Energies 2015, 8, 10861-10882; doi:10.3390/en81010861

energies

ISSN 1996-1073
www.mdpi.com/journal/energies

Article

Effect of Various Excitation Conditions on Vibrational Energy
in a Multi-Degree-of-Freedom Torsional System with
Piecewise-Type Nonlinearities

Jong-Yun Yoon ! and Byeongil Kim >*

' Division of Mechanical and Automotive Engineering, Kongju National University, Cheonan-si,

Chungcheongnam-do 314-701, Korea; E-Mail: yoon3932@kongju.ac.kr
School of Mechanical Engineering, Yeungnam University, Gyeongsan-si,
Gyeongsangbuk-do 712-749, Korea

* Author to whom correspondence should be addressed; E-Mail: bikim@yu.ac.kr;
Tel.: +82-53-810-2447; Fax: +82-53-810-4627.

Academic Editor: Frede Blaabjerg

Received: 31 August 2015 / Accepted: 23 September 2015 / Published: 29 September 2015

Abstract: Dynamic behaviors in practical driveline systems for wind turbines or vehicles
are inherently affected by multiple nonlinearities such as piecewise-type torsional springs.
However, various excitation conditions with different levels of magnitudes also show
strong relationships to the dynamic behaviors when system responses are examined in both
frequency and time domains. This study investigated the nonlinear responses of torsional
systems under various excitations by using the harmonic balance method and numerical
analysis. In order to understand the effect of piecewise-type nonlinearities on vibrational
energy with different excitations, the nonlinear responses were investigated with various
comparisons. First, two different jumping phenomena with frequency up- and down-sweeping
conditions were determined under severe excitation levels. Second, practical system
analysis using the phase plane and Poincaré map was conducted in various ways. When the
system responses were composed of quasi-periodic components, Poincaré map analysis
clearly revealed the nonlinear dynamic characteristics and thus it is suggested to
investigate complicated nonlinear dynamic responses in practical driveline systems.

Keywords: harmonic balance method; multi-staged clutch damper; hysteresis; Poincaré map;
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1. Introduction

Practical driveline components in various mechanical systems such as wind turbines and vehicles
inherently contain various nonlinearities, such as multi-staged clutch dampers, gear backlashes, and
drag torques [1-3]. Unloaded gears of typical gearboxes, excited by the dynamic torque from the
engine fluctuation with even small mean loads, induce vibro-impacts due to gear backlash and
multi-staged clutch damper. This phenomenon is associated with the NVH performance (vibration and
noise) of the target system and is highly nonlinear behavior, and difficult to analyze. In order to
investigate nonlinear dynamic responses in a simple mechanical system, many studies have been
conducted using the harmonic balance method (HBM) [4—12]. For example, Peng et al. [4] suggested
nonlinear output frequency response functions using the Duffing oscillator to simulate strong nonlinear
equations. Al-shyyab and Kahraman [5] investigated sub-harmonics and chaotic motions in a
multi-mesh gear train using a nonlinear time-varying dynamic model. Chen et al. [6] used the incremental
harmonic balance (IHB) method to investigate the limit cycle oscillation of a two-dimensional airfoil
with parameter variability in an incompressible flow. Genesio and Tesi [7] presented two practical
methods to predict the existence and the location of chaotic motions. Masiani et al. [8] examined the
system responses under a hysteretic restoring force by employing two degree-of-freedom (DOF) chain
systems given sinusoidal input. Raghothama and Narayanan [9] used the incremental harmonic balance
method to obtain the periodic motions of a 3DOF nonlinear model of a geared rotor system subjected to
parametric excitation under sinusoidal excitation. Raghothama and Narayanan [10] investigated the
bifurcation of an articulated loading platform given harmonic excitation. Shen et al. [11] studied the
dynamic behaviors of a spur gear pair by employing the incremental harmonic balance method.
Wong et al. [12] presented the nonlinearities in the restoring force by employing the incremental
harmonic balance method.

