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Abstract: This research proposed an eco-approach and departure system for left-turn vehicles at a
fixed-time signalized intersection. This system gives higher priority to enhancing traffic safety than
improving mobility and fuel efficiency, and optimizes the entire traffic consisted of connected and
automated vehicles (CAVs) and conventional human-driven vehicles by providing ecological speed
trajectories for left-turn CAVs. All the ecological speed trajectories are offline optimized before the
implementation of system. The speed trajectory optimization is constructed in Pontryagin’s Minimum
Principle structure. The before and after evaluation of the proposed system shows the percentage of
vehicles that drive pass the intersection at safe speed increases by 2.14% to 45.65%, fuel consumption
benefits range 0.53% to 18.44%, emission benefits range from 0.57% to 15.69%, no significant
throughput benefits is observed. The proposed system significantly enhances the traffic safety
and improves the fuel efficiency and emission reduction of left-turn vehicles with no adverse effect on
mobility, and has a good robustness against the randomness of traffic. The investigation also indicates
that the computation time of proposed system is greatly reduced compared to previous eco-driving
system with online speed optimization. The computation time is up to 0.01 s. The proposed system is
ready for real-time application.

Keywords: eco-approach and departure; left-turn vehicles; fixed-time signalized intersection; traffic
safety; mobility; fuel efficiency and emissions reduction; offline optimization

1. Introduction

Due to that the transportation is one of the major sources in greenhouse gas emissions [1], how to
improve the fuel efficiency and reduce emissions has become a focus of research [2]. Many researchers
have conducted a number of studies on it from different perspective, including green driving
behaviors [3–6], ecological clean energies and power technologies [7,8], advanced traffic control [9,10]
and vehicle control [11]. With the development of emerging communication and control technologies,
eco-driving control which attempts to smooth the speed profile vehicles promptly became a hotspot of
research. The relevant researches can be categorized into eco-driving on freeway [9,10,12–14] and on
signalized arterial [14–20]. Eco-driving on freeway mainly focuses on reducing the vehicles’ velocity
oscillation when they are following a leading vehicle. Eco-driving on signalized arterial mainly studies
on reducing the vehicles’ acceleration, deceleration and idling maneuvers as they travel through a
signalized corridor.

Many eco-driving control methods on signalized arterial have been proposed in the existing
studies. Saboohi designed an eco-driving strategy which can reduce the fuel consumption by
optimizing the speed and gear ratio of vehicles [21]. Mandava developed an arterial velocity planning
algorithms which could minimize the acceleration/deceleration rates to reduce the fuel consumption
and emissions of individual vehicle [15]. Later, Barth proposed an upgraded algorithm with the
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minimum objective function of tractive power requirements of individual vehicle which shows a
much better performance than before [16,22–26]. Kamal used the model predictive control for improve
vehicle’s ecology in varying traffic environment [27]. Rakha designed an eco-driving framework
that has detailed microscope fuel consumption and emission model in the objective function [28].
Mensing utilized the dynamic programming approach to optimize the speed trajectories of vehicles [29].
Nunzio adopted graph discretizing approach to identify the ecological spatial-temporal trajectories
of vehicles [30]. Madruga applied the multi-agent system to eco-driving training [31]. Some others
focused on improving the fuel efficiency of HEV, PHEV or EV at the signalized intersections [8,32].
These methods only get traffic signal information from infrastructure and ignore the impacts of
surrounding traffic. To overcome this shortcoming, Liu and Rakha developed two optimal controllers
which take the impacts of front queue at the intersection into consideration [33,34]. Since these methods
only concerned about the fuel and emissions saving of individual vehicle without considering its
impact on following vehicles, they would have a poor ecological performance under heavy traffic
and even negative effect on mobility. Thus, Li proposed a parsimonious shooting heuristic algorithm
to force all connected and automated vehicles (CAVs) drive pass the intersection with the smallest
headway with its preceding vehicle and run at posted speed limit to maximize both throughput and
fuel saving [18,19]. Based on this idea, Jiang designed a similar system that is able to function under
partially connected and automated vehicles environment by utilizing the impacts of connected and
automated vehicles on conventional human-driven vehicles. This system shows a good performance
under low market penetration of connected and automated vehicles and good robustness for traffic
randomness, and is feasible for implementation in the near future [35].

All the aforementioned studies could provide ecological trajectories for straight-going vehicles.
Some other studies attempted to optimize the trajectories of turning vehicles. Lee and Park proposed
a control strategy to minimize the length of overlapped trajectories in no signal control intersection
zone to help straight-going, left-turning and right-turning vehicles safely pass the intersection without
colliding with other vehicles [17]. Rakha designed a simulation/optimization tool to force vehicles
drive pass the intersection at a desired speed which is based on the turning maneuver [36]. Similarly,
Huang adopted sequential convex optimization method to construct an optimal controller with the
constraint of turning motion [37]. Compared with the eco-driving methods for straight-going vehicles,
the key point of methods for turning vehicles is ensuring the vehicle speed at the intersection in safe
ranges. The controllers force vehicles adjust their speed to a value lower than the turning speed limit
before reaching the intersection, and end the eco-driving control after they have passed the intersection.

