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Abstract: The study reported in this paper concerns the temporal variation in the b-value of the
Gutenberg–Richter frequency–magnitude law, applied to the earthquakes that struck Italy from 2009
to 2016 in the geographical areas of L’Aquila, the Emilia Region, and Amatrice–Norcia. Generally, the
b-value varies from one region to another dependent on earthquake incidences. Higher values of this
parameter are correlated to the occurrence of low-magnitude events spread over a wide geographical
area. Conversely, a lower b-value may lead to the prediction of a major earthquake localized along a
fault. In addition, it is observed that each seismic event has a different “occurrence time”, which is a
key point in the statistical study of earthquakes. In particular, its results are absolutely different for
each specific event, and may vary from years to months or even just a few hours. Hence, both short-
and long-term precursor phenomena have to be examined. Accordingly, the b-value analysis has to
be performed by choosing the best time windows to study the foreshock and aftershock activities.

Keywords: b-value; Gutenberg–Richter relationship; earthquake precursor; occurrence time

1. Introduction

A high-magnitude earthquake is associated with a sequence of quakes making up the
so-called “seismic cycle”, which is comprised of three major stages: foreshocks, main shock,
and aftershocks. Aftershocks are often smaller earthquakes that occur after the main event,
or main shock. The frequency of such quakes decreases roughly with the reciprocal of time
according to Omori’s law [1] (1894). A foreshock, instead, is defined as an earthquake that
takes place before the main event, and may be associated with the main shock preparation
process [2,3]. The occurrence of foreshocks, in fact, is regarded by many authors [3–7]
as the most important precursor. Recent studies also seem to have identified potential
local scale changes in fracto-emissions (acoustic, electromagnetic, and neutron signals).
Although still premature, if confirmed by further independent experimental observations,
these physical phenomena could be used together with the most significant and reliable
parameters already existing for the prediction of seismic activity [8,9].

Foreshock activities fall under two different classes of seismic sequence: one consisting
of short- and medium-term foreshocks, and another made up of long-term phenomena [10].
In a low-seismicity area, in fact, the seismic activities that precede an earthquake may last
decades, or even centuries [11].

The Gutenberg–Richter (G–R) law [12] is an expression of the frequency distribution
of earthquake magnitude:

Log10N(≥ M) = a− bM (1)

where N is the number of earthquakes with magnitude ≥M in a specific region and over a
time interval T, and a and b are positive constants representing the amount and nature of
seismicity in the region of concern.

In fact, the G–R law is only valid from a threshold magnitude: i.e., the magnitude of
completeness Mc. This parameter is defined as the minimum magnitude of an earthquake
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that can be reliably recorded/cataloged by a seismic monitoring network [13]. Although Mc
is usually computed, different procedures often produce different values [14,15]. Because
an incorrect evaluation can result in under-sampling or, worse, an incorrect estimation of
the parameters of the Gutenberg–Richter law, a better calculation of the deviation from
the G–R formula, and therefore of the earthquake detectability, is critical for accurately
assessing Mc. This is especially true for the fine-grained mapping of seismicity parameters,
such as that of earthquake prediction models. A high magnitude threshold is frequently
chosen in practice to maintain conservatism, even if this penalizes seismicity assessments
where minor events may be of critical importance [16].

From a parametric point of view, in Equation (1) the a-value is the intercept of the
regression line, while the b-value is the slope of the regression line. In particular, a depends
on the size of the considered area and the length of the observation period, and it may
provide some insight into the seismicity level [17,18] that may change appreciably from
one region to another [19].

While in some seismic areas, considering the background seismicity, it normally
remains close to 1.0 (see [20] for the seismicity in southern California), the b-value may
vary due to several factors, such as the heterogeneity of the material [6,21], an increase
in effective stress [22], or an increase in applied shear stress [23]. In fact, numerous
investigations have found that the b-value is related to the differential stress of the Earth’s
crust: heavily stressed zones, or faults, have lower b-values, whereas weakly stressed areas
have higher b-values. [24–26]. According to a recent study by Gulia et al. [27], the b-value
measured close to the mainshock fault tends to rise relative to its “background” value
during aftershock sequences. A comparable increase in b-value has been seen close to areas
that had the biggest slip following the Tohoku 2011 earthquake, which is a direct result of
the mainshock’s reduction in the differential stress in the fault [25]. A decrease in b-value
on the fault of the mainshock, on the other hand, can indicate that the strongest event of
the sequence has not yet occurred, and this knowledge may be useful in predicting future,
more violent earthquakes [28].