Prior research has mostly focused on the component levels or local areas as a part of integrated
systems. Thus, this study investigated the nonlinear effects under various excitation conditions at the
combined physical system level. The macro-system such as driveline in the wind turbine is much
related to durability problems under the dynamic conditions. In order to expect the failure of the
dynamic conditions, the transmission errors including various types of gear nonlinearities should be
considered. Regarding this issue, theoretical background and simulation models can be directly connected
to each other. In order to examine the nonlinear dynamic behaviors, a three DOF system model
reduced from the original system shown in Figure 1 will be used [1-3]. Piecewise-type nonlinearities
such as multi-staged clutch dampers will be employed to simulate the nonlinear dynamic behaviors in
terms of relative motions in a simple driveline system model. The large body of literature for
piecewise-type nonlinearities and other problems can be reviewed [13-23].

This study considers the asymmetrical piecewise-type nonlinearities based on the combined level of
a driveline system [1-3,24]. The main objectives of this study are: (1) investigate the trends of
nonlinear dynamic responses under various engine excitation conditions, which will lead to understanding
of the relationship of nonlinear dynamic behaviors with different excitation levels by advancing prior
studies [1-3,16,24]. (2) Poincaré map models for practical systems are suggested. Nonlinear responses
with different excitation conditions were clearly observed with multiple comparisons. (3) quasi-periodic
responses in the unstable response regimes in a practical system will be examined using HBM and
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numerical simulation (NS). Particularly, the nonlinear dynamic characteristics in the phase planes and
Poincaré maps will be clearly determined by comparing the stable ranges with the unstable ones in the
frequency domain. No efforts have been devoted to the simulation of nonlinear vibrational energy
effects with practical parameter values obtained from experiments. In addition, no prior studies have
systematically investigated the dynamic responses of the driveline system with respect to various types
and levels of excitation conditions, and compared the results using HBM and numerical simulation.
The simplest model is developed, with only necessary elements for describing the vibrational behavior
remaining, while practical systems are very complicated, and it is utilized for expressing nonlinear
characteristics and for performing parametric studies.

2. Problem Formulation

Figure 1 describes a practical system and its schematic diagram with 3DOF. The system is based on
the front-engine and front-wheel type driveline system, which consists of an engine, clutch hub,
engaged (or unloaded) gear, differential, drive shaft, and front wheel. These sub-systems can be
modeled simply with a lumped nonlinear model, as shown in Figure 1b. The method of reducing the
original system into a reduced-DOF system has been investigated in prior studies [1-3]. The symbols
and their property values are as follows: Iy (=1.38 x 107! kg'm?) is the inertia of the flywheel,
which is lumped from the crank shaft and physical flywheel; e (=1.58 x 1072 kg-m?) is the inertia of
the transmission, which is lumped from the input, output shafts, speed gears, and differential;
Lve (=8.08 x 1072 kg-m?) is the inertia of the wheels and tires; kv (=3.95 x 10> N-m/rad) is the stiffness
of the drive shaft; ¢ is the damping of the input shaft; cv is the damping of the wheel; 7p; is the drag
torque of the transmission; and 7pv is the drag torque of the wheels. The employed drag torques vary
with the different engine operating conditions, which will be explained later. In addition, ¢; and ¢, are
assumed from the modal damping ratio of 1% [1-3,24].

Based on the schematic diagram shown in Figure 1b, the basic equations of motion are derived

as follows:

MO(t)+CO(t) +KO(t)+1, (0.0) = Ty 1) (12)
M =diag[ 1, I, I,] (1b)

¢ ¢ 0 0 0 0
C=|-¢ ¢+c, —, |, K=0 k —k, (lc,d)

0 -, ¢ 0 -k, k,

I (51Pr’5]Pr) Tz (1)

£,(0.0)=| —/, (G1psG1p, )+ Ty |, Te(t)=] 0 (le.f)

