = ar) 00,

Proof. Define the sequence (X, )>r, by

Xy = aF") L+ #70

)

Therefore, we want to prove that X;,, = t,(f’a ,for all n > r. For that, first observe that

Xn = ﬂFy(Zr_)r_,'_l + t;(,lrlo)
_ (r) (r0)
X'rtJrl - aanr+2 + tn-i-l
_ (r) (r0)
Xny2 = an7r+3 + tn+2
,0
Xoor1 = ab0) 4100

By summing up all previous equalities, we obtain that
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r r—1
,0
Xpr—1+ Xnpr—2+--+Xn = a 2 Fr(zr—)wrj + Z t1(1r+])
= j=0
= ”5&21 + tS:f’f)
= Xn+r-

Therefore, (X,), and (t,(f’a))n satisfy the same r-order recurrence relation. Now,

it suffices to prove that tﬁi’:) = X,y foralli € [0,r —1]. Fori = 0, we have X, =

aFl(r) + t((]r’o) =q= tgr’”). In the case i € [1,7 — 1], one has

Xppi = aFy + 8 =027 4 21— 2) 41 =2 a4 r - 2) + 1,

where we used Lemma 1 together with the well-known fact that Fr(,r) =2""2ifn € [2,r +1].
O

The following lower bound for P,S’), which is due to Bravo and Luca [20], is the last
useful ingredient.

Lemma 3. We have that

F(’) > Dén72

n’ 2z
holds for all n > 1.
Now we are ready to deal with the proof.
3. The Proof of the Theorem 1
First, let us denote S, by
8,(17) = {aFrgrer + ty’o) ta€Zs1}.

From Lemma 2, we have that

= U s
n>r+2
Consider B := A,;Z>1, where A, := 2"=1(2" —1). Note that the natural density of B is
1/A,,ie.,
1
6(B) = ———.
( ) 2r—1 (2r _ 1)

We also define Ty, (x) := {m < x: A,m € S,(lr)} and then

(THp(x) ={m<x:AmeT}= |J Tnlx).

n>r+2
Thus
#(Tr)p(x) < Y #(Trn(x)). 2

n>r+2

Now, we claim that

Trr2(x) = Trpia(x) = - = Tror(x) = Tror41(x) = @.
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In fact, aiming for a contradiction, suppose the contrary, then there exists m < x such

that A,m € Sr(_?i for at least one i € [2,7 + 1] and so at least one of the following relations
is true

Am = aFér) + tiioz)
Am = aF4(r) + tii%)
Am = aFS(r) + t&’?
(©)
Am = aFr(Jrr)l + té:’o)
Am = ”Pr(-?z + tgﬂ)r

However, if some of the previous equalities (except equality (3)) holds (since Fi(r) | Ay,
for all i € [3,r + 1]), we would arrive at the absurdity that Fl.(r) = 272 > 1 divides

tii?)_l =2"2(r —2) + 1 (see Lemma 1), for some i € [3,7 + 1].
It is well-known that Pr(-?z = 2" — 1 (which also divides A;), thus, for the case in
which (3) holds, one has that Fr(_?z should divide tg'ﬁ)l = 2t§;’0) = 2"(r — 2) + 2. Since

27(r—2)+2= (2" —1)(r —2) +r, then 2" — 1 | r which is an absurd (since 22 — 1 {2 and
2" —1>r, forallr > 3). In conclusion, 7, ,;(x) is the empty set, for all i € 2,7+ 1].
Going back to (2), one infers that

#Tp(x) < ), #(Trn(x))

n>2r+2
and so
HTp() _ v #H(Ton(x)
X B n>2r+2 X
However,
#(Ton(x)) _ #a21: a0 < 2} < (= 0O ED o
x - X - X £ »
n—r
and hence

D S N

n>2r+2 Frgi)r+1
B O U
- artt x a? (e —1)

where we used Lemma 3. Since

56(7—7) _ xlgl;lo #(TriB(X)’
we then have
65(T;) < I
BAI = (e = 1)

as desired. The proof is complete. [
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4. Conclusions

In this paper, we study the natural density of some sets related to recurrence sequences.

More precisely, for r > 2 and a > 1 integers, let (t,({"’))nzo be the sequence of the (r,a)-

(rf)

generalized Fibonacci numbers which is defined by the recurrence t,(f'a) = t,(ffl) +o 4t

for n > r + 1, with initial values tfr’”) =1, foralli € [1,r—1] and tﬁna} = a. This family
contains many well-known sequences such as the Fibonacci, k-Fibonacci, r-Fibonacci,
Tribonacci etc. The main result here is that for any r € Z>, it is possible to find a set

B (depending only on r) with positive density and such that the portion of terms of
(r,a)
(tn )n27+2

union of zero density sets will have positive density). In particular, there exist infinitely

(r,a)

many positive integers which are not of the form ¢,,”/, foralln > r +2and a > 1.

belonging to B is smaller than one (the novelty here is that this particular
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