To guarantee the feasible of real-time implementation, most existing studies tried to reduce
the computation time of optimization. Barth and Xia simplified the optimization by modelling the
acceleration and deceleration stage as trigonometric functions travel time to the intersection [16–22].
Rakha utilized simulation to generate various speed trajectories which comply with the constraints
of signal control and then selected the trajectory with lowest fuel consumption as output [36].
Liu decomposed the original multi-stage optimal control problem into a sequence of optimal control
sub-problems approximated by optimization models which contains few control variables [33].
Li designed a SH-based optimization framework to check the performance of feasible trajectory
vector and output the vector when it is optimal [18]. These simplifications aim at avoiding the infinite
dimension optimization problem with nonlinear objective and constraints to reduce the computation
time. The simplified methods can only generate approximate optimal speed trajectories to reduce
the fuel consumption, but cannot minimize it. To obtain the optimal speed trajectories with less
computation time so as to minimize the fuel consumption, Wang, Hu and Jiang constructed the
optimization problem in Pontryagin’s Minimum Principle structure and use a bi-directional iteration
approach to accelerate the solving stage. The computation time in these studies was reduced to
10−1~101 s, which means these methods can potentially be used in real-time control on connected and
automated vehicles with low control frequency (≤10 Hz) [8,12,13,35].
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The existing eco-driving methods have limitations. First, only a few studies have been made on
eco-driving control for turning vehicles, and these limited studies only care about the vehicles’ motion
on the approaches of intersection, but fail to help the vehicles ecologically depart the intersection
with low fuel consumption and emissions. However, relevant researches indicate that eco-departure
significantly contribute to fuel saving and emissions reduction of vehicles on signalized arterials [38,39].
Second, the computation time of optimizations in most existing researches is not lower than 0.1 s,
the computation speed is still not fast enough for future real-time control on vehicles with high control
frequency (≥10 Hz). With the development of autonomous driving technologies, the control frequency
of automated vehicles will rise further in the coming years [40]. The computation time at 10−1 s
level will fail to meet the requirement of high control frequency vehicles. Long computation time
would cause huge deviations between optimal speed profile generated by optimization and actual
speed profile in real traffic and lead to a reduction on the performance of eco-driving control or even
traffic safety problem [39]. To make the eco-driving control to be used in future real time application,
its computation time should be reduced to less than 10−1 s [40].

As described before, the eco-approach control system proposed by Jiang and Hu could control
the straight-going traffic under partially connected and automated vehicles environmental, and can
generate optimal speed trajectories within a relative short computation time [35]. This system is more
feasible for implementation in the near future and has potential to be improved to control the turning
vehicles in real time. Therefore, the objective of this study is to improve this eco-approach system into
an eco-approach and departure controller that can:

• control the longitudinal motions of left-turn connected and automated vehicles during
approaching and departing the intersection

• prioritize safety before maintaining optimal mobility status and improving fuel efficiency (force
vehicles drive pass the intersection at a safe turning speed)

• further shorten the computation time of optimal speed trajectory (be fast enough for real-time
implementation in the future)

The reminder of the paper is organized as follows: Section 2 ‘control structure’ briefly describes the
control structure and highlights of the eco-approach and departure controller; Section 3 ‘Mathematical
Formulation’ provides the detailed formulations of computation and optimization problems; Section 4
‘Simulation and Evaluation’ presents the simulation construction and all results. Section 5 ‘Conclusion
and Future Researches’ gives the conclusions and brings up some suggestions for future research.

2. Control Structure

The goal of this eco-approach and departure system is to enhance the traffic safety for left-turn
vehicles and improve their fuel efficiency and emissions reduction during approaching and departing
the signalized intersection while maintaining the mobility. There are four highlights of this controller:

• Eco-approach and departure: The controller is installed at the intersection, and provides ecological
speed trajectories for the approaching and departing CAVs in the control zone. Each ecological
speed trajectory is the most fuel efficiency among all the speed trajectories that satisfy the optimal
safety and mobility constraints.

• Higher safety and mobility priority: The controller puts a higher priority on safety and mobility
than ecology. Due to the left-turn maneuver, the CAVs need to enter the intersection at a safety
speed that is much lower than the posted speed limit on the road, which means the CAVs need to
adjust their speed to a safety value before reaching the stop bar. The controller enforces the final
state of eco-approach stage to ensure the safe turning speed at the stop bar while maximizing the
throughput. All CAVs are forced to pass through the intersection with the smallest headway with
their preceding vehicles and travel at maximum safe turning speed. These tightest and fastest
platoons could maximize the throughput since the flow rate is equal to the product of density
and speed.
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• Indirectly control the conventional human-drive vehicle: The controller optimizes the speed trajectories
of the CAVs to optimize the entire traffic flow consisted of CAVs and conventional human-driven
vehicles. Due to the car-following behavior of conventional vehicle, the controller could indirectly
control the conventional vehicles by utilizing the impact of the CAVs on them.

• Offline optimization: The controller pre-generates various optimal eco-approach and departure
speed trajectories and stores them in the database. Once a CAV reaches, the controller would
query a feasible eco-approach speed trajectory and a feasible eco-departure speed trajectory for
it based on its initial state, surrounding traffic and signal control. The time cost of query is
much lower than real-time optimization. This design ensures the fast computation speed for
real-time implementation.