In addition, a systematic study of the b-value parameter in New Zealand, reported by
Smith (1981) [29], showed that within the vicinity of forthcoming large earthquakes there
was firstly an increase in b-value and then a return to the initial value. Other important
results on precursory changes in the frequency–magnitude b-value can be found in the
literature [30–36].

Other results have evidenced how the parameter b can take a value lower than 1.0
in high seismicity areas [37]. In contrast, during earthquake swarms b can even assume
a value up to 2.5 or higher, indicating a very high proportion of small earthquakes with
respect to large ones.

Hence, b could be considered as a sort of stress meter [24]. A high b-value indicates an
asymmetrically spread low stress, while conversely, a low b-value is evidence of a focused
high stress. This situation can clarify why aftershocks are usually related to a high b-value,
while foreshocks are characterized by a low b-value. In fact, foreshocks are considered
to be one of the most promising forerunner tools for short-term main shock forecasting.
Important results in this framework are well described in the literature, e.g., in [38].

Magnitude error estimation can also cause a miscalculation of b-values, i.e., larger
magnitude errors for smaller earthquakes inflate b. In the same way, erroneous b-values
also frequently result from data sets that are too small.

When the b-value is used in forecasting studies, simply a clear decrease in its value
below its mean value could be related to an increase in the probability that a major earth-
quake could happen. In contrast, studies on the fracture of materials conducted by the
Acoustic Emission (AE) technique have identified a transition from the critical conditions,
corresponding to b = 1.5, to a state of imminent failure when b = 1.0 [39]. In fact, the AE
monitoring technique is similar to the one employed in earthquake control, where seismic
waves reach the monitoring stations placed on the surface of the Earth [20,40,41]. Though
they take place on very different scales, these two families of phenomena—damage in
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structural materials and earthquakes in geophysics—are very similar: in both cases, we
have a release of elastic energy from sources located inside a medium [23].

By using the analogy of AEs with seismic events, it can be deduced that, in the former
case, low-magnitude earthquakes are taking place randomly located over a wide region,
whereas in the latter case, the earthquake magnitude is greater and the epicenters begin
located along preferential surfaces.

Thus, it can be stated that when the b-value decreases to less than 1.0, the probability of
a major event occurring increases, which, in the frame of the natural time analysis of earth-
quake data [42] that has been found useful in diverse dynamical systems [43] approaching
criticality, reflects an increase in the order parameter fluctuations upon approaching the
critical point (mainshock) [44].

In the studies on seismic events, the b-value variations in space and time have been
typically recorded in the 0.5 ≤ b ≤ 1.5 range [45,46].

This scientific investigation aims to identify statistical precursor phenomena based
on the variations of the b-value in time, as observed in the earthquakes that occurred in
Italy from 2009 to 2016. In addition, we aim to identify a connection between earthquake
occurrence time [47] and foreshock activities, and hence the seismicity of the areas. This
phenomenon may be observed in all high-magnitude earthquakes. Each event can be
characterized by different behaviors in the preparation phase, such as a different spatial
and temporal evolution of the mechanical properties of the faults or different faulting
mechanisms.

The foreshocks must be sought by adopting, for each earthquake, the appropriate time
window, whose extension may vary greatly, from years to months to just a few days.

2. Methods and Data Set

The earthquake data used for the statistical analysis of seismic events were obtained by
the Italian National Institute of Geophysics and Volcanology (Istituto Nazionale di Geofisica
e Vulcanologia (INGV)). They are published on the ISIDe website [48] (http://iside.rm.
ingv.it/; last access on 15 June 2023). The information provided includes the location of
the epicentre (latitude and longitude), date and time of the event, depth (hypocentre), and
earthquake magnitude traditionally measured according to the Richter scale, in terms of
Local Magnitude (ML) or Moment Magnitude (Mw).

Furthermore, the parametric catalogue of Italian earthquakes CPTI15 (Parametric
Catalogue of Italian Earthquakes) was taken into consideration. It represents the reference
catalogue of earthquakes for Italy with significant innovations compared to previous
versions [49]. In particular, the CPTI15 combines all known information on significant
Italian earthquakes from the period of 1000–2017, balancing instrumental and macroseismic
data.