TDv 0

T
Here, the motion vector Q(t):[ef o, Qv] and 6., 6,, and 6, are the displacements of the
flywheel, transmission, and wheel, respectively. f, (51Pr,51pr) is defined as a nonlinear function

affected by multi-staged clutch dampers, which will be explained later. To investigate the nonlinear
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dynamic behaviors under various excitation conditions, the 3DOF torsional system in Figure 1 is
assumed to be reduced under conditions with 3™ gear engaged and 5" gear unloaded [1-3]. The system
responses will be examined under steady-state conditions using one-term harmonic torque profiles.
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Figure 1. A practical driveline with a front-engine and front-wheel layout and a three
degree-of-freedom (3DOF) nonlinear torsional system model with multi-staged clutch
dampers: (a) physical driveline; and (b) schematic diagram with piecewise-type nonlinearities.

3. Nonlinear Analysis with Harmonic Balance Method and Piecewise-Type Nonlinearities
3.1. Harmonic Balance Method with Multi-Staged Clutch Dampers

In a prior study [24], the time responses for the i™ sub-system 6, (t) were expanded based upon the

Galerkin scheme as follows [24,25-29]:

DY (2a)

0, (t)=| (2)
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(2c,d)

= w6 and 0 ()= ®’0", the derivative of

(3a,b)

(3e,d)

From Equations (1)—~(3) with a multi-degree-of-freedom (MDOF) system model, the Galerkin

scheme of the governing equations is expressed by the residual formulation as follows [14,24,25-29]:

~’HP,"M,0,, +oH P, C,0, +H K0, +f,(0,0)- T (t)=0
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(4d,e)

(4f,g)
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The subscript t is used for the overall matrix of the MDOF system constructed by the matrix at the i
sub-system, and I, is an identity matrix. The nonlinear function f,, ((_),Q) and the input torque Ty (t) at

the i sub-system can be expressed with the following equations in the same formulation as Equation (2):

fin (8-0;) = Hf;., Ty (¢) = HT,,

f;rﬂ ];m
fl"a( 1 ) T;'a(l )
Jin(1) Ty

Jiv() Tin ey
fia(pNnm) ];a(meux )
_fib(meaJ ] _];'b(PNn1ax )|

From Equation (5), the overall f, (Q, Q) and Ty (t) are as follows:

f,(0.0)=Hf, , Tg(t)=H,T,

Using Equations (5) and (6), Equation (4) can be expressed as follows:

~o’ H, P, ”Mt 0, +wH, Pt’Ctetc +H K0, +Hf,, —H, T, =0

Thus,

I
=)

_tc _tc C

HY=0, ¥=—0'P, M0, +0P, C0,+K0, +f, —F,

The Jacobian matrix J, can be derived from ¥ as follows:

(5a,b)

(5¢,d)

(6a,b)

(6¢,d)

(7

(8a,b)

©)
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— for the whole system is difficult to estimate directly, —= for the ™ sub-system is
tc ic

Since

obtained first by considering the derivative of both variables 0;(t) and ,(t) [14,24].

O (0,6:)  0Of (00,6
Thus, W and W

matrices as follows:

are defined with respect to the i sub-system by diagonal

O (0:0))  10f(000)) fi(000)) O (0:0:) O (0::0:)
o) ) ) () () |
o (0,0)  [0fn(0,0) O (006) O (008:) Ofin(0:0)
0,(6) BT (ty) 08 (t) 00 (tms) 00 (tmr) (10b)
of,(0.8)  of,(0.0) .
Overall, both — and — are derived as follows:
o0 (t) o0 (t)
O (00) o (00) ] O (00) oM (09)
() o8 () 00, (t) 00y (t)
== - . A . . (11a,b)
B | oy (0.0) iy (0.0) DO | o (0.0) i (0.0)
(0 0, (0 %, (0 %, (0
From Equations (10) and (11), —L£ canbe expressed as follows:
tc
of, , 0f,(0.0) L of,(0.6)
— = = ————H.P
0, = o0(t) = ‘=t ah(r) —=t (122)
-1
H-(1'H ) B (12b)