The eco-approach and departure system for left-turn vehicles requires the following equipment:
(1) one vehicle detector installed on the left-turn approach of the intersection which detects the vehicle
arrival and collects the initial information of vehicles; (2) communication devices installed on the CAVs
and infrastructure which is responsible for the communication between them. The assumptions are
as follows:

• No lane-changing and overtaking maneuvers are allowed during the whole eco-approach and
departure stage;

• No communication issues are considered, all the CAVs in the control zone could instantly
communicate with the controller.

The architecture and control structure of this eco-approach and departure system for left-turn
vehicles are presented in Figures 1 and 2 respectively. The system is activated by the vehicle arrival
detected by the loop detector. Then the controller attempts to establish communication with the vehicle.
Only the CAV would respond to the communication request from the controller. If the vehicle is a
CAV, module 2 will be activated. Otherwise, module 1 will be activated. The details of modules in the
system are provided in the following:
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• Module 1: Speed trajectory optimization based on Pontryagin Minimum Principle. In the control
zone, the vehicle traveling is divided into three stages, including approach, turning and departure.
Acceleration and deceleration maneuvers are only allowed in the approach and departure stages.
All CAVs should maintain a constant longitudinal speed during left-turning, which means
they travel at its terminal speed of approach stage in the intersection zone. Thus, the speed
optimization focuses on the approach and departure stages. This module pre-generates various
optimal eco-approach speed trajectories and eco-departure speed trajectories, and saving them
in the database for module 2 to query and use. Each optimal speed trajectory has different
combinations of time horizon, initial speed and terminal speed. Module 2 will query a feasible
speed trajectory based on these attitudes.

• Module 2: Feasible speed trajectory query. This module is activated when there is a CAV detected
by the loop detector. The module first collects signal timing, CAV’s current position and speed
(position a in Figure 1), preceding vehicle’s speed and spatial-temporal trajectories as inputs.
Then it calculates the expected terminal time at the stop bar (position b in Figure 1) of approach
stage which can force the CAV keep smallest headway with its preceding vehicle, and adopts
maximum safe turning speed as terminal speed of approach stage to maximum the throughput at
the intersection. Since the CAV will maintain maximum safe turning speed during traveling in
the intersection zone, the initial time and speed of departure stage can be calculated. The initial
time of departure stage (position c in Figure 1) is equal to the terminal time of approach stage
plus the travel time in the intersection zone, and the initial speed of departure stage is equal to
the maximum safe turning speed. Then this module calculates the expected terminal time at
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the control zone boundary (position d in Figure 1) of departure stage with the consideration of
preceding vehicle. The terminal speed of departure stage is set equal to the posted speed limit, so
CAVs just need to cruise at high speed without any speed adjustment after exiting the control
zone. Finally, this module sends a query request for feasible eco-approach and eco-departure
speed trajectories to module 1. The query results are then transferred to CAV, and stored in vehicle
information for future use.

• Module 3: Conventional vehicle trajectory Prediction. This module is activated when there is a
conventional vehicle detected by the loop detector. Similar to module 2, this module also collect
signal timing, conventional vehicle’s current position and speed, preceding vehicle’s speed and
spatial-temporal trajectories as inputs, and then make a prediction of the conventional future
speed and spatial-temporal trajectories by utilizing an improved Intelligent Driver Model (IDM)
for signalized intersection proposed in previous study [35]. The predicted results are all stored in
vehicle information for future use.

• Module 4: Implementation. The CAVs receive eco-approach and eco-departure speed trajectories
from module 2 and adjust its speed accordingly.

3. Mathematical Formulations

This section presents the formulations of module 1, module 2 and module 3 in detail. Module 1
is entailed in Section 3.1, module 2 in Section 3.2 and module 3 in Section 3.3. The speed trajectory
optimization is constructed in Pontryagin Minimum Principle (PMP) structure. The query terms of
optimal speed trajectory include time horizon, initial and terminal speed. The motion of conventional
vehicle is predicted by using an improved Intelligent Driver Model (IDM). The proposed prediction
and optimization have the following assumptions:

• The desired speed of conventional vehicles equals to the posted speed limit on the road segment.
These vehicles travel at posted speed limit unless impeded by its preceding vehicle.

• The CAVs adopt the optimized speed advisory as desired speed.
• Only longitudinal motion is focused in this study. No overtaking and weaving maneuvers

are allowed in the control zone. These lateral motions would be considered in the next
step improvement.

Detailed formulations of these three modules are presented in the following three sections. Table 1
lists the indices and parameters utilized hereafter.

Table 1. Indices and Parameters.

Notation Meaning

x1(t) Vehicle position (m)
x2(t) Vehicle speed (m/s)
u(t) Vehicle acceleration (m/s2)
ua(t) Predicted vehicle acceleration during approach stage in module 3 (m/s2)
ud(t) Predicted vehicle acceleration during departure stage in module 3 (m/s2)
k(t) Vehicle jerk (m/s3)
∆x1(t) Distance gap of predicted vehicle to its preceding vehicle in module 3 (m)
∆x∗1(t) Desired gap of predicted vehicle to its preceding vehicle in module 3 (m)
∆x2(t) Speed difference of predicted vehicle to its preceding vehicle in module 3 (m/s)
L Distance from initial position to terminal position (m)
l Travel distance in the intersection zone (m)
s0 Jam distance in module 3 (m)
vlim Posted speed limit of the road segment (m/s)
vsa f e Safe turning speed at the intersection (m/s)
v0 Initial vehicle speed (m/s)
va Vehicle speed at position a (m/s)
v f Preferred terminal speed (m/s)
v Minimum speed limit of CAV in module 1 (m/s)
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Table 1. Cont.