The seismic events considered in the present research are reported in Table 1.
Another fundamental parameter to be taken into account is the so-called magnitude of

completeness Mc [13]. The correct estimation of Mc is crucial since a value too high leads
to data under-sampling, whereas a value too low leads to a biased analysis. Furthermore,
recent studies indicate that examining the data exponentiality is the best technique to
evaluate the magnitude of completeness. In particular, by using a random variable trans-
formation it is possible to improve the technique when working with catalogues containing
magnitudes from exponential distributions with variable parameters, or catalogues that
have different b-values of the G–R law [50].

In this study, Mc was calculated according to the maximum curvature method [14],
using the ZMAP software package (version 6.0) [51]. In determining the b-value, all events
with M < Mc were disregarded and the b-value was obtained as the slope of the regression
line of Equation (1). It is worth noting that another robust method to compute Mc could be
the Bayesian Magnitude of Completeness (BMC) approach [52] which can be used also to
study the threshold magnitude variation [53].

http://iside.rm.ingv.it/
http://iside.rm.ingv.it/
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Table 1. List of main earthquakes for the seismic sequences of L’Aquila, the Emilia region, and
Amatrice–Norcia.

The L’Aquila Earthquakes

Date Magnitude Magnitude
type

Latitude–
Longitude

Depth
(km)

6 April 2009 6.1 Mw 42.34–13.38◦ 8

22 June 2009 4.4 Mw 42.45–13.35◦ 14

The Emilia Earthquakes

20 May 2012 5.8 Mw 44.90–11.26◦ 10

3 June 2012 4.7 Mw 44.89–10.95◦ 9

The Amatrice–Norcia Earthquakes

24 August 2016 6.0 Mw 42.70–13.23◦ 8

26 October 2016 5.9 Mw 42.91–13.09◦ 10

30 October 2016 6.5 Mw 42.83–13.11◦ 10

In our approach, the slope of the regression lines of Equation (1) was obtained by
applying the Least Square Method (LSR), which is more stable and less sensitive to varia-
tions in Mc, even if it needs a highly accurate assessment of the latter. In particular, it has
been observed that the MLM is very sensitive to the variation of Mc and that, therefore,
non-negligible errors can occur in the calculation of the b-value.

Furthermore, the Maximum Likelihood Method (MLM) is used if there exists a certain
difference between the minimum and maximum magnitude in the seismic catalogue
considered. In particular, a minimum difference of three degrees of magnitude is required,
Mmax −Mmin ≥ 3 [54].

In contrast, LSR often makes the assumption that response errors have a normal
distribution and that extreme values are uncommon. However, outliers do exist. In the case
of extreme events, a Robust Fitting Method (RFM) is preferred to LSR or MLM because not
only can it provide a stable and reliable b-value, but it also has a good sensitivity to the
occurrence of earthquakes with large magnitudes [55].

In addition, the mean value of completeness magnitude was given for each case study
reported in the paper.

The temporal variation of the b-value was estimated by the sliding time window
method. A number of seismic events, N, with a magnitude M > Mc occurring in a given
time window within the geographical area of interest was selected and the b-value was
calculated. Then, to minimize the random fluctuations, the b-value was recalculated by
considering a new time window that included the previous N/2 events and the new ones.

In fact, the choice of the correct time window is very important, since each seismic
event has a different occurrence time according to the seismicity of the monitored area. Low
seismicity zones need larger time windows because the seismic activity that precedes the
earthquake can last for decades. On the contrary, for earthquakes occurring in areas with high
seismicity, the time window is considerably shorter. The literature reports numerous studies
on the minimum number, N, of events needed to be considered to obtain a good statistical
analysis. In particular, Bachmann et al. (2012) [56] consider a minimum number of events
equal to 25, Tassara et al. (2012) [57] set the limit of events to 40, while Wiemer and Wyss
(2000) [14] and Schorlemmer et al. (2004) [58] fix the number of events equal to 50. In addition,
according to Nuannin et al. [59], among other authors, the choice of N must be a compromise
between the time resolution and the smoothing effect of broad time windows.

As for the Italian earthquakes treated in this study, the number of events, N, was
selected based on the seismicity of the area to be analysed, and on the magnitude of the
earthquakes recorded during the foreshock activity period. In particular, the seismicity
of the area is characterised on the basis of the seismicity ratio (r), which is the number of
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events occurring per day. Having denoted with md the difference between the maximum
magnitude and the magnitude of completeness, if in a given area foreshock activity is high
and md is >2, N is assumed to be equal to 100. Conversely, if the number of foreshocks is
very low and md is <2, then, in order to obtain a significant estimate, the sample size, N,
must be as small as possible; in the literature, this value of N is 25 [56]. This choice has to
be made in that each region has different seismic characteristics.