Here, H," is a pseudoinverse matrix [14,24]. In addition, consider ¥ as a function of . The
Jacobian matrix J, is obtained by parameterizing the frequency w on the basis of the arc-length

continuation technique [14,24-29].

n

; 0¥ _ f,
00

, of (9
) 0t

[ ~20P, M, +P,/C +H,’ )HtPtJ% (13)

Overall, the Jacobian matrix and the coefficient vector can be found as follows:

J-= [Jm J_m}, 0, = {%} (14a,b)
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The Newton—Raphson method is employed by manipulating the following relationship:

0, =0, -[1" ‘P(ﬂtcawﬂ(k),I{(fi)_lJT} (15a,b)

Here, the nonlinear function affected by multi-staged clutch dampers is defined as follows [1-3,24]:

I (51Pr>51Pr) =T (1p )+ Ty (51Pr’5]Pr)+TPr (S1pr)s O1pr =61 = 8ps61 =0, -6, (16ab)

)i N

AERERE) IR PR, o

N %)[“’”h {"c (81r =40 )} 1 } (17b)

D=5 st (5 )] o
()=o) 3 200 o] s
Dy =mnh{a (810, - )}[1+zanh 1S | (18b)
DHn()—tanh{ c(81m + )}[1 tanh (o8, | (18¢)

Ty, (S1pr) = éTm | tanh(oc8p,)+1] +§Tm | ~tanh(oc8p,)+1] (19)

The nonlinear function f,, (5 s O Pr) is composed of three clutch torques T (5, ), Ty (5 s O Pr) ,

and Tp, (6,p, ), which are induced by the piecewise-linear stiffness with asymmetric transition angles, the
hysteresis, and the preload, respectively. To overcome the convergence problems, smoothening factors o
for the stiffness and o,, for the hysteresis are used with the values of 100 and 0.1, respectively [2].
In addition, 7p-1 and Trr2 are the positive and negative torques induced by the preload, respectively,
and ¢p, is the angle where the preload is applied. In order to describe the smoothening change of J,,, ,
hyperbolic tangent functions are used in Equations (17)—(19). Kc@) and H(; indicate the clutch stiffness
and the hysteresis at the i clutch stage, Dspy) and Dsn() are the relative angular displacement on the

positive and negative sides at the i stage, Dup() and Dn() are the switching function at positive and
negative angular displacements at the i stage, and ¢p(i) and —¢n(i) are the i transition angle on the

positive and negative sides, respectively [1-3,24].

Table 1 describes the values employed for the multi-staged clutch dampers [1-3,24], and Figure 2
illustrates the dynamic characteristics of clutch torques along with the relative displacement between
the flywheel and clutch transmission in terms of a nonlinear function f, (5 150201 ) The input torques

are calculated by the Fourier components measured from the engine dynamometer test under the wide
open throttle (WOT) condition. Thus, the input torque 7} (t) with maximum harmonic terms Nmax 1S

calculated using 7 and the alternating part of the engine torque 7): as follows:
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N
Ty (1)=T, + Z Tpicos(ia)pt+¢pi) (20)

i=1
The torque profiles employed under various excitation conditions are listed in Table 2. The drag
torques are estimated by assuming that the summation of drag torques 7p; and 7pv are equal to the
mean torque value 7. The calculation of drag torques along with the various operating conditions was
presented in prior studies [1,2]. In the present study, the properties for the drag torques listed in

Table 3 are used for each excitation condition.

Table 1. Properties of the practical multi-staged clutch dampers.

Property Stage Value

1 10.1

Torsional stiffness, k¢ (linearized in a piecewise manner) 2 61.8
(N-m/rad) 3 595.8
4 1838.0

1 0.98

) 2 1.96

Hysteresis, H; (N-m)

3 19.6

4 26.5

1 0.05

Transition angl itive si - Dyi 2 0.16

gle at positive side (J; > 0), ¥pi (rad) 3 0.30

4 0.39

1 —-0.04

. . 2 —-0.05
Transition angle at negative side (J; < 0), Dui (rad) 3 0.0
4 —-0.15

Table 2. List of the input torque profiles under various excitation conditions.