Notation Meaning

u Maximum vehicle acceleration (m/s2)
u Minimum vehicle acceleration (m/s2)
udesired Desired vehicle deceleration in module 3 (m/s2)
k Maximum vehicle jerk (m/s3)
k Minimum vehicle jerk (m/s3)
T Safe time headway of two consecutive vehicles at the terminal position in module 3 (s)
δ Acceleration exponent
t0 Initial time when vehicle reaches the initial position (s)
t f Terminal time when the CAV reaches the terminal position (s)
ta The arrival time of vehicle at the detector (location a), initial time of approach stage (s)
tb The arrival time of vehicle at the stop line (location b), terminal time of approach stage (s)
t′b The arrival time of preceding vehicle at the stop line (s)

tb,early
Earliest arrival time of vehicle drives pass the stop line without considering its preceding
vehicle and signal control (s)

tb,candidate Candidate arrival time of vehicle at the stop line (s)

tc
The arrival time of vehicle at the boundary of intersection zone (location c), initial time of
departure stage (s)

td
The arrival time of vehicle at the boundary of control zone (location d), terminal time of
approach stage (s)

t′d The arrival time of preceding vehicle at the boundary of control zone (s)
td,early Earliest time of CAV exit the control zone without considering its preceding vehicle (s)
thorizon Time horizon of approach or departure stage
th Smallest headway of two consecutive vehicles at the stop line in module 2 (s)
tR The start time of red stage (s)

tlow− f uel
horizon

The time horizon of speed trajectory with lowest fuel consumption in the eco-departure speed
trajectory dataset (s)

gt(t) Fuel consumption emissions rate of vehicle (mL/t)
αj, β1, β2 Parameters of fuel consumption and emissions model
R Duration of red stage (s)
G Duration of green stage (s)
ξ Collection of green stages
φ
(

x
(

t f

))
Terminal cost of the optimal problem in module 1

L(x(t), u(t)) Running cost of the optimal problem in module 1
C Constant value

3.1. Offline Speed Trajectories Optimization

3.1.1. Speed Trajectory Optimization

1. State Explanation

The state vector x(t) of a CAV is defined as follows.

x(t) = [x1(t), x2(t)]
T (1)

The state dynamics is:
.
x(t) = f (x(t), u(t)) = [x2(t), u(t)]T (2)

The control input is the acceleration of CAV, un(t) = un(t).

2. Cost Function

The cost function is formulated as follows:

J = φ
(

x
(

t f

))
+
∫ t f

0
L(x(t), u(t)) dt (3)

The controller enforces the terminal state to ensure the CAV can drive pass the terminal position
on time at a preferred speed. The terminal cost is formulated as:
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φ
(

x
(

t f

))
= w1

(
x1

(
t f

)
− L

)2
+ w2

(
x2

(
t f

)
− v f

)2
, w1 ∈ R+, w2 ∈ R+ (4)

where w1 and w2 are two large positive numbers which are used to ensure the constraint on CAV’s
final state.

The running cost is defined as follows:

L(x(t), u(t)) = w3 ·
gt(t)
x2(t)

+
1
2

u(t)2, w3 ∈ R+ (5)

gt(t) =
3

∑
j=0

αj · x2(t)
j + β1 · x2(t) · u(t) + β2 · x2(t) · u(t)2 · χ(u(t)) (6)

χ(u(t)) =

{
1 u(t) ≥ 0

0 u(t) < 0
(7)

where w3 is a weighting factor for fuel consumption and emissions, its unit is m3/mL·s4 [35]. u(t)2/2
is the comfort consideration. The instantaneous fuel consumption rate gt(t) is calculated by the fuel
consumption and emissions model developed by Akcelik [41].

3. Conditions and Constraints

The initial conditions of vehicle are:

x1(t0) = 0 , x2(t0) = v0 (8)

The cost function has following kinematic constraints, including speed, acceleration and jerk.

νn =
{

x2|v ≤ x2(t) ≤ vlim, ∀t ∈
[
0, t f

]}
(9)

µ =
{

u|u ≤ u(t) ≤ u, ∀t ∈
[
0, t f

]}
(10)

k(t) =
∂u(t)

∂t
(11)

κ =

{
k =

∂u(t)
∂t

∣∣∣∣k ≤ k(t) ≤ k, ∀t ∈
[
0, t f

]}
(12)

4. Solution based on Pontryagin’s Minimum Principle

The aforementioned speed trajectory optimization problem is solved using PMP approach.
The Hamiltonian function is formulated as follows:

H(x, u,λ, t) = λT · f (x, u, t) + L(x, u, t)
= λ1 · x2(t) + λ2 · u(t) + w3

(
α0 · x2(t)

−1 + α1 + α2 · x2(t) + . . .