Thus, values between N = 100 and N = 25 were taken into account in the case of high
and low foreshock activity, respectively.

3. Earthquakes Hitting Italy from 2009 to 2016
3.1. The L’Aquila Earthquake

The region being studied is in the middle of the Apennines, a mountain chain distin-
guished by regional-scale uplift and post-collisional seismogenic active extension, particu-
larly along NW–SE striking normal faults.

The Middle Apennines typically have a morphology of isolated NW–SE-oriented
mountain fronts, intermediate high-karstic plateaus, interspersed with intermountain
basins, and fluvial-glacial valleys. Such morphology is the result of the many tectonic
phases that influenced the area over its geological evolution, as well as the effects of gravity-
driven displacements in the form of slope instabilities, landslides, and various erosion
processes (see [60] and related references).

The Umbrian Apennine and the Abruzzo system are the two most important active
fault systems in the Middle Apennines. The former affects the southern half of Umbria and
includes the Norcia and Mt. Vettore faults. Contrastingly, the Paganica fault, in the NW–SE
direction of the Appenines, with a length of 11–18 km, defines an alluvial valley to the east
(see [60] and related references).

The L’Aquila earthquake that occurred on 6 April 2009 (1:32 UTC) had a magnitude
Mw of 6.1 and a depth of about 8 km, and, according to the Italian National Institute
of Geophysics and Volcanology, the major shock occurred along a normal fault aligned
NW–SE. The geometric and kinematic characteristics that originated the earthquake have
been studied by various authors [61–63]. The identification of the faults activated during
the event made it possible to define an area delimited by the following coordinates: 13◦W
and 13.7◦E in longitude, 42.1◦N and 42.7◦S in latitude.

The early analysis of the L’Aquila seismic sequence considered the period from 1
September 2018 to 5 April 2009. Three different phases should be taken into account: (i) up
to the middle of January, the seismicity ratio was very low, with 1 event/day; (ii) from the
middle of January up to 10 days before the main shock, the seismic activity increased to a
seismicity ratio of 3 events/day; (iii) during the week before the main shock, a seismicity
ratio of 17 events/day was registered.

Thus, considering this experimental evidence, the INGV by means of the so-called
Reasenberg algorithm [64] fixed the beginning of the L’Aquila seismic sequence to be on
the 17 January 2009 [48].

The time window selected for the analysis of the data set, extending from the middle
of January to 25 July 2009, gives a total of 15,704 quakes (Figure 1).

The evaluation of the b-value temporal variation with the sliding time window method
requires the selection of a number of events, N, to be used in the analysis according to
the three phases that anticipate the main shock. During the entire period in question,
the maximum magnitude recorded came to 4.0, and the magnitude of completeness was
1.3. This value seems to be a little lower than the value provided for the same region
by the evaluation of the spatiotemporal behavior of the Mc of the same catalog given by
Schorlemmer et al. (2010) [65]. However, a similar value has been found in [32].

The seismic activity that preceded the main shock was definitely appreciable and,
therefore, it was decided to assume N = 100 and to slide over the time window in steps of
50 events each.
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Figure 3 shows the temporal variation of the b-value in the time window selected. The
stage that preceded the main shock, where the diagram is seen to be quite continuous, may
be easily distinguished from the stage that followed the high magnitude quake, where
the b-value is seen to undergo considerable variations. Reasoning, instead, in terms of the
magnitude of completeness (Mc) and considering the first part of the graph, i.e., the one
relating to the foreshock activity, it is possible to calculate the Mc values to be between 1.2
and 1.4, except on 1 April, when they reached a peak of 1.9, reflecting an increase in the
frequency of higher magnitude quakes.
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Comparatively, from 17 January to February 10, the b-value remained between 1.37
and 1.30; on 10 February, it decreased slightly to below 1.2 (see Figure 3). On 30 March,
following the recording of 40 quakes/day, the strongest of which had a magnitude of
ML = 4.0, its value declined sharply to 0.76. During the following week, it remained very
low: it was 0.80 on 1 April and 0.74 on 5 April, that is, the day before the occurrence of the
main shock. These findings confirm the results of many studies on the statistical analysis of
earthquakes and the determination of the b-value for the L’Aquila earthquake [66].