Torque Component Case |l Case Il Case 111
. Ty 160.8 192.3 195.9
Magnitude (N-
agnitude (N'm) T, 357.6 589.6 1378.6
Phase (rad) Pl ~1.86 ~1.71 —1.64

Table 3. List of the drag torque profiles under various excitation conditions.

Torque Component Case | Case Il Case II1
Tpi (N'm) 14.9 46.5 50.1
Tpy (N"m) 145.8 145.8 145.8
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Figure 2. Clutch torque profile of multi-staged clutch dampers with the nonlinear
function f, (51Pr,5lpr).

3.2. Examination of System Responses of Severe Excitation Condition

Figures 3—5 show the simulation results obtained using the HBM compared with those of the linear
analysis. In order to investigate the nonlinear dynamic characteristics in the practical system of Figure 1,
the input conditions described in Table 2 are employed with Case III.

As shown in Figure 3, the root-mean-square (RMS) values of the relative displacement in the
frequency domain deviate from the resonance regime of the linear analysis. o; (Z) is the relative

displacement between the flywheel and transmission, and &, (t) is that between the transmission and

the wheel. In addition, the RMS values 51( and 52(rm ) are calculated using Equation (21a) and

rms) A

Equation (21b), respectively.

Srms) = \/é{éf (1)) +67 (t;)++0] (tm_,)} (21a)
1
52(rms) :\/Z{ég (t0)+522 (t1)+“.+522 (tmfl)} (Zlb)

The unstable regimes are found around the normalized frequency values of 0.7, 0.9, and 1.3.
The stability analysis is determined by Hill’s method [14,24,30]. When the dynamic responses are
examined at these unstable zones, jumping phenomena are clearly observed, especially in Figure 3b. Thus,
the practical driveline system shows two different areas of jumping phenomena while the system is excited
under frequency up- or down-sweeping conditions, which will be explained in more detail later.
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Figure 3. Comparison of root-mean-square (RMS) values of relative displacement between
nonlinear and linear analysis: (a) RMS values of 0, (l) and (b) RMS values of 0, (l‘)
Key: ——, linear analysis; O, harmonic balance method (HBM) (stable solution);
+, HBM (unstable solution).

The nonlinear dynamic characteristics can also be examined by comparing the linear analysis in the
Poincaré maps, as shown in Figures 4 and 5. The Poincaré map is determined based on the HBM by
assuming that the levels of J, (tl-,cT)) and 52(tl-,a_)) are perfectly the same as those of o, (tl- +nT, cT))

and 6, (tl- +nT, cT)) , respectively. The subscript i indicates the series of discretized time data from 0 to

m-1, as described in Equation (2b). n and T are the number of cycles and the period, respectively,
under varying excitation frequency w.

(b)

Figure 4. Comparison of Poincaré¢ maps between nonlinear and linear models: (a) Poincaré
map of &, (tl. +nT, cT)) vs. O, (tl. +nT, cT)) in the frequency domain; and (b) Poincaré map of

0, (ti+nT ,E)) Vs. 52(ti+nT ,c_o) in the frequency domain. Key: ——, linear analysis;

@, HBM (stable solution); 4, HBM (unstable solution).
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Figures 4 and 5 are determined with the value i = 1 under the frequency sweeping conditions.
When the nonlinear and linear analyses are compared as shown in Figure 4, the nonlinear
responses show abrupt changes of the relative motions including unstable zones. However, it is
difficult to observe any jumping phenomena or unstable regimes in the linear analysis. The scale of

the system responses in the nonlinear analysis is smaller than that in the linear analysis. This is
also clearly observed in Figure 5 with only the relationships of &,(¢; +nT,®) or &,(; +nT,®) vs.

6,(t;+nT,®) or 8,(t,+nT,@). The comparison shown in Figure 5 reveals that the range of the

nonlinear dynamic behaviors is reduced in all the frequency ranges. The directions of the stable
and unstable conditions are also predicted for &,(¢) and &,(¢), which makes it possible to

anticipate the range of the practical system responses.