α3 · x2(t)
2 + β1 · u(t) + β2 · u(t)2 · χ(u(t))

)
+ 1

2 u(t)2
(13)

This necessary condition can be expressed alternatively as follows:

0 =
∂H
∂u
⇒
{

u(t) = − λ2 + w3β1
1 + 2w3β2

, ∀λ2 ≤ −w3β1

u(t) = −(λ2 + w3β1), ∀λ2 > −w3β1
(14)

.
λ = −∂H

∂x
⇒
{

λ1 = C
.
λ2 = −λ1 + w3

(
α0 · x2(t)

−2 − α2 − 2α3 · x2(t)
) (15)
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.
x =

∂H
∂λ

(16)

The Equations (14) and (15) are used to solve the optimal control u∗ and Equation (16) is same as
state dynamics.

As stated before, the desired terminal state φ(x(tL)) should be enforced to ensure the CAV can
drive pass the terminal position on time at a preferred speed. The co-state λ should satisfy the
following condition:

λ
(

t f

)
=

∂φ
(

x
(

t f

))
∂x

⇒

 λ1

(
t f

)
= 2w1

(
x1

(
t f

)
− L

)
λ2

(
t f

)
= 2w2

(
x2

(
t f

)
− v f

) (17)

Then a numerical solution is adopted to solve the aforementioned problem. The main idea is to
iteratively find state x forward in time and then co-state λ backward in time. Interested readers could
refer to these papers [9,18,35] for the detailed algorithm.

3.1.2. Eco-Approach and Departure Speed Trajectory Dataset

The offline speed trajectories dataset stores amounts of optimal speed trajectories that are
generated by using the aforementioned speed trajectory optimization. As shown in Figure 2, all
these optimal speed trajectories should be generated before the system is implemented. There are two
sub-datasets in the offline dataset, including eco-approach speed trajectory dataset and eco-departure
speed trajectory dataset.

1. Eco-approach speed trajectories dataset

In this system, all optimization should be completed before the implementation of system. For
simplicity, the initial time of all eco-approach speed trajectories is set to zero. The initial conditions for
eco-approach speed trajectories are defined as follows:

t0 = 0 (18)

x1(t0) = 0, x2(t0) = v0 (19)

As stated in Section 2, the controller enforces the terminal state of approach stage to maximize the
throughput at the intersection. All the CAVs are forced to pass through the intersection at maximum
safe left-turning speed, v f = vsa f e. The terminal state is:

t f = t0 + thorizon = thorizon (20)

x
(

t f

)
=
(

L, vsa f e

)T
(21)

As shown in above four equations, t0, x1(t0), x1

(
t f

)
and x2

(
t f

)
are constant for all speed

trajectories, only x2(t0) and t f are variable and different for each speed trajectory. To reduce the size of
dataset, only integral values are taken for the initial speed and optimization tome horizon. Thus the
eco-approach speed trajectory dataset is defined as follows:

Vapproach =

{
Vv0,thorizon

approach

∣∣∣∣v0 ∈ N+ ∩ (0, vlim), thorizon ∈ N+ ∩
(

L
vlim

,
L
v

)}
(22)

Each speed trajectory in the dataset has two attributes of initial speed and optimization time
horizon. The controller would query the dataset for a feasible eco-approach speed trajectory by these
two attributes.
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2. Eco-departure speed trajectories dataset

The initial time of eco-departure speed trajectory is also set to zero. Since the CAVs are assumed
to maintain maximum safe turning speed during traveling in the intersection zone, the initial speed of
eco-departure speed trajectory is equal to the maximum safe turning speed. The initial conditions are
defined as follows:

t0 = 0 (23)

x1(t0) = 0, x2(t0) = vsa f e (24)

As stated in Section 2, all CAVs would be forced to accelerate to the posted speed limit before
exiting the control zone, v f = vlim. Then CAVs just need to ecologically cruise at high speed on the
road. The terminal state is:

t f = t0 + thorizon = thorizon (25)

x
(

t f

)
= (L, vlim)T (26)

As shown in above three equations, t0, x1(t0), x1

(
t f

)
x2(t0) and x2

(
t f

)
are constant for all speed

trajectories, only t f are variable and different for each speed trajectory. Only integral values are
taken for the optimization tome horizon. Thus the eco-departure speed trajectory dataset is defined
as follows:

Vdeparture =

{
Vthorizon

departure

∣∣∣∣thorizon ∈ N+ ∩
(

L
vlim

,
L
v

)}
(27)

Each speed trajectory in the dataset has only one attribute of optimization time horizon. The
controller would query the dataset for a feasible eco-departure speed trajectory by this attribute.

3.2. Feasible Speed Trajectory Query

This module is activated when a CAV drive pass the loop detector, and collects signal timing,
CAV’s current position and speed, preceding vehicle’s speed and spatial-temporal trajectories as input.
Then it calculates expected terminal time of approach and departure stages.

As stated in Section 2, the controller forces CAV keep smallest headway with its preceding vehicle
at the intersection to maximize the throughput. The expected terminal time of approach stage should
be calculated as follows:

tb,candidate = max
(

t′b + th, tb,early

)
(28)

tb,early = ta +

L−
(

vlim
2−x2(ta)

2

2u

)
−
(

vlim
2−vsa f e

2

2u

)
vlim

+
vlim − x2(ta)

u
+

vlim − vsa f e

u
(29)

tb =

{
tb,candidate, ∀tb,candidate ∈ ξ⌊

tb,candidate
R+G

⌋
· (R + G) + R, ∀tb,candidate /∈ ξ

(30)

The feasible eco-approach speed trajectory is Vv0=va ,thorizon=dtb−tae
approach .