The temporal variation diagram of this parameter shows a steep decline as it ap-
proaches the occurrence of the main event, evidencing the potential usefulness of the
b-value as a promising seismic precursor. In this case, the supposed precursory behavior
was recorded one week before the main shock.

Otherwise, in order to analyse the aftershock stage let us consider the time span from
15 to 25 June 2009, during which a 4.4 Mw aftershock was recorded (22 June 2009). The
b-value diagram is reported in Figure 4. The b-value variation shows how, on 19 June, the
curve began to decrease, down to 0.85 on the 20, to 0.76 on the 21, and to its minimum
value of 0.56 on 22 June, precisely the day on which the highest magnitude aftershock was
recorded. This latter observation evidences how, by taking into account a specific time
window, it could be possible to identify a precursor phenomenon taking place two days
before the occurrence of the high-magnitude earthquake.
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Figure 4. Temporal variation of the b-value from 15 to 25 July 2009. The black bar identifies the
highest moment magnitude (4.4 Mw) earthquake recorded.

As far as the assessment of the uncertainty in the calculation of the b-value, in this work,
the approach proposed by Shi and Bolt (1982) was used [67]. Therefore, the uncertainty
estimates were found to be equal to: 7.87% for the period from 17 January 2009 to 6 April
2009; 0.85% from 6 April 2009 to 22 June 2009; and 2.02% from 22 June 2009 to 25 July 2009.

As regards the magnitude of completeness, it remained in the 0.9 to 1.9 range and its
peak value was recorded on 23 June.

Similar results have been found by Papadopoulos et al. [66]. In particular, in their
study a seismicity ratio and b-value relatively stable were observed up to the end of October
2008. Then, up to the end of March 2009, the seismicity rate increased with no significant
change in the b-value. Finally, in the last 10 days before the occurrence of the main shock
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the seismic activity became very strong, with a drastic increase in the seismicity ratio and a
dropping of the b-value down to 0.68.

3.2. The Emilia Earthquake

The earthquake that struck the Emilia-Romagna Region consisted of a series of quakes
that took place in the Po Valley. The 5.8 Mw main shock occurred on 20 May 2012 at 02:03
UTC. This was followed by a series of aftershocks, including the 29 May (Mw = 5.6) and
the 3 June (Mw = 4.7) quakes.

The lithography of the region between Modena and Ferrara is primarily composed of
clay or clay-predominant material, with some sand or clay-sand sections. Because of its flat
terrain, the Po and Reno rivers, in general, have historically flooded the area. As a result,
the land is primarily an alluvial plain that is stratified with alternating layers of fine sand
that frequently also contain silt. There are also thin and thicker intermediate layers of silt
that alternate between sandy and clay silt (see [68] and related references).

Local medium to coarse sands and clay intercalating layers can also be found towards
the base of this series of layers; the latter usually covers the former. The seismic series
studied in this work developed in the Northern Apennines’ frontal thrust system, which
is made up of a jumble of NE-verging tectonic units produced by the Cenozoic collision
of the European and Adria plates. The two most energetic events demonstrate a focused
mechanism consistent with the activation of EW-striking thrust faults, as do the other
significant shocks in the series (see [68] and related references).

The statistical analysis of the data was performed by considering an area delimited
by coordinates 44.7◦N and 45◦S latitude, 10.8◦W and 11.6◦E longitude (Figure 5). The
area was defined based on what was ascertained about the faults activated during the
earthquake. The seismic sequence expanded from east to west [69], and the 20 May and the
29 May events occurred along two different faults [70]. The 4.0 ML foreshock that occurred
on 29 May, just 3 h before the main event, could be considered the only precursor of this
earthquake. This might lead to the belief that the Emilia earthquake had no appreciable
precursors, but in actual fact, since hardly any short-term precursor phenomena could be
observed, the time window should be enlarged going back in time so as to capture the
potential premonitory events that occurred over a much longer period of time. In fact,
the Emilia Region earthquake sequence is characterised by a seismic cycle extending over
several hundreds of years (http://emidius.mi.ingv.it/CPTI11, accessed on 14 July 2023), as
is typical of low seismicity regions, indicating a pre-existing fault reactivation process [71].
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Accordingly, for the study of the seismic events that occurred in the Emilia Region, a
sufficiently long period of time, of about 25 years, had to be considered. Throughout the
time period in question, seismic activity in the area was very low, with only 114 tremors
recorded from May 1987 to the day before the main shock, i.e., 20 May 2012.