500
300
8,(t;+nT,)
of
-400
40-%.5 2 -‘Il o 05
5,(t;+nT,d)
()
600 T
400
S 5 (t,- +nT, a_))
of
-400 -
-800
' ts, (t;+nT,®)
(b)

Figure 5. Comparison of Poincaré maps between nonlinear and linear models: (a) Poincaré¢
map of 0, (tl- +nT, a_)) vs. 0 (ti +nT, E)) along with the excitation frequency; and

(b) Poincaré map of &, (t,+nT,®) vs. J,(t; +nT,@) along with the excitation frequency.

Key: , linear analysis; ®, HBM (stable solution); +, HBM (unstable solution).

Regarding the nonlinear dynamic responses observed in the Poincaré map shown in Figures 5 and 6,
the jumping phenomena at the unstable regimes can also clearly be found in the frequency domain,
as shown in Figures 6 and 7. When Figure 6 is examined with respect to the relative displacement
§I(t), the back bone curve bends into the left side first, and then it turns over to the right side.

Thus, it has two jumping areas that are dependent on the frequency sweeping directions. The
jumping locations marked by the dotted lines in Figure 6a are shown in more detail in Figure 6b,
where the arrows marked by the solid lines indicate the frequency up-sweeping track. The dotted
arrows illustrate the dynamic behaviors under down-sweeping frequency. Figure 7 shows the same
dynamic behaviors for the relative displacement 9, (t) as those of o, (t) The comparison of both

the HBM and numerical simulation (NS) results are well correlated, as shown in Figures 6 and 7.
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Figure 6. Comparison of HBM (Nmax = 12 and p = 1) with NS in the frequency domain:
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(a) comparison of max, mean, and min values of 51(t); (b) illustration of jumping

phenomena under the frequency up- and down-sweeping conditions. Key: ——, HBM;

O, NS by frequency up-sweeping; =+, NS by frequency down-sweeping; —>, flow of

numerical solution under frequency up-sweeping; ««+*= », flow of numerical solution under

frequency down-sweeping.
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Figure 7. Comparison of HBM (Nmax = 12 and p = 1) with NS in the frequency domain:
(a) comparison of max, mean, and min values of J, (t); and (b) illustration of jumping

phenomena under the frequency up- and down-sweeping conditions. Key: ——, HBM;

2
52(max)

(rad)

@
(b)

O, NS by frequency up-sweeping; =+, NS by frequency down-sweeping.
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4. Nonlinear Dynamic Responses along with Various Excitation Conditions
4.1. Nonlinear Dynamic Characteristics with Various Excitation Conditions

In a prior study, in general, nonlinear dynamic responses show diverse characteristics with various
excitation conditions [16]. For example, it might have left or right simply bent shapes of the frequency
responses with one jumping range, or it might include more than two jumping phenomena,
as investigated in Section 3. Figures 8—10 compare the nonlinear dynamic behaviors with various input
conditions. The torque profiles employed are listed in Tables 2 and 3. Table 2 describes three engine
torque profiles under different engine operating conditions. For example, Case I is the measured
engine torque data under the WOT condition at 1500 RPM. Since the Inline 4 (14) cylinder type engine
is employed, the firing frequency is 50 Hz. The engine torque data for Cases II and III are also
measured at 3000 and 6000 RPM under the WOT condition. In order to measure the practical engine
torque profile, an engine dynamometer test can be conducted [1-3]. In addition, various drag torques
are employed instead of constant ones, since the drag torque for the input shaft 7p; changes with the
operating speed of the input shaft, as listed in Table 3. The drag torque was calculated as suggested by
prior studies [1-3].