During departure stage, the controller forces CAV accelerate to legal speed limit before exiting the
control zone, the expected terminal time of departure stage should be calculated as follows:

tc = tb +
l

vsa f e
(31)

td = max
(

t′d + th, td,early

)
(32)

td,early = tc +
vlim − vsa f e

u
+

L−
(

vlim
2−vsa f e

2

2u

)
vlim

(33)
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The feasible eco-departure speed trajectory is: V
thorizon=max(dtd−tce,t

low− f uel
horizon )

departure . It means that the CAV
would choose an earliest eco-departure speed trajectory when it is impeded by preceding vehicle, and
choose a most ecological speed trajectory without impediment of surrounding traffic.

3.3. Conventional Vehicle Trajectory Prediction

The longitudinal dynamics model of conventional vehicle comes from the Intelligent Driver Model
(IDM). During approach stage, signal control can over-rule the car-following model. The acceleration
trajectory of approach stage can be formulated as follows:

ua(t) = u

[
1−

(
x2(t)
vlim

)δ

−
(

∆x∗1(x2(t), ∆x2(t))
∆x1(t)

)2
]

, ∀tb ∈ ξ, t ∈ [ta, tb) (34)

ua(t) =


u
[

1−
(

x2(t)
vlim

)δ
−
(

∆x∗1 (x2(t),∆x2(t))
∆x1(t)

)2
]

, ∀tb /∈ ξ, t /∈ [ta, tb) ∩ [tR, tR + R]

u
[

1−
(

x2(t)
vlim

)δ
−
(

∆x∗1 (x2(t),x2(t))
L − x1(t)

)2
]

, ∀tb /∈ ξ, t ∈ [ta, tb) ∩ [tR, tR + R]
(35)

tR =

⌊
tb

R + G

⌋
· (R + G), ∀tb /∈ ξ (36)

∆x∗1(x2(t), ∆x2(t)) = s0 + max
(

x2(t) · T +
x2(t) · ∆x2(t)
2
√

u · udesired
, 0
)

(37)

∆x∗1(x2(t), x2(t)) = s0 + max

(
x2(t) · T +

x2(t)
2

2
√

u · udesired
, 0

)
(38)

The Equation (34) shows that the conventional vehicle and its preceding vehicle can enter the
intersection in the same green phase. The Equation (35) shows that the conventional vehicle and its
preceding vehicle cannot enter the intersection in the same green phase.

During departure stage and traveling in the intersection zone, only the preceding vehicle has
some impacts on conventional vehicle. The acceleration trajectory of departure stage can be calculated
by using original IDM model as follows:

ud(t) = u

[
1−

(
x2(t)
vlim

)δ

−
(

∆x∗1(x2(t), ∆x2(t))
∆x1(t)

)2
]

, ∀t ∈ [tb, ∞) (39)

∆x∗1(x2(t), ∆x2(t)) = s0 + max
(

x2(t) · T +
x2(t) · ∆x2(t)
2
√

u · udesired
, 0
)

(40)

4. Simulation and Evaluation

4.1. Simulation Platform and Setup

This eco-approach and departure system is evaluated through a microscope simulation, and
applied to a hypothetical signalized intersection. As shown in Figure 1, only Northbound (NB) and
Southbound (SB) are with exclusive left-turn lanes. Due to that the proposed system only focuses
on the longitudinal motion of vehicles, no weaving and overtaking maneuvers are allowed in the
control zone. To avoid conflicts between left-turn traffic flow and straight-going traffic flow, the signal
timing plan provides exclusive left-turn phase for the left-turn traffic on these two directions. Loop
detectors are installed on the left-turn lanes at the boundary of control zone. This test network has
been calibrated according to the Highway Capacity Manual 2010, the saturated traffic flow on each
left-turn lane is equal to 1780 veh/h. Since the left-turn traffic from both directions have the same traffic
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conditions, only the traffic on NB approach is evaluated in this study. The setups of the simulation are
shown in Table 2. The distance of approach and departure is calculated as follows.

L = v · n · (R + G) (41)

where v represents the minimum speed limit of connected and automated vehicles, R and G are the
duration of red phase and the duration of green phase, n is a positive value. As the results in previous
studies, some vehicles spent time more than one cycle of traffic signal to travel from the loop detector
to the stop bar [35]. To ensure each CAV could obtain an available optimal speed trajectory from the
offline speed trajectory dataset, the parameter n should be not less than 2. Thus, the approach or
departure distance L is set to the nearest hundreds to simplify the setup, as shown in Table 2.

Table 2. Setups of the simulation.