The magnitude of completeness associated with the entire time period considered was
estimated to be 2.6, and the maximum magnitude recorded, before the main shock, came to
4.0. Based on these considerations, it was decided to adopt a number of events, N, of 25 for
the statistical determination of the b-value, and to slide over the time window in 15-event
steps. The temporal variation of the b-value was traced from 1 March 1988 to 25 May 2013
(Figure 6). Initially, only the phase of the foreshock was considered (diagram on the left),
but, subsequently, the trend of the b-value from 20 May 2012 (the day of the main shock)
and for the entire following year, up to 25 May 2013, was evaluated (diagram on the right).

In 1988, the b-value was 1.22, then it began to decrease; it was 0.92 in the early months
of 1996, and it reached a minimum of 0.84 in July 1997. These low values seem to indicate
that a high magnitude earthquake had occurred in the proximity of the area, and it is
interesting to note how in October 1996 a 5.4 Mw earthquake was recorded in Correggio
(Reggio Emilia, 44◦48′N latitude, 10◦42′E longitude) [72]. Though it occurred outside the
area considered in connection with the seismic sequence of the 2012 earthquake, this event
had significant repercussions on the latter. In the area in question, in fact, the highest
magnitude (ML = 3.8) earthquake recorded during the period may be regarded as an
aftershock of the Correggio event. This phenomenon can be interpreted as a sort of regional
long-term tectonic compression effect, resulting in a sort of pre-existing seismic faults
re-activation [73]. Therefore, the Emilia Region, jointly with the seismicity included in it,
appears to be a complex region with non-singular seismic behaviour.

In the diagram in Figure 6, it can be seen how the b-value increased to more than 1.0,
reaching a peak value of 1.13 in December 2008; then it began to decrease again, and on 3
July 2011 it was 0.85. This value remained constant throughout the following year, and on
19 May 2012, the day before the main shock that hit the Emilia Region, the b-value was still
equal to 0.82. The details of the behaviour of the b-value in the period from 20 May 2012 to
8 June 2012 are also reported.

In this case, too, the b-value curve is seen to decline as it approaches the occurrence of
the major event. The supposed precursor phenomena began to be observed in July 2011,
about 11 months before the main shock.

At this point, we can analyse the aftershock stage. During the aftershock sequence, the
b-value undergoes appreciable variations, reaching maximum values as high as 1.8 (June
2012) and minimum values as low as 0.7 (July 2012). These values are atypical compared
with those generally recorded in statistical earthquake analyses. In all likelihood, this
phenomenon is due to the considerable variation between small and large events, as well
as the sudden increase followed by a noticeable drop in seismicity ratio (r), which occurred
during the aftershock stage. Figure 6 clearly shows the decline in aftershock activity and
the conclusion of the Emilia earthquake cycle: the fluctuating trend is seen to come to an
end when the parameter stabilises around the end of September, as the b-value increases to
more than 1.0 and remains virtually constant from then on.

In addition, the frequency–magnitude distribution together with the Gutenberg–
Richter law fitting is reported in Figure 7, as an example, for 19 May 2012.

To capture the day-by-day variation of the b-value and try to identify possible ex-
tremely short-term seismic precursors, let us consider a series of 1-day time windows
relative to the periods during which the higher magnitude quakes were recorded. In
Figure 8, we can see the b-value variation determined for 3 June 2012, when the largest
aftershock, with Mw = 4.7, occurred. A total of 99 aftershocks were recorded that day. The
b-value was >1.0 until 14:21 UTC, with fluctuations in the 1.20–1.45 range. Then the curve
began to decline, and about 50 min before the largest aftershock the value of the parameter
was down to 0.76. In this case, the supposed precursor phenomenon lasted about 1 h.
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Figure 8. Temporal variation of the b-value on 3 June 2012. The black bar identifies the highest
moment magnitude (4.7 Mw) aftershock recorded.

For the estimation of the uncertainty in the calculation of the b-value, the following
values were calculated: 9.18% for the period from 1 March 1987 to 20 May 2012; 3.42% from
20 May 2012 to 3 June 2012; and 6.72% from 3 June 2012 to 25 May 2013.