Figure 8 compares the maximum, mean, and minimum values of time histories along with
frequency values under the various excitation conditions. Thus, as the engine excitation conditions

become severe, the shape of the nonlinear frequency response becomes complicated. For example,
the nonlinear responses for both & (¢) and &,(¢) with Case I are bent to the left side, as indicated by

the dotted line in Figure 8. This means that the backbone curve simply bends over to the left side,
while the maxima of the resonances are increased. However, the backbone curves with Cases II and III
follow similar paths to Case I first, and then they change direction to the right side, which increases the
regimes of jumping phenomena twice, as described in Section 3. Thus, this simulation results reveal
that the nonlinear dynamic responses have similar characteristics to the results in a prior study [16].
This leads to understanding of the dynamic characteristics of sub-systems affected by the excitation
input levels and the local forces.

The dynamic behaviors of the sub-system in terms of the relative motions can be examined by using
Poincaré maps as well, which are shown in Figures 9 and 10. These Poincaré maps are simulated by
the same method and event described in Section 3. The track of the simulation result for Case I
illustrated by a dotted line in Figure 9 shows a simply bent shape. However, those for Cases II and III
follow more complicated tracks, as clearly shown in Figure 9. The scale of dynamic responses with
Cases II and III are also broader than the one for Case I as the excitation levels are increased. This is
shown clearly in Figure 10 as well. Thus, using the Poincaré map gives useful information with respect
to the dynamic characteristics of sub-systems in terms of relative motions.
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Figure 8. Comparison of the HBM (Nmax = 12 and p = 1) results along with different

excitation conditions in the frequency domain: (a) comparison of max, mean, and min

values of J; (t); and (b) comparison of max, mean, and min values of J, (t) Key: eoeeeeees ,

Case I; —+ —, Case II; ——, Case 11I.

Figure 9. Comparison of Poincaré maps along with different excitation conditions:
(a) Poincaré map of &,(t;+nT,@) vs. 6,(¢;+nT,®) in the frequency domain; and

(b) Poincaré map of &,(t;+nT,@) vs. 6,(t;+nT,») in the frequency domain.

Key' ......... , Case I, ———

, Case II; ——, Case III.
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Figure 10. Comparison of Poincaré maps under different excitation conditions: (a) Poincaré
map of &8, (#; +nT,@) vs. 6,(t; +nT,®) in the frequency domain; amd (b) Poincaré¢ map of
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First, the tracks of dynamic behaviors can be found clearly including the range of dynamic motions
simultaneously. Second, the ranges of dynamic motions can be analyzed effectively as shown in Figure 10.
In addition, the practical response areas corresponding to the stable regimes can be predicted as shown
in Figure 5, since these results are based on the HBM including Hill’s method [14,24,30].

4.2. Investigation of Quasi-Periodic Responses Using Poincaré Map

Figures 11 and 12 compare the HBM and NS by focusing on the unstable regime, which includes
the quasi-periodic responses. When the nonlinear responses of the HBM are compared with those by
NS, it is hard to expect quasi-periodic responses using only the HBM, since the matrix of harmonic
terms is constructed on an integer basis [24]. However, the stability analysis using the HBM still gives
information indicating that it is unstable, with the dynamic behaviors composed of random or
quasi-periodic components. Thus, these unstable components or time responses need to be examined
simultaneously based on the NS, as shown in Figures 11 and 12. Figure 11 shows the comparison of
the HBM with NS. In the unstable regime, both HBM and NS show differences, with the HBM not
being able to anticipate all of the quasi-periodic components. The effect from the quasi-periodic
components is clearly shown in the time histories in Figure 12. Figure 12a shows good correlations
between HBM and NS. However, the time histories in the unstable regime in Figure 12b show
differences between HBM and NS. In addition, quasi-periodic responses are found in the NS result.
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Figure 12. Time histories by HBM (NVmax = 12 and p = 1) and NS at different excitation
conditions: (a) time histories at @ = 1.25; and (b) time histories at @ = 1.35.
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Figures 13 and 14 suggest another way to investigate the nonlinear dynamic behaviors for the
unstable responses. These results are based on the NS. Figure 13 compares the phase planes for the
stable and unstable regimes with the relationship of &, () vs. 6,(¢) (or &,(¢) and &,(¢)). As shown in

Figure 13a,b, the tracks of the phase plane are within a limited boundary. Thus, the system responses
are predictable as long as the excitation frequency levels are fixed. However, the tracks of the system
responses in the phase plane become broader and hard to anticipate, as shown in Figure 13c,d.
In general, the quasi-periodic responses contain many harmonic components and need more than two
times the period in order to determine all the effective harmonic components. In addition, there are
different components for each period, which makes the tracks of the phase plane for the unstable case
denser and more unpredictable than those for the stable case.