Parameter Value

VISSIM

Approach or departure distance L (m) 300
Travel distance in the intersection zone l (m) 20

Duration of simulation (s) 1200
Signal control cycle (s) 60

Duration of red light R (s) 42
Duration of green light G (s) 18

Module 1 and Module 2

Posted speed limit vlim (m/s) 20 (≈45 mph)
Minimum speed limit v (m/s) 2.2 (≈5 mph)
Safe turning speed vsa f e (m/s) 11 (≈25 mph)

Maximum acceleration u (m/s2) 3.5
Minimum acceleration u (m/s2) −4

Maximum jerk k (m/s3) 10
Minimum jerk k (m/s3) 0
Pre-set headway th (s) 2.3

Weighting factors (w1, w2, w3) (10,100,1)

Module 3

Minimum speed (m/s) 0
Safe time headway T (s) 1.8

Desired deceleration udesired (m/s2) −2.8
Acceleration exponent δ 4

Jam distance s0 (m) 5

The simulation runs on an integrated simulation platform proposed in previous eco-driving
study [35]. To truly simulate the real traffic where the CAV may be impeded by its preceding vehicle
and cannot drive at the advisory speed, the eco-approach and departure speed trajectories are sent to
the CAVs as “Desired speed”. The actual speed of CAVs may be inconsistent with the optimized speed.

The eco-approach and departure system is evaluated on two traffic-related factors, including
congestion level (CL) and market penetration rate (MPR) of CAVs. The measures of effectiveness
(MOEs) are terminal speed of eco-approach, throughput, fuel consumption and CO2 emission. To fairly
confirm the ecological benefits of the system, the fuel consumption and CO2 emission are calculated
by VT-Micro fuel consumption and emission model instead of the model in Equation (6). The baseline
scenario is set as 0% MPR of CAVs, which means no CAV can be controlled. The eco-approach and
departure scenario is set as when partly or all vehicles are CAVs. All the vehicles have the same size and
kinematics characteristics. The vehicle arrival pattern obeys the Poisson distribution. The computation
and query time for each individual CAV is collected to evaluate the timeliness of the system. The
formulations of benefits are defined as follows:
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Bthroughput =
TPe − TPb

TPb
× 100% (42)

B f uel−e f f iciency =
FEe − FEb

FEb
× 100% (43)

BCO2−emission =
CEb − CEe

CEb
× 100% (44)

where Bthroughput, B f uel−e f f iciency and BCO2−emission represent the throughput, fuel consumption and
CO2 emission benefits respectively; TPb, FEb and CEb are throughput, fuel efficiency and CO2 emission
in the baseline scenario; TPe, FEe and CEe are throughput, fuel efficiency and CO2 emission in the
eco-approach and departure control scenario.

4.2. Simulation Results

The simulation and evaluation results are illustrated in this section. The eco-approach and
departure system achieve the expected objectives: forces all CAVs adjust their speed to maximum
safe turning speed before entering the intersection, maintains optimal mobility status for the
intersection while improving fuel efficiency and emission reduction during the whole approach
and departure stage.

Figure 3 shows the frequency distribution of computation and query time in module 2. The
computation and query time is at a 10−5 s level, it is much lower than the computation time of
online optimization in previous study which is at a 10−1 s level [35]. The proposed eco-approach
and departure system significantly reduce the computation time to lower than the update interval of
real-time speed control on the future CAVs with high control frequency (10−1 s) [8,35]. It has clear
relevance and can be used for real-time applications in the near future.
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Figure 3. Computation and query time in Module 2.

The vehicle which can drive pass the stop bar at a safe turning speed is named as “safe vehicle”
in this study. Figure 4 shows the increase in percentage of safe vehicles under various levels of
CL and MPR of CAVs. Significant increase in percentage of safe vehicles can be observed under
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various CL levels when the MPR of CAVs is greater than or equal to 10%. Under non-saturated and
saturated conditions, higher increase in percentage of safe vehicles was achieved with higher MPR of
CAVs. The increase in percentage of safe vehicles under non-saturated condition is higher than under
saturated condition at the same level of MPR of CAVs. Fewer vehicles drove pass the intersection at a
speed higher than maximum turning speed when the proposed system was implemented. In other
words, the proposed system can effectively increase the proportion of safe vehicles so as to enhance
the traffic safety at the intersection.Sustainability 2018, 10, 273  15 of 22 
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Figure 4. Increase in percentage of safe vehicles.

Figure 5 shows the throughput benefits under various levels of CL and MPR of CAVs. No
significant throughput benefits can be observed under different conditions. The proposed system
has no adverse effect on the mobility. In other words, the proposed system could maintain optimal
mobility under different traffic conditions, unlike some previous eco-driving system that has negative
impacts on throughput at the intersection under high congestion levels [16,22,38,39].
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Figure 5. Improvements of throughput.

Figure 6 shows the fuel consumption benefits under various levels of CL and MPR of CAVs.
The proposed system generates significant benefits on fuel efficiency as long as CAV is introduced.
The benefits show a growing trend as the MPR of CAVs increases under these two different congestion
levels. This growing trend levels off at 50% MPR of CAVs. Moreover, the benefit under saturated
condition is higher than under non-saturated condition at the same MPR level. The proposed system
can effectively improve the fuel efficiency.
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Figure 7 shows the CO2 emission benefits under various levels of CL and MPR of CAVs. Significant
benefits can be observed under different conditions. The benefits grow with the congestion level and
MPR of CAVs. The proposed system can effectively reduce the CO2 emission.
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All the above results show that the proposed system is able to improve the fuel efficiency and
CO2 emission reduction while maintaining optimal mobility status at the intersection when the MPR
of CAVs is greater than or equal to 10%. This phenomenon indicates that the proposed system could
be beneficial under low level of MPR of CAVs, similar to the eco-approach control system proposed
in the previous study that is also able to function when the MPR of CAVs is not less than 10% [35].
The proposed system can be applied in the real traffic as long as CAV is legalized and introduced in
the near future.