3.3. The Amatrice–Norcia Earthquake

The seismic events that struck central Italy in 2016 are known as the Amatrice–Norcia
earthquake sequence, as defined by the INGV. The first event, which hit the town of
Accumoli on 24 August, at 01:36 UTC, had a magnitude Mw of 6.0 and a depth of 8.3 km.
A second strong event (Mw of 5.9) took place on 26 October. The highest magnitude
earthquake was recorded in the town of Norcia on 30 October, at 7:40 UTC; it occurred
at a depth of 9.2 km and its Mw was 6.5. Apparently, all three are related events in a
complex seismic sequence, and they could be considered as a triplet. Similar phenomena,
for example, related to doublets, were reported in the literature [73].
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This area of the Central–Northern Apennines fault system is particularly active, as
previously mentioned for the L’Aquila earthquake, and as shown by the occurrence of a
significant number of historical earthquakes with MW 6.0, beginning in the 13th century
(see [74] and related references).

There are two primary fault systems that surround the Amatrice–Norcia sequence.
The seismic activity is a unique 150 km long normal fault system made up of 10–30 km long
SW-dipping fault segments that are contiguous and/or subparallel. The geologic features
that gave rise to the Amatrice–Norcia sequence are located in a region that lies between the
geographic domains of Umbria–Marche and Lazio–Abruzzi.

The initial absolute locations of the Amatrice–Norcia aftershocks revealed the broad-
scale geometry of this composite fault system, which consists of two distinct Quaternary
NW-trending normal fault segments, which are Mt. Vettore−Mt. Bove (VBFS) to the north
and Mt. della Laga to the south, and are separated by the Pliocene Sibillini thrust. On a
regional scale, this latter structure has a curved shape defined by a NNW–SSE-trending
frontal ramp to the north and south of Mt. Vettore, respectively, where it crosses the
Amatrice–Norcia induced fault segments.

A major long-term (10 year) prediction study revealed that the entire area adjacent
to the one affected by the L’Aquila earthquake should be regarded as one of the country’s
most dangerous seismic zones [75]. Thus, this study had identified the likelihood of large
earthquakes occurring in this area of central Italy.

To study the characteristics of the fault in question, the INGV analysed the distribution
of the aftershocks. As a first approximation, the area affected by the aftershocks may be
identified with the length of the fault activated, which was ca. 25 km. Accordingly, the
analysis focused on an area delimited by coordinates 42.3◦N and 43◦S latitude, 13◦W and
13.24◦E longitude (Figure 9).
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The set of data taken into account for the seismic analysis was comprised of a total of
29,598 earthquakes (Figure 10), recorded from 1 August to 30 November 2016. It should
be noted that though the aftershock stage was analysed only up to 30 November 2016, the
aftershocks have continued to hit the area since then, and high magnitude earthquakes
were recorded in the early months of 2017.

The b-value temporal variation is evaluated below using the sliding window method.
The number of events, N, to be considered was selected based on an analysis of foreshock
data. While the number of events per day was high, their magnitude was very low.
Disregarding the earthquakes with M < Mc (in this case, in the 0.9–1.3 range), the number
of events per day was not that significant. Hence, it was decided to assume N = 25 again
and to slide the time window in steps of 15 events. As for the aftershock sequence, the
events recorded were definitely more numerous and more severe. Thus, for the entire
aftershock stage, a number of events of N = 100 and time windows sliding in 50-event steps
were considered.

Figure 10 shows the temporal variation of the b-value from 1 August to 30 November
2016. Considering the foreshock stage alone, it may be seen how, until 20 August, the b-
value remained > 1.0, between a minimum of 1.06 and a maximum of 1.62. After 12 August,
the day on which the peak value of the parameter was obtained, the curve began to decline
steeply until, on 23 August, the b-value was down to 0.94. The drop to a value smaller than
1.0, which is a possible precursor phenomenon of high magnitude earthquakes, occurred
only 9 h before the main shock. Despite the few hours of forewarning, the supposed
precursor phenomenon still occurred in this case, too.

In addition, the frequency–magnitude distribution together with the Gutenberg–
Richter law fitting is reported in Figure 11, as an example, for 23 August 2016.

Moreover, at first glance of Figure 10, it would seem that the earthquake that occurred
on 30 October cannot be forecasted by the b-value analysis, since a value higher than 1.0
was observed, and is therefore not linkable to any incoming strong seismic event. This
behaviour could be explained by the fact that a few days before, on 26 October, a Mw = 5.9
earthquake occurred in the nearby areas whose related b-value was estimated to be 0.7 (see
Figure 10). The consequent increment of seismic swarms implies a need to consider shorter
time windows to evaluate the b-value trend associated with an event of a magnitude greater
than the previous one. In fact, the magnitude of completeness undergoes considerable
variations moving drastically from 1.7 up to 3.5 in the period between the Mw 5.9 quake of
26 October and the Mw 6.5 event of 30 October.