50 30
51(t) 30 52 (t) 20¢
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0 0
-30 20l
S82a 028 034 04 044 Bz o 037 04 042
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Figure 13. Comparison of phase planes at different excitation conditions: (a) phase plane
with J,(¢) vs. &;(¢) at @ = 1.25; (b) phase plane with &,(¢) vs. 6,(¢) at @ = 1.25;

(¢) phase plane with &, () vs. &;(¢) at @ = 1.35; and (d) phase plane with &, (¢) vs. 6, (¢)
at @ =1.35.

When the quasi-periodic is examined using a Poincaré map, the dynamic characteristics are
observed clearly, as shown in Figure 14. In order to find the Poincaré map for the fixed excitation
frequency level, the NS results are mapped by assuming that &, (,) = &, (¢; +nT) or &,(¢;)=6,(¢;+nT).

Here, the subscript value i = 1 is employed with a fixed normalized frequency level of 1.35.
In Figure 14a,b, the Poincaré map from the NS result is limited to a very small range of area.
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Figure 14. Comparison of Poincaré maps at different excitation conditions: (a) Poincaré
map with 51(t) VS. 51(t) at @ = 1.25; (b) Poincaré map with &, (t) VS. 52(t) at
@ = 1.25; (¢) Poincaré map with &, (t) V. 5, (t) at @ = 1.35; and (d) Poincaré map with
5, () vs. 6,(t) at @ = 1.35,

Ideally, it is limited to one point. Figure 14c,d shows different shapes of the Poincaré map, which
has a wider range of tracks, even though it is drawn from each periodic time history. Thus, the
differences of system responses with periodic and quasi-periodic components are revealed in very
different ways in the Poincaré maps. Also, the quasi-periodic responses show random behaviors,
as shown in Figure 14c,d. These results lead to similar trends of quasi-periodic responses to those in
the other types of systems [5,18].

5. Conclusions

The effect of various excitation conditions on practical systems was studied using piecewise-type
nonlinearities. In order to investigate the nonlinear dynamic behaviors, multi-staged clutch dampers
were modeled, and the relative motions were examined with different input conditions.
The contributions of this study are summarized as follows. First, the trends of nonlinear dynamic
responses with various engine excitation conditions have been investigated. Two different regimes of
jumping phenomena with up- and down-sweeping conditions of the frequency were investigated under
an extremely large scale of excitation values. Second, Poincaré map models have been suggested for
the system. The differences between the linear and nonlinear models (or nonlinear responses along
with different excitation conditions) were examined, including the dynamic characteristics under stable
and unstable frequency ranges. Third, quasi-periodic responses of the practical system in the unstable
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regime have been examined in both the frequency and time domains using HBM and NS.
A comparison of dynamic behaviors in the stable and unstable frequency regimes using phase planes
and Poincaré maps led to clear understanding of the nonlinear dynamic responses.

This study has investigated the nonlinear dynamic responses of sub-systems from the effect of
piecewise-type nonlinearities. However, the practical system shows many nonlinear dynamics affected
by clearance-type nonlinearities such as gear backlash. Further study will be done as an extension of
this work. For the validation of the study, this method needs to be correlated with realistic experiments
(physical driveline and a torsional exciter) based on time-domain data including the development of
adapted simulation method for the wind turbine, which is a subject for future study. Overall, based on
the scope of this study, it will lead to understanding the geared system and giving the basic concepts to
develop the simulation method of highly nonlinear system such as wind turbine.
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