Figure 8 shows the spatial-temporal trajectories of simulation results under non-saturated
and saturated conditions. Figure 8a,b show the spatial-temporal trajectories in baseline scenarios.
Figure 8c–l show the spatial-temporal trajectories in eco-approach and departure scenarios.
The comparison between the baseline trajectories and eco-driving trajectories confirms that the CAVs
could smoothly approach and depart the intersection, and have significant impacts on the following
conventional human-driven vehicles. The smooth spatial-temporal trajectories effectively improve
the vehicles’ fuel efficiency and reduce their emissions. As the MPR of CAVs increases, fewer vehicles
need to stop and idle at the intersection to wait for green light, and fewer conventional vehicles choose
to sharply accelerate to their desired speed after driving pass the intersection. Most vehicles have an
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ecological trajectory when the MPR of CAVs is greater than 40%. This can explain why the increasing
trend of fuel consumption benefits levels off at 50% MPR of CAVs.

Besides, the CAV’s deceleration during approaching the intersection forces vehicles into tight
marching platoons. At the same level of MPR of CAVs, the platoons under saturated condition
are much tighter than under non-saturated condition. A smaller headway can be observed under
heavy traffic. The following conventional vehicles have more similar spatial-temporal trajectories to
their preceding CAV. In other words, the CAVs have greater impacts on their following conventional
vehicles under higher congestion level. This is consists with the findings from the improvements of
fuel consumption and CO2 emissions.
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Figure 9 shows the sample speed trajectories of CAVs under different congestion levels. The red
curves are speed trajectories generated by eco-approach and departure controller and named as
“Calculated speed trajectory”, the blue curves are “Real” speed trajectories collected in the simulation
and named as “simulated speed trajectory”. There exist some deviations between the calculated and
simulated speed trajectories due to that the optimized speed trajectories are adopted by CAVs as
desired speed. The CAVs may exceed the advisory speed when they are far away from its preceding
vehicle, and much lower than the advisory speed when they are impeded by its preceding conventional
vehicle. The deviations indicate that the proposed system is robust to the randomness of traffic.
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5. Conclusions and Future Research

This research proposed an eco-approach and departure system for left-turn vehicles at signalized
intersection under partially connected and automated vehicles environment. The proposed system is
improved from an existing eco-approach control system for straight-going vehicles. It can significantly
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enhance the traffic safety for left-turn vehicles while improving the fuel efficiency and emission
reduction without any adverse effect on mobility. Its major advantages includes: (i) greatly reducing
the computation time which makes the proposed eco-approach and departure system more feasible for
implementation in real traffic networks; (ii) significantly enhancing the traffic safety at the intersection;
(iii) improving the fuel efficiency and emission reduction within the control zone by providing both
eco-approach and eco-departure speed trajectories for each CAV. The core module of proposed system,
offline speed trajectories optimization was formulated based on Pontryagin’s Minimum Principle
structure. The detailed evaluation showed:

• The computation time for speed trajectory query in module 2 ranges from 3.86 × 10−5 to
9.99 × 10−3. The proposed eco-approach and departure system is a truly real-time control system
compared to the previous eco-driving system.

• The percentage of safe vehicles increases by 3.65% to 45.65% under non-saturated condition, and
increases by 2.14% to 33.19% under saturated condition. The percentage grows with the market
penetration rate of CAVs and congestion level. The proposed eco-approach and departure system
significantly enhance the traffic safety at the intersection by reducing the over-speed vehicles.

• Throughput benefits range from −0.68% to 0% under non-saturated condition, and range from 0%
to 0.85% under saturated condition. Such little benefits have no significant impact on the throughput.
The proposed eco-approach and departure system maintains the mobility at its optimal level.

• Fuel consumption benefits range from 0.53% to 13.93% under non-saturated condition, and range
from 1.87% to 18.44% under saturated condition. CO2 emission benefits range from 0.57% to 12.77%
under non-saturated condition, and range from 1.82% to 15.69% under saturated condition. All
these two kinds of benefits increase with the market penetration rate of CAVs and congestion level.

• Similar to the previous eco-approach system for straight-going vehicles, the proposed eco-approach
and departure system is also able to be beneficial under low market penetration rate of CAVs, which
means it can be implemented in the real traffic as long as CAV is introduced in the near future.

• The proposed eco-approach and departure system has a good robustness against the randomness
of traffic.

Future research should focus on designing a lateral control strategy for vehicles’ lateral motions,
and improve the longitudinal control method to prevent or reduce the disturbance caused by lateral
motions. Then the improved eco-approach and departure system can be applied in multi-lanes
network with overtaking and weaving maneuvers. Furthermore, a field evaluation on the proposed
eco-approach and departure system should be designed and conducted to analyze the benefits of
system implemented in the real traffic, and find out the improvement room for future research.
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