Underestimating or overestimating the Mc leads to the misinterpretation of the
Gutenberg–Richter law. In particular, the Mc parameter can affect the evaluation of the
b-value of the G–R law, which in turn influences the evaluation of the seismicity rate.
Intense seismic swarms can dramatically increase the Mc parameter which reaches values
that are even doubled with respect to low seismicity periods.

Then, considering a magnitude of completeness equal to 3.5 and estimating the b-value
during 30 October, an average value higher than 1.0 was observed. The latter decreases to
0.46 at 07:03 UTC before the occurrence of the 6.5 Mw earthquake (see Figure 12).

For the estimation of the uncertainty in the calculation of the b-value, the following
values were calculated: 9.23% for the period from 1 August 2016 to 24 August 2016; 0.84%
from 24 August 2016 to 26 October 2016; and 2.42% from 26 October 2016 to 30 November
2016.
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Figure 10. Temporal variation of the b-value from 1 August to 30 November 2016. During the aftershock sequence, the number of events per day exceeded the
100-event threshold specified by the method for the determination of the b-value, and therefore only an average value (blue line) is shown. The vertical bars identify
the days on which the highest magnitude earthquakes included in the analysis occurred.
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moment magnitude (6.5 Mw) aftershock recorded.

4. Conclusions

The statistical analysis of the L’Aquila, the Emilia earthquakes, and the Amatrice–
Norcia earthquake sequence has yielded significant results. The phenomenon of the onset
of foreshocks, i.e., the smaller shocks that are recorded before a major event, is undeniably
a key factor in earthquake prediction based on statistical methods. Foreshock events, in
fact, provide the set of data that makes it possible to calculate the b-value, and that may be
processed in advance.

The magnitude of completeness, Mc, is still another important factor to be considered.
In fact, when Mc is overstated or underestimated, the Gutenberg–Richter law is misapplied.
The Mc parameter, in particular, can change how the b-value is calculated, which in turn
affects how the seismicity rate is determined. Strong earthquake swarms can significantly
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increase the Mc parameter, which can reach values even double those of low seismicity
periods.

The earthquake cycles involving the occurrence of precursor phenomena may dif-
fer greatly from one another and require different time window selection criteria. It is
impossible to use the same analysis modalities for any seismic event, since the seismic
stages preceding a catastrophic event can be very short, or conversely last decades or even
centuries. Even when a catastrophic event, like a high-magnitude earthquake, has not been
preceded by appreciable seismic activity during the previous months, it does not mean
that it occurred without warning. In this case, in order to identify the precursory events,
the observation period using a time window that goes much farther back in time must be
expanded. This was confirmed, for instance, by the analysis of the Emilia earthquake, for
which a 25-year period leading up to the catastrophic event had to be examined to be able
to obtain a data set large enough to get statistically significant results.

Though the precursory efficacy of the b-value found confirmation in the analyses of
all three earthquakes investigated, the earthquake forewarning periods determined from
the analyses varied greatly.

For the L’Aquila earthquake of 6 April 2009, an occurrence time of one week was
identified. The values of the parameter b from 30 March to 5 April, in fact, were comprised
in the 0.74 to 0.80 range. For the Emilia earthquake of 20 May 2012, the occurrence time
lasted just a little less than one year: in April 2011 the b-value decreased to 0.8 and remained
below 1.0 until the main shock occurred. Finally, the Amatrice–Norcia sequence, initiated
on 24 August 2016 with an earthquake having its epicenter in the town of Accumoli,
presents an occurrence time of just 9 h, reaching ultimately a b-value of 0.94.

Therefore, the described research seems to evidence how the earthquake occurrence
time may vary from one region to another and could be greatly affected by the seismicity
of the area in question. The latter is characterized by different mechanisms of stress
accumulation along the faults, resulting in different time periods to reach a critical and
unstable situation, and so the quake occurrence. As for the latest Italian earthquakes, it has
been observed that in highly seismic zones, such as those characterized by a high number
of events in the foreshock stage, the occurrence time may extend over a number of weeks
or even days. Conversely, in low seismicity zones, where the number of seismic events is
very small, the earthquake occurrence time may extend over much longer periods of time,
even several years.
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